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Preface

This handbook supplies a collection of mathematical formulas and tables which will be valuable to students
and research workers in the fields of mathematics, physics, engineering, and other sciences. Care has been
taken to include only those formulas and tables which are most likely to be needed in practice, rather than
highly specialized results which are rarely used. It is a “user-friendly”” handbook with material mostly rooted
in university mathematics and scientific courses. In fact, the first edition can already be found in many libraries
and offices, and it most likely has moved with the owners from office to office since their college times. Thus,
this handbook has survived the test of time (while most other college texts have been thrown away).

This new edition maintains the same spirit as the second edition, with the following changes. First of all,
we have deleted some out-of-date tables which can now be easily obtained from a simple calculator, and
we have deleted some rarely used formulas. The main change is that sections on Probability and Random
Variables have been expanded with new material. These sections appear in both the physical and social
sciences, including education.

Topics covered range from elementary to advanced. Elementary topics include those from algebra,
geometry, trigonometry, analytic geometry, probability and statistics, and calculus. Advanced topics include
those from differential equations, numerical analysis, and vector analysis, such as Fourier series, gamma
and beta functions, Bessel and Legendre functions, Fourier and Laplace transforms, and elliptic and other
special functions of importance. This wide coverage of topics has been adopted to provide, within a single
volume, most of the important mathematical results needed by student and research workers, regardless of
their particular field of interest or level of attainment.

The book is divided into two main parts. Part A presents mathematical formulas together with other mate-
rial, such as definitions, theorems, graphs, diagrams, etc., essential for proper understanding and application
of the formulas. Part B presents the numerical tables. These tables include basic statistical distributions
(normal, Student’s ¢, chi-square, etc.), advanced functions (Bessel, Legendre, elliptic, etc.), and financial
functions (compound and present value of an amount, and annuity).

McGraw-Hill wishes to thank the various authors and publishers—for example, the Literary Executor
of the late Sir Ronald A. Fisher, FR.S., Dr. Frank Yates, F.R.S., and Oliver and Boyd Ltd., Edinburgh, for
Table III of their book Statistical Tables for Biological, Agricultural and Medical Research—who gave their
permission to adapt data from their books for use in several tables in this handbook. Appropriate references
to such sources are given below the corresponding tables.

Finally, I wish to thank the staff of the McGraw-Hill Schaum’s Outline Series, especially Charles Wall,
for their unfailing cooperation.

SEYMOUR LIPSCHUTZ
Temple University

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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Section I: Elementary Constants, Products, Formulas

1 GREEK ALPHABET and SPECIAL CONSTANTS

Greek Alphabet

Greek Greek letter Greek Greek letter
name Lower case Capital name Lower case Capital
Alpha a A Nu v N
Beta B B Xi £ =1
Gamma 0% r Omicron o
Delta 0 A Pi T II
Epsilon € E Rho p P
Zeta l Z Sigma o 3
Eta M H Tau T T
Theta 0 C] Upsilon v Y
Iota L I Phi b o
Kappa K K Chi X X
Lambda A Psi 1} 4
Mu m M Omega o) Q

Special Constants

1.1. 7=3.14159 26535 89793 ...

n—oo

1.2, e=2.71828 18284 59045 ... = lim(1+%)

= natural base of logarithms
1.3. y=0.57721 56649 01532 86060 6512 ... = Euler’s constant
1 1 1
=lm[l+—-+=+ - +—-1
n1gl( 5*3 ” n n)

1.4. " =1.78107 24179 90197 9852 ... [see 1.3]

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



GREEK ALPHABET AND SPECIAL CONSTANTS

1.5. e =1.64872 12707 00128 1468 ...

1.6. Jm=T(})=1.77245 38509 05516 02729 8167 ...

where T is the gamma function [see 25.1].
1.7. T($)=2.67893 85347 07748 ...
1.8. T()=3.62560 99082 21908 ...
1.9. 1 radian=180°7 =57.29577 95130 8232 ...°

1.10.  1°==/180 radians = 0.01745 32925 19943 29576 92 ... radians



2 SPECIAL PRODUCTS and FACTORS

21, (x+y)=x>+2xy+y?
22, (x—y)?=x2-2xy+)?
23, (x+y)P=x*+3x*y+30°+)°
24. (x—y)P=x*-3x2y+3xy* —y?
25, (x+y) =x*+4x°y+6x7y* +4xy* + y*
26. (x—y)=x"—4xy+6x%y* —4xy’ +y*
27, (x+y) =x>+5x*y +10x°y? +10x2y° + 509" + °
2.8, (x—y) =x° —5x*y+10x7y? —10x%y3 + 5xp* — y°
29. (x+y)° =x°+6x"y+15x*y? +20x3y® +15x%y* + 6xy° + y°
210.  (x-y)°=x°-6x"y+15x*y* —20x°y* +15xy* — 6xy° +)°
The results 2.1 to 2.10 above are special cases of the binomial formula [see 3.3].
211, x> =y =(x—-y)(x+y)
212, X =y =(x -2 +xy+y?)
213, X +y =(x+y)x>—xy+)y?)
214, x* =yt =(x—y)x+ ) +y?)
215. =y =(x-yE+ Xy + %y + 7t +yt)
2.16. x°+y =(x+ )t —3y+x2y? —xpP + )

217 x°—y° =(x—y)(x+ ) +xy+y)x* —xy+y*)



SPECIAL PRODUCTS AND FACTORS

218, x*+x2y*+y =P +ay+ y)xZ —xy+y?)
2.19.  x*+4y* =2+ 2xy+2y)(x? = 2xy +2y?)
Some generalizations of the above are given by the following results where # is a positive integer.

2.20. x2n+l _ y2n+l — (x _ y)(x2n + x2n71y+ x2n72y2 4ot yZn)

21 4r
= — 2_2 + 2 2_2 + 2
(x y)[x Xy cos Tt y )(x Xy COS o y )

2nm
e x2=2 +2
(x )cycoszn+1 yJ

2.21. x2n+l + y2n+l = (x+ y)(x2n _x2n—ly+x2n—2y2 — yZn)

2 4
=(x+y)(x2 + 2xycos Zntl +y2](x2 + 2xycos 2n7il +y2]

2nm
2+2 + 2
(x O 1 y]

222, xP -y = (= AT Xy a0y (T = x Py a0y )

2
=(x=y)x+ y)(x2 —2xycos T+ yz)(xz ~2xycos X+ yz)
n n

-1
...(xz_zmosu+y2)
n

223 x4y =4 2xycos Tk 32 || 6 4 2xycos Tk y?
2n 2n

2n—1
---(x2+2xycos(n2—)n+y2)
n



THE BINOMIAL FORMULA and BINOMIAL
COEFFICIENTS

Factorial n

Forn=1,2,3, ..., factorial n or n factorial is denoted and defined by
3.1. n!l=n(n-1)---- 3.-2-1
Zero factorial is defined by

3.2. 0!'=1

Alternately, n factorial can be defined recursively by

0!l=1 and n!l=n-(n-1)!

EXAMPLE: 4!=4-3.2.1=24,
51=5.4.3.2.1=5-41=5024) =120,
6!=6-5!=6(120) =720

Binomial Formula for Positive Integral n
Forn=1,2,3, ...,

n(n—1) X2y 4 nn-Hn-2) . .

33, (x+y)"=x"+nx""y+ 31 30 x"3y

+...+y"

This is called the binomial formula. It can be extended to other values of n, and also to an infinite series
[see 22.4].

EXAMPLE:
(@) (a—-2b)* = a* +4a>(<2b) +6a>(=2b) + 4a(=2b)* + (=2b)* = a* — 8a’b + 24ah* — 32ab’* + 16b*

Here x =a and y = -2b.
(b) See Fig. 3-1a.

Binomial Coefficients

Formula 3.3 can be rewritten in the form

n o— 4n n n—1 n n=2,,2 n n-34,3 h n
s sl e e )



THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

where the coefficients, called binomial coefficients, are given by

35 n\ nn-Dn-2)--(n—k+1) n! [ n
=o\k) T k! Tk\n—-k)! \n—-k

-8-7-6 12) 12-11-10-9-8 10 10y 10-9-8
1234126 (5)=W=792’ (7)=(3)= 123 12

9
EXAMPLE: (4) =

Note that (n) has exactly r factors in both the numerator and the denominator.
r

The binomial coefficients may be arranged in a triangular array of numbers, called Pascal’s triangle, as
shown in Fig. 3.1b. The triangle has the following two properties:
(1) The first and last number in each row is 1.

(2) Every other number in the array can be obtained by adding the two numbers appearing directly above
it. For example

10=4+6, 15=5+10, 20=10+10

Property (2) may be stated as follows:

o ()G

(a+b)°= 1 |
(@a+b)'= a+b 11
(a+b’= a*+2ab+ b 121
(a+b)’=  a®+3ah+3ab? + b 1331
(a+b)'= o +4a’b + 6a’b? + 4ab’ + b* 1 46 4 1
(a+b)Y’= & +5a*b + 10a°b? + 10a%b + Sab* + b° 1 510 51
(@a+b)’=  a®+ 6a%b + 15a*b? + 20a°b° + 15a%b* + 6ab’® + b 16 1520 15 6 1

Properties of Binomial Coefficients

The following lists additional properties of the binomial coefficients:

37, (O)(l)(z)()z
. (3)-(1)+(5)-cr(2)=o
O G e T G e



THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

st ()
iz (o o) o) () -
. (]

3.14. (1) (’11) + (2)@) +(3) (’;) bt (n)(Z) — ol

Multinomial Formula

Letn , n,, ...,n_be nonnegative integers such that n, +n, +---+n_= n. Then the following expression, called
a multinomial coefficient, is defined as follows:

316 ( n ]_ n!
Ty, . 1 n'ntl---n!

A AR PR A ST S ol T =420
EXAMPLE: |, 3 5 |=5m331=210. |4 5 5 o)=ammi0 =

The name multinomial coefficient comes from the following formula:

n — n nyen, n,
3.17. (x1+x2+"'+xp)l _Z(H )xl Xy X,

Ty

where the sum, denoted by X, is taken over all possible multinomial coefficients.



4 COMPLEX NUMBERS

Definitions Involving Complex Numbers

A complex number z is generally written in the form
z=a+bi

where a and b are real numbers and i, called the imaginary unit, has the property that i> = —1. The real num-

bers a and b are called the real and imaginary parts of z = a + bi, respectively.
The complex conjugate of z is denoted by z; it is defined by
a+bi=a-bi

Thus, a + bi and a — bi are conjugates of each other.

Equality of Complex Numbers

41. a+bi=c+di ifandonlyif a=candb=d

Arithmetic of Complex Numbers

Formulas for the addition, subtraction, multiplication, and division of complex numbers follow:
42. (a+bi)+(c+di)=(a+c)+(b+d)i

43. (a+bi)—(c+di)=(a—-c)+b-d)i

4.4. (a+bi)c+di) = (ac—bd)+ (ad+ bc)i

4.5.

a+bi _a+bi c—di_ac+bd+ bc—ad).
c+di  c+di c—di T cr+d? 2+ad )

Note that the above operations are obtained by using the ordinary rules of algebra and replacing 2 by —1
wherever it occurs.

EXAMPLE: Suppose z=2+ 3iand w=35 —2i. Then
z+w=Q2+3)+(5-2))=2+5+3i-2i=T7+i
w=2+3)(5-2))=10+15i—4i—6i* =16+11i
7=2+3i=2-3iandw=5-2i=5+2i

w_5-2i_(5-2)2-3) _4-19i _4 19,
z 243 (2+3)2-3) 13 13 13




COMPLEX NUMBERS

Complex Plane

Real numbers can be represented by the points on a line, called the real line, and, similarly, complex num-
bers can be represented by points in the plane, called the Argand diagram or Gaussian plane or, simply, the
complex plane. Specifically, we let the point (a, b) in the plane represent the complex number z = a + bi. For
example, the point P in Fig. 4-1 represents the complex number z = -3 + 4i. The complex number can also
be interpreted as a vector from the origin O to the point P.

The absolute value of a complex number z = a + bi, written | z |, is defined as follows:

4.6. lzl=Ja*+b* =Jz

We note | z | is the distance from the origin O to the point z in the complex plane.

P ] Yy

: - ry P (x,y)

i 4 (r,0)

I

| \ 2t
T I— T 7] T T x I’)

x
1 0 z
P=(-3,4)=-3+41
Fig. 4-1 Fig. 4-2

Polar Form of Complex Numbers

The point P in Fig. 4-2 with coordinates (x, y) represents the complex number z = x +iy. The point P can
also be represented by polar coordinates (r, ). Since x = r cos 0 and y = r sin 8, we have

477. z=x+iy=r(cosO+isinb)

called the polar form of the complex number. We often call r=1z1=/x>+y> the modulus and 6 the
amplitude of z = x + iy.

Multiplication and Division of Complex Numbers in Polar Form

4.8. [r,(cosB, +isinB,)][r,(cosB, +isinb,)]=rr,[cos(B, +6,)+isin(6, +6,)]

r,(cos@ +isin@ , ..
49. rzlgcos e )) = 1605 6, ~0,)+isin (6, ~6,)]

De Moivre’s Theorem

For any real number p, De Moivre’s theorem states that

4.10. [r(cos@+isinB)]” =r’(cos pO+isin ph)



COMPLEX NUMBERS

Roots of Complex Numbers

Let p = 1/n where n is any positive integer. Then 4.10 can be written

411, [r(cosO+isin@)]" = (COS 6 + n2kfc N nz/m)

where k is any integer. From this formula, all the nth roots of a complex number can be obtained by putting
k=0,1,2,...,n—1.



5 SOLUTIONS of ALGEBRAIC EQUATIONS

Quadratic Equation: ax? +bx+c=0

_ —-bt~b*—4ac

2a

If a, b, ¢ are real and if D = b — 4ac is the discriminant, then the roots are

5.1. Solutions: X

(i) real and unequal if D >0
(ii) real and equal if D=0
(iii)) complex conjugate if D <0

5.2. If x, x, are the roots, then x, + x, = —b/a and x x, = c/a.

Cubic Equation: x’+ax*+a,x+a,=0

Let 0= 3a,—a; R 9a,a, —27a, - 2a}

9 54 ’

where ST =- Q.

x,=5+T—-4aq,
5.3. Solutions: X, =—4S+T)—4a,+4+iN3(S-T)
X, ==+ +T)~ta, - +i3(5-T)

Ifa, a,, a,, are real and if D = Q° + R* is the discriminant, then

(i) one root is real and two are complex conjugate if D >0
(i1) all roots are real and at least two are equal if D =0
(iii) all roots are real and unequal if D < 0.

If D < 0, computation is simplified by use of trigonometry.

5.4. Solutions:

x, =24-0 cos(30)—5q,
if D<0: qx,=2{-0cos(0+120°) —1a,
X, =

20 cos(5 6 +240°) —1a

where cos0 = R/\[-0?



SOLUTIONS OF ALGEBRAIC EQUATIONS

5.5. X t+x,+ X, ==a, XX, + X, X, + XX, =a,, XX,xX,=-—d,

where x , x,, x, are the three roots.

Quartic Equation: x*+ax*+ax*+ax+a,=0

Let y, be a real root of the following cubic equation:
56. Y —a,y’+(aa,—4a,)y+4aa,—al —ala)=0

The four roots of the quartic equation are the four roots of the following equation:

5.7. zz+%(ali«la12—4a2+4yl )z+%(yl$,[ylz—4a4 ):O

Suppose that all roots of 5.6 are real; then computation is simplified by using the particular real root that
produces all real coefficients in the quadratic equation 5.7.

X tx,+x,+x, =—q
XXy + XX, + XX, + XX+ XX+ XX, = a,
XX, X5 + X, X5 X, + XXX, + XXX, = —a,

5.8.

X X,X,X, = X,

where x, x,, x,, x, are the four roots.



Length

Area

Volume

Mass

Speed

Density

Force

Energy

Power

Pressure

CONVERSION FACTORS

1 kilometer (km) = 1000 meters (m) linch (in) =2.540cm

1 meter (m) = 100 centimeters (cm) 1 foot (ft) =30.48 cm

1 centimeter (cm) =102m 1 mile (mi) =1.609 km

1 millimeter (mm) =102 m 1 millimeter = 1073 in

1 micron () =10°m 1 centimeter =0.3937 in

1 millimicron (my) =10 m 1 meter =39.371n

1 angstrom (A) =10""m 1 kilometer =0.6214 mi

1 square meter (m?) = 10.76 ft? 1 square mile (mi%) = 640 acres
1 square foot (ft?) =929 cm? 1 acre = 43,560 ft>

1 liter (/) = 1000 cm?® = 1.057 quart (qt) = 61.02 in* = 0.03532 ft*

1 cubic meter (m?) = 1000 [ = 35.32 ft*

1 cubic foot (ft) =7.481 U.S. gal =0.02832 m* =28.32 ]

1 U.S. gallon (gal) = 231 in®* = 3.785 [; 1 British gallon = 1.201 U.S. gallon = 277.4 in®

1 kilogram (kg) = 2.2046 pounds (Ib) = 0.06852 slug; 1 1b =453.6 gm = 0.03108 slug
1 slug=32.1741b = 14.59 kg

1 km/hr = 0.2778 m/sec = 0.6214 mi/hr = 0.9113 ft/sec
1 mi/hr = 1.467 ft/sec = 1.609 km/hr = 0.4470 m/sec

1 gm/cm® = 10° kg/m?® = 62.43 1b/ft} = 1.940 slug/ft?
1 1b/ft* =0.01602 gm/cm?; 1 slug/ft* = 0.5154 gm/cm?

1 newton (nt) = 10° dynes = 0.1020 kgwt = 0.2248 Ibwt

1 pound weight (Ibwt) = 4.448 nt = 0.4536 kgwt = 32.17 poundals

1 kilogram weight (kgwt) = 2.205 Ibwt = 9.807 nt

1 U.S. short ton = 2000 1bwt; 1 long ton = 2240 lbwt; 1 metric ton = 2205 lbwt

1 joule =1 nt m = 107 ergs = 0.7376 ft Ibwt = 0.2389 cal =9.481 x 10~ Btu
1 ft Ibwt = 1.356 joules = 0.3239 cal = 1.285 x 10~ Btu

1 calorie (cal) = 4.186 joules = 3.087 ft Ibwt = 3.968 x 10~ Btu

1 Btu (British thermal unit) = 778 ft Ibwt = 1055 joules = 0.293 watt hr

1 kilowatt hour (kw hr) = 3.60 x 10° joules = 860.0 kcal = 3413 Btu

1 electron volt (ev) = 1.602 x 107" joule

1 watt = 1 joule/sec = 107 ergs/sec = 0.2389 cal/sec
1 horsepower (hp) = 550 ft Ibwt/sec = 33,000 ft Ibwt/min = 745.7 watts
1 kilowatt (kw) = 1.341 hp = 737.6 ft lbwt/sec = 0.9483 Btu/sec

1 nt/m? = 10 dynes/cm? = 9.869 x 107 atmosphere = 2.089 x 102 lbwt/ft?
1 Ibwt/in? = 6895 nt/m? = 5.171 cm mercury = 27.68 in water
1 atm = 1.013 x 10° nt/m? = 1.013 x 10° dynes/cm? = 14.70 1bwt/in>

=76 cm mercury = 406.8 in water



Section II: Geometry

7 GEOMETRIC FORMULAS

Rectangle of Length b and Width a
7.1. Area=ab

7.2. Perimeter = 2a + 2b

b
Fig. 7-1
Parallelogram of Altitude # and Base b
7.3. Area=bh=absinf
7.4. Perimeter = 2a + 2b
]
Fig. 7-2

Triangle of Altitude # and Base b
7.5. Area =1bh=%ab sinf

=s(s—a)(s—b)(s—c)

where s =1(a + b + ¢) = semiperimeter

7.6. Perimeter=a+b+c Fig. 7-3

Trapezoid of Altitude # and Parallel Sides a and b

7.7. Area =1h(a+b) a
|
1 |
7.8. Perimeter =a + b + h(— + — j th
sin@  sing |
8 i )
=a+ b+ h(cscO +csco) b

Fig. 7-4

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



GEOMETRIC FORMULAS

Regular Polygon of n Sides Each of Length b

, cos(z/n) b

— 1,02 r_.
7.9. Area =qnb® cot— = nb sin(7r/n)

7.10. Perimeter = nb

Fig. 7-5
Circle of Radius r
7.11. Area= m?
7.12. Perimeter = 27r
Fig. 7-6

Sector of Circle of Radius r
7.13. Area =7r’6 [@in radians]

) 8
7.14. Arclength s =r@

6
,
Fig. 7-7

Radius of Circle Inscribed in a Triangle of Sides a, b, ¢
L _sts—a)s—b)s—o)

N

7.15

where s =1(a + b + ¢) = semiperimeter.

Radius of Circle Circumscribing a Triangle of Sides q, b, ¢

7.16. R abe

B 4\/ s(s—a)s—b)(s—c) /%
where s =1(a + b + ¢) = semiperimeter.




Regular Polygon of n Sides Inscribed in Circle of Radius r

GEOMETRIC FORMULAS

o

. 2m .
7.17. Area =1inr? sin—— =1pnr? sin

o

. . T .
7.18. Perimeter = 2nr sin— = 2nr sin

N
. A

/
\

Fig. 7-10

Regular Polygon of n Sides Circumscribing a Circle of Radius r

o

T
7.19. Area =nr? tan; =nr?tan

o

. b4
7.20. Perimeter =2nr tanz =2nr tan

\
/

.
g

L\ <7
Fig. 7-11
Segment of Circle of Radius r
7.21. Area of shaded part = %r*(0 —sin6) /7 N\
P
Fig. 7-12

Ellipse of Semi-major Axis a and Semi-minor Axis b

7.22. Area= mub

7.23. Perimeter = 4aJ:/2 1-k*sin?0 doO

=2m/L(a* + b*) [approximately]

where k =+/a? —b? /a. See Table 29 for numerical values.

Segment of a Parabola

1)
\

Fig. 7-13

7.24. Area =Zab

2 4a+./b* + 16a*
7.25. Arclength ABC =1/p? + 162> + ;’— In [ - : ]
a

b

S
-
}. &

o
E
aQ

Fig. 7-14



GEOMETRIC FORMULAS

Rectangular Parallelepiped of Length a, Height b, Width ¢
7.26. Volume = abc

7.27. Surface area = 2(ab + ac + bc) ,

Fig. 7-15

Parallelepiped of Cross-sectional Area A and Height &
7.28. Volume = Ah = abc sin@

Fig. 7-16

Sphere of Radius r

7.29. Volume :%n,ﬁ

7.30. Surface area = 4mr?

Fig. 7-17

Right Circular Cylinder of Radius r and Height &
7.31. Volume = m°h

7.32. Lateral surface area =27rh

Fig. 7-18

Circular Cylinder of Radius r and Slant Height /
7.33. Volume = m*h = 7l sin6

2nrh

S

7.34. Lateral surface area = 27r7] = =27rh csc@

Fig. 7-19



GEOMETRIC FORMULAS

Cylinder of Cross-sectional Area A and Slant Height /
7.35. Volume = Ah = Al sinf P

7.36. Lateral surface area = ph = pl sin@

Note that formulas 7.31 to 7.34 are special cases of formulas 7.35 and 7.36.

Fig. 7-20

Right Circular Cone of Radius r and Height h
7.37. Volume = {nr’h

7.38. Lateral surface area = wr/r> + h> = mrl

Pyramid of Base Area A and Height h
7.39. Volume =1 Ah

Fig. 7-22

Spherical Cap of Radius r and Height i
7.40. Volume (shaded in figure) = 1 7h*>(3r —h)

7.41. Surface area=27zrh

Fig. 7-23

Frustum of Right Circular Cone of Radii a, b and Height i

7.42. Volume = {mh(a® +ab+b*)

7.43. Lateral surface area = w(a+ b)\/h*> + (b - a)®
= 7(a +b)l

Fig. 7-24



GEOMETRIC FORMULAS

Spherical Triangle of Angles A, B, C on Sphere of Radius r
7.44. Area of triangle ABC=(A+ B+ C— mr?

Fig. 7-25

Torus of Inner Radius a and Outer Radius »
7.45. Volume =1 7*(a + b)(b—a)?

7.46. Surface area = 7%(b* — a?)

Fig. 7-26

Ellipsoid of Semi-axes a, b, ¢

7.47. Volume = 4 mabc

Fig. 7-27

Paraboloid of Revolution
7.48. Volume = I mb’a

L

Fig. 7-28



FORMULAS from PLANE ANALYTIC
GEOMETRY

Distance d Between Two Points P, (x,, y,) and P,(x,,y,)

8.1 d= \/(xz -+, -y’ v

-

Slope m of Line Joining Two Points P,(x,,y,) and P,(x,,y,)

82, m=2"2"_ne

X, =X

Equation of Line Joining Two Points P,(x,,y,) and P,(x,, y,)

8.3. RANEIINEE, S/ m or y-—y =m(x-—x)
X—x = X,—X
84. y=mx+b
_ NN TN, . . .. .
where b=y —mx = ————— is the intercept on the y axis, i.e., the y intercept.
X =4

Equation of Line in Terms of x Intercept a = 0 and y Intercept b = 0

85 XiY_
a b Y

a

Fig. 8-2



FORMULAS FROM PLANE ANALYTIC GEOMETRY

Normal Form for Equation of Line

8.6. xcosa+ysina=p
Y
where p = perpendicular distance from origin O to line
and o« = angle of inclination of perpendicular p,
with positive x axis. /!
= :
Fig. 8-3
General Equation of Line
87. Ax+By+C=0
Distance from Point (x, y,) to Line Ax + By + C =0
gg. At B +C
A+ B?
where the sign is chosen so that the distance is nonnegative.
Angle y Between Two Lines Having Slopes m, and m,
89. tany = 2™
o v L+ mm, ¥
. .. . . slope m,
Lines are parallel or coincident if and only if m, =m,,.
Lines are perpendicular if and only if m, =—1/m,. slope s
x
Fig. 8-4
Area of Triangle with Vertices at (x,, y,), (x,,¥,), (x3,¥;)
1 x oy 1 Y
8.10. Area=f—|x, y, 1 (1,41
2 \
x, vy, 1
3 3 (x2, ¥2) 4
—+ 1 A (x5, ¥3)
—_5(x1y2 VX VX, VX T VX, S XY, *

where the sign is chosen so that the area is nonnegative.
If the area is zero, the points all lie on a line.

Fig. 85



FORMULAS FROM PLANE ANALYTIC GEOMETRY

Transformation of Coordinates Involving Pure Translation

8.11 {x=x’+xo

{x'zx—xo
y=y+Y, Y'=y=,

where (x, y) are old coordinates (i.e., coordinates relative to xy

system), (x, y") are new coordinates (relative to x’, y” system),
and (x,, y,) are the coordinates of the new origin O’ relative
to the old xy coordinate system.

Transformation of Coordinates Involving Pure Rotation

(4]

{x’zxcosa +ysino

y'=ycosa—xsino

8.12 x=x"cosa —y’'sinx
T ly=x'sina+y cosa

where the origins of the old [xy] and new [xy] coordinate

systems are the same but the x” axis makes an angle « with
the positive x axis.

Transformation of Coordinates Involving Translation and Rotation

Fig. 87

1/'\4

x=x"cosa —y’sino +x,
{yz x’sina+y’cosa +y,
8.13.
"=(x—x,)coso +(y—y,)sinx

Aa

Y

\
e

\
N
- ’((zo' ¥o)

X
or , _ _ _ .
{y =(y—y,)cosa —(x —x,)sinc _

where the new origin O’ of x’y” coordinate system has
coordinates (x, y,) relative to the old xy coordinate
system and the x” axis makes an angle & with the
positive x axis.

Polar Coordinates (r, )

A point P can be located by rectangular coordinates (x, y) or polar
coordinates (r, 8). The transformation between these coordinates is

x=rcosf

S s

as follows:

8.14. {

y=rsin6 6 =tan™'(y/ x)

Fig. 89



FORMULAS FROM PLANE ANALYTIC GEOMETRY

Equation of Circle of Radius R, Center at (x,, y,)

815. (x—x)+(-y) =R

y
R
7
(xo, ’Uo)
Fig. 8-10
Equation of Circle of Radius R Passing Through Origin
8.16. r=2Rcos(f0 —a) v
where (7, 0) are polar coordinates of any point on the
circle and (R, «) are polar coordinates of the center of
the circle.
(R, a)
R/
[ 4
Fig. 811

Conics (Ellipse, Parabola, or Hyperbola)

If a point P moves so that its distance from a fixed point
(called the focus) divided by its distance from a fixed line

then the curve described by P is called a conic (so-called
because such curves can be obtained by intersecting a
plane and a cone at different angles).

If the focus is chosen at origin O, the equation of a conic in

|
[
(called the directrix) is a constant € (called the eccentricity), :
!
|
|
|
polar coordinates (r, 0) is, if OQ = p and LM = D (see Fig. 8-12), '
i
i

eD

817. ,=—P _ o
" l1—€cos®@ 1—e€ecosf Directrix ]

|
|
The conic is :'_ D _"\

(i) anellipseife <1 )
(ii) aparabolaife=1 Fig. 812
(iii) a hyperbola if € > 1




FORMULAS FROM PLANE ANALYTIC GEOMETRY

Ellipse with Center C(x,, y,) and Major Axis Parallel to x Axis

8.18. Length of major axis A’A = 2a ’ B

8.19. Length of minor axis B'B =2b

8.20. Distance from center C to focus F or F’ is

c=+a*-b? B

0 x
212
8.21. Eccentricity =€ = < =a—b
a a Fig. 8-13
8.22. Equation in rectangular coordinates:
(=) O-3)?
a? b?
) a*b?
8.23. Equation in polar coordinates if Cis at O: r* =
au P " T 47sin?0 +b2cos? 6

o . e . . a(l-¢€*)

8-24. Equation in polar coordinates if C is on x axis and F is at O: r = T_coost
— €COs

8.25. If P is any point on the ellipse, PF + PF’ =2a

If the major axis is parallel to the y axis, interchange x and y in the above or replace 6 by 7 —6 (or 90° - 0).

Parabola with Axis Parallel to x Axis

If vertex is at A (x,, y,) and the distance from A to focus F is a > 0, the equation of the parabola is
8.26. (y—y)*=4a(x—x) if parabola opens to right (Fig. 8-14)

8.27. (y-y,)*=-4ax—x) if parabola opens to left (Fig. 8-15)

If focus is at the origin (Fig. 8-16), the equation in polar coordinates is

2a
r =
1—cos@

8.28.

Y i Yy

/ r/
A
e a e ¢
A A
(%0, ¥o) F F (2o, Yo) \ O

x
0 \ / 0 x \

Fig. 8-14 Fig. 8-15 Fig. 8-16

In case the axis is parallel to the y axis, interchange x and y or replace 6 by 17 — 6 (or 90° — 6).



FORMULAS FROM PLANE ANALYTIC GEOMETRY

Hyperbola with Center C(x,, y,) and Major Axis Parallel to x Axis

Fig. 817
8.29. Length of major axis A’A =2a
8.30. Length of minor axis B'B =2b

8.31. Distance from center C to focus F or F’ =c =+/a* +b?

\Ja?® + b?

a

8.32. Eccentricity € = — =

[N ey

(x—x,) - ¥, _1
a? b? B

8.33. Equation in rectangular coordinates:

b
8.34. Slopes of asymptotes G’H and GH’== 2

2b2
8.35. Equation in polar coordinates if C is at O: r* = a -
b? cos? 0 — a* sin* 0
. ) o . , . a(e* —1)
8.36. Equation in polar coordinates if C is on x axis and F’isat O: r = T_coosd
— €COS

8.37. If P is any point on the hyperbola, PF — PF’ = +2a (depending on branch)

If the major axis is parallel to the y axis, interchange x and y in the above or replace 6 by ;7 —6
(or 90° — ).



9 SPECIAL PLANE CURVES

Lemniscate

9.1. Equation in polar coordinates:

2 =a?cos 20

9.2. Equation in rectangular coordinates:

2+ yz)z =a(x2 — yz)

9.3. Angle between AB’ or A’B and x axis = 45° A B

9.4. Area of one loop = a*

Cycloid
9.5. Equations in parametric form:
X = a(¢—sin ¢) Y
y=a(l-cos®)
9.6. Area of one arch = 3ma® ! y K \
s /// a
0 2ra x
9.7. Arc length of one arch = 8a
This is a curve described by a point P on a circle of radius a Fig. 92
ig. 9-

rolling along x axis.

Hypocycloid with Four Cusps

9.8. [Equation in rectangular coordinates:

x2/3 + y2/3 — a2/3

9.9. Equations in parametric form:

x=acos’@
y=asin®6

9.10. Area bounded by curve =3 7q?

9.11. Arc length of entire curve = 6a

This is a curve described by a point P on a circle of radius
a/4 as it rolls on the inside of a circle of radius a.




SPECIAL PLANE CURVES

Cardioid

9.12. Equation: r = 2a(1 + cos 0)
9.13. Area bounded by curve = 67ra®

9.14. Arc length of curve = 16a

This is the curve described by a point P of a circle of radius a
as it rolls on the outside of a fixed circle of radius a. The curve
is also a special case of the limacon of Pascal (see 9.32).

Catenary

Fig. 9-4

9.15. Equation: y= %(e"’” +e)=q cosh%

This is the curve in which a heavy uniform chain would hang if
suspended vertically from fixed points A and B.

Three-Leaved Rose

9.16. Equation: r=a cos 30

The equation r = a sin 30 is a similar curve obtained by
rotating the curve of Fig. 9-6 counterclockwise through 30°
or 7r/6 radians.

In general, r = a cos nf or r = a sin nf has n leaves if
n is odd.

Four-Leaved Rose

Fig. 96

9.17. Equation: r =a cos 20

The equation » = a sin 26 is a similar curve obtained by
rotating the curve of Fig. 9-7 counterclockwise through 45°
or 7/4 radians.

In general, r=a cos nf or r = a sin nf has 2n leaves if n is even.

Fig. 9-7



SPECIAL PLANE CURVES

Epicycloid
9.18. Parametric equations: y
x= (a+b)cos0—bcos(azbj9
y=(a+b)sin@—bsin (a-ll)-bj 0
x
This is the curve described by a point P on a circle of radius b \ 0 /
as it rolls on the outside of a circle of radius a. \ /
The cardioid (Fig. 9-4) is a special case of an epicycloid. Sl
Fig. 9-8
General Hypocycloid
9.19. Parametric equations: v
x=(a b)cos¢+bcos(a_b)¢ /-~\\
= — Va Pt
b
/ \ / /’\’\
e )
y—(a—b)sinq)—bsin[a_b]q) / < x
b \ ° J
\ /
This is the curve described by a point P on a circle of radius b AN /
as it rolls on the inside of a circle of radius a. S~ —
If b = a/4, the curve is that of Fig. 9-3. Fig. 9-9

Trochoid

9.20. Parametric equations: {x =ad—Dbsing
y=a-bcos¢

This is the curve described by a point P at distance b from the center of a circle of radius a as the circle

rolls on the x axis.
If b < a, the curve is as shown in Fig. 9-10 and is called a curtate cycloid.

If b > a, the curve is as shown in Fig. 9-11 and is called a prolate cycloid.

If b = a, the curve is the cycloid of Fig. 9-2.

Fig. 9-10 Fig. 9-11



SPECIAL PLANE CURVES

Tractrix
= Lo—
9.21. Parametric equations: {x B a(lp cot7¢~cos¢) Y
y=asin¢ P
a
This is the curve described by endpoint P of a taut string 0! 4 Q kY
PQ of length a as the other end Q is moved along the x axis.
Fig. 9-12
Witch of Agnesi
. . 8a’
9.22. Equation in rectangular coordinates: y = ——— y
x> +4a?
9.23. Parametric equations: x =2a cotf
y=a(l —cos20)
In Fig. 9-13 the variable line QA intersects y = 2a and the 0
circle of radius a with center (0, a) at A and B, respectively.
Any point P on the “witch” is located by constructing lines Fig. 9-13

parallel to the x and y axes through B and A, respectively, and
determining the point P of intersection.

Folium of Descartes

9.24. Equation in rectangular coordinates: Y
X +y=3axy N
)
N
9.25. Parametric equations: \\ O
x
_ 3at NO
1+7 Q
ye 3ar? \\\
1+ 7 N
N\
Fig. 9-14

9.26. Area of loop = %az

9.27. Equation of asymptote: x +y+a =0

Involute of a Circle

9.28. Parametric equations:
x =a(cos ¢ +@sin @)
y=a(sing —¢cos@)

This is the curve described by the endpoint P of a string /
as it unwinds from a circle of radius a while held taut. Ny
0
\
N

Fig. 915



SPECIAL PLANE CURVES

Evolute of an Ellipse

9.29. Equation in rectangular coordinates:

(ax)2/3 + (by)2/3 - ((,12 _ b2)2/3

9.30. Parametric equations:

ax =(a*>—b*)cos> 6
by = (a* —b*)sin* 6

This curve is the envelope of the normals to the ellipse
x*a* + y*/b* = 1 shown dashed in Fig. 9-16. Fig. 9-16

Ovals of Cassini

9.31. Polar equation: #* + a* — 24?7 cos 20 = b*

This is the curve described by a point P such that the product of its distance from two fixed points

(distance 2a apart) is a constant b?.
The curve is as in Fig. 9-17 or Fig. 9-18 according as b < a or b > a, respectively.
If b = a, the curve is a lemniscate (Fig. 9-1).

Fig. 9-17 Fig. 9-18

Limacon of Pascal

9.32. Polar equation: r=5b+a cos 6

Let OQ be a line joining origin O to any point Q on a circle of diameter a passing through O. Then the
curve is the locus of all points P such that PQ = b.

The curve is as in Fig. 9-19 or Fig. 9-20 according as 2a > b > a or b < a, respectively. If b = a, the curve
is a cardioid (Fig. 9-4). If b = 2a, the curve is convex.

Fig. 9-19 Fig. 9-20



SPECIAL PLANE CURVES

Cissoid of Diocles

9.33. Equation in rectangular coordinates:

2
5 X

Y :2a—x

9.34. Parametric equations:

x =2asin’* 0
_ 2asin’ 6
cos@
This is the curve described by a point P such that the
distance OP = distance RS. It is used in the problem of

duplication of a cube, i.e., finding the side of a cube
which has twice the volume of a given cube.

Spiral of Archimedes

9.35. Polar equation: r = afl

Fig. 9-22



1 0 FORMULAS from SOLID ANALYTIC
GEOMETRY

Distance d Between Two Points P,(x,, y;, z;) and P,(x», y,, Z,)

101, d=J(x,—x)* + (0, -y + (5,2, ¢

Fig. 10-1

Direction Cosines of Line Joining Points P,(x,, y,, ;) and P,(x,, ¥, 2,)

10.2. l:cosa:xz_x', m:COSﬁzu’ I’l=COS}/=Z2_Z'
d d d

where a, B, y are the angles that line P P, makes with the positive x, y, z axes, respectively, and d
is given by 10.1 (see Fig. 10-1).

Relationship Between Direction Cosines

10.3. cos’a+cos’* B+ cos’y=1 or I*+m*+n*=1

Direction Numbers

Numbers L, M, N, which are proportional to the direction cosines I, m, n, are called direction numbers. The
relationship between them is given by

w04 - Lt - M N

Je+m N Jr+mMr N M+ N

Equations of Line Joining P,(x,, y,, z;) and P,(x,, y,, 2,) in Standard Form

10.5. SRS St T S or TTh YT _Th
X4 Yo =Y L7 ! m n

These are also valid if [, m, n are replaced by L, M, N, respectively.



FORMULAS FROM SOLID ANALYTIC GEOMETRY

Equations of Line Joining P,(x,, y,, z;) and P,(x,, y,, z,) in Parametric Form
10.6. x=x +1t, y=y +mt, z=z+nt

These are also valid if /, m, n are replaced by L, M, N, respectively.

Angle ¢ Between Two Lines with Direction Cosines [/,, m,, n, and l,, m,, n,

10.7. cos¢ =1L, +mm,+nn,

General Equation of a Plane

108. Ax+By+Cz+ D=0 (A, B, C, D are constants)

Equation of Plane Passing Through Points (x,, y, 21), (X2, ¥, 22)s (X35 Y35 23)

x—x, y-y, -z
10.9. X=X Y=y 2,—%|=0
X=X V3™ L%

or

Y, =Y 4L T4
Yi=h L4

7,z X
,-7, X

10.10. 2% BTR %
—X X

(y—y)+
3N Y37

(z—2)=0

3 1

Equation of Plane in Intercept Form

1011, 24X, 2
a b c

where a, b, c are the intercepts on the x, y, 7 axes, respectively.

Fig. 10-2

Equations of Line Through (x,, y,, z,) and Perpendicular
toPlane Ax + By + Cz+ D =0

X=X, Y-y,  Z—Z, B B _
L = B( =—c o x=x,+At, y=y,+Bt, z=z,+Ct
Note that the direction numbers for a line perpendicular to the plane Ax + By + Cz+ D =0 are

A, B, C.

10.12.




FORMULAS FROM SOLID ANALYTIC GEOMETRY

Distance from Point (x,, yy, zo) to Plane Ax + By + Cz + D =0
Ax,+ By, +Cz,+ D
i\/A2 + B+ C?

10.13.

where the sign is chosen so that the distance is nonnegative.

Normal Form for Equation of Plane

10.14. xcoso + ycosfB + zcosy=p Z

where p = perpendicular distance from O to plane at P
and «, B, y are angles between OP and positive x, y, 7 axes.

y,F
P
o 7\ B
5 y
X
Fig. 10-3
Transformation of Coordinates Involving Pure Translation
x=x"+x, x'=x-x, z
-
10.15. y=y'+y, or (Y =y-y, :Z
z2=7"+z, =z-z :
. . . . ! (X0» Yo» 20)
where (x, y, z) are old coordinates (i.e., coordinates relative 'O- ------ y
to xyz system), (x’, y’, ) are new coordinates (relative to 7
x’y’z’ system) and (x,, y,, z,) are the coordinates of the ol
new origin O’ relative to the old xyz coordinate system. 5 * y
X
Fig. 10-4
Transformation of Coordinates Involving Pure Rotation
x=lx"+ Ly + L7
10.16. y=mx'+m,y +m;z’ . ¢
z=nx"+n,y +nyz’ '\
\\ » v
X' =lx+my+nz \ P
or Y =Lx+my+n,z \ 7
Z=lx+my+nz \O/ y
1
where the origins of the xyz and x'y’z” systems are H
. . : 3 !
the same and ll, m,n; lz, my, n,; l3, m,, n, are the direction ¢ I

cosines of the x”,y’,z" axes relative to the x, y, z axes,
respectively. Fig. 10-5
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Transformation of Coordinates Involving Translation and Rotation

x=1x"+ 1Ly + 1z +x,
10.17. y=mx'+myy +mz’+y,
z=nx"+ny +nz" +z,

X' =L (x—x)+my—y,)+nz-2z,)
or Y =L(x—x,)+m,(y—y,)+n,(z—z,)
Z, = lg(x—x0)+m3()’_)’o)+n3(2—20)

where the origin O’ of the x’y’z’ system has coordinates
(X Yo 2,) relative to the xyz system and

l,m,n;l,m,n;l,m,n,

are the direction cosines of the x’, ¥, 7" axes relative to
the x, y, z axes, respectively.

Cylindrical Coordinates (r, 6, z)

A point P can be located by cylindrical coordinates (r, 6, z)
(see Fig. 10-7) as well as rectangular coordinates (x, y, z).
The transformation between these coordinates is

x=rcos6 r=yx*+y?
10.18.  Jy—rsin® or {6=tan"(y/x)

Spherical Coordinates (r, 6, ¢)

A point P can be located by spherical coordinates (7; 6, ¢)
(see Fig. 10-8) as well as rectangular coordinates (x, y, 7).
The transformation between those coordinates is

10.19. x=rsinfcos¢@
y=rsin@sing@
z=rcosf

r=4x*+y*+z*

or q¢=tan"'(y/x)

O=cos™ ' (z/\|x2+y*+7?)

o /
! ’
11X
Fig. 10-6
¥4
(x,y,2)
P {(r, 6.2
z
4)
x ] r
———y -
Fig. 10-7
x ¥ 2
P {o. 8, 0)
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Equation of Sphere in Rectangular Coordinates

1020. (x—x)*+(y—y,) +(z-z)) =R

where the sphere has center (x, y,, z,) and radius R.

Fig. 109

Equation of Sphere in Cylindrical Coordinates

10.21. 7> =2r,rcos(0—6))+r +(z—-z,)* = R?
where the sphere has center (r,, 6, z,) in cylindrical coordinates and radius R.

If the center is at the origin the equation is

10.22. r*+z*=R?

Equation of Sphere in Spherical Coordinates

10.23. 7>+ 7y —2r, rsin@sinf, cos(¢ — ¢,) = R*
where the sphere has center (r,, 6, ¢,) in spherical coordinates and radius R.

If the center is at the origin the equation is

10.24. r=R

Equation of Ellipsoid with Center (x, y,, z,) and Semi-axes a, b, c

_ 2 _ 2 _ 2
10.25. (x—x,) +(y Y,) +(z )" _

a? b? c? !

Fig. 10-10
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Elliptic Cylinder with Axis as z Axis

x2 y2
10.26. ? + F =1

where a, b are semi-axes of elliptic cross-section.
If b = a it becomes a circular cylinder of radius a.

Fig. 10-11

Elliptic Cone with Axis as z Axis

x2 y2 ZZ
10.27. —+ b_ = C_2

Q

Fig. 10-12

Hyperboloid of One Sheet

2 2 2
10.28. x—2+g——z—2=1

Q
o

Fig. 10-13

Hyperboloid of Two Sheets

Fig. 10-14
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Elliptic Paraboloid

2 2
10.30. X—Z+Z—:

N
NS

Fig. 10-15

Hyperbolic Paraboloid

1031, X _Y_
2 b2

Note orientation of axes in Fig. 10-16.

2
oo

Fig. 10-16



The table below shows the moments of inertia of various rigid bodies of mass M. In all cases it is assumed

the body has uniform (i.e., constant) density.

1 SPECIAL MOMENTS of INERTIA

TYPE OF RIGID BODY MOMENT OF INERTIA
11.1. Thin rod of length a
(a) about axis perpendicular to the rod through the center -+ Ma®
of mass
(b) about axis perpendicular to the rod through one end 1 Ma?
11.2. Rectangular parallelepiped with sides a, b, ¢
(a)  about axis parallel to ¢ and through center of face ab 5 M(a®+b%)
(b) about axis through center of face bc and parallel to ¢ LS M4a* +b*)
11.3. Thin rectangular plate with sides a, b
(a) about axis perpendicular to the plate through center L M(a®+b?)
b) about axis parallel to side b through center -+ Ma*
11.4. Circular cylinder of radius a and height &
(a) about axis of cylinder T Ma?
(b) about axis through center of mass and perpendicular to LM(h* +3a?)
cylindrical axis
(c)  about axis coinciding with diameter at one end L M(4h* +3a*)
11.5. Hollow circular cylinder of outer radius a, inner radius
b and height h
(a) about axis of cylinder ITM(a® +b?)
(b) about axis through center of mass and perpendicular to SMQBa® +3b> +h?)
cylindrical axis
(c) about axis coinciding with diameter at one end L M3a* +3b* +4h?)
11.6. Circular plate of radius a
(a) about axis perpendicular to plate through center 1 Ma?
(b) about axis coinciding with a diameter 1 Ma?
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11.7.  Hollow circular plate or ring with outer radius a and
inner radius b

(a) about axis perpendicular to plane of plate through center IM(a* +b?)

(b) about axis coinciding with a diameter +TM(a* +b*)

11.8.  Thin circular ring of radius a

(a about axis perpendicular to plane of ring through center Ma?

(b) about axis coinciding with diameter 1 Ma?

11.9.  Sphere of radius a

(a) about axis coinciding with a diameter tMa®

(b) about axis tangent to the surface I Ma*

11.10. Hollow sphere of outer radius a and inner radius b

(a) about axis coinciding with a diameter IM(a®—b)(a®—b?)

(b) about axis tangent to the surface 2 M(a® - b*)/(a® - b*)+ Ma?

11.11. Hollow spherical shell of radius a

(a) about axis coinciding with a diameter 2 Ma?

(b) about axis tangent to the surface 2 Ma*

11.12. Ellipsoid with semi-axes a, b, ¢

(a) about axis coinciding with semi-axis ¢ L M(a*+b?)

(b) about axis tangent to surface, parallel to semi-axis ¢ L M(6a* +b*)
and at distance a from center

11.13. Circular cone of radius a and height &

(a) about axis of cone > Ma®

(b) about axis through vertex and perpendicular to axis 5 M(a® +4h*)

(c) about axis through center of mass and perpendicular s M@a®+h?)
to axis

11.14. Torus with outer radius a and inner radius b

(a) about axis through center of mass and perpendicular L M(7a* — 6ab +3b*)
to the plane of torus

(b) about axis through center of mass and in the plane of +M©Oa® —10ab + 5b*)

torus




Section I1I: Elementary Transcendental Functions

12 TRIGONOMETRIC FUNCTIONS

Definition of Trigonometric Functions for a Right Triangle

Triangle ABC has a right angle (90°) at C and sides of length a, b, c. The trigonometric functions of angle
A are defined as follows:

12.1. sineof A=sin A =< = OPPOSIte B
¢ hypotenuse
12.2. cosineof A=cos A = b = _adjacent
¢ hypotenuse
(4
12.3. tangentof A=tan A = a_ m @
b  adjacent
12.4. cotangent of A=cotA = b = M ]
a opposite A4 c

_ _ ¢ _ hypotenuse
12.5. secantof A=secA = b —adjacent Fig. 12-1

hypot
12.6. cosecant of A=csc A = = M
a opposite

Extensions to Angles Which May be Greater Than 90°

Consider an xy coordinate system (see Figs. 12-2 and 12-3). A point P in the xy plane has coordinates (x, y) where
x is considered as positive along OX and negative along OX’ while y is positive along OY and negative along OY".
The distance from origin O to point P is positive and denoted by r = \/x? + y?. The angle A described counter-
clockwise from OX is considered positive. If it is described clockwise from OX it is considered negative. We call
X'OX and Y'OY the x and y axis, respectively.

The various quadrants are denoted by I, II, III, and IV called the first, second, third, and fourth quadrants,
respectively. In Fig. 12-2, for example, angle A is in the second quadrant while in Fig. 12-3 angle A is in the
third quadrant.

Y Y
II I II I
P(:c, y) r A A
b'd Y X b x f \ X
£3 (4] Yy 0
r
P(zx,y)
I v II1 v
Y y'
Fig. 12-2 Fig. 12-3

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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For an angle A in any quadrant, the trigonometric functions of A are defined as follows.

12.7. sinA=y/r
12.8. cos A =x/r
12.9. tanA=yk
12.10. cotA=x/y
12.11. secA=w/x

12.12. cscA=rly

Relationship Between Degrees and Radians

A radian is that angle 0 subtended at center O of a circle by an arc
MN equal to the radius r. N

Since 27 radians = 360° we have '
r
M

12.13. 1 radian = 180°/7r = 57.29577 95130 8232 ...°

12.14. 1° = /180 radians = 0.01745 32925 19943 29576 92 ... radians

Fig. 12-4
Relationships Among Trigonometric Functions
12.15. tanA= sinA 12.19. sin?A+cos?A=1
cos A
1 cosA ) )
12.16. cotA= =— 12.20. sec’A—tan*A=1
tanA sinA
12.17. secA= L 12.21. csc?A—-cot?A=1
cos A
12.18. cscA= L
o " sinA
Signs and Variations of Trigonometric Functions
Quadrant sin A cos A tan A cotA sec A csc A
I + + + + + +
Oto1 1to0 0 to o oo to 0 1to oo oo to 1
I + - - - - +
1to0 0to-1 —o0 t0 0 0 to —oo —oo t0 —1 1to e
I - - + + - -
Oto-1 -1to0 0to oo o0 t0 0 —1to —oo —oco to —1
v - + - - + -
-1to0 Otol —oo to 0 0 to —oo oo to | —1 to —oo
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Exact Values for Trigonometric Functions of Various Angles

Angle A Angle A

in degrees | in radians sin A cos A tan A cotA sec A csc A
0° 0 0 1 0 oo 1 oo
15° w12 | FW6-V2) | 1(6+32) | 2-3 | 2443 | V6-v2 | V6442
30° /6 1 13 143 J3 23 2
45° 4 12 12 1 1 2 V2
o | an | 13 : A wE | 2 13
75° 512 | (6 +v2) | 16 -v2) | 2443 | 2-v3 | V6442 | V642
90° /2 1 0 +oo 0 + oo 1
105° 7712 | 1W6+V2) |-+ (W6 -v2)|-2+V3)|-2-V3) -6 +v2)| J6-2
120° 2113 13 -1 -3 | -13 2 23
135° 3m/4 12 ~1\2 -1 -1 -2 2
150° 5716 1 ~13 ~-1J3 | -3 23 2
165° 112 | 2J6-2) |[-2(J6+2)|-2-B)|-2+B) -6 -2)| J6+2
180° T 0 -1 0 oo -1 +oo
195° 137/12 |36 -v2) |-+ (6 +42)| 2-3 | 2443 |-6-2)|-(6+2)
210° /6 -3 -13 13 NE] -243 2
225° Sm/4 -2 -2 1 1 -2 -2
240° Am/3 -1\3 -% J3 13 -2 ~23
255° 17712 |+ 6+42) |- (/6-V2)| 2443 | 2-V3 |-(6+VD)|-(6-42)
270° 37/2 -1 0 +oo 0 Foo -1
285° 19712 |26 +32) | 16 -2) |-2+V3)|-2-V3)| J6+42 |-(6-2)
300° 5713 -143 1 -3 | 13 2 -243
315° /4 -2 12 -1 -1 J2 -2
330° 117/6 —4 13 13 | -3 23 2
350 | 23w/12 |16 -V2)| (6 +V2) |-2=VB)|[-2+3)| 62 |-(6++2)
360° 2 0 1 0 TFoo 1 Foo

For other angles see Tables 2, 3, and 4.
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Graphs of Trigonometric Functions

In each graph x is in radians.

12.22. y=sinx 12.23. y=cosx

Fig. 12-5 Fig. 12-6
12.24. y=tanx 12.25. y=cotx
; ¥y i t ¥ ! :
! I i ! |
| { | i |
| 1 1 |
| | ! | !
i ! f ] !
' i ! | =
H | ! x ! | x
7y A0 = /7 |3 0 2\ 7 3\ [
2 : :2 | 2 2 : 2 {
| | | | |
| ! i : {
| | ! | ]
I i | |
Fig. 12-7 Fig. 12-8
12.26. y=secx 12.27. y=cscx
i ] ! ! Y ! }
| | | | |
| , , | |
| | | ' |
: 2 | i 24 | i
|
| | | | |
: 1 | ! 1 : I
! | ! x ! l %
I ¥ ° 5 =
| | | 4 : |
| | ! | l
| ] I | |
| | | 1 1
! [ ! ! !
| | ! | ]
| | | | |
1 t ! } !
Fig. 12-9 Fig. 12-10
Functions of Negative Angles
12.28. sin(-A)=-sin A 12.29. cos(-A)=cos A 12.30. tan(-A)=-tan A

12.31. csc(-A)=-csc A 12.32. sec(-A) =sec A 12.33. cot(-A)=-cotA
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Addition Formulas

12.34. sin (A £ B)=sinA cos Bt cos Asin B

12.35. cos(A£B)=cosAcos B¥sinAsin B

tan A £ tan B

12.36. tan (A + B) = m

cotAcot B ¥ 1

12.37. cot(AxB)= TcotBEcotA

Functions of Angles in All Quadrants in Terms of Those in Quadrant |

90° + A 180° £ A 270° £ A k(360°) + A
-A V4 A 3 2kt A
ZJ—FA - TiA k = integer
sin —sin A cos A sin A —COos A +sin A
cos cos A FsinA —cos A FsinA cos A
tan —tan A FfcotA ttan A FfcotA ttan A
csc —CsCA sec A FfcscA —secA tcscA
sec sec A FcscA —sec A tcscA sec A
cot —cCcotA Ftan A tcotA Ftan A +cotA
Relationships Among Functions of Angles in Quadrant |
SinA=u CoOsA=u tan A =u cotA=u seCA=u csCA=u
sin A u 1—u? ulN1+u? 11+ u? u>—1/u 1/u
cos A 1—u? u IN1+u? N1+ u? u u?—1/u
tan A ulN1—u? 1-u?/u u 1/u Ju? -1 INu? -1
cotA 1—u?/u ulN1—u? 1/u u IWu? -1 u> -1
sec A IN1—u? 1/u 1+u? J+ulu u ulNu? -1
csc A 1/u IN1—u? N1+u?lu 1+u? ulNu?* -1 u

For extensions to other quadrants use appropriate signs as given in the preceding table.



Double Angle Formulas

TRIGONOMETRIC FUNCTIONS

12.38. sin2A=2sinA cos A
12.39. cos2A=cos’A—-sin?A=1-2sin?A=2cos’?A—-1

2tan A

12.40. —_—
0 1-tan? A

tan2A =

Half Angle Formulas

_ +if A/2isin quadrant I or II
12.41. Siné:i ﬂ
2 2 —if A/2 is in quadrant III or IV
+1if A /2 is in quadrant I or IV
1242, cosA = [1FC0SA d
2 2 —if A /2 is in quadrant II or I1I
_ +if A/2isin quadrant I or III
12.43. tan% —+ %
+cos —if A/2isin quadrant IT or IV
sin A 1-cosA
=TrcosA~ smA ~cscA-cotd

Multiple Angle Formulas

12.44.
12.45.

sin3A=3sinA -4sin* A
cos 3A=4cos*A -3 cos A

3tanA —tan’® A
1-3tan’> A

sin4A =4 sin A cos A — 8 sin® A cos A

12.46. tan3A=

12.47.
12.48. cos4A =8 cos*A—-8cos’A+1

4tanA—4tan® A
1—-6tan? A+tan* A

sin5A=5sinA—-20sin* A + 16 sin’ A
cos 5SA=16cos’ A —20cos’ A+ 5 cos A

tan> A—10tan®* A+5tan A
12.52. tanSA=
an 1—10w@n’ A+5tan’ A

12.49. tan4A=

12.50.
12.51.

See also formulas 12.68 and 12.69.

Powers of Trighometric Functions

12.53. sin* A=1-1cos2A 12.57. sin*A=
12.54. cos* A=1+1 cos2A 12.58.
12.55. sin*A=2sinA—1sin3A 12.59.
12.56. cos®A=3cosA+1cos3A 12.60.

See also formulas 12.70 through 12.73.

3—1cos2A+1 cos4A

cos* A=3+1cos2A+1 cos4A
sin® A =3 sinA - sin3A+ sin5A

cos’ A=32cosA+2 cos3A+L cosSA
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Sum, Difference, and Product of Trighometric Functions

12.61.

12.62.

12.63.

12.64.

12.65.

12.66.

12.67.

sinA+sinB=2sin4(A+B)cost(A-B)
sinA—sinB=2cos+(A+B)sint(A-B)
cosA+cosB=2cos+(A+B)cost(A-B)
cosA—cos B=2sin+(A+B)sini(B—-A)
sin Asin B = +{cos(A — B)— cos(A — B)}
cos Acos B=+{cos(A— B)+cos(A+ B)}

sin A cos B =1 {sin(A — B)+sin(A+ B)}

General Formulas

12.68.

12.69.

12.70.

12.71.

12.72.

12.73.

sinnA = sin A {(2 cos Ay — (” | 2) (2cos A)" + (” 5 3)(2 cos A)"S — .. }

1 _3
cosnA = {(2 cos A)" — %(2 cos A)"2 + %(” : )(2 cos Ay

—%(n;4)(2005A)”‘° +}

n-1 —
2t 4= 2213_2 {sin Qn-1A- (2”1 1) Sin(2n—3)A+--- (=1~ (2’1” 11) sin A}

1 2n—1 1
cosz”"Azzzn2 {cos(Zn—l)A+( | )COS(ZI’Z—3)A+' (nn 1 cosA}

sin?" A = L(i”) + (_lzn {cos 21114—(21 )cos 2n-2)A+--- (D! ( 2n ) cos ZA}

22n 1

1 (2n 1 2n
2n -
0S A—22n(n)+22n1{00s2nA+(1)cos(2n 2D)A+-- +(n |

cos ZA}

Inverse Trigonometric Functions

If x = sin y, then y = sin"lx, i.e. the angle whose sine is x or inverse sine of x is a many-valued function of x
which is a collection of single-valued functions called branches. Similarly, the other inverse trigonometric
functions are multiple-valued.

For many purposes a particular branch is required. This is called the principal branch and the values for
this branch are called principal values.
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Principal Values for Inverse Trigonometric Functions

Principal values for x = 0

Principal values for x < 0

O=sin'x=n/2
0=cos'x=m/2
0=tan!'x<m/2
O<cotlx=m/2
0=sec'x<m/2

O<csclx=w/2

—m/2 =sin'x <0
m2<cos'x=m
-2 <tan' x <0

m2<cotlx<m
mR2<seclx=m

—m/2=csc'x<0

Relations Between Inverse Trigonometric Functions

In all cases it is assumed that principal values are used.

12.74. sin”'x+cos'x=m/2 12.80. sin'(-x)=-sin"'x
12.75. tan'x+cot'x=m/2 12.81. cos'(—x)=m—cos' x
12.76. sec™' x+csc™ x=7/2 12.82. tan'(-x)=—tan'x
12.77.  csc™! x =sin™' (I/x) 12.83. cot'(—x)=m—cot™ x
12.78. sec™' x=cos™' (I/x) 12.84. sec’'(—x)=mw—sec™ x
12.79. cot™ x =tan'(I/x) 12.85. csc'(—x)=—csc'x

Graphs of Inverse Trigonometric Functions

In each graph y is in radians. Solid portions of curves correspond to principal values.

12.86. y=sin~'x 12.87. y=cos'x 12.88. y=tan'x
)Y / v Y
AN L&
N
//
/21 /2 = )
' x , z
-1 o -1 0 A o
/
/
7
—7/24 —-n/2 )
\\ // ~r/2
\ /
\ /
\\\ I/ —_
TN v
Fig. 1211 Fig. 1212 Fig. 1213
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12.89. y=cot™'x 12.90. y=sec'x 1291. y=csc'x
Yy ~ Yy ’ Y

/2 ' t+ + -
-1 0 1\\ \‘ 0O 1
S~
—n/2 T —z/24

-~ | —7 —_—

Fig. 12-14 Fig. 12-15 Fig. 12-16

Relationships Between Sides and Angles of a Plane Triangle

The following results hold for any plane triangle ABC with sides a, b, c and angles A, B, C.
12.92. Law of Sines:

a_ _ b __c A

sinA sinB sinC
12.93. Law of Cosines: b

c¢* =a*+b*—-2ab cos C R
with similar relations involving the other sides and angles. c
12.94. Law of Tangents: -

a+b tani(A+B)

a-b tani(A-B) B
with similar relations involving the other sides and angles. Fig. 12-17

12.95. sinA= % \/s(s —a)(s=b)(s—c)

where s =1 (a+b+c) is the semiperimeter of the triangle. Similar relations involving angles B and C can
be obtained.

See also formula 7.5.

Relationships Between Sides and Angles of a Spherical Triangle

Spherical triangle ABC is on the surface of a sphere as shown
in Fig. 12-18. Sides a, b, ¢ (which are arcs of great circles) are
measured by their angles subtended at center O of the sphere.
A, B, C are the angles opposite sides a, b, c, respectively. Then the
following results hold.

12.96. Law of Sines:
sina _sinb _ sinc
sinA  sinB  sinC

12.97. Law of Cosines:

cos a =cos b cos ¢ + sin b sin ¢ cos A
cos A =—cos B cos C + sin B sin C cos a

Fig. 12-18

with similar results involving other sides and angles.
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12.98. Law of Tangents:

tan;(A+B) tant(a+b)
tan1(A—B) tanl(a—b)

with similar results involving other sides and angles.

12,99, cosA - [Sinssin(s—¢)
2 sinbsinc

where s =4 (a+b+c). Similar results hold for other sides and angles.

cos(S—B)cos(S—C)
sin BsinC

a

12.100. cos 37 \/

where §=1(A+B+C). Similar results hold for other sides and angles.

See also formula 7.44.

Napier’s Rules for Right Angled Spherical Triangles

Except for right angle C, there are five parts of spherical triangle ABC which, if arranged in the order as given
in Fig. 12-19, would be a, b, A, ¢, B.

a
C
b
b N co-B
B
co-4
A - co-¢

Fig. 12-19 Fig. 12-20

Suppose these quantities are arranged in a circle as in Fig. 12-20 where we attach the prefix “co” (indicat-
ing complement) to hypotenuse c¢ and angles A and B.

Any one of the parts of this circle is called a middle part, the two neighboring parts are called adjacent
parts, and the two remaining parts are called opposite parts. Then Napier’s rules are

12.101. The sine of any middle part equals the product of the tangents of the adjacent parts.
12.102. The sine of any middle part equals the product of the cosines of the opposite parts.
EXAMPLE: Since co-A =90° — A, co-B =90° — B, we have

sin a = tan b (co-B) or sina=tanb cotB
sin (co-A) = cos a cos (co-B) or cosA=cosasinB

These can of course be obtained also from the results of 12.97.



1 EXPONENTIAL and LOGARITHMIC
FUNCTIONS

Laws of Exponents

In the following p, g are real numbers, a, b are positive numbers, and m, n are positive integers.

13.1. a?-a?=a"" 13.2. a’la? =a’™ 13.3. (a?)?t=a
134. a°=1, a#0 13.5. a7’ =Va* 13.6. (ab)’ =a’b*?
13.7. Ya=a" 138. Yam =am 13.9.  gfalb =4aklb

In a?, p is called the exponent, a is the base, and a” is called the pth power of a. The function y = a* is
called an exponential function.

Logarithms and Antilogarithms

If a” = N where a # 0 or 1, then p =log N is called the logarithm of N to the base a. The number N = a” is
called the antilogarithm of p to the base a, written antilog_ p.

Example: Since 3*=9 we have log, 9 = 2. antilog, 2 =9.

The function y =log_x is called a logarithmic function.

Laws of Logarithms

13.10. log, MN =log M +log, N
1311 log, % =log, M —log,N

13.12. log M?=plog M

Common Logarithms and Antilogarithms

Common logarithms and antilogarithms (also called Briggsian) are those in which the base a = 10. The
common logarithm of N is denoted by log,, N or briefly log N. For numerical values of common logarithms,
see Table 1.

Natural Logarithms and Antilogarithms

Natural logarithms and antilogarithms (also called Napierian) are those in which the base a = e =
271828 18 ... [see page 3]. The natural logarithm of N is denoted by log, N or In N. For numerical
values of natural logarithms see Table 7. For values of natural antilogarithms (i.e., a table giving e* for
values of x) see Table 8.
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Change of Base of Logarithms

The relationship between logarithms of a number N to different bases a and b is given by

13.13. log, N=l0& N
log, a
In particular,

13.14. log, N=1In N=2.30258 50929 94 ...log,, N

13.15. log,,N=log N=0.43429 44819 03 ...log N

Relationship Between Exponential and Trigonometric Functions

13.16. e®=cos O +isin 6, e®=cos0—isin0

These are called Euler’s identities. Here i is the imaginary unit [see page 10].

i0 _ p-i6

. e
13.17. sinf= ¥

eie + e—ie

13.18. cosO=

0 _ ,~i0 i0 _ ,~i0
13.19. tang=-2 ¢ ——i(e_ € )

i(eiﬂ +e—i9) - e + ¢

i0 —i6
13.20. cotf= l(%)

o0 — o1

13.21. secO = L
e:e +e—16

13.22. cscO= ewzﬁ

Periodicity of Exponential Functions

13.23. (O +2%m = o k = integer

From this it is seen that e* has period 27ri.

Polar Form of Complex Numbers Expressed as an Exponential

The polar form (see 4.7) of a complex number z = x + iy can be written in terms of exponentials as follows:

13.24. z=x+iy=r(cosO+isinf)=re®
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Operations with Complex Numbers in Polar Form

Formulas 4.8 to 4.11 are equivalent to the following:

13.25.  (re)(r,e®)=rr,e"®

i,
13.26. 1€

= i ei(elfez)
re?
2 2

13.27. (re®)r =rret® (De Moivre’s theorem)

13.28. (reiG )l/n — [rei(9+2kﬂ)]1/n — rl/n ei(9+2k7t)/n

Logarithm of a Complex Number

13.29. In(re®)=Inr+i0+2kmi k= integer



14 HYPERBOLIC FUNCTIONS

Definition of Hyperbolic Functions

14.1. Hyperbolic sine of x =sinhx =
X + —X
14.2. Hyperbolic cosine of x =coshx="2 26
Y eX
14.3. Hyperbolic tangent of x =tanhx= P
14.4. Hyperbolic cotangent of x =cothx = Z'* —_Fi;
14.5. Hyperbolic secant of x =sech x= L_
e +e
14.6. Hyperbolic cosecant of x =csch x= - _ze_A

Relationships Among Hyperbolic Functions

14.7. tanhx= sinh x
cosh x
14.8. cothx=——1 —Coshx
tanhx sinhx
1
14.9. sechx=———
cosh x
14.10. csch x=— 1
sinh x

14.11. cosh®x —sinh’x=1
14.12. sech®x+tanh®>x =1

14.13. coth’x—csch®x =1

Functions of Negative Arguments

14.14. sinh (—x) =—sinh x 14.15. cosh (—x) =cosh x

14.17. csch (—x) =—-cschx 14.18. sech (—x) =sech x

14.16.

14.19.

tanh (—x) = — tanh x

coth (=x) =—coth x
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Addition Formulas

14.20. sinh(x+ y)=sinhxcoshy % cosh x sinh y

14.21. cosh(x+ty)=coshxcoshy * sinhxsinhy

tanhx £ tanh y

14.22. tanh(xty)=————
anh (x £ y) 1+ tanhx tanh y

cothxcothy 1

14.23. th(xty)=
coth(x %) coth y + coth x

Double Angle Formulas

14.24. sinh2x =2sinh x cosh x

14.25. cosh2x =cosh’x +sinh?x =2cosh’x—1=1+2sinh?x

2tanh x

14.26. tanh2x = m

Half Angle Formulas

14.27. sinh%:i,/% [+if x> 0.~ if x<0]
X {coshx+1
14.28. coshE— —a
1429, tanhZ ==+ [SONX=l e 0 —ifx<0]
s 2 " Ncoshx+1 ’

_ sinhx _ coshx—1
~coshx+1  sinhx

Multiple Angle Formulas

14.30. sinh3x =3sinhx+4sinh® x
14.31. cosh3x=4cosh®x—3coshx
3tanh x + tanh? x
14.32. tanh3x=——7-—"7-"7=

A T S tanh?

14.33. sinh4x = 8sinh® x cosh x + 4 sinh x cosh x

14.34. cosh4x=8cosh* x—8cosh? x+1

4 tanh x + 4 tanh® x
14.35. tanh4x=
anhax 1+6 tanh? x+tanh* x
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Powers of Hyperbolic Functions

14.36. sinh* x=Z1cosh2x—-1

14.37. cosh*x=1cosh2x+1

14.38. sinh® x = +sinh3x — 3 sinh x
14.39. cosh®x=1 cosh3x+2 coshx
14.40. sinh*x=3-1 cosh2x++ cosh4x

14.41. cosh®x=3+1 cosh2x++ cosh4x

Sum, Difference, and Product of Hyperbolic Functions

14.42. sinhx+sinhy=2sinh4(x+y)cosh$(x—y)
14.43. sinhx—sinhy=2coshZ(x+y)sinh+(x—y)
14.44. coshx+coshy=2cosh4(x+y)cosh$(x—y)
14.45. coshx—coshy=2sinh{(x+y)sinh4(x—y)
14.46. sinhxsinh y =1{cosh (x + y)—cosh(x — y)}

14.47. coshxcoshy=1{cosh(x+y)+cosh(x—y)}

14.48. sinhxcoshy=1{sinh(x+y)+sinh(x—y)}

Expression of Hyperbolic Functions in Terms of Others

In the following we assume x > 0. If x < 0, use the appropriate sign as indicated by formulas 14.14 to
14.19.

sinh x =u coshx=u tanh x=u cothx=u sechx=u | cschx=u
sinh x u W —1 uN1—u> Wu? -1 NI 1u
cosh x 1+ u? u IAN1—u? ulNu* -1 1/u W/u
tanhx | uh/l+u® u? —1u u u I~ | IN1+u?
coth x Ju? +1/u ulu? -1 1/u u W1—u? 1+ u?
sechx | IAT+u? 1/u - u? —1/u u uN1+u®
csch x 1/u Wu? —1 = W -1 N u




HYPERBOLIC FUNCTIONS

Graphs of Hyperbolic Functions

14.49. y=sinhx 14.50. y=coshux 14.51. y=tanhx
Y Yy Y
_______ e
1
0 ? 0 x 0 §
________ e
Fig. 14-1 Fig. 14-2 Fig. 14-3
14.52. y=cothx 14.53. y=sechx 14.54. y=cschux
Yy ¥ Yy
————— 1 — e v
______ 11L¥___ /-\
o x 0 x 3] z

Fig. 14-4 Fig. 14-5 Fig. 14-6

Inverse Hyperbolic Functions

If x = sinh y, then y = sinh™ x is called the inverse hyperbolic sine of x. Similarly we define the other inverse
hyperbolic functions. The inverse hyperbolic functions are multiple-valued and as in the case of inverse trigo-
nometric functions [see page 49] we restrict ourselves to principal values for which they can be considered
as single-valued.

The following list shows the principal values (unless otherwise indicated) of the inverse hyperbolic func-
tions expressed in terms of logarithmic functions which are taken as real valued.

14.55. sinh?x=In(x+/x*+1) —00 < x < 00
14.56. cosh'x=In(x++x2-1) x=1 (cosh™x >0 is principal value)
14.57. tanh™' x=~1n| X l<x<l
2 \1-x
14.58. coth'x= lln xrl x>lorx<-1
2 x—1

14.59. sech'x = n(%

1 S
\ {7 - 1} 0<x =1 (sech'x>0is principal value)
(1 I
n fa—
X

1 +
14.60. csch'x=1 +, }x—2+ 1] x#0
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Relations Between Inverse Hyperbolic Functions

14.61. csch™'x =sinh!(I/x)
14.62. sech™'x=cosh™'(1/x)
14.63. coth™ x=tanh™'(1/x)
14.64. sinh™'(—x)=-sinh™' x
14.65. tanh™'(—x)=—tanh™' x
14.66. coth™'(—x)=—coth™' x

14.67. csch™'(—x)=—csch™'x

Graphs of Inverse Hyperbolic Functions

14.68. y=sinh!x 14.69. y=cosh™ x 14.70. y=tanh'x
Y Yy | Y !
' |
| |
' 1
| !
l l
x x | I z
0 o\t -1 0 K
\\ I |
\ | |
NN | |
S I |
b | |
| |
Fig. 14-7 Fig. 14-8 Fig. 14-9
14.71. y=coth™'x 14.72. y=sech™'x 14.73. y=csch'x
y i v
x O x

Fig. 14-10 Fig. 14-11 Fig. 14-12
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Relationship Between Hyperbolic and Trigonometric Functions

14.74. sin (ix) =isinh x 14.75. cos(ix)=coshx 14.76. tan(ix)=itanhx
14.77. csc(ix) =—i csch x 14.78. sec(ix) =sech x 14.79. cot (ix)=—i cothx
14.80. sinh(ix)=isinx 14.81. cosh(ix)=cosx 14.82. tanh(ix)=itanx
14.83. csch (ix)=—icscx 14.84. sech (ix)=secx 14.85. coth(ix)=—icotx
Periodicity of Hyperbolic Functions

In the following k is any integer.

14.86. sinh(x+2kmi)=sinhx 14.87. cosh(x + 2kmi) =coshx 14.88. tanh(x+ kmi) = tanh x
14.89. csch(x+2kmi)=csch x 14.90. sech(x+2kmi)=sech x 14.91. coth (x+kmi)=coth x

Relationship Between Inverse Hyperbolic and Inverse Trigonometric Functions

14.92. sin7!(ix)=isin”' x 14.93. sinh'(ix)=isin'x
14.94. cos™' x=zxicosh™ x 14.95. cosh'x==xicos™ x
14.96. tan~'(ix)=itanh™' x 14.97. tanh '(ix)=itan™' x
14.98. cot!'(ix)=icoth™'x 14.99. coth™'(ix)=—icot' x
14.100. sec' x==isech™x 14.101. sech'x=tisec™' x

14.102. csc!(ix)=—icsch™'x 14.103. csch™'(ix)=—i csc' x



Section 1V: Calculus

15 DERIVATIVES

Definition of a Derivative

Suppose y = f(x). The derivative of y or f(x) is defined as

150, Do iy SISO A2

dx >0 Ax—0

where h = Ax. The derivative is also denoted by y; dffdx or f’(x). The process of taking a derivative is called
differentiation.

General Rules of Differentiation

In the following, u, v, w are functions of x; a, b, ¢, n are constants (restricted if indicated); e =2.71828 ... is the
natural base of logarithms; In u is the natural logarithm of u (i.e., the logarithm to the base ¢) where it is assumed
that # > 0 and all angles are in radians.

d
1 .2. e =
5 dx (€)=0
d
153. — =
53 e (ex)=c

d ny — n—1
154. E(cx )=ncx

155, Lutvewroy=dpdv v,
dx dx dx dx
d du
1 e 5 = C—
5.6 e (cu)=c -
15.7. i(uv) L
dx dx dx
158 L ww)y =i @
dx dx dx dx
159, 4 (u)_ v(duldyx)—u(dvldx)
dx\v 2
d du
1 -1 . _— ny — n-1_"
5.10 dx (u")=nu P

dy dydu Chain rul
15.11. IS dudx (Chain rule)

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



DERIVATIVES

15.12 du_ 1
T dx o dxldu
dy dyldu
1543, = ddu

Derivatives of Trigonometric and Inverse Trigonometric Functions

d . du
15.14. asm U = CoS ua

d . du
15.15. acos u=—sin ua

du

d 2
15.16. atan u = sec ME

15.17. icot u=—csc? uﬂ

dx dx
15.18. j—xsec u=secu tanu%
15.19. j—xcsc U =—Csc ucot u%
15.21. d 2x S08 u= \/% Zz [0<cos™u< ]
15.22. %tan‘l u= ﬁ% [—% <tan'u< %]
-1 du

15.23. icorl u=——7>— [0O<cot”u<mn]

15.24. isec‘l u=

1 du %1  du [+ifO<sec'u<m/2
dx

IuI\/uz—la_u\/uz_la —ifmw/2<secu<rm

d . -1 du  Fl  du |-ifO<cscu<m/2
15.25. —csclu= . X
dx lulu? —1 dx u\/u “{dx |+if —m/2<cscu<0

Derivatives of Exponential and Logarithmic Functions

d _log, e du
15.26. El y E #0,1
d d 1 du
1527, phu=gleu=yqm
d du
15.28. a a"=a"lna a
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d du

15.29. Ee =e E
15.30 iuv — ievlnu — evlnu i[vlnu] — qu—l ﬂ_i_uv lnuﬂ
T dx dx dx dx dx

Derivatives of Hyperbolic and Inverse Hyperbolic Functions

d . du
15.31. asmh u = cosh U

d . du
15.32. acosh u = sinh U

d _ , du
15.33. Etanh u = sech U

d _ , du
15.34. Ecoth u =—csch U

15.35. isech u = —sech u tanh u@

dx dx
15.36. icsch u =—csch u coth uﬂ
dx dx
d 1 du
15.37. smh "u=
Vur+1 | dx
+
15.38. dicoshl ! Z;‘ +if cosh u>0, u>1
Ju? =1 —if cosh'u<0,u>1
d 4.1 du .
15.39. d—xtanh M_WE [-1<u<1]
d 1 du
1540. L coth' u= du 1 -1
5.40 dxCOth T [u>1oru<-1]
15.41. isech ly= _ Fl du —ifsechu>0,0<u<l
ul—u? dv +ifsech”u<0,0<u<l
15.42 icsoh"uz -1 ﬂ: Tl du [-ifu>0,+if u<0]
T dx lulT+u? &y f14u? dx ’

Higher Derivatives

The second, third, and higher derivatives are defined as follows.

dy a’2

15.43. Second derivative = i(_)

dx \ dx =f"x)=y"

. . d (d%y d3 )
15.44. Third derivative — E(dxz) = f"(x)=

15.45. nth derivative _ 4 (Z;nll) d” = f(x)=y™
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Leibniz’s Rule for Higher Derivatives of Products

P P
Let D? stand for the operator % so that Dry = % = the pth derivative of u. Then
X X

r

1546. D"(uv) = uD"v + (’3 (Du)(D"'v) + @ (D*u)(D"2v) + -+ vD"u

where (’11), (;), are the binomial coefficients (see 3.5).

As special cases we have

2 2 2
1547, Ly =y dv A
dx? dx? dx dx dx?
3 3 2 2 3
15.48. d—(uv) =u dv +3@ﬂ+3ﬂﬂ+v du
dx? dx? dx dx? dx? dx dx?

Differentials

Let y =f(x) and Ay = f(x + Ax) — f(x). Then

Ay _ flx+Ax) — f(x)
1549, ==

o _dy
=f (x)+e—a+e
where € — 0 as Ax — 0. Thus,

15.50. Ay= f'(x)Ax + €Ax

If we call Ax = dx the differential of x, then we define the differential of y to be

15.51. dy=f'(x)dx

Rules for Differentials

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

15.52. duxzvtwx--)y=dutdvtdwzt--.

15.53. d(uv)=udv+vdu

15.54. d (1) _vdu-udy

v v?

15.55. dw")=nu""'du

15.56. d(sin u) =cos udu

15.57. d(cos u)=—sin udu
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Partial Derivatives

Let z=f(x, y) be a function of the two variables x and y. Then we define the partial derivative of z or f{x, y) with
respect to x, keeping y constant, to be

af_ . f(x+Ax7 y)_f(x, y)
15.58. g—gino Ax

This partial derivative is also denoted by dz/dx, f_,orz,.
Similarly the partial derivative of z = f(x, y) with respect to y, keeping x constant, is defined to be

I _ oy L+ AN - flx,y)

1559. 50 =lim Ay

This partial derivative is also denoted by dz/dy, f,, or z .
Partial derivatives of higher order can be defined as follows:

Xf () f (o

e, LLo2() 2o
T oxdy  ox\dy) dyox  dylox
The results in 15.61 will be equal if the function and its partial derivatives are continuous; that is, in such
cases, the order of differentiation makes no difference.
Extensions to functions of more than two variables are exactly analogous.

Multivariable Differentials

The differential of z = f(x, y) is defined as

15.62. dz=df = g—idx + g—f;dy

where dx = Ax and dy = Ay. Note that dz is a function of four variables, namely x, y, dx, dy, and is linear in the
variables dx and dy.
Extensions to functions of more than two variables are exactly analogous.
EXAMPLE: Letz=x2+ 5xy + 2y*. Then
7, =2x+ 5y and z,=5x+6y*
and hence
dz = (2x+ 5y) dx + (5x + 6y?) dy

Suppose we want to find dz for dx =2, dy = 3 and at the point P (4, 1), i.e., when x =4 and y = 1. Substitution
yields

dz=(8+5)2+ (20 +6)3=26+78 = 104



6 INDEFINITE INTEGRALS

Definition of an Indefinite Integral

It %
nite integral of f(x), denoted by j f(x)dx. Similarly if y= j f(u) du, then % = f(u). Since the derivative of a

= f(x), then y is the function whose derivative is f(x) and is called the anti-derivative of f(x) or the indefi-

constant is zero, all indefinite integrals differ by an arbitrary constant.
For the definition of a definite integral, see 18.1. The process of finding an integral is called integration.

General Rules of Integration

In the following, u, v, w are functions of x; a, b, p, g, n any constants, restricted if indicated; e =2.71828 ... is
the natural base of logarithms; In u denotes the natural logarithm of # where it is assumed that # > 0 (in general,
to extend formulas to cases where u < 0 as well, replace In u by In lul); all angles are in radians; all constants of
integration are omitted but implied.

16.1. j a dx = ax

162, [af(x)dr=a [ f(x)dx
16.3. J(uiviwi-‘-)dxz Judxi Jvdxi dexi-'-

16.4. judv =uv— Jv du (Integration by parts)

For generalized integration by parts, see 16.48.

16.5. j f(ax)dxz% j f(u)du

F(u)

mdu where u = f(x)

166. [ F(f(x))dx= JF(w%du =

n+l

16.7. ju"du=“ , n#—-1 (Forn=—1, see 16.8)
n+1

16.8. j%zlnu if >0 or In(—u) if u < 0

=1Inlul
16.9. j edu = e"

eulnu a’

u — ulna — —_
16.10. jadu_je du=f—=1—, a>0,a#1



INDEFINITE INTEGRALS

16.11.  [sin udu=—cos u

16.12. jcos udu=sin u

16.13. jtan udu=1Insec u=—Incos u
16.14.  [cot udu=Insin u

16.15. jsec udu =In(sec u+tan u)=1In tan(

T
4

SIS

16.16. Jcsc udu =1In(csc u—cot u)=In tan%

16.17. jsecz udu=tan u
16.18. Jcscz udu=—cot u
16.19. jtanz udu=tan u—u
16.20. jcotz udu=—cotu—u

u_sin2u 1 .
272 —2(u—smucosu)

16.21. jsin2 wdu =

5 _u sin2u 1 .
16.22. jcos udu—2+ 1 —2(u+smucosu)

16.23. Jsec u tan udu =sec u

16.24. Jcsc u cot udu=—csc u

16.25. Jsinh udu = cosh u

16.26. jcosh udu = sinh u

16.27. J tanh u du = Incosh u

16.28. Jcoth udu =Insinh u

16.29. jsech udu = sin~'(tanh u) or 2tan~' "
16.30. Jcsch udu=1In tanh% or —coth™'e"

16.31. jsechzu du = tanh u
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16.32. jcschzu du=—coth u
16.33. jtanhzu du=u—tanh u

16.34. jcoth2u du=u— coth u

1635, [sinhudu = sinh 2u —% - %(sinh wcosh u— 1)
16.36. [ cosh’udu= silh2u 4 _ 1 inh u cosh u+u)
4 272

16.37. jsech u tanh udu =—sech u

16.38. jcsch u coth udu=—csch u

J'du 1

uw*+a> a

16.39.

u*—a> 2a

16.40. j du__ iln(%) - —écoth”% u? > a?

1641 | du_ _ iln(‘” ”) - %tanh‘l % W < a?

a’*-u* 2a \a-u

du . | u
16.42. J‘W = Sin E

du — 2 2 3 -1 u
16.43. ‘[W =In(u++u*+a*) or sinh ”

du
16.44. j— =In(u+Ju’ —a?)

[ — a2

du 1 u

16.45. — = —sec!|—
j uNu*—a* a a
16.46 _[ du ——lln a+~u?+a?
BTN R a u

16.47.

_[ du ——lln a++a?—u?
ura* —u? a

1648. [ fWgdx=frhg— fo Vg fr g (1) [ g

This is called generalized integration by parts.



Important Transformations

INDEFINITE INTEGRALS

Often in practice an integral can be simplified by using an appropriate transformation or substitution together
with Formula 16.6. The following list gives some transformations and their effects.

16.49.

16.50.

16.51.

16.52.

16.53.

16.54.

16.55.

16.56.

16.57.

Similar results apply for other inverse trigonometric functions.

16.58.

jF(ax+b)dx=% [ Py du
jF(Jm)dxzé [u Fuydu

[ Ffax+Bydx == [ur Fuydu
[FWa>=x*)ydx=a [ F(a cos uycos udu
[FWx*+a?)dx=a [F(a sec uysec® udu
[FWx* =a?)dx=a [F(a tan u)sec u tan udu
JF(e“")dxz% j@du

j F(nx)dx = j F(u)e'du

jF(sinl i)d)c =a JF(u)cos udu
a

)
jF(sin X, COS X)dx =2 IF( u_ 1 u) du

1+u?’1+u?

1+u?

where u=ax+b

where u=+ax+b
where u=%ax+b

where x =a sin u
where x = a tan u
where x =a sec u
where u = e
where u=1n x

L X
where u =sin™! P

X
where u = tan =

2



1 TABLES of SPECIAL INDEFINITE
INTEGRALS

Here we provide tables of special indefinite integrals. As stated in the remarks on page 67, here a, b, p, ¢, n
are constants, restricted if indicated; e = 2.71828 . . . is the natural base of logarithms; In u denotes the natural
logarithm of u, where it is assumed that u > 0 (in general, to extend formulas to cases where u < 0 as well, replace
In u by In lul); all angles are in radians; and all constants of integration are omitted but implied. It is assumed in
all cases that division by zero is excluded.

Our integrals are divided into types which involve the following algebraic expressions and functions:

(1) ax+b (13) Jax? +bx+c (25) e~

2) Jax+b (14 ¥+a (26) Inx
(3) ax+bandpx+gq (15 x*ta* (27) sinh ax
(4) Jax+b andpx +gq (16) x"*a" (28) cosh ax
(5) “ax+b and \[px+gq (17) sinax (29) sinh ax and cosh ax
6) xX*+a* (18) cosax (30) tanh ax
(7) x*-d? withx*>>a? (19) sin ax and cos ax (31) cothax
(8) a®>—x% with x? < a? (20) tan ax (32) sechax
9 Jx*+a® (21) cotax (33) csch ax
(10) Y2—q2 (22) secax (34) inverse hyperbolic functions
11) a?-x? (23) cscax
(12) ax*+bx+c (24) inverse trigonometric functions

Some integrals contain the Bernouilli numbers B, and the Euler numbers E defined in Chapter 23.

(1) Integrals Involving ax + b

17.L1 | & ax+b)
ax+b a

17.12. | a’; ‘fcb = %— % In (ax + b)
x%dx  (ax+b)* 2b(ax+b) b*
17.1.3. = — +—1 +b
J. ax+b 2a’ a’ a’ n(ax+b)

dx 1 X
17.1.4. Jm = Fln(m)

dx 1 a ax+b
17.1.5. J‘m= —E‘FFIH(T)

dx -1
17.1.6. J‘(ax+b)2 ~alax+b)
1717, | xdx b ean)
T (ax+b)? T a*(ax+b)  a?
x2dx ax+b b? 2b
17.1.8. j Y s e LI

dx 1 1 X
17.1.9. = — Inl——
-[ x(ax+b)> blax+Db) * b? ln(ax + b)



TABLES OF SPECIAL INDEFINITE INTEGRALS

17..10. | xz(aix+ by bl(a_xa+ b) b% i? In (ax; b)
7.1 | (ax+b) 2(ax_ i b)?

AREA o j-b;)»* - az(a;1+ B " 2a2(ai Th)?

17113, | @x+by a3(a2xb+ b) 2a*(al;2+ by intax+b)
17.1.14. J.(ax+b)"dx=%. Ifn=-1,seel17.1.1.

(ax+b)"™*  b(ax+b)""!

17.L15. [ x(ax+b)'dx = niE  (miha

nz-1,-2

Ifn=-1,-2,see17.1.2 and 17.1.7.

(ax+b)™  2b(ax+b)™* b*(ax+ b)™

17.1.16. j *(ax+b)"dx = n+3)a®  (n+2)d° (n+Da’

Ifn=-1,-2,-3,see 17.1.3,17.1.8, and 17.1.13.

[x™*1 (ax + b)" nb
m(+n+1) m+n+1 x"(ax + by dx
x™(ax + b)"! mb

17.1.17. j x"(ax + b)" dx = j X" (ax + b)"dx

(m+n+Da (m+n+Da
—x"*(ax + b)™! N m+n+2
(n+Db (n+Db

J.x’" (ax + b)""dx

(2) Integrals Involving Vax+b

_ 2Jax+b
17.2.1. '[ \/ax +b a
xdx 2(ax 2b)
17.2.2. j " Jax
dx 2(3a —4abx +8b?)
17.2.3. j \/ax — = - Jax
\/ ax+b \/7

17.2.4. jL J_ Vax+b +b

xVJax+b 2 fan-! ax+b

Narhall

1725. | dx __Naxtb j (see 17.2.12)

xzx/ax+b bx xvax+b

3
17.26. [Jax+bdy= 2—\'(“;:1’)

1727, [xJax+bdx = 2(3?;5 ~2) [T



TABLES OF SPECIAL INDEFINITE INTEGRALS

2,2 _ 2
17.2.8. j e+ b dy = 2029 lolsz(fbx +80) J@ax+by

(See 17.2.12.)

NJax+b dx
17.2.9. J. . dx=2\ax+b+b J.m

Jax+b dx__\/a)H—b
x2 B X

17.2.10. j (See 17.2.12.)

L2 jd_x
2 Y xJax+b
2x"Jax+b 2mb

17.2.11. J.\/ax+b dr= Qm+ha  (2m+1Da '[\/ax+b dx

17.2.12 j dc______Nax+tb (2m-3)a dx
- x"Jax+b T (m—=Dbx"" (2m-=2)b J ym Jax+b

17.2.13 J' mJax+bd (ax +b)*? Zmb m Jax +b d
o G ET am+3a +3) WO = Gz | Vb

17.2.14.

J-\/ax+bdx__ Nax+b N J
xm (m—=Dx"" " 2(m—=1) J ym1 Jox +b

— 32 _
17.2.15. j (ax+b)" _ (Q2m=3)a f W
x" (m —1)bx™ 2m-2)b
_ Aax+ o)

17.2.16. J.(ax +b)"? dx = a2(m+2)

2(ax + b)mHr2 _ 2b(ax+ b)m+2r2
a*(m+4) a*(m+2)

17.2.17. J.x(ax +b)"*dx =

2(ax+b)(m+6)/2 4b(ax+b)(m+4)/2 2b2(ax+b)(m+2)/2

17.2.18. j 2(ax + by dx =

a*(m+06) a*(m+4) a*(m+2)
mi2 mi2 (m=2)12
17.2.19. J-(ax+b) dr = 2(ax+Db) J‘(ax+b) I
m
(ax+b)"* — (ax+b)"™??* ma (ax+b)"?
17.220. | o dv= -t [ S
dx 2 dx
17221 | Xax+by"®  (m—2)blax+b)" 7 ' b J x(ax +b)"2"7

(3) Integrals Involving ax + b and px + ¢

dx 1 px+q
17.3.1. -[(ax+b)(px+q) T bp-aq ln(ax+b)

17.3.2.

xdx 1 b q
'[(ax+b)(px+q) ~ bp-aq {a In(ax +) pln(px+q)}



17.3.3.

17.3.4.

17.3.5.

17.3.6.

17.3.7.

17.3.8.

J
J

J
]

J

dx

TABLES OF SPECIAL INDEFINITE INTEGRALS

__ 1 I . p (Prty
(ax+b)*(px+q) bp—aq |lax+b  bp—aq "ax+b

xdx

1 q ax+b) b
(ax+b)(px+q) bp—aq |bp—aq n px+q) a(ax+b)

x2dx

b? 1

(@x+ by (px+q)  (bp—aqia*ax+b) ' (bp—aq)

dx

b(bp —2aq)
Cl

{—ln(px+ )+ In(a +b)}

-1 1
(ax+b)"(px+q)"  (n—1(bp-aq) {(ax +b)"(px+ )"

ax+b
px+tq

(ax+b)"

(px+q)"

ax

p

dx
+ a(m+n-2) I @+ D) (px+ q)"‘l}

—+ bpp 99 In(px+q)
-1 {(ax O™ - 2a [ (ax +b)" dx}
(n=1bp—aq) |(px+q)"" (px+q)"
-1 (ax+b)" (ax +b)™!
b ———d
(n—m—l)p{(pxw)“ mbp = aq) j px+q)" x}
-1 {(ax+b)m ~ J-(ax+b)"“ }
((n=Dp [(px+q) (px+q)"

(4) Integrals Involving \Jax+b and px + ¢

17.4.1.

17.4.2.

17.4.3.

17.44.

17.4.5.

17.4.6.

17.4.7.

J‘px+q = 2(apx +3aq —2bp) N
Jax+b 3a®
1 ln[\/p(ax-i—b)—\/bp—aq]
_“L: \/bp—aq\/; \/P(ax+b)+\/bp—aq
(px+gNax+b 2 i plax +b)
\/aq—bp\/; aqg—bp
2\/ax+b+\/bp aql \/P(Clx+b)—\/bp—aq
J\/ax+ p p\/7 \/p(ax+b)+\/bp—aq
px+gq

2\/ax+b 2\/aq bp ! | plax +b)
p »p aq =bp

n+l n
j(pﬁq)nmdx:ﬂpﬁq) Nax+b  _bp-aq I(pxw)

J
J

J

dx

(2n+3)p (2" +3)p 4 Jax+b

Jax+b 2n—-3)a dx

(px+¢q)"Jax+b - (n—1)(aq —bp)(px+ q)"" " 2(n—1)(aq — bp) '[(px+q)"‘1\/ax+b

(px+gr , _ 2Apx+gy~Nax+b  2nlag—bp) f (px+q)""dx
\/ax+b (2n+Da (2n+Da Jax+b

ax + —Jax+b N a j dx
(px+ q) T -Dp(px+q " 2m-Dp I px+q)ax+b



TABLES OF SPECIAL INDEFINITE INTEGRALS

(5) Integrals Involving Jax+b and \/pPx+q

ﬁln(\/a(px+q)+\/p(ax+b))

1751 d =
o \/(ax+b)(px+q) 2 tan-! ,—p(ax+b)
\/—ap a(px+q)
1752, xdx _(ax+b)px+q) bp+aq dx

2apx +bp+a (bp—aq)’ dx
1753. | (ax+b)(pX+q)dx=% (ax+b)px+q) - p q J Jlax+

j\/(ax+b)(px+q) - ap

2ap j \/(ax +b)(px+q)

b)(px+q)

ax+b

17.5.4. J- px+qd _\/(ax+b)(px+q aq—bp .[ dx
2 \/(ax+

b)(px+q)

2arth

17.5.5. j dx

(px+ ) fax+b)px+q)  (aq—bp)Jpr+q

(6) Integrals Involving x* + a*

dx 1. x
17.6.1. J‘m—ztan E
17.6.2. J. ffxz =—In(x>+a?)
x> +a
x’dx X
17.6.3. Jm—x—a tan” =
3 2 2
17.6.4. j;—fzz:%—%ln(xz+a2)

17.6.5 jd—x—iln( x )
x(x*+a*) 2a®> \x*+d?

dx 1 1 X
768 [t T Em T
dx 1 1 x?
17.6.7. =- ——1
J‘)c3(xz +a?) 2a’x*  2a* n(x2 +a2)
x X
17.68. J‘(x 2+a’)? 2a*(x? +a2) 24> tan™ a
17.6.9. =

J(x2 +a?)? 2 +ad)

—X

17.6.10. j (x 2+a2)2 T2 ta) Za

X
—tan™' =
a



17.6.11.

17.6.12.

17.6.13.

17.6.14.

17.6.15.

17.6.16.

17.6.17.

17.6.18.

17.6.19.

TABLES OF SPECIAL INDEFINITE INTEGRALS

x3dx a? 1
= +=In(x*+a’
j(x2+a2)2 it TR

J~ dx B 1 N Lln x?
x(x2+a*)? " 2a*(x*+a®)  2a* \x*+a?

X
- " _tan'=

J- dx 1 X
x2(x2+a*)? " a*x 2a*(x*+a*®) 24

J- dx __ 1 —Lln x?
X*(x2+a?)? " 2a*x® 2a*(x*+a*) o (x*+a?

J- dx X 4 2n—3 J dx
x24+a®) " 2mn-Da*(x*+a®)" " 2n-=2)a? I (x?+a?)!

J- xdx -1

(x2+a®>)"  2n-1D(x*+a*)"!

J‘ dx _ 1 +L J‘ dx
x(x*+a®)" " 2n-Da*(x*+a®)" " a® d x(x*+a>)!

x"dx X" 2dx 5 X" 2dx

(x2+a2)n - (xz +a2)n—1 a (x2 +a2)n

J' dx _ i J' dx B i J- dx
xm(x2 +a2)n - aZ xm(x2 +a2)n—1 a2 xm—Z(XZ +a2)n

(7) Integrals Involving x*> — a2, x* > a*

17.7.1.

17.7.2.

17.7.3.

17.7.4.

17.7.5.

17.7.6.

17.7.7.

17.7.8.

jL_Ll x-a LS
- 2a Mx+a) Rt

xdx 1
jﬁzjln(xz —dz)

—-a
J xidx L4 (x=a
xz—az_x 2 n x+a

3 2 2
J.x);_dzz :;—+%ln(x2—a2)

j dx —Lln x*—a’

x(x2—a®) "~ 2a? x?

[ B N E Y
x*(x2-a*) a’x 2a° MNy+a

J- dx 1 —Lln x?
X2 —a®)  2a*x* 24 \x*—a?

j dx -X —Lln x—a
(x*=a*)? " 2a*(x*—a*) 4a’ \x+a




TABLES OF SPECIAL INDEFINITE INTEGRALS

xdx -1
(xz _az)z - 2()(?2 _02)

x2dx —x 1 xX—a
17.7.10. j(xz Py +4—aln(x+a)

17.7.9.

Xdx  -a? 1 .
17711 | ey T30 —ay TR e
dx -1 1 x?
17.7.12. fx(xz = +2_a41n(x2 —a2)
dx 1 X 3 xX—a
N el )

dx 1 1 1 x?
17714 [ TSR ity ey a—ﬁln(x2 — az)

dx —-X 2n-3 dx
17.7.15. | oy - | T

T2m-Da@(F—ad)y T 2n-2)d? a?)"!
17.7.16. | (xzx_dzz)n =3 1)(; —
17217 | x(xzdfaZ)n " 2n- 1)a2_()1c2 —ayT o ﬁ
17718 [ i‘ixz),, = & i;cf))cl +a j%
O == Freere

(8) Integrals Involving x? — a?, x? < a?

dx 1 a+x 1 X
17.8.1. Jm—% (a—x) or Etanh E
1
1782. | %:—Eln(ahﬁ)

2

1783. | vdx =—x+ﬁln(a+x)

a’—x 2 a—x
x3dx x2 a
1784, [ 5=-T-Th@-x)

dx 1 x?
17.8.5. J‘ m = W In (m)

dx 1 1 a+x
N



TABLES OF SPECIAL INDEFINITE INTEGRALS

dx 1 1 x?2
17.8.7. J.x3(a2 —x) == 2a’x? +Wln a?—x2

dx _ X 1 I a+x
17.8.8. J.(az_xz)z = 2a2(a2—x2)+4_a3 n a—x

xdx 1
17.89. | T 1@

x2dx X 1 a+x
17.8.10. J.(az—xz)z =@ —4—aln(a_x)

3dx a?
J- X
(

= +lln(a2—x2)

17.8.11. =
a*—x?)? 2a*-x*) 2

dx 1 1 x
17.8.12. J.x(az_xz)z = 2a2(a2_‘x2)+gln(02_x2)

dx -1 X 3 a+x
17813 fm—m+m+ﬁln(a_x)

dx -1 1 1 x?
17.8.14. J.x3(a2 —X2)2 = a*x? + 2a4(a2 _x2) +a_61n(a2 _XZ)

dx X 2n-3 dx
17.8.15. J. (az — xz)n - 2(71 _ 1)(,12((12 _ x2)n—1 + (2”1 _ Z)az J. (aZ _ x2)n—1

xdx 1

17.8.16. J‘ (a2 — xz)n - 2("1 _ 1)(a2 _ x2)n—|
dx 1 1 dx

17817 | @ =) 2n-Dal @ —x & J @ =y

x"dx x"2dx x"2dx
17.8.18- J- ((,12 _ xz)n =a ((12 _ x2)n - J‘ (a2 _ x2)n71

ol a1y dx

17.8.19. J‘xm(az _x2)n - az J.xm (az _x2)n—1 + az Ixm—z(az _x2)n

(9) Integrals Involving \/x2+a?

17.9.1.

dx > 1
j—m—m(x+\/x +a*) or sinh P

xdx
17.9.2. JW =+x2+a?

2 2 2 2
1793. | xdr X AE a4y d)
I +a? 2 2

3 2 2)\3/2
1794, [AL__CXD e
Va2 +a? 3



TABLES OF SPECIAL INDEFINITE INTEGRALS

dx 1 a++x*+a?
17.9.5. J.—z——ln _
xVx?+a? a X
17.9.6 J- dx __\/Jc2+a2
o 2 +a? B a’x
dx Jxt+a? 1 a++x*+a*
179.7. | L | A ALk
Bxt+a? 2a*x 2a X

[1-2 2 2
17.9.8. J.'\/xz+a2 dx=%+%ln(x+\/x2+az)
17.9.9. J.)c\/x2 +a’ dx = M

3
2 2\3/2 2 [ 2 2 4
17.9.10. J.xz'\/x2+a2 dx:x(x Za) _ax ); +a —%ln(x+\/x2+a2)
(x2+a2)5/2 aZ(x2 +a2)3/2
3 2 2 — _
17.9.11. J.x Nx*+atdx = 3 3

/12 2 /-2 2
17.9.12. J.medx:J.xz +a? —aln(%)

[ 12 2 42 2
J.xx—:adx:—xTﬂl+ln(x+\/x2+a2)

17.9.13.
2 2 2 2 : ’
o5 [ -
9.15. (x2+a2)3/2 az\/x2+a2
xdx -1
17.9.16. G+ )" = \/xz s
xdx  —x 24 g2
17.9.17. J‘(xz i by e +1In(x++x2+a?)

2

x3dx
17.9.18. Jm = \/m+ /xz +a?

dx 3 1 1 ! a++x*+a?
17.9.19. fx(x2 s Lo bl e
17.9.20 d N+ a
9.20. J.xz(x2+az)3/2 - a*x _a4\/xz+a2
179.21. | L 3 3 peteird
e X2 +a?)? 202x2x2 +a>  2a*x+a> 2@ ! X

2 2\3/2 2 2 2
17922 [ +a?) " dx= xx Z“ )" 3a x“;‘ ta +%a4ln(x+\/x2+a2)
(x2 +a2)5/2

17.9.23. j X +a?) Py =



TABLES OF SPECIAL INDEFINITE INTEGRALS

x(x2+a*’?  a*x(x*+a?)*?  a*xNx*+a*>  a

17.9.24. j X2(x% +a2)dx = - - i - oGt Jx +a?)
(x2 + a2)7/2 aZ(xZ +a2)5/2
3 2 2\3/2 — _
17.9.25. j W + a2y dx = <

2\3/2 2 2\3/2 B >
17.9.26. I(x +a’) dx = (x +3a) I d — ln(a+\/)§c +a J
2 2\3/2 2 27\3/2 B 5
17927, [Era) g ora) ] NN HE LD o v ad)
.x2 X 2 2
2 23\3/2 2 23\3/2 ) >
17.9.28. '[(x “;f) o= ;;’2) +%m—%aln("+\/’; +a J

(10) Integrals Involving \/x2 —a>

dx xdx
17.10.1. |———=In(x++x2-a?), x2—a?
J-\/)cz—a2 J‘\/x -a?
_xxt-a® @’ —
17.10.2. j\/xz_az =t S+ —a?)
2 2\32
17.103. j\/ & W) e e
X" —a
17.104. | \/7=—secli
XNVX™ —a
dx _xP-a?
17105, |- =
A2 =
17.10.6. | dx  _Woa 1 f‘
x3\/x2_a2 Da’x? 2a3 a

[2_ 2 2
17.10.7. J-\/xz—a2 dx=#—%ln(x+\/x2—a2)

2)3/2

17.10.8. j i de= _3“

2)3/2 2 2 2

2 3 _ 4
17.10.9. J.xlexz—azdx=x(x 4a +ax)é a —%ln(x+\/x2—a2)

2)5/2

2 _ 2042 _
171010, [V —a? ar= a AE: o

[.2 _ 2
17.10.11. J-udx=\/x2 —a? —asec™ f‘
X a
[v2 _ 42 / 2 _ 42
J- xxza dx=— xx a +In(x +/x*—a?)

2)3/2

17.10.12.




TABLES OF SPECIAL INDEFINITE INTEGRALS

[.2 2 2 _ g2 1
171013, [ dx=- T U
3 2x? 2a a
dx X
17.10.14. I (2 — a2y == a?x? — @
xdx -1
17.10.15. J.(xz —a)" = Jii—a?
x2dx X N
17.10.16. - +In(x+vx*—a?)
I(xz_a2)3/2 \/xz_a2
x3dx _ 2 2 ’
17.10.17. jm SN e
dx -1 1 -1 X
17.10.18. J-x(xz —a?)” - az\/xz —a? _ESCC g‘
dx x*—a’ X
17.10.19. Ixz(xz e T A a‘*x? —a?

[ - T I
x*(x*=a*)”? 2a2x2\/xz -a? 2a4\/x2 —a* 2@

17.10.20.

. ‘
a

2 2\32 20 f+2 _ 2
17.10.21. j(xZ—a2)3/2dx=x(x 4”) —3”;“ a +§a4ln(x+\/x2—a2)

(xz _ a2)5/2

17.10.22. jx(x2 —a?)dx =

2 42)\5/2 2 2 _ 42)\3/2 4 2 _ 42 6
170023, [ (2 - g2y = X207 AXOC2a) | @K a NN e

6 24 16
(xz _ a2)7/2 az(xz _az)s/z
3042 _ 42)3/2 —
17.1024. [ (x* - ) dx = —— -
2 _ 42)3/2 2 _ 42332
170025, [0 g & 2 ) @ sec]H
X a

21372 2 2\32 [2_ 2
) d:—(x @) +3xx d —%azln(x+\/x2—a2)

2 _
17.10.26. | (xx—f x

X 2
2 2\32 2 2\32 [ 2 _ 2
17.10.27. dexz—(x )T AN a3 | X
x3 2x? 2 2 a

(11) Integrals Involving /a?— x?




17.11.3.

17.114.

17.11.5.

17.11.6.

17.11.7.

17.11.8.

17.11.9.

17.11.10.

17.11.11.

17.11.12.

17.11.13.

17.11.14.

17.11.15.

17.11.16.

17.11.17.

17.11.18.

17.11.19.

17.11.20.

17.11.21.

TABLES OF SPECIAL INDEFINITE INTEGRALS

xNar—-x* a’ .

[t o T
N 5 5 sin”! —
2 L2\
J.\/z 2=(a 3X) —aNa' —x
a*—x
J‘ dx ——ll a++a*—x?
xva? —x? “Ta" X
J‘ dx _ a? —x?
xz\/az_xz - a’x
j dx __\/az—xz_ In a++a®—x?
O —x2 2a%x* 2d° X
[2_ 2 2
J-\/az—xzd =%+75in
(a® — x2)2
2 2 g —
Jx\/a x*dx = 3
2 _ 42)3/2 2 [ 42 _ 2 4
J-xleaz—xzdx=—x(a x) JaxNa 7 4 gt
4 8 8 a
(@ — x> a*(a® —x>)"?
N Iy _
Ix Na*r—x*dx = 3 3

a++a?—x*
=+a?—x? —aln(fJ

/az_xz

j Ja? —x?
x2

dx =-— —sin™
X

wa:—ﬁd

Ja* —x? +ih{a+\/a2 —xz]
2a

2x? X
X
N e
1
J-(a X2 Ji_»
J 22 = —sin™ —
(a ) \/a2 —x?

o

2)3/2

=+a*—x? +f—

a-—Xx

J- dx B 1 —il a++a®>—x?

(@ =27 N n X

J‘ dx _ a’—x? X
(@ =)~ a‘x N

j dx 3 -1 N 3 —iln a++a?—x?
x(a® -x?)" 2022 a2 —x*  2a*ad —x* 2@ x



TABLES OF SPECIAL INDEFINITE INTEGRALS

2 L2\32 2. [ 2 _ 2
17.11.22. j(a?—xz)”dxzx(“ 4x) L 3ax g al +%a4 sin' X
(a2 —x2)5/2
2 _ 12)\3/2 —
17.11.23. [ x(a® - x*)"dx = —
2 v __x(az _x2)5/2 azx(az _x2)3/2 a‘x /az — x2 a_6 L x
17.11.24. jx (a® — x*)2dx = . + 51 + = + g sin =

(a2 —x2)7”? ~ az(az — x2)2
7 5

17.11.25. jx3 (a® — x>)dx =

2%/2 2 2\ [ 2_ 2
17.11.26. J'(a ) (a x°) il at— - ln[m—a—x]

3 X
2432 2 ,2\32 P
arzy. [T, @or) w3, x
X 2 2 a
2 _ 42)3/2 2 _ 12)3/2 _ PR
17.11.28. j%dx:_(a 2;2) 3\/ﬁ o (@j

(12) Integrals Involving ax*> + bx + ¢

2 , 2ax+b
an
dx _ \/4ac—b2 \/4ac b?
ax>+bx+c 2ax+b—b? — 4ac]

1
In
\/b2 —4ac [2ax+b+\/b2 4ac

17.12.1. j

If b2 =4ac, ax* +bx+c=a(x+b/2a)* and the results 17.1.6 to 17.1.10 and 17.1.14 to 17.1.17 can be used.
If b = 0 use results on page 75. If a or ¢ = 0 use results on pages 71-72.

dx

xdx 1 5 b
17.12.2. Jm—%ln(ax +bx+c)—Z J‘m

x}dx _x b ) b* —2ac dx
I I L AT Al Presy raw:

x"dx xm! ¢ X" 2dx b x"dx
124, [ [ 2 [

dx 1 x? b o dx
17.12.5. jm—z—cln(‘axz +bx+c)_2_c Jaxz +bx+c

17.12.7. f pr (axzcixbx o - 11)cxn71 _g _[ o= (axzdf_ bx +¢) _% .[ x"2 (axzdi bx+c)
17.12.8. J. (ax? +dljx +0)?  (dac— bgiz:2b+ bx+c¢) * 4acZf b? J ax? -:bbcx +c
17.12.9. J- (ax? fZ;C+ c)? - (4ac - b?;c(:z_xzi bx+c) 4acb— b? J ax? -:bl;x +c
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x2dx B (b*> = 2ac)x + bc 2c dx
17.12.10. J- (ax* +bx+c¢)*  a(4ac—b*)ax*+bx+c) 4ac—b* J ax>+bx+c
x"dx B xm! (m—1)c x"2dx
17.12.11. (ax2+bx+c)  (2n—m—1)a(ax® +bx +c)"" * Cn—-m—-1a J (ax®>+bx+c)
__(n—m)b x"dx
2n-m—-1a J (ax* +bx+c)
1.1 x2dx _1 x¥3dx _c x3dx b x22dx
e (ax>+bx+c)  a J(ax+bx+co)" a J(ax®+bx+c) a J(ax®+bx+c)
dx 1 b dx 1 dx
17.12.13. J- x(ax*+bx+c)’  2c(ax®+bx+c) 2c J. (ax? + bx + ¢)* e J x(ax® +bx +c¢)
dx 1 3a dx 2b dx
17.12.14. J- 2(ax>+bx+c¢)’  cx(ax*+bx+c) ¢ J‘ (ax>+bx+c? ¢ J‘ x(ax* + bx +c¢)?
dx _ 1 (m+2n-3)a dx
17.12.15. J x"(ax® +bx+c) ~  (m—Dcx"'(ax®+bx +c)"! (m-1c J x"2(ax®> + bx +c)"
_(m+n— 2)b J- dx
(m—1)c x"Yax®>+bx+c)"

(13) Integrals Involving /ax? +bx + ¢

In the following results if b* = 4ac, Vax* + bx+c = Ja(x+b/2a) and the results 17.1 can be used. If b = 0
use the results 17.9. If a = 0 or ¢ = 0 use the results 17.2 and 17.5.

%111(2\/5\/&1)62 +bx+c+2ax+Db)
a

dx
Jax* +bx+c | 1 Gin-! 2ax+b or - ginh 2ax+b
\=a Vb —4ac

17.13.1. j

s, [ _erehie b i
T e +bx+c a 2a F Jax* +bx+c
X’dx 2ax-3b — 3b* —4ac dx
17.13.3. jJax2+bx+c_ 4a® \/m—i_ 8a? J‘\/ax2+b)c+c
1 (2eal v e b
J‘ dx _ \/g *
17.34. ) Ja v bxve | 1 [ bt 2e or — L ginp|bx+2e
J— | x 1b? — dac Je | x I /4ac — b>
s [ Narhec b s
e x2Jax? +bx+c X 2¢ JxJax +bx+c
2 _ K2
1036, [Nar b cds = COTNOT e dacpt ¢ e
4a 8a Jax* +bx+c¢
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17.13.7.

17.13.8.

17.13.9.

17.13.10.

17.13.11.

17.13.12.

17.13.13.

17.13.14.

17.13.15.

17.13.16.

17.13.17.

17.13.18.

17.13.19.

b(2ax +b) m

2 3/2
J.x\/ax2 +bx+cdx= (ax” + bx+c)

J
J=—

J
J

J
J
J

J

j(ax +bx+c)"V? dx

Ix(ax +bx+c)""dx =

J

J

2Jax? +bx+cdx =

\ ax? +bx+c

3a
_ b(4ac— b?

dx

)
164’ '[\/ax2+bx+c

6ax —5b
T 24a

SN repyrav S -

(ax> +bx+c)** +

5b* —4ac
C 164’

J\/ax +bx+cdx

+c j
vax®>+bx+c xvax*+bx+c

Nax*+bx+c
B dx=—
X

dx _

dx +2J'

dx

vax*+bx+c
+a
X

2(2ax + b)

J-\/axz+b)c+c

(ax*> +bx+c)*

(4ac—b>)ax® +bx+c

x\/ax2 +bx+c

xdx _ 2(bx +2c¢)
(ax? +bx+¢)?  (b? —dac)ax® +bx+c

x2dx _ (2b* —4ac)x +2bc L1 J- dx
(ax*+bx+0)?  gdac—b*Wax® +bx+c @ 7 Jax* +bx+c

dx

1

= +_
x(ax? +bx+c)?  cfax* +bx+c €

dx

ax>+2bx +c

b dx
J‘x\/axz thxtc 2¢ J‘(CUCZ +bx +c)*"?

b? —2ac

dx

(ax>+bx+c)y?

dx

c2xJax? +bx+c 2c? J (ax* +

NEA X
2¢? xvax®>+bx+c

(2ax +b)(ax?+bx +c)""?

(2n+1)(4ac - b?

bx+o)”

da(n+1)

(ax® + bx +c)"3?

a(2n+3)

2(2ax + b)

(ax® + bx +c)"?

dx

8a(n—1)

T (2n—=1)(4ac—b*)(ax? + bx +c)" 2

dx

8a(n+1)

2n-14ac

1

x(ax* + bx +c)""?

T 2n—-1Dc(ax?® + bx +c)"?

dx

-b?) J (ax® +bx +c)"'"?

) j(axz +bx+c)""dx

~ j(ax2 + bx + )" dx

dx

.y
c Jx(ax*+

bx+c)y 2" 2¢

I(ax2+

bx + c)n+1/2
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(14) Integrals Involving x3 + a°

Note that for formulas involving x* — a® replace a with —a.

2 f—
17.14.1. J- dx =Lln( (x+a) )+ 1 tan’lzx a
x*+ad 6a> \x?-ax+a? az\/g a\/g
2 _ 2 _
17.14.2. jﬂ=Lln X-ax+ar) 1 o 2x-a
x>+a® 6a (x+a)? a\/g a\/g
2d. 1
17.14.3. jﬁzgln(xswa)

dx 1 x3
. [t ()

17.14.5 f—dx S S N e R S
e x2(x*+a®) a’*x 6a* (x+a)? a4\/§ a\/§
2 —
146 [ B +L1n( (r+a) )+ 2 ant 20
(x*+a*) 3P +d’) 9a° \x*-ax+a? 3a5\/§ a\/g
2 2 _ 2 —
17147, | X PRI E el LSO Sl
(+a@)? 3@ +a) 18t | (+a) ) 3443 a3
x2dx 1
17.148. | CaEwrauitraremy

dx 1 1 x?
17.14.9. jx(x3 o R TR +a3)+§ln(x3 +a3)

dx 1 x? 4 xdx
17.14.10. JWZ‘E‘W‘ﬁ Jx3 T (SeelT142)
xmdx xmfZ xm73dx
i [ S = ma [
g, [ e L L&
Bk x'x*+a®) dAm-Dx"" o I x3(x+ad)

(15) Integrals Involving x* = a*

dx 1 x?+ax2 +a? 1 » X2 B 2
17.15.1. J.x4+a4_4a3\/§1n(x2—ax\/§+a2]_2a3\/§|}an (I—T)—tan 1+T

xdx 1 an x?
xt+at T 2a? a?

2 2 2
17.153. | vdv 1 fx aatal) 1Ny x2) a2
x*+at 4g2 \x+ax2+a?) 2aV2 a a

17.15.2. j
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17.154.

=—In(x*+a*)

J- Xdx 1
xt+at 4

dx 1 x*
1185, [ miy = mln(m)

2 _ 2
TUATY S PR S S a2 +a
x*(x* +a*) ax 402 \ e tal2+a
+; tan“ 1—& _tan—l 1+x 2
2452 a a
dx : 1 1 X
17157, J‘x}(x4 +a*)  2a*x* 24° tan™ 7
dx 1 xX—a 1 X
17158 Jm_ﬁln(xﬂl)_%ﬂ g

xdx 1 x*—a?
17.15.9. J.m = Wln (m)

2 -
s, [ P

xt—a* 4a \x+a) 2a
3
171511, | fdx4 =%ln(x4—a4)
x*—a

dx 1 x*—a*
17.15.12. J.m = Wln( x4 )

17.15.13. jd—x L1 1n(ﬂ)+itan-lg

P —ah  a'x T da \x+a) 24
dx 1 1 x2—a*
11514, | s = 5 *W“{m)

(16) Integrals Involving x" = a"

17.16.1. jL= ! ln( al )
x(x"+a") na" x"+a"

n—1
17162. | ;C +‘Zf1 = %ln (x" +a")

x"dx X" dx X" dx
17'16’3' (xn +a" )r - (xn +an)r—1 —a m

dx 1 dx 1 dx
7164 | wtoray = Vowray @ Ioveevay
17.165. | de 1 (Jxra e
x\/x” +a" n\/cT” \/x” +a" +\/a7

17.16.6. j e 1 ln(x _“)

x(x"—a")  na" x"
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n—1
17.16.7. jﬂ =L —ar)
x"—a" n
x"dx X" dx X" "dx
17.168. | Gy a [ ey H ey
17.16.9 J' dx 1 J' dx _ 1 J dx
R x"(x"=a"™y  a*d x""(x" —a")  a"? x"(x"—a")"
17.16.10. J dx = 2 cos™ |4
X\/X” —-a" na" x"
p-1 mn _ —
17.16.11. J‘ x'dx _ 1 sin QRk-Dpr tan-! x+a-cos[(2k Dr/2m]
x4 a* matr o 2m asin[(2k —1)z/2m]

2 (2k l)pn n| x2 + 2ax cos Qk=bm +a?
a*mr = 2m

where 0 < p = 2m.

x?'dx 1 & kpr [, kr
17.16.12. szm T kzzfcos - In (x —2ax cos - +a
1 & . kpr x —acos (krt/m)
tan™'
ma*"=r kz::‘ " ( asin (kzt/m)
1
+——{ln(x-a)+ (=D’ In(x+a)}
2ma*"?
where 0 < p = 2m.
X ldx A=yt & 2pr X +acos[2k/2m +1)]
17.16.13. = tan™!
J g (2mt a2 kz; M1 T asin[2kn/2m+ 1)

—1)»-1 m
—Lz“cosmln x2 +2ax cos 2k +a?
2m+1 2m+1

(2m+l)a2mfp+l =

(=D In(x+a)
2m+Da>m—rH

where 0 <p =2m + 1.

xPdx ) o 2o (x—acos[2k7t/(2m+1)])

17.16.14. _
J X2 g2 (2t g kz; DY asin[2kr/2m+1)]

1 2kpr 2km
+—— E In| x2-2 +a?
(2m + 1)g?m-—r+ & O n(x S 17 )

In(x—a)
2m+1)a?>mr*!

where 0 <p =2m + 1.
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(17) Integrals Involving sin ax

cosax

17.17.1. jsin axdx = —
a

sinax xcosax

a’? a

17.17.2. [xsinaxdx=
2x . 2 X

17.17.3. Ixz sinax dx = —)chm ax +(7 - x—)cos ax
a a a

. 3x2 6 6 3
17.17.4. Jx3 smaxdxz(aiz— pr )smax+(a—x—%)cosax

x?>  xsin2ax cos2ax
x sin? axdx———

4 da 842

1 3 5
17.17.5. J-smax dx:ax_(ax) +(ax) o
X 3.3 5.5!
17.17.6. jsmfxd =—Sm“x+ajcos“xdx (See 17.18.5.)
X X
d. 1 1
17.17.7. I il =—ln(cscax—cotax)z—lntanﬂ
sinax o o 2
3 5 2 22n—1 —l B 2n+1
17.17.8. j )@ Taxy A )B, (ax)™
sin ax 18 1800 2n+1)!
X sin2ax
17.17.9. - _
9 jsm ax dx 5 1

17.17.10.

cosax cos’ax

17.17.11. jsin3 axdx = —

a 3a
171712, [sin‘axdx = %x - S“ﬁ"“x + Sig;;’x
1717.13. | sn:izxax =- % cot ax
171714, | shffax =- 2:;;‘2”; —+ 2—1aln tan -

sin(p—q)x _sin(p+q)x
2Ap—q) 2p+q)

17.17.15.  [sin pxsin gx dx = (f p = +q,see 17.17.9.)

dx 1 T ax
17.17.16. m = E tan (Z + 7)
17.17.17. j&;it T e +_1nsm r_ax
l—sinax a 4 2 4 2
dx 1 T ax
17.17.18. m = —a tan (Z — 7)

xdx X T oax 2 . (7 ax
17.17.19. m = —Etan (Z - 7) + a—zln Sin (Z + 7)
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dx 1 T ax 1 (7 ax
17.17.20. J‘m—z—ata{l(z—kT)-fatan (Z+7)

17.17.21. jL:_Lm r_ax) 1 (7 _ax
(1+ sin ax)? 2a 4 2) 6a 4 2
2 an-! ptantax+gqg
2_ 2 2_ 2
it ap*—q Jr—q

p+qgsinax 1 I (ptan%ax+q—,/q2—p2J
n
2

a\/qz—p ptan%a)c+q+\/qz—p2

17.17.22. j

(Ifp=tgq,see 17.17.16 and 17.17.18.)

dx _ g cosax p dx

17.17.23. J. (p+gsinax)®>  a(p*—q*)(p+ gsinax) * pPr—-q’ -[ p+gsinax
(Ifp=+gq,see 17.17.20 and 17.17.21.)

dx 1 _\Jp?+¢* tanax

171724, [——F = —— tan™!
1 an-! Jp? —¢* tanax
ap\p* -4’ P

171725, | dx _| -

p*—qsin*ax 1 m(,/qz — p? tanax + p]
2

2ap\Jq* - p* > - p* tanax—p

x"cosax mx"'sinax m(m
. _

-1
17.17.26. J‘x”’ sinaxdx =— 5 ) J.xm_z sin ax dx

a a a
171721, | SIax je - Smax a | COSAX 1 (See 17.18.30.)
x" (n _ l)xn—l n—1 xrz—l

sin™! ax cos ax L= 1

17.17.28. J-sin" axdy = —
an

j sin" 2 ax dx

17.17.29. j . dx _ — cos.ax n-2 J . dx
sin"ax a(m-Dsin"'ax n-1 Jsin"2ax
dx —X cosax 1 n—2 X dx
17.17.30. [ 22 _ -
J sin"ax am-1Dsin"'ax a*(n—1)(n-2)sin"?ax A -[ sin"2 ax

(18) Integrals Involving cos ax

sin ax
a

17.18.1. j cos ax dx =

cosax xsinax
17.18.2. jxcosaxdxz .

2 AR
17.18.3. J.xz cosaxdx = —)ZC cosax + (x_ - —J sinax
a a a
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3x* 6 506
17.18.4. Jx3 cosaxdx = (aiz - a_“) cosax + (% - a_x) sin ax

cos ax (ax)?> (ax)* (ax)®
185, [==dv=Inx—3 5+ -6 or+
17186, [ ar=-2"0 [P dr (See 17.17.5)
x X x
dx 1 1 ax
17.18.7. J. cosax = Eln (secax + tanax) = Eln tan(4 + 7)

xdx 1 J(ax)*  (ax)*  5(ax)° E (ax)™+?
17.18.8. jcosax—?{ S T e

X sin 2ax
17.18.9. [ cos? axdx = S+
x?  xsin2ax cos2ax
17.18.10. [ xcos® axdx = T+ e
3
17.18.11. J‘ cos® ax dx sinax _ sin® ax
a 3a
sin2ax sin4ax
17.18.12.  [cos' axdr="3 .
17.1813. | v _ tanax
cos? ax a
dx sin ax 1 T ax
17.18.14. J cosax  Jacostax | %ln tan(Z* 7)

sin(a — p)x N sin(a+ p)x
2(a—-p) 2(a+p)

17.18.15. jcos ax cos px dx = (Ifa ==p, see 17.18.9.)

17.18.16. l_fﬁ = —%cot%

17.18.17. % =-Zcot 5+ a%ln sin
17.18.18. ﬁ = %tan 5

17.18.19. % = %tan%+a—221n cos%
17.18.20. _’-% = —%cot%—%coﬁ %
17.1821. de 1 e 1 sax

J(l+cos ax)?  2a 2 ' 6a 2

;tan“ Np=9 ! (p+9) tanlax
ayp? - ¢’ 2

17.18.22 jd—x—
p+qcosax L |tnzax+@+p)/(g—p) (If p = g, see 17.18.16
a\/qz_pz tan%ax—\/(q+p)/(q—p) and 17.18.18.)




17.18.23.

17.18.24.

17.18.25.

17.18.26.

17.18.27.

17.18.28.

17.18.29.

17.18.30.

(19)
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I dx _ gsinax R Z J dx (If p = +q see 17.18.19
(p+qcosax)’  a(qg>—p’)(p+qcosax) ¢°—p* J p+qgcosax  and 17.18.20.)
dx 1 _, ptanax
J. ————5—= tan
D’ +q° cos® ax ap\/pz +q \/p2+q2
1 -1 _planax
f dx PN RN P
p’—q’cos’ax 1 In ptanax —+/g* — p*
2ap\/q2 -p* | ptanax+ \/qz -p*
x"sinax  mx™! m(m—1) -
jx'”cosaxdxz +— cosax——J "2 cosax dx
a a
J-cosax = cosaxi _a Jsinfzx dr (See 17.17.27)
x" (n=-Dx"' n-17 x*!

sinax cos™ ™! ax

n—1
J. cos" axdx = Jcos"’2 ax dx
an n
_[ dx sin ax n—2 dx
cos"ax a(m-—1cos"'ax b—-1 Jcos"?ax
J- xdx xsinax 1 n—2 xdx
cos"ax a(m-1cos"tax a*(n—-1)(n—-2)cos"?ax n—-1 Jcos*?

Integrals Involving sin ax and cos ax

17.19.1.

17.19.2.

17.19.3.

17.194.

17.19.5.

17.19.6.

17.19.7.

17.19.8.

17.19.9.

. sin? ax
J- sin ax cos ax dx =
2a
. cos(p—q)x cos(p+q)x
sin px cos gx dx = — —
preosd 2p-q)  2p+q)
n+l
J-sm ax cosax dx = sin”"” ax (Ifn=-1, see 17.21.1.)
(n+1a
n+l
j cos"ax sin ax dx = _Loy ax Ifn=-1, see 17.20.1.)
(n+1a
J-sm cos? axdx = *_ M
ax axdx=¢ a
1
J. = —Intanax
sinaxcosax a
1 T ax 1
j =—Intan| —+—+ [-——=
sin’ axcosax a 4 2 asinax
ax 1
J- =—Intan—+
sinaxcos’ax a 2 acosax
J- __ 2cot2ax
sin? axcos?ax a
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17.19.10. jsm W e SAx Ly [T
cos ax a 2 4
17.19.11. | cos’ax ;oS 1) i
sin ax a a 2
1 1 ax T
17.19.12. J- cos ax(l + sin ax) =+ 2a(1+ sin ax) ln tan( 2t Z)
1 1 ax
+
17.19.13. J. sin ax(l + cos ax) 2a(1+ cos ax) ln tan - 2
1 ax
4+
17.19.14. jsmax T lntan( 5 8)
17.19.15 J- sin ax dx —f—il (si " )
1915, | = 5 F 5 In(sinax + cosax
170006, [SBEE XL inax+cosax)
1906, | =+ 5+ 5 In(sinax £ cosax
sin ax dx 1
17.19.17. j g cos ar =~ ag (P +acosay)
17.19.18 IM——ln( +gsinax)
20 ptgsinax T ag P TSmAY
sin ax dx 1
17.19.19. (p+qgcosax)”  ag(n—1)(p+qcosax)""
cos ax dx -1
17.19.20. J- (p+gsinax)"  aq(n—1)(p+gsinax)""
-1
17.19.21. J- . dx _ 1 In tan(ax+ tan~' (g/p) )
psinax + g cos ax a\/p2+q2 2
\/ : 22 2 fan-! [p+\(/r2—q)t2an(a)§/2)]
17.1922. | d N TorTa

psinax+gqgcosax+r 1 | (p_1/p2+q2—r2+(r—q)tan(ax/2))
n

a\/pz+q2—r2 p+\/p2+q2—r2+(r—q)tan(ax/2)
(If r =g see 17.19.23. If > = p> + ¢* see 17.19.24.)

dx

1 X
17.19.23. J‘ psinax + g(1+cos ax) ap apm (q +ptan 7)

- -1
17.19.24. J : i = ! tan (E T W)
psmax+qcosaxi\/p2+q2 Cl\/p2+q2 4 3
1
17.19.25. J. s dx = tan (ptanax)
p-sin“ax+q-cos“ax apq q

dx 1 ptanax—gq
17.19.26. I p2 sin? ax — qz cos?ax 2apq In (p tanax + (1)



17.19.27.

17.19.28.

17.19.29.

17.19.30.

(20)
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sin"'axcos"™'ax m-1 . .
j sin”~? ax cos” ax dx
- . _ a(m+n) m+n
sin” axcos" axdx =4 . | .
sin""axcos"'ax n-1 . 2
+ J sin™ ax cos"™? ax dx
a(m+n) m+n
sin™! ax m—1 ¢sin"?ax
a(n—1cos"'ax n—1 Jcos"?ax
J- sin” ax sin”! ax m-—n+2 _[ sin” ax
X = - by
cos” ax a(n—1)cos" ' ax n—1 cos" % ax
—sin™ ' ax Lm= 1 J- sin" 2 ax
a(m—n)cos"'ax m—n J cos"ax
—cos" ! ax m—1 ¢cos™?ax d
- - . X
a(n—Dsin"'ax n—1 J sin"?ax
J cos™ ax —cos"! ax m—-n+2 J- cos™” ax
- = . - : X
sin” ax a(n—1)sin" ! ax n—1 sin"~% ax
cos" ' ax m—1 ¢cos"?ax
——+ j — dx
aim—n)sin"'ax m-n sin” ax
1 m+n-—2 J- dx
J dx _ Ja(m—1)sin"" ax cos"" ax n—1 sin™ ax cos"? ax
sin™ ax cos” ax -1 m+n-—2 J- dx
a(m—1)sin™! ax cos"™ ax m—1 sin"2 ax cos” ax

Integrals Involving tan ax

17.20.1.

17.20.2.

17.20.3.

17.20.4.

17.20.5.

17.20.6.

17.20.7.

17.20.8.

17.20.9.

1 1
J.tanaxdx = —Elncosax = Elnsecax
) tan ax
J.tan axdx = —
tan>ax 1
jtan3 ax dx = +—Incosax
2a a
) tan"*' ax
J.tan" axsec* axdx = ———
(n+1Da

sec? ax 1
dx =—Intanax
tan ax a
dx 1 .
=—Insinax
tanax a
1 j(ax)®  (ax)®  2(ax) 272" =1)B, (ax)**
j“an“xdx‘ﬁ{ 3 15 TT105 T Qn+1)! o
J- tan ax dr = ax+ (ax)®  2(ax)’ 271 (2* —1)B, (ax)*™!
TE@aTTg 75 (2n—1)(2n)!
x tan ax 2

J-)ctan2 axdx =

1
+—Incosax -
a

2



TABLES OF SPECIAL INDEFINITE INTEGRALS

dx px q
= +
ptqtanax  p*+q*  a(p®+q?)

17.20.10. J. In(gsinax + pcosax)

n—1
172011 [tan” axdy =209

—_— j tan"~2 ax dx
(n—=1a

(21) Integrals Involving cot ax

17.21.1. J-cot ax dx = - Insin ax

a
17.21.2. J‘cot2 axdx=— cotax _ X
a
cot?ax 1. .
17.21.3. J cot®axdx = — ——Insinax
2a a
tn+1
17.21.4. J cot” axcsc? axdx = — v ax
(n+a
csc? ax 1
17.21.5. jt—dx = ——Incot ax
cotax a
17.21.6. J dx = —lln coS ax
cotax a
1 (ax)®  (ax)’ 2°"B (ax)*!
17.21.7. cotarxdx = —Jax——— - .2 Tl
Jrcotardr P {ax 9 225 2n+1)!
17.21.8 J'COt“xdx __ 1 e (@ 2B (@)
x ax 3 135 (2n—1(2n)!
2
17219 [xcot avdr = -2 Ly gin e X
a a
172110 | - __PX 9 gsinar+ geosax)
i geotax T pPAg apirqh T 1
n—1
17.21.11. j cot"ax dx = — corax j cot"2ax dx
(n—1a

(22) Integrals Involving sec ax

1 1
17.22.1. jsec axdx =—In(secax + tanax) = —In tan(% + Z)
a a 2 4

17.22.2. j seclax dy = A0

a

1
17.22.3. j seciax dx = Secaxtanax + 2 In (sec ax + tan ax)

2a a



17.22.4.

17.22.5.

17.22.6.

17.22.7.

17.22.8.

17.22.9.

17.22.10.

(23)

sec” ax

jsec" axtanax dx =
na

J- dx  sinax
sec ax a

TABLES OF SPECIAL INDEFINITE INTEGRALS

f 1 |(ax)?  (ax)* 5(ax)® E (ax)*™*
xsecaxdx = — + + +o 4 +-
a’| 2 8 144 2n+2)(2n)!
2 4 6 E 2n
J‘ sec ax dr =T+ (ax) N 5(ax) N 61(ax) et - (ax) N
X 96 4320 2n(2n)!
J‘ ) X 1
xsec’ax dx = —tanax +—21ncosax
a a
IL _X_P Jd_x
g+psecax q ¢q Y p+gqcosax
sec"?axtanax n-—2
j sec™ ax dx = j sec"2ax dx
a(n—1) n—1

Integrals Involving csc ax

17.23.1.

17.23.2.

17.23.3.

17.234.

17.23.5.

17.23.6.

17.23.7.

17.23.8.

17.23.9.

17.23.10.

1 1
Jcscaxdx = —In(cscax — cotax) = —Intan—
a a 2

ax

J-csczax dx =— cotax
a
J 3 cscaxcotax 1 ax
csc’axdxy = ———+—Intan—
2a 2a 2
J-csc”ax cotaxdx =— ese ax
na
J' dx _ _cosax
csc ax a
L[ @y Ty 227 DB, ()™
J-xcscaxdx=— ax + + +eeet NEPO
a’? 18 1800 2n+1)!
cscax 1 ax 7(ax)’ 22> -=1)B (ax)
I dx=——4+—+ +eee
X ax 6 1080 2n-1(2n)!
1
jxcsczax dx =— xcotax +— Insinax

a a

csc™? ax cot ax

Jd_x_ﬁ_z j dx
q+pcscax q q p+qsinax

(See 17.17.22.)

n—2

jcsc" axdx = —
a(n—1)

Icsc"‘zax dx
n—1



TABLES OF SPECIAL INDEFINITE INTEGRALS

(24) Integrals Involving Inverse Trigonometric Functions

17.24.1. J.sin’l %dx =x sin™ §+ Ja? —x?

17.24.2. T 7

. X a*) . x xJa'-x?
jx sin dez S s S —

(x + 2a2)\/a —x?

17.24.3. sz sin ‘—dx -

3

-1 3 . 5 2 7
17.24.4. J-sm (x/a) dx=£+ (x/a) +1 3(x/a) +1 3e5(x/a) 4
by a 2e3¢3 2e4e5¢5 2ede(eTe7
-1 -l 2_ .2
17.24.5. J‘Sln x(x/a)d __sin ;x/a)_%ln(a+\/c)zc X J

2
17.24.6. j(sin 2) dx = x(sm )—2x+2\/a —x%sin”' =

17.24.7. J.cos’l %dx =x cos™ %— a’ —x?

17.24.8.

17.24.9. J-xz cos' Tdx =2 cost X -
a 3 a

—1 .
17.24.10. .[L(X/a)dx =2 inx- J Sin”_ () dx (See 17.24.4.)

x 2

—1 _1 —
172411 [<2 (@) g oS a) L (a-l-— Ja'—x ]

X X a X

2
17.24.12. j(cos‘ %) dx = x(cos )—Zx 24a? = x? cos™

172413 [tan” %dx - x tan™! %— %m (x? +a?)

X

1
172414, [x tan” Zdv=— (2 +a)tan = - =
a 2 a 2
S X X x ax? a s
17.24.15. Ix tan Ea’xz?tan Z—T+?ln(x +a%)
tan~' (x/a) x  (xla)* (xla)’ (xla)

17.2416. | T = S e

-1 2 2
247, [B Lo L2

2 X a 2a 2



17.24.18.

17.24.19.

17.24.20.

17.24.21.

17.24.22.

17.24.23.

17.24.24.

17.24.25.

17.24.26.

17.24.27.

17.24.28.

17.24.29.

17.24.30.

TABLES OF SPECIAL INDEFINITE INTEGRALS

X X a
J‘cot’1 —dx=xcot™! =+ 5 In(x? +a?)
a a

by 1 X ax
J‘)ccot‘1 Zdx==(x*+a*)cot™ =+ —
a 2 a 2

3 2 3
X X X

J-xz cot? —dx =—cot?! = + — — — In(x®>+ad?
a 3 a

—1 -1
ICOt (x/a) d _g Inx — _[ tan~' (x/a) de

= (See 17.24.16.)
X X

2 x2

-1 -1 2 2
J‘cot (afa) , _ cot(xfa) 1 ln(x +a )
X X 2a

X X T
xsec!' = —aln(x++/x* —a?) 0<sec"—<5
a a

a X
J-sec —dx =
a x T X
xsec!' =+aln(x++x*—a?) —<sec' =<1
a 2 a
o x aNxt-a? Lx.m
N TSGC 5 0 < sec —<3
J-xsec’l—dx= a a
a x* aNx* —a? X
—sec!' =+ —<sec' =<1
2 a 2 a

2 2 3

X x axNx*—a*> a X T
X ?sec‘l——T—Fln(x+w/x2—a2) 0<sec‘1—<5
Ixz sec™! —dx = a a

2 2 3

a E —
x—sec“£+u+a—ln(x+w/x2—a2) L csec'Tan
3 a 6 6 2 a
-1 3 1e 5 1. . 7
J‘sec (x/a) dx=£lnx+£+ (alx) N 3(alx) + 3e5(alx) o
x 2 X 203e3 2e4e5:5 2edefeTe]
[ -1 2_ 2
_sec (x/a) N x*—a 0 < sec-! x < L
X ax a 2
sec”'(x/a)
J-—dx= -1 2_ 2
x2 sec”' (x/a) x*—a b4 X
- - —<sec'—<n1
X ax 2 a
N xese' X +an (x++/x% —a?) 0<csc! X <z
J-csc"—dx= a

a 2

a X T X
xcesc'= —aln (x++/x* —a?) ——<ecse!' =<0

a 2 a

X X L X T
X 5 cse -+ 7 0<csc —<5
jxcsc’l—dxz a a
a X2 x aNx*—a? X
—csc! ————— ——<csc' = <0
2 a 2 2 a
3 2 2 3
: x ax\x*—a*> &
csct =+ +—In(x++/x2—a?) O<csc!' =<
, X 6 6
Jx cse —dx =
a 3 2 2 3
x ax\x?—-a*
csc!l———————— — —In(x+x2—a?) ——=<csc' =<0
3 a 6 6



TABLES OF SPECIAL INDEFINITE INTEGRALS

17.24.31.

17.24.32.

17.24.33.

17.24.34.

17.24.35.

17.24.36.

17.24.37.

17.24.38.

(25)

(alx)?

1 *3(alx)’

csc(x/a)
= dx‘( t23.

3t 204.5.5 ©

1¢3¢5(alx)’ .
2e4e6e7e7

-1 2 2
cscH(xla x*—a X T
- (x/a) _ O<csc'—<—=
cscH(x/a) X ax a 2
et
X -1 2 2
cscH(xla X —a b4 X
- ( )+ ——<cse' =<0
X ax 2 a
x xm+l x m+1
Ix’" sin”! —dx = sin”' = — J
a m+1 a m+1 Ja? —x2
xm+1 m+1
Ix'” cos™' =dx = cos™t = J
a m+1 a m+l \/a —x2
m+1 m+1
X a X
J-x’” tan™ —dx = tan™' — — J —
a m+1 a m+l 7 x*+a
x m+1 x a xm+l
Jx'” cot™! =dx = cot™' =+ J —
a m+1 a m+l x*+a
[ X"+ sec! (x/a a x T
a) _ J O<sec!' =< —
m+1 m+1 \/x2 - a 2
m -1 X —
Ix sec™! —dx =
a x™* sec™! (x/a) x"dx .
_[ —<sec'—< 71
m+1 e Jx? = 2 a
[ X7+ sec™! (x/a x"dx x T
( ) J O<csc'—< =
X m+1 m+1 \/x a 2
jx’" csc!' =dx =
a m+1 -1 m
x™ese ™ (x/a dx
(xfa) _ J ——<cse' =<0
m+1 m+1 \/x

Integrals Involving e~

17.25.1.

17.25.2.

17.25.3.

17.254.

17.25.5.

17.25.6.

ax

J.e‘”'dx =

jx”e“‘dx _re Jx”“ “dx
a a
ax n—1 _] n-2 _1 n ‘ . . .
= (x” M nin 2)x _ L )n " ) if n = positive integer
a a a a
_ (ax)®>  (ax)?
f—dx Inx +1 T +—2.2! +—3.3!

—1

[ ax



TABLES OF SPECIAL INDEFINITE INTEGRALS

1
17.257. | XLk gen)
Pt ge’ p ap
ass [ X L
(p+qe“x) p ap(p+qeax) ap
1 P
tan™! \/;)
-
17.25.9. j =
p q 1 n er — \/_q—/p
2a-pq  \e™ +-qlp
172510, [e* sinbxdx == (asinbx — beos bx)
a*+b

e* (acos bx + bsin bx)
a’+b?

17.25.11. j e cos bx dx =

xe“(asinbx —bcosbx) e“{(a® — b*)sin bx — 2ab cos bx}
a’*+b? (a®> + b?)?

17.25.12. jxeax sin bx dx =

xe“(acosbx+bsinbx) e“{(a*—b*)cosbx + 2ab sin bx}

17.25.13. j xe™ cos bx dx =

a’+b? B (@ +b°)
172514, [erlnxdr =S L et
a aJt x
e sin"' bx n(n—1)b>

17.25.15. Je”"' sin” bx dx = P (asin bx — nb cos bx) + Je“‘ sin"~2bx dx

Ty n’h? a’+n’b*

e™ cos" ! bx . n(n—1)b?

ax n — ax n=2
17.25.16. [ cos” bxdx = o (acosbx+nbsinby) + [ e cos™2bux dx

(26) Integrals Involving In x

17.26.1. Ilnxdx =xlnx—x

x?2 1
26.2. Inxdx=—|Inx——
17.26.2 jxnxx z(nx 2)

m+l
17263, [ Inxdx = [1ny—— (If m =1, see 17.26.4.)
m+1 m+1

17.264. [ 10X Inx . 1n .

17.26.5. jln—xd - —%

17.26.6. j In2 xdx = xIn2x — 2xInx + 2x

17.26.7.

n n+l
Jln Xde "X o) see17.26.8.)

x  n+l

17.26.8. j 611 = In(In x)
xXinx



TABLES OF SPECIAL INDEFINITE INTEGRALS

17.26.9.

17.26.10.

17.26.11.

17.26.12.

17.26.13.

17.26.14.

17.26.15.

(27)

dx In>x In*x

—— =In(Inx)+Inx+ + +

Inx 22! 3.3!

m 2 2 3 3
J‘x dx — In(nx)+(m+1)Inx + (m+1)*In*x N (m+1)°In’x

Inx 2421 343!

j In"xdx=xIn"x—n Jln"‘1 xdx

xm+l lnn x n

Jx’" In" xdx = - fx'" In" xdx

m+1 m+1
If m=-1,see 17.26.7.

J In(x>+a®)dx=xIn(x* +a*)—2x+2a tan~' X
a

Jln(xz —a®)dx=xIn(x>—a*)-2x+a ln(); tZ)

x"1In(x*+a?)

m+2

m 2+ 2 =
J-x In(x* £a*)dx o

Integrals Involving sinh ax

2 X
m+1 -[xzi(f dx

17.27.1.

17.27.2.

17.27.3.

17.274.

17.27.5.

17.27.6.

17.27.7.

17.27.8.

17.27.9.

. cosh ax
I sinh ax dx =
a
. xcoshax sinhax
J. xsinhax dx = - >

a a

2

3

. 2 2x .
f x?sinhaxdx = [x_ + —) coshax — —f sinh ax
a

a a

sinhax , (ax)®  (ax)®
[ o=t 3+ 55

inh inh h
J-sm 2a)cdxz_sm ax+ajcos ax

X

J‘ .dx =llntanhﬂ

sinhax a 2

(See 17.28.4.)

2(=1)" (22" —1) B, (ax)*"!

sinhax =~ 42

f xdx 1 {ax_(axf +7(ax)5

inh h
jsinhz wrdy = sinhaxcoshax  x
2a 2

x sinh 2ax 3 cosh 2ax
4a 8a?

J-x sinh? ax dx =

18 1800

2n +1)!

+}



TABLES OF SPECIAL INDEFINITE INTEGRALS

dx cothax

17.27.10. Jsinhz P

sinh (a + p)x 3 sinh (a — p)x
2(a+p) 2(a—p)

17.27.11. J-sinh ax sinh px dx =
Fora==p see 17.27.8.

x™ cosh ax

17.27.12. J-x’”sinhaxdx= _n j x"'coshaxdx  (See 17.28.12.)
a

a

sinh"! ax coshax

n—1 .
- J sinh"? ax dx
an n

17.27.13. jsinh" axdx =

17.27.14. J-smhaxd _ —sinh ax N a J~coshax dx (See 17.28.14.)

Ix =
x" n-Dx"" n-1

xnfl
17.27.15. J' . dx _ —cos.hax _n=2 J ‘ dx
sinh"ax a(m-1sinh"'ax n-1 sinh"~2 ax
17.27.16 j xdx _ —xcoshax 1 n-2 J xdx
e sinh”ax a(m—1)sinh"'ax a*(m—1(n—-2)sinh"?ax n-1 7 sinh"?ax

(28) Integrals Involving cosh ax

sinh ax

17.28.1. j cosh ax dx =
a

- .
17282, [xcoshaxdr =" -S54
a a

2 h 2
17283, [ coshaxdr =224 [x

2.
> + —+—3)s1nhax

a a a
2 4 6
17.284. | coshax \ x4 @) (@) (@)
x 220 4e41 66!
17.285. | Coihz X o= Soshax | Sinhax /1 (See 17.27.4)
17.286. | B _2 ot e
coshax a
xdx 1 J(ax)* (ax)*  5(ax)° (-D)"E (ax)***
17.28.7. fcoshax‘ﬁ{ IR TN V¥ S PO 31 |

x sinhax coshax

2 -
17.28.8. jcosh axdx = > + o

x>  xsinh2ax  cosh2ax
2 — —
17.28.9. jx cosh? axdx = T + 12 3.2




TABLES OF SPECIAL INDEFINITE INTEGRALS

dx  tanhax
172800 [ ——— = —

sinh(a—p)x  sinh(a+ p)x
2(a— D) 2(a+ p)

17.2811.  [coshaxcosh pxdx =

m qy h .
17.28.12. fx'" coshax dx = =4 —%Jxm'l sinhax dx (See 17.27.12.)

a

cosh”! ax sinh ax L 1

17.28.13. j cosh” ax dx = j cosh™2 ax dx

an n
h —cosh inh
172814, [ N, L [ERD gy (See 17.27.14)
x" (n—Dx"'  n-1 X!
17.2815. | - _ sinhax n-2 | dx
cosh"ax  a(n—1)cosh"'ax n-1 7 cosh"?ax
17.28.16. j xde x sinh ax 1 L2 ,[ xdx
cosh"ax a(m—-1cosh"'ax (n—-1)m—-2)a’cosh"?ax n-1 J cosh"?ax

(29) Integrals Involving sinh ax and cosh ax

: 2
17.29.1. j sinh ax cosh ax dx = S

2a

cosh(p+¢g)x N cosh(p—¢q)x
2Ap+q) 2Ap-q)

17.29.2.  [sinh px cosh gx dx =

17.29.3.  [sinh? ax cosh? ax dx = sinhdax  x

32a 8
17.29.4. J.L = l In tanh ax
sinhaxcoshax a
17.29.5 J- dx _ 2 coth 2ax
e sinh? ax cosh? ax a
s .
17.296. | sinh” ax ,_sinhax 1, -1 sinhax
cosh ax a a
2
17.29.7. | cosh®ax , _coshax 1 nh &
sinh ax a a 2



TABLES OF SPECIAL INDEFINITE INTEGRALS

(30) Integrals Involving tanh ax

17.30.1. j tanhaxdx = l In cosh ax

a
17.30.2. [ tanh axdx = x - tanh ax
a
1 tanh?
17.303.  [tanh’ axdx =~ Incoshax — ax
a 2a

3 5 7 _1 n—1 22n 22n _1 B 2n+l1
17.304. jxtanhaxdx = L{(ax) _ @) + 2(ax) _...( ) ( )B, (@) +}

2173 15 105 2n+1)!
2 tanh 1
17.30.5. J.xtanhz axdy =2 FEME | — Incoshax
2 a a
3 5 _l n—1 22n 22n _1 B ax 2n—1
17.30.6. J'de:ax_(ax) 4 2ax) =D ( )B, (ax)
X 9 75 2n—1(2n)!
17.307. | X __PX 4y (ssinhax+ peoshax)
.30.7. prqhax ~ - 2 =) n(gsinhax + pcosh ax
—tanh" ' ax 5
17.308.  [tanh" axdx="—"—r "+ [tanh"> axdx
ala—1)

(31) Integrals Involving coth ax

17.31.1. j cothax dx = %ln sinh ax

17.31.2. f coth’axdx =x— @
1 h?
17.31.3. j coth? ax dx =—Insinhax — coth” ax
a 2a

B 1 (ax)3 (ax)S (_l)n—l 22n Bn (ax)2n+l
17.31.4. J.xcothaxdx —?{ax+ 9~ 225 +--- Qnt 1!
2 h 1
17.31.5. jxcothz axdx = %—M +— Insinhax
a a
cothax , 1 ax (ax)’ (=1)"2*" B, (ax)™"!
17.316. | = S et
17317, | dx =P 9 _ |h(psinhax+qcoshax)
2O Erereror vyl e ey n(psinhax + g cosh ax

coth™! ax

17.31.8. J.COt "axdx = —m

+ J. coth"? ax dx



TABLES OF SPECIAL INDEFINITE INTEGRALS

(32) Integrals Involving sech ax

17.32.1. J‘ sechax dx = % tan! e

17322 [sechaxdx = tanh ax

5 _sechaxtanhax 1 .
17.32.3. J‘sech ax dx ==, + 2 tan~' sinhax

1 j(ax)*  (ax)* | 5(ax)° (D" E (ax)*+
17.32.4. fxsechaxdx—a—z{ 5 T g t g T Gnrnaml T
17.32.5. Jx sech? ax dx =M - Lz In cosh ax
a a
sechax , (ax)*  5(ax)*  61(ax)® (-D"E (ax)™
17.326. | —dv=Inx— S g - e

sech”? ax tanhax L 2
a(n—1) n—1

17.32.7. f sech” ax dx = j sech"2ax dx

(33) Integrals Involving csch ax

1
17.33.1. J. csch ax dx =— In tanh a

a 2
17332, [esch® axdx =— coth ax

a
17.333.  [cseh’ avdx =- eschax cothax 1\ h &
2a 2a 2

1 (ax)®*  T(ax)’ 2(=D" (2" = 1B, (ax)*"!

17.33.4. jxcschaxdx_?{ax— o +Teog t TS 4o

xcothax 1

17.33.5.  [xcsch® axdy=— +— Insinhax
a a

Csch ax ~ 1 ax 7(ax)3 (_l)n 2(22n—l _ 1)Bn (ax)2n—l
17336, [ = —dx=—— - + ot Cn-D(2n)!

—csch™? ax cothax _n-— 2
an—1) n—1

17.33.7. j csch™ ax dx = j csch™ 2 ax dx



TABLES OF SPECIAL INDEFINITE INTEGRALS

(34) Integrals Involving Inverse Hyperbolic Functions

17.34.1.

17.34.2.

17.34.3.

17.344.

17.34.5.

17.34.6.

17.34.7.

17.34.8.

17.34.9.

17.34.10.

17.34.11.

17.34.12.

17.34.13.

17.34.14.

. X i X
J‘smh‘1 de = xsinh™ i x2+a?

i oy = 4 9 gt X YA
Ixsmh adx_(Z + 4)smh PR 7
[ 3 L] 5 L] L] 7
ﬁ_(x/a) Jr1 3(x/a) _1 3e5(x/a) b Ikl <a
20303 2040505 2e4e6e7.7
okl 2 2 . 4 2 6
J‘smh (x/a) dr = In*(2x/a)  (alx) +1 3(alx)*  1e3e5(alx) o c>a

X 2 2202 Dededed 204464646

B In2(=2x/a) N (alx)? B 1+3(a/x)* N 1+35(alx)® o
2 222 2ededed 24464646

X xcosh™ (x/a)—~x*> —a?, cosh™ (x/a) > 0
L
Icosh P dx =

xcosh™ (x/a)+x?> —a?*, cosh™ (x/a) < 0

%(sz —a*)cosh™(x/a) - %x\/xz —a?, cosh™(x/a)>0

jx cosh™ X dx =
a

%(sz —a?*)cosh™(x/a)+ %x\/xz —a?, cosh™(x/a)< 0

_[ cosh™(x/a)

2 . 4 . . 6
E dx=i[%ln2(2x/a) L (@ 13y 1+3+5(ak) }

222 204447 2.4.6.6.6 T

+if cosh™ (x/a) > 0, —if cosh™!(x/a) < 0

[ tanh™ %dx = xtanh™ % + %m(a2 —x?)

ax 1
—+

jxtanh" X = —(x?> —a?*) tanh™! X
a 2 2 a

J‘tanh"(x/a)d _X, (xla)®* (x/a)
X YT 32 52

a

Icoth" idx =xcoth™ x +
a 2

In(x? —a?)

aX o _ax 1o, aXx

J-xcoth ~dy =5+ (x* ~a*)coth >
coth(x/a) ,  (a (alx)’  (a/x)

J‘de__(;jL 3 s T

xsech™ (x/a) + asin™ (x/a), sech™(x/a) >0

J.sech’l X dx = {
a

xsech™(x/a)— asin™'(x/a), sech™(x/a) <0

[ escn X dx = xesch Tasinh? S (+ifx > 0,—if x < 0)
a a a
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m+1 m+l
173415, [x” sinh™ = dx = sinh™ & — j — dx
m+1 m+l
cosh™ = cosh™(x/a) >0
x +1 a m+ 1 -[ \/x —a? (x/a)
17.34.16. [ x” cosh™ = dx =
a m+l m+l
cosh™ — J cosh™'(x/a) <0
+1 a m+ 1 \/x —a?
" 4 i xm+] 1 a xm+]
173417, [x" tanh™ Zdv=———tanh™ = - ——— [ ——
m+1 1 xm+l
17.34.18. m coth! X dy= = X
J-x coth adx m+lcoth PR | Jaz—xzdx
m+1 md
. sech' X + N 1 _[ N a sech™(x/a) >0
m a m a
17.34.19.  [x"sech” = dx =
a m+l md
~_sech™ = J al sech™(x/a) <0
m+1 a m+ 1 \/a

m+1

17.34.20. jxm csch™! %dx =2 _csch X (+if x > 0, —if x < 0)

J' "’dx
m+1 a m+1 \/x



1 8 DEFINITE INTEGRALS

Definition of a Definite Integral

Let f(x) be defined in an interval @ = x = b. Divide the interval into n equal parts of length Ax = (b — a)/n. Then
the definite integral of f(x) between x = a and x = b is defined as

18.1. j"f(x)dx=1ir2{f(a)Ax+f(a+Ax)Ax+f(a+2Ax)Ax+.--+f(a+(n—l)Ax)Ax}

The limit will certainly exist if f(x) is piecewise continuous.

If f(x)= j_x g(x), then by the fundamental theorem of the integral calculus the above definite integral can
be evaluated by using the result
b b d b
182, [ fde=] " gx)dr =g = gb) - g(@

If the interval is infinite or if f(x) has a singularity at some point in the interval, the definite integral is called
an improper integral and can be defined by using appropriate limiting procedures. For example,

o b
18.3. j f(x)dx =lim j F(x)dx
184. | fyde=1im[’ fo0dr
b—>o0

18.5. fb f)dx= lin(l) J.b{ f(x)dx if b is a singular point.

18.6. jbf(x) dx = lirr(l) J-}; f(x)dx if ais asingular point.

General Formulas Involving Definite Integrals

187. jb{f(x)ig(x)ih(x)i-.-} dx = j”f(x)dxi jbg(x)dxijbh(x)dxi---

18.8. jhcf(x) dx = cJ.b f(x)dx where c is any constant.
189. [ flx)dx=0
18.10. [ flx)yde=- [ e ax

811 | fwde=[ fode+| fix)dx
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18.12. jbf(x) dx=(b—a) f(c) wherec isbetween aand b.

This is called the mean value theorem for definite integrals and is valid if f(x) is continuous in
a=x=h.

18.13. jb f(x)g(x)dx = f(c)Jh g(x)dx wherec is between a and b

This is a generalization of 18.12 and is valid if f(x) and g(x) are continuous ina = x = b and g(x) = 0.

Leibnitz’s Rules for Differentiation of Integrals

8.4, [ Fe =] des P60 9 - P9 2

Approximate Formulas for Definite Integrals

In the following the interval from x = a to x = b is subdivided into n equal parts by the points
a=xg;Xx,X, ..., X _,x =band we lety, = f(x), y, =f(x), y, = f(x,), ..., ¥, =f(x ), h = (b — a)/n.

Rectangular formula:

b
18.05. [ fO0dr=h(y, +y,+y, ++,)

Trapezoidal formula:

b h
18.16. [ f(x)dx =5 (5 +29,+ 20, 442y, +7,)

Simpson’s formula (or parabolic formula) for n even:

b h
1817, [ f()dx = 3 (5 +4y, + 20, +4yy +o+ 23,5 4y, +3,)

Definite Integrals Involving Rational or Irrational Expressions

18.18. j:ﬁ =

18.19. :xlp:‘f‘ - sin”pﬂ, 0<p<l

18.20. j:xf':dzn - Sin’[r(f:::_;)n i O<m+l<n
18.21. j : 1+ Zx)ccﬂcl)csl%+ X2 sinfmr S;?nmﬁﬂ

18.22.

J'a dx _

0 /az — x? -
a 2

18.23. j Ja? — 2dx = ”Z
0
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a™ T [(m+ D/n]T(p+1)
nC[(m+1)/n+ p+1]

18.24. jo X" (a" — x")Pdx =

~  x"dx =D'wa™="T [(m + 1)/n]

1825 ), v ary = wsinlOn + DanlGr =D Gn+ 1 Jn—r +11

O<m+1l<nr

Definite Integrals Involving Trigonometric Functions

All letters are considered positive unless otherwise indicated.

. 0 m,n integers and m # n
18.26. J sin mx sin nx dx =
0 /2 m,n integers and m =n

0 m,nintegers and m # n

0

18.27. J” COS mx cos nx dx =
/2 m,nintegers and m = n

,[ 0 m, n integers and m + n even
18.28. J sin mx cos nx dx =
0 2m/ (m*> —n?*) m,nintegers and m + n odd

/2 /2
18.29. [“sin"xdv=" cos’ xdx =%

[e3e5--2m—-11m

/2 /2
1 2m — 2m — - —
18.30. jo sin xdx—jo cos*x dx= 3446 om 2 m=1, 2,
2 . 2m+1 — 2 2m+1 — 2'4’62}’” —
1831, [ sinxdr=[" cos xdv={ge sy m=1, 2,
. I'(p)T
18.32. _[0 sin®~! x cos®™ x dx = %
n2 p>0
18.33. j:smxp"dx= 0 p=0
-n/2 p<0
0 p>q>0
18.34. j:wczp 2 0<p<gq

4 p=g>0

o] : npl2 0<p=gq
sin px sin gx

.35. ————dx=

18.35 jo x? ) {nq/2 p=qg>0

qin?
1836 [ La=TF

0 X 2
«l—cospx , 7p
18.37. jo x—zdx = 7
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18.38. jowcos px; COS gx

dx=InZ
P

18.39. Jmcos px —2005 ax . - n'(qz— )
0 X

= COS MX e
18.40. j() m X = %e
<X sin mx
18.41. _[0 el b 5em
«  sinmx T e
18.42. -[0 mdx = 2_02(1 —e )
18.4 J‘Zﬂ dx _ 2
8.43. |, a+bsinx_\/az_bz
JM dx 2z
1844 | G ¥beosx Ja? — b2
Jm dx _cos™'(b/a)
1845. | G¥beosx Ja? — b2
2 dx 2 dx 2ra
18.46. -[0 (a+bsinx)> -[o (a+b cosx)®  (a*>—b>)>"
21 dx 2
18.47. -[0 [“2acosxta® 1 0<a<l
18.48 J’ﬂ X sin x dx B (ﬂ/a)ln(1+a), |a|<1
4. T acosrta =
o1=2acosx+at pynasva),  |a|>1
= cosmxdx  ma" ) _
1849, [ o= @<l m=0,1 2.

- - 1
18.50. JO sinax?dx = JO cos ax’dx = 3 %

1851 [Ninavdv=—n TUnsinge, n>1

- 1
1852 [ cosax'dx=—pT(Unycos, n>1

~sin x ©COS X T

18.53. jo 7 dx—_[o 7 dr =\
«sin x T

18.54. jo o =y 0<P<!
*COS X T

18.55. [ —T-dx= Tcos gy 0 <P<!

o0 2 2
18.56. _[0 sin ax? cos 2bx dx = %,/% (cos % —sin %)
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- 1| b* . b?
18.57. _[ cos ax? cos2bx dx = = x Ccos— +sin—
0 2\ 2a a a

18.58. j:‘“z: Lax= %’T
18.59. j:“i: “dx=%
1860, [ ae=2
1861 |7 Hiﬁ =7

W x 1 1 1 1
18.62. jo sinxdx:z{l_z‘fs_ﬁs_z‘?*”'}

Itan™! x 1 1 1 1
18.63. jo dv= ot
sl
18.64. j(j Smx xdx=%1n2

11—cosx *COS X
1865. [ ———dr— [ —=dx=y

-( 1
18.66. | (sz ~cos x): =y

J»mtan’I px —tan™' gx T.p

18.67. dx=+In
q

0 X 2

Definite Integrals Involving Exponential Functions

Some integrals contain Euler’s constant y= 0.5772156 . . . (see 1.3, page 3).

18.68. I:e‘“‘ cos bx dx = azf——bz
- —ax o3 b

18.69. jo e sinbrdy= ———r

18.70. j:% dx = tan-! g
o p—GX __ p—bx

1871 [T = 1n§
o 1 |m

18.72. jo e =5

* 2 1 N
18.73. _[0 e ™ cosbxdx = E\/ge‘b“/‘“’
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- 1 /it b
—(ax*+bx+c) — (b*-4ac)l4a
18.74. jo e dx = V¢ erfc 2\/5

where erfc (p) = % J.:e”‘zdx
T

e —(ax* +bx+£)dx Ze(h274ac)/4a

T'(n+1)

n+1

18.75.

18.76. "e~dx =

T[(m + 1)/2]

I
Jo
18.77. | xredv=— o=
Jue
Joe

18.78.

~(axr*+blx) = % Ee—zm
\ a

xdx 1 o | L 1 N _r
18.79. 22 42 Tt — 6

n—1

1880. [ S—d r(n)(l,, 21 +3i+)

For even n this can be summed in terms of Bernoulli numbers (see pages 142-143).

~ xdx 1 1 1 1

T
881 | S cmomtE ot

n—1

© X 1 1
18.82. [ ——dr r(n)(l,, 2—n+?—--.)

For some positive integer values of n the series can be summed (see 23.10).

dx = = coth

jm sin mx 1 m L
18.83. s 7 > " am

= 1 Y
18.84. jo(m—e )7_;/

1885, [ % dax=1y

0 X

o 1 e
18.86. | (ﬁ_ - )dx =y

we™® — gmbx 1 b* + p?
twan, [ e (S

o p—GX __ p,—bx b
18.88. | ¢ "¢ x=tan'Z—tan' L
0 XCSCpx p

~e”™(l-cosx) , a )
18.89. jonx—cot a—7In(a®+1)



Definite Integrals Involving Logarithmic Functions

DEFINITE INTEGRALS

18.90.

18.91.

18.92.

iy ds = D! _

Jox (Inx)"dx = ™ m>-1, n=0,1, 2,...
Ifn+0,1,2,...replace n! by I'(n + 1).

1 lnx w?

01+xdx__ﬁ

1lnx w?

-[ol—xdx=_?

18.93.

18.94.

18.95.

18.96.

18.97.

18.98.

18.99.

18.100.

18.101.

18.102.

18.103.

18.104.

18.105.

18.106.

18.107.

Illn(1+x)dx_n'_2

0 X 12

Jlln(l—x)dx__n'_z

0 X 6

1 2
jolnxln(1+x)dx_2—21nz—ﬁ
Ynxin(l—x)dy =2 - %
_[0 nxIn(l—x)dx = ~ 6

«x”Inx )
JO Tox dx=-m*cscprcotpr  O<p<l
lx)ﬂ_xﬂ m+1
J. ———dx=In——-
o Inx n+1

_[:e‘x Inxdx=-y

J.:e’)‘z lnxdxz—g(y+21n2)
w (e*+1] w2
jo ln(—ex _l)dx =

/2 . /2 T
J lnsmxdxzj Incosxdx=——=1In2
0 0 2

3

/2 . ) _ /2 ) _E 2 77:_
jo (In'sin x)?dx = jo (Incosx)*dx = 5 (In2)° + 5

2

Inxlnsinxdx:—n—an
0 2

/2
Jo sinxInsinxdx=In2-1

joz”ln(a+bsinx)dx= Jj”ln(a+bcosx)dx —2xin(a+a’ —b%)

a+\/a2—b2J

I:ln(a+bcosx)dx:nln( 5
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. 2rlna, a=b>0
18.108. j In(a® —2abcos x + b*) dx =
0 2rlnb, b=a>0

/4 T
18.109. jo In(1+ tanx)dx = T In2

dx = l{(cos‘l a)? —(cos™' b)?}
1+acosx 2

18.110. jo”/z sec x In (Hbﬂj

o
18111 | ln(zsm )dx = —(S‘;“ + S”;fa ; )

See also 18.102.

Definite Integrals Involving Hyperbolic Functions

18112, [N gy =" anh 2
0 sinh bx 2b 2b
< COS axX T ar

18.113. -[0 mdx = % sech%
w xdx n?

18.114. ,[0 sinhax _ 4a®

© x"dx 2" -1 1 1
18.115. |, Sinhax — 27 g™ F(n+1){1n+1 T +W+"'}

If n is an odd positive integer, the series can be summed.

«sinh ax T air 1
18.116. jo S dx=gpese -5

=sinh ax 1 = ar
18117 [ =555 cot g

Miscellaneous Definite Integrals

ax bx
18.118. j M = {£(0) - f(=9} ln z
This is called Frullani’s integral. It holds if f’(x) is continuous and J.:M dx converges.
tdx 1 1 1
18.119. | T e

T'(m) T(n)

18.120.  [* (a+x)"(a—x)"dx = 2a)"! T +n)



Section V: Differential Equations and Vector Analysis

1 BASIC DIFFERENTIAL EQUATIONS
and SOLUTIONS

DIFFERENTIAL EQUATION SOLUTION
19.1. Separation of variables
fi(x) 8
X dx + f,(x dy=0 dx+ |2—=dy=c
£ 8,0) dx+£,(0) g,0) dy ITSTaad s
19.2. Linear first order equation

% + p(x)y = 0(x) yel ™ = [gel ™ dx +c

19.3. Bernoulli’s equation

? +P(x)y = Q(x)y" eI _ (- n)j 0™ 4y 4 ¢
X

where v =y, If n = 1, the solution is

Iny=[(Q-P)dr+c
19.4. Exact equation

d
M(x, y)dx + N(x, y)dy =0 M ox + (N—— Max)d =c
Juacs [[n-2 [aron)ay
where dM/dy = ON/ox.

where dx indicates that the integration is to be per-
formed with respect to x keeping y constant.

19.5 Homogeneous equation

& F (2) Inx = dv
dx X

Fv)-v

where v = y/x. If F(v) = v, the solution is y = cx.

+c

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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19.6.

vy F(xy)dx+x G(xy)dy=0

nx— [ CWdv__
v{G(v) - F(v)}

where v = xy. If G(v) = F(v), the solution is xy = c.

19.7. Linear, homogeneous second order

equation
2
Y 0Dy =0
dx? X

a, b are real constants.

Let m,, m, be the roots of m* + am + b = 0. Then there
are 3 cases.
Case 1. m,, m,real and distinct:

— mx myx
y=ce" +c,e™
Case 2. m_, m,real and equal:
mx

— mx
y—cle ! +czxe !

Case3. m =p+gqi, m,=p—qi

y =e"(c, cosgx +c, sin gx)

where p =—a/2, g =+/b—a*/4.

19.8. Linear, nonhomogeneous second
order equation

d’y dy
——+a—+by=R
dx? adx Y x)

a, b are real constants.

There are 3 cases corresponding to those of entry 19.7
above.

Case 1.
—_— Wll.\’ mjx
y=ce" +c,e

mx

e’

+ Je"'”"‘R(x) dx
m,—m,

myx

+

Je"'”sz(x) dx
m, —m,

Case 2.
y=ce" +c,xe™
+ xe™* Je"”“"R(x) dx
—e™ J xe ™ R(x)dx
Case 3.

y =e"(c, cosgx + ¢, sin gx)

PX Qi
+ ¢ smgx ‘[ e ™R(x)cosgx dx

q

px
_ ¢ cosgx I e ™ R(x)sin gx dx
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19.9. Euler or Cauchy equation

a’y dy
YD ipy=s
gy T o thy= (x)

Putting x = ¢, the equation becomes

d2

F+(a 1) +by= S(e")
and can then be solved as in entries 19.7 and 19.8
above.

19.10. Bessel’s equation

2
x2%+x%+(/\2x2 -n?)y=0
X X

y=cJ (Ax)+c,Y (Ax)
See 27.1t0 27.15.

19.11. Transformed Bessel’s equation

+(2p+1)x +(a2 +p4)y=0

. o o,
y=x P{cl.]q/r[ )+c2 Y"/’(r )}

where g =+/p* - B°.

19.12. Legendre’s equation

(1—x)ixf 2x3 +n(n+1)y=0

y=¢P (x)+c, 0 (x)

See 28.1 to 28.48.




0 FORMULAS from VECTOR ANALYSIS

Vectors and Scalars

Various quantities in physics such as temperature, volume, and speed can be specified by a real number. Such
quantities are called scalars.

Other quantities such as force, velocity, and momentum require for their specification a direction as well
as magnitude. Such quantities are called vectors. A vector is represented by an arrow or directed line
segment indicating direction. The magnitude of the vector is determined by the length of the arrow,
using an appropriate unit.

Notation for Vectors

A vector is denoted by a bold faced letter such as A (Fig. 20.1). The magnitude is denoted by IAl or A. The
tail end of the arrow is called the initial point, while the head is called the terminal point.

Fundamental Definitions

1. Equality of vectors. Two vectors are equal if they have the same
magnitude and direction. Thus, A = B in (Fig. 20-1).

2. Multiplication of a vector by a scalar. If m is any real number A
(scalar), then mA is a vector whose magnitude is Iml times the

. . .. . B
magnitude of A and whose direction is the same as or opposite
to A according as m > 0 or m < 0. If m =0, then mA = 0 is called
the zero or null vector. Fig. 20-1

3. Sums of vectors. The sum or resultant of A and B is a vector C = A + B formed by placing the
initial point B on the terminal point A and joining the initial point of A to the terminal point of B as
in Fig. 20-2b. This definition is equivalent to the parallelogram law for vector addition as indicated in
Fig. 20-2c. The vector A — B is defined as A + (-B).

\
/\ /\\\\
N C=A+B c-ALB \j‘»’
/ \//
(a) (%) (c)
Fig. 20-2

Extension to sums of more than two vectors are immediate. Thus, Fig. 20-3 shows how to obtain the sum E
of the vectors A, B, C, and D.



Fig. 20-3
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E- A+B+CHD

(b)

4. Unit vectors. A unit vector is a vector with unit magnitude. If A is a vector, then a unit vector in the

direction of A is a = A/A where A > 0.

Laws of Vector Algebra

If A, B, C are vectors and m, n are scalars, then:

20.1. A+B=B+A Commutative law for addition

202. A+ B+CO)=A+B)+C Associative law for addition

20.3. m(nA) = (mn)A = n(mA) Associative law for scalar multiplication
20.4. (m+n)A=mA +nA Distributive law

20.5. m(A+B)=mA +mB Distributive law

Components of a Vector

A vector A can be represented with initial point at the
origin of a rectangular coordinate system. If i, j, k are unit
vectors in the directions of the positive x, y, z axes, then

206. A=Aji+Aj+Ak

where A li, Azj, A K are called component vectors of A in
the i, j, k directions and A, A,, A, are called the components
of A.

Dot or Scalar Product

20.7. A*B=ABcos 0 0=06=nrn

where 0 is the angle between A and B.
Fundamental results follow:
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208. A-B=B-A Commutative law
209. A-B+C)=AB+A-C Distributive law
20.10. A+B =AB +AB,+AB,

where A=Ai+A,j+AKk B=Bji+B,j+Bk.

Cross or Vector Product

20.11. AXxB=ABsin 6u 0=06=r

where 01is the angle between A and B and u is a unit vector
perpendicular to the plane of A and B such that A, B, u form
a right-handed system (i.e., a right-threaded screw rotated
through an angle less than 180° from A to B will advance
in the direction of u as in Fig. 20-5).

Fundamental results follow:

i J k
20.12. AxB=|A A A B
Bl BZ B3 2
=(A,B,— A,B,)i+(AB —AB,)j+(AB,—AB )k Fig. 205
20.13. AXxB=—-(BxA)
20.14. AXB+C)=AxB+AxC
20.15. |A x B| = area of parallelogram having sides A and B
Miscellaneous Formulas Involving Dot and Cross Products
A A A
2016. A-(BxC)=|B, B, B,|=AB,C,+ABC, +ABC,-ABC —ABC,-ABC,
¢ ¢ C,

20.17. |A « (B x C)| = volume of parallelepiped with sides A, B, C
20.18. AXxBxC)=BA-C)-C(A-B)

20.19. AxXxB)xC=BA-C)-AB-C)

20.20. (AXB)+(CxD)=(A-CO)B*D)-(A-D)B-0C)

2021. (AXB)X(CxD)=C{A+(BxD)}-D{A «(BxC)}
=B{A +(CxD)} —A{B+(C xD)}
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Derivatives of Vectors

The derivative of a vector function A(u) = A, (w)i + A,(u)j + A,(wk of the scalar variable u is given by

2022, A _ o, AwtA)—AGW _ %i+ﬂj+ﬂk
du A0 Au du du du

Partial derivatives of a vector function A(x, y, z) are similarly defined. We assume that all derivatives exist
unless otherwise specified.

Formulas Involving Derivatives

2023. L (A.B=A. B A g
du du du
20.24. —(AxB)_A><§+%><B
du du
20.25. —{A (BxC)}—d Boclra-|BxE
du du
2026. A.9A_ 4 9A
du du
20.27. dA:O if | A] is a constant

" du

The Del Operator

The operator del is defined by

0 .0 0
2028. V= 'a_+"$+ka_z

In the following results we assume that U= U(x, y, z), V= V(x, y, 2), A = A(x, y, z) and B = B(x, y, 7) have
partial derivatives.

The Gradient

20.29. Gradient of U=grad U =VU = 1i+3 4 +ki U=a—Ui+ U, U
ox “dy oz

The Divergence

20.30. Divergence of A=divA=V+A = ii+ji+ki «(Ai+A j+ AK)
o dy oz 1 2 3

A 04, 0A

3

" oy %
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The Curl
20.31. Curlof A=cul A=VxA
.d .0 0 . .
= 1$+J$+ka—ZJx(AI1+A23+A3k)
i j Kk
_|9 9 9
Clox 9y oz
Al AZ A3
A, 0A,). (oA 0A,). (04, oA
=] —— _ 2 _ 1 k
o % ”(az o P T

The Laplacian

o*U N U N o*U
ox: oy 972
J’A + J’A N d’A
ot 9y o2

20.32. Laplacian of U=V*U =V «(VU)=

20.33. Laplacian of A =V?A =

The Biharmonic Operator

20.34. Biharmonic operator on U = V*U = V*(V?U)
_d'U  d'U  d'U ‘U ‘U

‘U

ox* * oy* * oz* 2

Miscellaneous Formulas Involving V

2 2
oy oo | oo

2035. VU+V)=VU+VV

20.36. V.(A+B)=V.A+V.B

2037. Vx(A+B)=VxA+VxB

20.38. V.(UA)=(VU)+A+U(V-A)

20.39. VxXUA)=(VU)xA+UVxA)

20.40. V+(AxB)=B+(VxA)—A-+(VxB)

2041. VX(AxB)=B:V)A-B(V+A)—(A:V)B+A(V-B)
2042. V(A+B)=B-:V)A+(A+V)B+Bx(VxA)+Ax(VxB)
20.43. Vx(VU)=0, thatis, the curl of the gradient of U is zero.
20.44. V.(VxA)=0, thatis, the divergence of the curl of A is zero.

2045. Vx(VxA)=V(V+A)-V2A
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Integrals Involving Vectors

If Aw) = di B(u). then the indefinite integral of A(u) is as follows:
u

20.46. J.A(u)du =B(u)+c, ¢ = constant vector

The definite integral of A(u) from u = a to u = b in this case is given by

20.47. Lb A(u)du = B(b) - B(a)

The definite integral can be defined as in 18.1.

Line Integrals

Consider a space curve C joining two points P (a,, a,, a,) and
P,(b,, b,, b,) as in Fig. 20-6. Divide the curve into n parts by Py
points of subdivision (x, y,,z,), ..., _,,¥, .2, ). Then the )/’_4_,~C/‘//
line integral of a vector A(x, y, z) along C is defined as

P L%
20.48. I(_A.d,-:L’I'A.dr:m%A(xp,yp,zp).Arp

Fig. 20-6

where Ar, = Ax i+ Ay j+Az K, Ax, =x,,, —x Ay, =y,,— Y,
AZ =2,,7%, and where itis assumed that as n — oo the largest
of the magmtudes |Ar | approaches zero. The result 20.48 is a
generalization of the ordmary definite integral (see 18.1).

The line integral 20.48 can also be written as

20.49. LA odr = JC (Adx+Aydy+ A, dz)

usingA=Aji+Aj+AKk and dr = dxi + dyj + dzk.

Properties of Line Integrals

20.50. ["Aedr=- j A«dr

P

20.51. J;A.drzj:A-dr+j:Aodr

Independence of the Path

In general, a line integral has a value that depends on the particular path C joining points P, and P, in a region
9%R. However, in the case of A=V¢ or V x A =0 where ¢ and its partial derivatives are continuous in R, the
line integral JC A«dr is independent of the path. In such a case,

20.52. [ Avdr= j:A « dr = ¢(P)— $(P)

where @(P)) and ¢(P,) denote the values of ¢ at P, and P,, respectively. In particular if C is a closed curve,
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20.53. LA.drzgscA.drzo

where the circle on the integral sign is used to emphasize that C is closed.

Multiple Integrals

Let F(x, y) be a function defined in a region R of the d G
xy plane as in Fig. 20-7. Subdivide the region into n s, = - T
. .1 ’ pa N
parts by lines parallel to the x and y axes as indicated. Azy Ay g N
Let AA = Ax Ay denote an area of one of these parts. Yot -~ N
Then the integral of F(x, y) over R is defined as Yp L — / [~ \
/ R }o
n Pk |
20.54. Fx — 1 !
,Y)dA=1lim ) F(x ,y JAA P X
JQ{ ,14»0; ); ); p c»_!_______l__]___}w)/ |
provided this limit exists. : : ! H 1 z
In such a case, the integral can also be written as ¢ Tp Fpt1 b

b L® Fig. 20-7
20.55. j J‘y:fl(x)F(x, y)dy dx '

P e

where y = f,(x) and y = f(x) are the equations of curves PHQ and PGQ, respectively, and a and b are the x
coordinates of points P and Q. The result can also be written as

20.56. d gy _ d 8,(»)
[, Faydvdy=] J[" " Fex.y)dxidy
where x = g,(y), x = g,(y) are the equations of curves HPG and HQG, respectively, and ¢ and d are the y
coordinates of H and G.

These are called double integrals or area integrals. The ideas can be similarly extended to triple or volume
integrals or to higher multiple integrals.

Surface Integrals

Subdivide the surface S (see Fig. 20-8) into n elements of area
ASP, p=12,...,n, Let A(xp,yp,zp) = AP where (xp, Y, zp)
isapoint Pin AS . Let N be a unit normal to AS at P. Then
the surface integral of the normal component of A over S is
defined as

n

20.57. [ A-NdS=lmY A+ N AS,
n%wpzl - TR

Fig. 20-8
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Relation Between Surface and Double Integrals

If R is the projection of S on the xy plane, then (see Fig. 20-8)

dx dy

20.58. ISA-NdS=J%fA-N|N.k|

The Divergence Theorem

Let S be a closed surface bounding a region of volume V; and suppose N is the positive (outward drawn)
normal and dS = N dS. Then (see Fig. 20-9)

20.59. J'Vv.Ade_[sAodS

The result is also called Gauss’ theorem or Green’s theorem.

]

Fig. 20.9 Fig. 20-10

Stokes’ Theorem

Let S be an open two-sided surface bounded by a closed non-intersecting curve C(simple closed curve) as
in Fig. 20-10. Then

20.60. Sf>cA’dr= L(VXA) . dS

where the circle on the integral is used to emphasize that C is closed.

Green’s Theorem in the Plane

00 oP

20.61. = | =-=

0.6 Sf)C(Pa'x+Qdy) -[R(ax ay)dxdy

where R is the area bounded by the closed curve C. This result is a special case of the divergence theorem

or Stokes’ theorem.
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Green’s First Identity

2062. [ {(pV2y+(V)=(Vy)aV = [(9Vy) « dS

where ¢ and y are scalar functions.

Green’s Second Identity

20.63. [ (9Vy -y V:9)av =] @Vy-yVe) - dS

Miscellaneous Integral Theorems

20.64. jVVxAdv = .[stXA

20.65. jc¢dr = LdeV¢

Curvilinear Coordinates

A point P in space (see Fig. 20-11) can be located by
rectangular coordinates (x, y, z,) or curvilinear coordinates
(ul, u,, u3) where the transformation equations from one
set of coordinates to the other are given by

uz curve

20.66. x = x(ul, u,, u3)

y =y, u,, u,)

z=z(u, u,, u,)

If u, and u, are constant, then as u, varies, the position
vector r = xi + yj + zk of P describes a curve called
the u, coordinate curve. Similarly, we define the u, and
u, coordinate curves through P. The vectors dr/du,,
or/du,, dr/du, represent tangent vectors to the u,, u,,
u, coordinate curves. Letting e , €,, €, be unit tangent
vectors to these curves, we have

Fig. 20-11

or or or
20.67. a_ul = hlel, a_l,{2 = hzez, a_m = h3e3
where
or or or
20.68. h =|—1|, =|—], =|—
' ou, > |ou, > | ou,

are called scale factors. If e , e,, e, are mutually perpendicular, the curvilinear coordinate system is called
orthogonal.
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Formulas Involving Orthogonal Curvilinear Coordinates

20.69. dr= a%rdul + aBTr du, + aBTr du, = h due, +h.du, e, +hdu,e,

1 2 3

20.70. ds® =dredr =h}du} +h; du; +h; du;

where ds is the element of are length.
If dV is the element of volume, then

2071 dV =|(he du,)e(h,e,du,)x (he.du,)| = hhh, dudu,du,

or ar or (x,y,2)
-— du, du, du, =|=—————|du, du, d
au u, au a(u U, u,) thy € 4y
where
o ) Ox/du,  0x/du, Ox/ou,
X, ¥,Z :
20.72. ———=——— =09yl / /
S, w1t dyldu,  dylou, Ay/du,

dz/0u, 0z/du, Oz/du,

sometimes written J(x, y, z; u,, u,, u,), is called the Jacobian of the transformation.

Transformation of Multiple Integrals

Result 20.72 can be used to transform multiple integrals from rectangular to curvilinear coordinates. For
example, we have

d(x,,2)
(u U, Uy, 3)

where R’ is the region into which % is mapped by the transformation and G(u,, u,, u,) is the value of F(x, y, z)
corresponding to the transformation.

20.73. J.[IF(x,y,z) dxdydz = J. f J.G(Ml, u,, u,) du, du, du,

Gradient, Divergence, Curl, and Laplacian

In the following, ® is a scalar function and A = A e, + A,e, + A.e, is a vector function of orthogonal curvi-
linear coordinates Uy Uy Us.

2074, Gradient of ® = grad d = V= 1 9L, & 9P & 0O
h ou, ~ h, du, h, du,
|
ik

17273

20.75. Divergence of A=divA=V.A=

|:i(h A)+ ( A)+ (h A3):|
du,

hlel h2e2 h3e3
R
hhh, | Ou — Odu, du,
A~ hA, hA,

1|0 d 1
o A o = o

1
+ﬁ[_(hA )—— (h ):|e3

20.76. Curlof A=cul A=VxA=
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h,h h.h hh
20.77. Laplacian of ® =V?® = L |9 [Rh o0 +i s, 00 +i hh, 00
hhh |ou\ h ou | u,\ h, ou,) Ju,\ h, Ou,

Note that the biharmonic operator V*® = V2(V2®) can be obtained from 20.77.

Special Orthogonal Coordinate Systems

Cylindrical Coordinates (7, 6, z) (See Fig. 20-12)

20.78. x=rcos 6, y=rsin 6, 2=z

2079. h2=1, R2=r% k=1

2 3

rO 100 1070 30
ar? r or r* 00> 97?

20.80. V@ =

€

Co
(r, 6,2)

-

AT

X

Fig. 20-12. Cylindrical coordinates. Fig. 20-13. Spherical coordinates.

Spherical Coordinates (7; 6, ¢) (See Fig. 20-13)

20.81. x=rsin Ocos ¢, y=rsin 0sin ¢, z=rcos 0

20.82. K2 =1, h:=r*  hl=r’sin>0

2
] 1 a(. E)@) 1 ®
+ sin@— |+

19(, 0
2083, vp- L9 _1 9 _1 oo
: (r rsing 90" 90 ) rsin’6 0¢?

dr

Parabolic Cylindrical Coordinates (u, v, 7)

20.84. x=1Ww-v»), y=uv, z=¢z

20.85. Ml =h;=uw+v>, k=1

2086, Ve ! [ana ana) 02®

+ +
u>+v2\ ou?  h? 07>

The traces of the coordinate surfaces on the xy plane
are shown in Fig. 20-14. They are confocal parabolas Fig. 20-14
with a common axis.
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Paraboloidal Coordinates (i, v, @)

2087. x=uvcos¢, y=uvsing, z=2I(@u?*-v?)

where u=0, v=0, 0=¢<2rm

20.88. 12 =h=u+07,

1 0
20.89. V:p=—— —
u(u? +v?) du

)L 1 v
ou ) vw®+v?)dv\ v ) uPv? 9¢>

Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig. 20-14 about the x axis
which is then relabeled the z axis.

Elliptic Cylindrical Coordinates (u, v, z)

20.90. x=acoshucosv,

y=asinhusinv, z=z

where u=0, O0=v<2m, —oo<z<00

2091. A’ =h] =a*(sinh® u+sin’ v), h:=1

2092. Vi 1

3

"~ a2(sinh? u + sin? v)

R N BRL) + 9*D
u> o’ 072

The traces of the coordinate surfaces on the xy plane are shown in Fig. 20-15. They are confocal ellipses

and hyperbolas.

A

o
v v = 3n/2 )

Fig. 20-15. Elliptic cylindrical coordinates.
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Prolate Spheroidal Coordinates (&, 1, ¢)

20.93. x=asinh&sinncosg, y=asinhésinnsing, z=acosh&cosn

where E=z0, O

A

n=r, 0=¢<2r

20.94. h’=h}=a’(sinh? Esin® 1), h? = a* sinh* Esin®

1 )

0P
e .
2095, Vib= a*(sinh? &+ sin® n)sinh & 9& (smhf aé)

1 . 1 0°®
+ — — |+
a’(sinh? & +sin® i) sinn dn (sm " an) a’sinh? &sin? 1 0¢?

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 20-15 about the x axis which
is relabeled the z axis. The third set of coordinate surfaces consists of planes passing through this axis.

Oblate Spheroidal Coordinates (£, 7, ¢)

20.96. x=acosh&cosncosy, y = acosh & cos n7sin ¢, z=asinh&sinn
where E=0, —aR=n=n2, 0=¢<2n
20.97. h’=h}=a’(sinh*> & +sin® n), h? = a* cosh® {cos’

1 )

oP
2 — _
20.98. Vi = a*(sinh? & + sin® i) cosh & & (COShé ag)

+ ! —| cos 9@ + ! 0*®
a*(sinh? £ +sin®> 1)) cos 1 I K on ) a®cosh?cos® n 0¢>

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 20-15 about the y axis which
is relabeled the z axis. The third set of coordinate surfaces are planes passing through this axis.

Bipolar Coordinates (1, v, 7)

asinhv asinu
20.99. x= , Y= , 2=12Z
coshv —cosu coshv —cosu
where O0=u<2m, -—-oo<v<oo, —oo<z< oo
or

20.100. x>+ (y—acotu)* =a*csc’u, (x—acothv)®+y?=a’csch’v, z=z
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2
20101, R =n=—2% p2=1
L' 2 (coshv—cosu)? 3

— 2 (2 > )
20102, V2 = (coshv—cosw) [aq> aq)) PER

+
a? u?>  ov? 07>

The traces of the coordinate surfaces on the xy plane are shown in Fig. 20-16.

Fig. 20-16. Bipolar coordinates.

Toroidal Coordinates (i, v, ¢)

20.103. _ asmhvcosq)’ _ asinhvsin ¢ ’ _ asinu
coshv —cosu coshv —cosu coshv —cosu
20.104. H2=h2= a—z 2 _ M
"2 (coshv—cosu)?’ 3 (coshv —cosu)?
_ 3
20105, V20— (coshv —cosu) i 1 82
a? ou | coshv—cosu du

(coshv —cosu)? i sinhv B_CD (coshv —cosu)? 9*°®
a’sinhv  dv\ coshv—cosu dv a’sinh’v  d¢?

The coordinate surfaces are obtained by revolving the curves of Fig. 20.16 about the y axis which is
relabeled the z axis.

Conical Coordinates (4, 1, v)

2 2\(2 A2 2 1av2 2
20.106. x =2 y:&\/(“ )" —a’) ZZA\/(L& b’ = b*)
ab a a? - b? b b2 —a?

W= /\2(.”2 _Vz)

X —v?)
20107. n2=1, K =
3 (Vz _az)(vz _ b2)

1 ST o)
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Confocal Ellipsoidal Coordinates (4, , v)

[ 2 2
X Z
Y =1, A<t <b? <a?

20.108.

2
X y z
+ + =1, < u<b*<a?

2
X Z
Y + =1, ct<b’<v<a?

20.109.

20.110.

h2_

[, _ (@ - M@ —p)@® —v)

(a* —b)a? —c?)

L _ (02 = N0 — p)b* )
(bz —612)(612 _CZ)

s _ (@ =)~ e —v)
(2 —a?)(c? — b?)

(==
b A(a® = (B = M) =)

PR ey 1 (ST )
P A - Wb - p)(et - )

A=v)u—-v)

2 —

[0 4@ =) =) —V)

Confocal Paraboloidal Coordinates (4, i, v)

20.111.

20.112.

20.113.

[ x2 h? )
cﬂ——A+lyz——A:Z_A’ —co< A< b
x2 2
2 + Zy
at—-u b*-u
x2 y2
+
la’—v  b*—v

or

=z—-U, b*<u<da?

=z-v, a’> <y <oo

o (@ =M@ =@ =)
b2 — a2

L _ (7 =) — b —v)
at —b?

Z=A+u+v—-a’->b?

PRERNCERN,

L 4@ = )b =)

P U )
PA@ - -
o A=vE-v)

| 16(a® —v)(b* —V)




Section VI: Series

2 1 SERIES of CONSTANTS

Arithmetic Series

21.1. a+(a+d)+(a+2d)+--+{a+(n-Dd}=4in{2a+(n-Dd}=%n(a+1)
where [ = a + (n — 1)d is the last term.

Some special cases are

21.2. 1+2+3+-+n=%tnn+1)

213. 1+3+5+--+(2n—-1)=n?

Geometric Series

all—r") a-rl

214. a+ar+ar’+ar*+--+ar =
1-r 1-r

where [ = ar™ ! is the last term and r # 1.

If —1<r<1,then

a

21.5. a+ar+ar*+ar’+---= =

Arithmetic-Geometric Series

e _ n—1 _ n
216, a+(a+dyr+(a+2d)r +o+ {at (D) = 2= rdll=nr + (= D)

1-r (1-r)?

where r#1.

If —1<r<1,then

2y 4

21.7. a+(a+dyr+(d+2d)r*+ =17 + a=r7
Sums of Powers of Positive Integers
8. 1742043 bty =y L BV Bp(p=Dp= 2

e p+1 2 21 41

where the series terminates at n* or n according as p is odd or even, and B are the Bernoulli numbers (see
page 142).

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.
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Some special cases are

21.9. 1+2+3+~-+n=n(n2+1)
.10. —
2 2
21.11. 13+23+33+--~+n3=@=(1+2+3+~-~+n)2
n(n+1)2n+1)(3n*+3n-1)

4 4 4.4 ... 4 _
21.12. 1*+2*+3*+---+n 30

If S, =1+2%F+3%+..-4+n* where k and n are positive integers, then

21.13. (k;”) Sl+(k;1)sz+-~-+(k;1) S, =+ D —(n+1)

Series Involving Reciprocals of Powers of Positive Integers

1 1

2014, 1-5 4 %+§_...=m2

21.15. 1—%+%_%+%_...=%

2016, -4yt g = 4 1in2
2117 1_é+%_1_+%_...=”f+ﬁln(fx/i)
(Y RT  GASE E s S A Y
21.19. %+%+%+%+...=%2

21.20. 1i4+21—4+%+%+...=79f_8

21.21. %+%+%+%+...=%

21.22. %—%+%_%+...=%

21.23. %—%Jr%_%Jr...:;_%

21.24. %—%+%_%+...=%
21.25. 1l2+%+51_2+%+...=%2

21.26. 1i4+%+%+%+.‘.=g_;



21.27.

21.28.

21.29.

21.30.

21.31.

21.32.

21.33.

21.34.

21.35.

21.36.

21.37.

21.38.

SERIES OF CONSTANTS

LU S SR U Al

10736 T35 T 76 ~ 960

LIS UV N P

Fo3F s 732

1 L_L_i+--—3”3\/§

P73 57 128

L SRR S S

1.3 3.5 5.7 7‘9 _2

! + ! + ! + ! +-'—E

1.3 2.4 305 4’6 _4

12.37 732,57 T 522 T P9r T T T 6
1 N 1 + 1 +,,._w

P23 T T3 T TG

a a+d a+2d a+3d " T o 1+ul

111 2ria’’B,

taEm tm Tt T T

L1 (2 -Dr*’B,

[ A 16 T [

111 (2 -D7*’B,

(R E S 7
1 1 1 1 B n.2p+1Ep

12771 7 32pH0 T g2pH T g2pil +m_22"+2—(2p)!

Miscellaneous Series

21.39.

21.40.

21.41.

21.42.

21.43.

21.44.

1 sin(n+12)x
—+coso+cos20+---+cosnet = ————
2 2sin(a/2)
. . . . sin[1/2(n + D]asin1/2no
sino +sin2a +sin 3 + -+ -+ sinno = -
sin(o/2)
1-rcosa
1+rcosa +r*cos2a+r3cos3o+--- =—F—,Irl<l
1-2rcosoa+r
. . . rsino
rsino +r*sin2o+r3sin30+---= Irl<1

T 1=2rcosa+7?’

r"2 cosnot—r**! cos(n+1)or — rcoso +1
1-2rcosa +r?

1+rcosa +r2cos20+---+r" cosna =

rsino—r*'sin(n+ 1) o + r"*? sinnoe

rsino +r2sin2a+---+ " sinno = 5
1-2rcosa+r
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The Euler-Maclaurin Summation Formula

2045, 3 F(k) = [ Fllodk— 5 (F(0) + F()

1 1
+ 55 (F/ ()= F(0)} = 2 (F”" () = F/(0)}

1 1

() . 2lQY)] -
*30.2490 UF (M= F (O} = 1555600

{F(vii) (n) _ F(vii) (0)}

B
+.. .(_1)1)71 (2_;)' {F(erfl) (n) _ F(Qp’”(O)} + ...

The Poisson Summation Formula

21.46. i F(k) = i {Jwez””mF(x)dx}

o
k=—c0 m=—co



2 TAYLOR SERIES

Taylor Series for Functions of One Variable

A e C) Gl O ™

221 f()=f@+ f(@)x-a)+ n—1)! "

+ -

[ (@)x—a)’
2!

where R , the remainder after n terms, is given by either of the following forms:

(n) — n
22.2. Lagrange’s form: R = SO —a)

n!
epe o SO = (x—a)
22.3. Cauchy’s form: R = =11

The value &, which may be different in the two forms, lies between a and x. The result holds if f{x) has
continuous derivatives of order n at least.

If lim R =0, the infinite series obtained is called the Taylor series for f{x) about x = a. If a = 0, the series
is ofte};rgalled a Maclaurin series. These series, often called power series, generally converge for all values of x
in some interval called the interval of convergence and diverge for all x outside this interval.

Some series contain the Bernoulli numbers B, and the Euler numbers E defined in Chapter 23, pages
142—143.

Binomial Series

nn-1 , , nm-1n-2)
2r 4 F 31 a

— N n n—1 n n-2,.2 n n-3,.3
=da +(1)a x+(2)a X +(3)a X"+

Special cases are

224. (a+x)'=a"+na"'x+ n3y3 4

22.5. (a+x)*=a*+2ax+x?

22.6. (a+x)*=a®+3a’x+3ax>+x3

22.7. (a+x)* =a*+4a’x+6a’x? + dax® + x*

228. (+x)'=1l-x+x>=-x*+x*—-- —-1l<x<l1

229, (A+x)2=1-2x+3x2—4x>+5x*—--- —-1l<x<l1

22.10. (1+x)°=1-3x+6x2—-10x>+15x* —--- —-1l<x<l1
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1 13 1¢3.5
12 _1_ =& 2 _ 3 _ =
2211. (1+x)"*=1 2x+2.4x 2.4.6x+ I<x=1
212, (40 =l+ iyt e 103 o “1<x=1
e 2 24 2446 -
1 1+4 1ed4e7
13 _1 _ 2 _ 3 _
22.13. (1+x)'" =1 3x+3.6x 3.6.9x+ I<x=1
1 2 25
3 _ 2 2 3_ _ =
22.14. (1+x) —1+3x 6" +3.6.9x I<x=1
Series for Exponential and Logarithmic Functions
x2 X3
22.15. e*:1+x+j+?+ —o < X< o0
2 3
22.16. a":e"‘"“:1+xlna+(XI121'a) (XI;Q) —co< X< oo
x2 x* Xt
- — 4 4. — =
22.17. In(l+x)=x 2+3 4+ l<x=1
ll 1+_x - +X_3+£+£+
22.18. T Sl R TR —l<x<l1
3 5
x—1 1(x-1 1(x-1
22.19. 1nx_2{(x+l)+§(x+l) +§(x+1) +} x>0
N 1fx=1) 1(x-1Y) 1
22.20. lnx=(x_ }L—(x_ ) +—(x_ ] + ==
X 20 x 30 x 2
Series for Trigonometric Functions
. 3 xS x7
22.21. smx-x—§+§—?+-- —oo<L x <o
x2  x* x°
22.22. cosx=1—5+z—a —ooL ¥ < oo
3 2 5 17 7 22n 22n_1B 2n-1
22.23. tanx=x+%+%+3—lxs+~-- ( (2n))‘ fad +-- le<%
x x* 2x 22 B x>
2224, cotx= —g—E—%—S—“'—W—“' O<lxl<m
x> 5x*  61x® E x*" T
22.25. SCCX—1+7+W+W+ +m+' |X|<§
1 x 7x° 31x° 22> =B x>
22.26. CSCX—;'l‘g'i‘m'i‘m'i‘"' (21’!)' O<lxl<m
1x3 13 x% 13¢5 x’
.7] fr — — — — “ee
22.27. sin x—x+23+2.45+2.4.67+ Ixl<1
SN JRPTE J (N S L S
22.28. cos X=5=sinTx=5 (x+23+2.45+ [xl<1



X
22.29. tan'x= 35 7

TAYLOR SERIES

Ixl<1

+ifx=1, - ifx=-1)

2 x 3x 5x°
T x X
T 5— x—?-k?—--- Ixl<1
22.30. cot’1x=5—tan"x=
1 1 . .
pr ;_§+§—.-- (p=0ifx>1, p=1lifx <—-1)
_ B T 1 1 1-3
22.31. sec”'x=cos '(1/x)=5—(;+2.3x3+2.4.5x5+---) [xI>1
22.32 csc“x—sin“(l/x)—l+ ! + L3 e
oo X 243 2ede5 lxl>1
Series for Hyperbolic Functions
. x} 5 X7
22.33. s1nhx—x+§+§+ﬁ+--- —ooL x < oo
x2  x* x®
22.34. coshx=1+2—!+4—!+a+ —ooL X < oo
x3 2x5 17x7 (_l)n—122n (22r1 _ l)B x2n—l T
35. x-S n Ixl<=
22.35. tanhx=x 3+15 315 @] X 3
B 1 x x3 2x5 (_l)n—122)anx2n—1
22.36. cothx—;+§—5+945 T O<lxl<m
_ox? 5xt 6lx° (-D"E x*" T
22.37. sechx—1—7+ 24—720+-- )] |x|<§
- b _l_£+7_xS_ 31)65 (_1)712(22)1—1_I)anZ)l—l
38, eschx =" =9+ 360 15,120 ! O<lxl<m
x3 1¢3x° 1e3¢5x7
Xx— + - +- lxl<1
ih- x = 203 2ed4e5 2ede6e]
22.39. sm 1 13 13¢5 +ifx =1
| Inl2x 1+ - + — .
2e2x2 2ededx* 2e446¢6x° —ifx=-1
| 13 13¢5 +if cosh'x>0,x =1
o . h_l :il 2 - + + +eee 3 s
2240. - coshx {n( ) (2.2x2 2ededx' 2ede6e6x° )} [—1fcosh1x<0,x§1}
x3 x> X’
-1 — A R -
22.41. tanh'x=x+ 3+5 +7+ Ixl<1
1 1 1 1
-1 — ..
22.42. coth x=_tagtssto ot lx1>1
Miscellaneous Series
sinx xz )C4 x5
2243. e —1+X+7—?—E+'“ —oco X < o0
2 4 6
22.44. ecosx=e(1—x—+x——31x +) oo x <00

2 6



TAYLOR SERIES

2

e x2  x3 3x* K
22.45. " _1+x+7+7+T+--- le<2
3 5 6 nl/2 o3 n
22.46. e"sinx=x+x2+x——x——x—+---+w+m —oo< x < o0
3 30 90 n!
x3 x4 22 cos(nm [ 4)x"
2247. e*cosx=l+x———-—"—"F+--+ +--- —oo< x < 00
3 6 n!
. xZ x4 x6 2211—anx2n
22.48. lnlsmxl—lnlxl—g—m—zg?’s—---— )] +--- O<lxl<m
x2 x* x5 1748 227122 —1)B, x*" T
22.49. hl|COSX|——T—E—B—ZSZO—“'— n(2n)‘ |X|<7
xz 7X4 62x6 22:; (22n—| _ 1)an2n T
22.50. mltanx'_IHIXI+T+9_O+2835+"'+ (2] +-- 0<|x|<§
22.51. w=x—(l+%)x2+(l+%+%)x3—--- Ixl<1

Reversion of Power Series

Suppose

2252, y=Cx+C,x* +Cx* +Cx* +Cx* + Cx® + -

then

2253, x=Cy+C,y* +Cy° +C,y* +C;y° +C,y° +---

where

2254, ¢C =1

22,55, ¢/C,=—c,

22.56. ¢]C,=2c; —cc,

22,57, ¢/C, =5¢,c,c,—5¢3 —clc,

22.58. ¢)C, =6c}c,c, +3cic —cjes +14c; —21ecic,y

e 7.3 3 3 _ 20 2 A 2.2, _ 5
22.59. ¢|'C,="cjc,cs +84c,cic, +Tcjcie, —28¢ic,c5 —¢fcg — 28cc5¢, — 42¢;

Taylor Series for Functions of Two Variables

22.60. f(x,y)=f(a,b)+(x—a)f (a,b)+(y—b)f (a,Db)

1
+ ol —a) £ (a,b)+ 2(x —a)y = D), (a,b) + (y=b)* f,, (@, b)} +--

where f (a,b), fy(a, b), ... denote partial derivatives with respect to x, y, ... evaluated at x = a,y = b.



23 BERNOULLI and EULER NUMBERS

Definition of Bernoulli Numbers

The Bernoulli numbers B,,B,,B,,...

X x Bx* Byx* Byx°

o x Bx* Bx' Bjx°
232, Ity ==t Ter *

Definition of Euler Numbers

o1 272 e et

are defined by the series

Ixl<2m

lxl<m

The Euler numbers E |, E,, E, ... are defined by the series

Ex* E,xx* Ex°
20 TTaT T el
Ex* E,x* Ex°
2 TTar e F

23.3. sechx=1-

234. secx=1+

T
+o dxl<=

T
x| <+

2

2

Table of First Few Bernoulli and Euler Numbers

Bernoulli Numbers

Euler Numbers

B, =1/6
B, =130

B, =1/42

B, =130

B, = 5/66

B, = 6912730

B, =7/6

B, = 3617/510

B, = 43,867/798
B,, =174,611/330
B, =854,513/138
B,, = 236,364,091/2730

E, =2,702,765
E, =199,360,981

E, =19,391,512,145

E, =2,404,879,675,441

E,, =370,371,188,237,525

E,, = 69,348,874,393,137,901

E,, =15,514,534,163,557,086,905




BERNOULLI AND EULER NUMBERS

Relationships of Bernoulli and Euler Numbers

23.5. (2”; 1) 2B, - (2” N 1) 24B, + (2"6+ 1) 20B, — (=) (2n+1)2>" B, = 2n

236. E, = (22”) E, - (24”) E, ,+ (26”] E, _,— (1)

_ 2n 2n—1 2n—-1 2n—1 -
23.7. Bn_22n(22n_1){( 1 )En—l_( 3 )En—2+( 5 )En_g_“'(_l) }

Series Involving Bernoulli and Euler Numbers

2n)! 1 1
23.8. B":W I+ ot

22}1 32n
202! 11
23.9- Bn - (22" — l)n_zn {1+ 32;1 + 5211 + }
__em 1 1
BA0. B, = {1 55t 3 }
22n+2 (2n)! 1 1
23.11. E,, = n_z,Hl {1 - 32n+1 + 52n+l - }

Asymptotic Formula for Bernoulli Numbers

23.12. B, ~4n*(me)y*"'\rmn



4 FOURIER SERIES

Definition of a Fourier Series

The Fourier series corresponding to a function f(x) defined in the interval ¢ = x = ¢+ 2L where ¢ and
L > 0 are constants, is defined as

7N nmwx . nTX
24.1. 2+Z(ancos 7 +b, sin L)

n=1

where

24.2,

c+2L

JHZL (x)cos xdx
f f(x)sm

t~|~hl

If f(x) and f’(x) are piecewise continuous and f(x) is defined by periodic extension of period 2L, i.e.,
f(x + 2L) = f(x), then the series converges to f(x) if x is a point of continuity and to +{f(x + 0)+ f(x — 0)} if
x is a point of discontinuity.

Complex Form of Fourier Series

Assuming that the series 24.1 converges to f(x), we have

243, f(x)=) ce""

n=—co

where
c+2L %(a” _ib") n>0
244. ¢ = 2 = [ fwerta =3k, +ib,) n<0
‘ 1a, n=0
Parseval’s Identity
1 c+2L _ 0
us. 7 [T @ra=9eY @ ep)

n=1

Generalized Parseval Identity

1 2L _ayc, hnd
246. - j f)gx)dx= =50 +;(a ¢, +bd)

where a , b and c , d are the Fourier coefficients corresponding to f(x) and g(x), respectively.



FOURIER SERIES

Special Fourier Series and Their Graphs

2 i cos2x+cos4x+cos6x+
n m\ 1.3 " 3.5 " 5.7 "7

)1 O<x<rm f(x)
24.7. f(x)—{_1 Cm<x<0
l-——-1
{
i sinx+sin3x+sin5x+m )
{1 3 5 ° "
D —— D —
Fig. 24-1
2148, f=lxi=4 ¥ U<x<7 f(z)
e V== Zr<x<0
.
E_i cosx+cos3x+cos5x+_“
2 #m\ 1% 32 52
0 pa
Fig. 24-2
24.9. =x, —NT<X<T
fx)=x x £
-
) sinx_sin2x+sin3x_m |
1 2 3 !
0 :‘11'/211'
|
)
]
Fig. 24-3
24.10. f(x)=x, O0<x<2m f@)
_9 sinx+sin2x+sin3x+ L 27 ]
T 1 2 3 | :
I ;
1 )
: 0 2'17
Fig. 24-4
2411. f(x)=lsinx|, —zw<x<m f(x)

Io

Fig. 24-5




FOURIER SERIES

sinx O<x<m
12, = flx)
4.02. ) {0 T<x<2m
l_'_l . _2 cos2x+cos4x+cos6x+
2T 13 T3S 75T /\ H /
T T T T x
—27 —r 0 s 27
Fig. 24-6
_J cosx O<x<m ()
24.13. f(x)_{—cosx —-T<x<0
§ sin2x+25in4x 3sinb6x \ \
m{(1:3 7 3.5 5.7 \j,, V \, v F
Fig. 24-7
24.14. f(x)=x* -m<x<m f(z)
7'5_2_4 cosx cos2x cos3x L
3 12 22 32
—3r -2 -7 0 7 2 37 *
Fig. 24-8
2415. f(x)=x(r—x), O<x<m
f(x)
71'_2_ cos2x cosdx cos6x+
6 12 22 32
o o B » 2
Fig. 24-9
24.16. f(x)=x(m—x)(mw+x), —T<x<T f)
sinx sin2x sin3x
12 IR + X /
- 0 T 2z ¥

Fig. 24-10




FOURIER SERIES

0 O<x<m—-« f()
2417. f(x)=41 m-a<x<rm+o
0 m+a<x<2r —~ 2 = = 2 | > 22> > 20~
! | | [ ) i 1 I
IR I
. . I
o 2(sinacosx sin2ocos2x ; : ! : : : : :
T T 1 2 I | : | I t ] ]
1 | ! 1 | ! l |
H . 1 Y 1 . 1 1 . I} ' Ll
sin 3¢t cos 3x ) -3 -2 7 o 7 2r 3
3 Fig. 24-11
x(t—x) O<x<m ()

24.18. f(x)= {—x(ﬂ —x) —w<x<0
8(sinx sin3x sinSx ,/\ /
T\ Ty s T = \ /| Uz'x

Fig. 24-12

Miscellaneous Fourier Series

24.19. f(x)=sinyx, —mw<x<m, U#Iinteger

2sinur ( sinx  2sin2x  3sin3x
T 12_#2_22_#2"'32_‘“2_”'

24.20. f(x)=cospx, —-m<x<m, [U+#Iinteger

2usinur (1 cosx  cos2x + cos3x
T 2 P —pr 22—ut o 3 —u?

2421.  f(x)=tan"'[(asinx)/(1—acosx)l, —mw<x<m, lal<l

2 3
. a . a .
asmx+?sm2x+?sm3x+-~

24.22. f(x)=In(l-2acosx+a?), —nm<x<m lal<l

a? a’
-2 acosx+2—cos2x+3—cos3x+---

24.23. f(x)=%tan’l[(Zasinx)/(l—az)], —r<x<m lal<l

3 5
. a . a .
as1nx+—3 s1n3x+—5 sinSx+---

24.24. f(x)=%tan’1[(2acosx)/(l—a2)], —m<x<m lal<l

3 5
a a
acosx—3—cos3x+5—0055x—---




FOURIER SERIES

24.25. f(x)=e"™,—m<x<m
2sinhur|( 1 = (—1)" (U cos nx — nsinnx)
TE wtE e
=1
24.26. f(x)=sinhux, —nw<x<nm
2sinhur ( sinx _23in2x+3sin3x_
/4 P+u> 22+u* 3 +u?
24.27. f(x)=coshux, —m<x<m
2usinhur (1 cosx +_cost _ cos3x s
i1 2u* P+pr 22+ut 3P+ p?
24.28. f(x)=Inlsintxl, O<x<rm
_(1 2+cosx+cos2x+cos3x
e 2 3
24.29. f(x)=Inlcostxl, —mw<x<m
__mz_cmx+cm2x_cm3x o
1 2 3
24.30. f(x)=+m*—imx+4x*, 0=x=2r
cosx cos2x cos3x
Z 22 T3 T
2431. f(x)=Hx(x—m)(x-2m), 0=x=2r
sinx sin2x sin3x
24.32. f(x)=gnt—Haxt+5nx’ —%xt, 0=x=2n

CosSXx cos2x cos3x
14 + 24 + 34 +




Section VII: Special Functions and Polynomials

25 THE GAMMA FUNCTION

Definition of the Gamma Function I'(n) for n > 0

251. T(n)= _[:t"*‘e*’dt n>0

Recursion Formula

25.2. T (n+1)=nl(n)

Ifn=0,1,2, ..., anonnegative integer, we have the following (where 0! = 1):

253. T'(n+1)=n!

The Gamma Function forn <0

For n < 0 the gamma function can be defined by using 25.2, that is,

T(n+1)

254. T(n=——

Graph of the Gamma Function

T
[ /
I /
IR
\ B
D
[\
Fig. 25-1

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



THE GAMMA FUNCTION

Special Values for the Gamma Function

255. T'(hH=Jm

25.6. r(m+%)=% T m=123..

-hm2"Jm

257. T(-m+%)= T35 -2m—-1)

m=1,2,3,...

Relationships Among Gamma Functions

258. I(pld-p)=o T
25.9. 22 'T()M(x+4)=Jr T(2x)
This is called the duplication formula.

25.10. r(x)r(x + l)r(x + 2) . F(x + m—"l)z m'2=m (275) V2T ()
m m m

For m = 2 this reduces to 25.9.

Other Definitions of the Gamma Function

2511. T'(x+1)=Ilim 1e2e3.--- k .
e (x+D(x+2)---(x+ k)

1 — X a 1 —x/m
.12 pos = H{(1+mJe }

m=1

This is an infinite product representation for the gamma function where 7 is Euler’s constant defined
in1.3, page 3.

Derivatives of the Gamma Function

2513. T’(I)= j:e Inxdx=-y

25.14. wz—y+(l—l)+(l— 1)+
['(x) 1 x 2 x+1

Here again is Euler’s constant .

1 1
n x+n-1



THE GAMMA FUNCTION

Asymptotic Expansions for the Gamma Function

Lo 139
2515, T(x+1)=2mexie 4+ —+ _ e
G e { 12x ' 288x2  51,840x° }

This is called Stirling’s asymptotic series.
If we let x = n a positive integer in 25.15, then a useful approximation for n! where n is large (e.g.,
n > 10) is given by Stirling’s formula

25.16. n!~~2mnn'e™

where ~ is used to indicate that the ratio of the terms on each side approaches 1 as n — co.

Miscellaneous Results

T

; 2 _
2517. IT(ix)IP= ~Snh7x



26 THE BETA FUNCTION

Definition of the Beta Function B(m, n)

26.1. B(m,n)= J(jt’”‘l (A=0y'dt m>0,n>0

Relationship of Beta Function to Gamma Function

_TImI'#)

26.2. B(m,n)= T+

Extensions of B(m, n) to m <0, n < 0 are provided by using 25.4.

Some Important Results

26.3. B(m,n)=B(n,m)

264. B(m,n)= 2_[:/2 sin?"' @ cos>"~' 6dO

oo tm—l

26.5. B(m,n)= _[0 T di

1 tmfl (1 _ t)nfl

o (r+nm™" dt

26.6. B(m,n)=r"(r+1)"



2 7 BESSEL FUNCTIONS

Bessel’s Differential Equation

271, xX*y"+xy’+(x?-n*)y=0 n=0

Solutions of this equation are called Bessel functions of order n.

Bessel Functions of the First Kind of Order n

x" x? x4
27.2. _/ (_x): 1— + — e
P T T | 2Q2n+2) 2442+ 2)2n+4)

o l)k (x/z)n+2k
,; kK'T(n+k+1)

xfn x2 x4
e 0 Y () {1 T202-2n) "2-d2-2mE-2m) }

o )k(x/z)zk n
KT k+1-n)

M

k=0
274. J_ (0)=(-D"J (x) n=0,1,2, ...

Ifnz0,1,2, ....J (x) and J_ (x) are linearly independent.
Ifnz0,1,2, ...,J (x) is bounded at x = 0 while J  (x) is unbounded.
For n =0, 1 we have

2 4 6

X X
o7 t55.a7 72,42 " 92,4262 +

275. J,(x)=1-

3 5 7

X X X
27.6. J(x)=2- - +
)= 2 74 24246 242.68

Bessel Functions of the Second Kind of Order n

J (x)cosnmw—J_ (x)
sinnm

n#0,1,2,...
278. Y (x)=

J (x)cospr—J (x)
im—2 .p =L n=0,1,2,...
pon sin p7

This is also called Weber’s function or Neumann'’s function [also denoted by N (x)].



BESSEL FUNCTIONS

Forn=0, 1, 2, ..., L’ Hospital’s rule yields

279. Y (x)== {1n(x/2)+)/}] (x)— 2(” k1) (x/2)*

1 . (x/2)2k+n
- g( D@+ Dln+ )T o=

where y=.5772156 ... is Euler’s constant (see 1.20) and

1 1 1
2710. P(p)=l+—+—-+---+—, d0)=0
(») 5t3 > (0)

Forn=0,

2 [x? x“(l) xﬁ(ll)
27.11. Y,(x)=— {1n(x/2)+y}J ) += {22—2242 1+2 IS 1+§+§_...
2712, Y, (0)=(D"Y,(x) n=0,12 .

For any value n =0, J, (x) is bounded at x = 0 while Y (x) is unbounded.

General Solution of Bessel’s Differential Equation

2713. y=AJ (x)+BJ_ (x) nz0,1,2,...

27.14.  y=AJ,(x)+ BY,(x) all n

27.15. y=AJ (x)+BJ, (x)j all n

Jf( )

where A and B are arbitrary constants.

Generating Function for J (x)

27.16. ex=1n/2 — i Jn(x)t“

Nn=—oc0

Recurrence Formulas for Bessel Functions

2n
2717, j  (x)= ~1.0)=J,,(x)

2718, J(0=1_(0-J ()

n—1

27.19. K (x)=xJ _,(x)—nJ, (x)

27.20.  xJ(x)=nJ,(x)-xJ,,,(x)



BESSEL FUNCTIONS

d
2721 o {x"T, (0} =x", (%)

d L
2722, {7, (0} =—x7,, (%)

The functions Y (x) satisfy identical relations.

Bessel Functions of Order Equal to Half an Odd Integer

In this case the functions are expressible in terms of sines and cosines.

2 2 (cosx

2723 Jyy(x) =y sinx 27.26. o, (0) =y | T tsinx
2 3 3

2724, J ,(x) :"H COS X 27.27. J,,(0)= ,} {(x_z_ )smx——cosx}
2 (sinx 2 |3 3

2725, J,,(x)= = (T_cosx) 27.28. J,,(x)= - {x sinx + (x ljcosx}

For further results use the recurrence formula. Results for Y, ,(x), ¥;,,(x), ... are obtained from 27.8.

Hankel Functions of First and Second Kinds of Order

27.29. HO(x)=J (x) +iY,(x) 27.30. H(x)=J (x) - i¥,(x)

Bessel’s Modified Differential Equation

2731, xXy’+xy'—(x*+n*)y=0 n=0

Solutions of this equation are called modified Bessel functions of order n.

Modified Bessel Functions of the First Kind of Order n

27.32. I (x)=i"J (ix)=e"""] (ix)

B x" 1+ x2 N x4 N 2 (x/z)n+2k
~ 2'T(n+1) 22n+2)  2+4(2n+2)(2n+4) K'T'(n+k+1)

27.33. 1 _(x)=i"J_ (ix)=e""J_(ix)

X" { X2 X } = (x/2)%n
=— 1+ + o=y
27'T'(1—n) 22-2n) 24(2-2n)4—2n) = k'T(k+1-n)
27.34. I_(x)=1,(x) n=0,1,2,.

—n



If n#0,1,2,..., then (x) and Iin(x) are linearly independent.

Forn=0, 1, we have

2

2735, I (x)=1+%

4

X X

x3 5

27.36. I,(x)=

22 22-42+22'42-62+

7

2737, I(x)=1I,(x)

Modified Bessel Functions of the Second Kind of Order n

2 torg T 42-6+22-42-62-8+

BESSEL FUNCTIONS

T

7e {1_, () =1, (0}
sinnw
27.38. K (x)=
lim {I (x)—-1 (x)}
pon 2sm pr

nz0,1,2,...

Forn=0,1,2, ..., Hospital’s rule yields

27.39. K, (x)=(D)"{In(x/2)+ ), (x)+ %Z (=D (n—k=1)1(x/2)*"

( 1) ( /2)n+2k
2 k)vc(

where ®(p) is given by 27.10.
Forn=0,

27.40. K, (x)=—{In(x/2)+ 7}, (x)+

General Solution of Bessel’s Modified Equation

n—1

o1 (PR +P0+h)

X x*
PERE Ve Ly

2741, K. (=K (x) n=0,1,2, ...

n=0,1,2,...

+_)+...

2742. y=AIl (x)+BI_, (x)

2743. y=AIl (x)+BK, (x)

27.44. y=AI (x)+BI (x) j X2 (x)

where A and B are arbitrary constants.

Generating Function for / (x)

n+0,12,...

alln

alln

2745, e =N ] ()t

n=—oo
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Recurrence Formulas for Modified Bessel Functions

2746. I, (x)=1_,(x)— zx—”ln (x) 27.52. K, ,(x)=K,  (x)+ % K, (x)
27.47. L) =3{,_,(0)+1,,,(x0)} 27.53. K.(x)=-1{K,,(x)+K,, (x)}
27.48. xI'(x)=xI_ (x)—nl (x) 27.54. xK!(x)=-xK, (x)—nK,(x)
2749. I (x)=xI  (x)+nl (x) 27.55. xK(x)=nK, (x)—xK, , (x)
27.50. L{xr, () =21 256, (oK, ()= 2K, ()
V. E{x n (-x)} =X nfl(x) dx n n-1
251 L =x] 27.57. i{x’”K (xX)}=—x"K_ (x)
oo L. a {.X ,l(-x)} =x L, ()C) dx n n+l

Modified Bessel Functions of Order Equal to Half an Odd Integer

In this case the functions are expressible in terms of hyperbolic sines and cosines.

2 5 N
27.58.  1,,,(x) = sinhx 2761 1,(0)= (sinhx — x)

/ 2 (3. ). 3
2759. I ,(x)= % coshx 27.62. L5, (x) =4/ {(? + 1) sinh.x——cosh x}
. 5 .
27.60. I,,(x)= ,/% (coshx - g) 27.63. 1,,(0)=y—~ {(% + 1) cosh x —%smh x}

For further results use the recurrence formula 27.46. Results for K, ,(x), K, ,(x), ... are obtained from
27.38.

Ber and Bei Functions

The real and imaginary parts of J, (xe*™*) are denoted by Ber, (x) and Bei (x) where

= (x/2)kn 3n+2k)m
27.64. Ber (x)= Z k'i"(n i D cos( 7} )
k=0 "

. 5 (2P (Gn+2k)m
27.65. Bei (x)=
e, () ng!r(mkﬂ) Ty

Ifn=0.
(x/2)*  (x/2)°
PIEEYE

- x/2)°  (x/2)"
2767, Bei(r)=(x/2y -~ 2 B

27.66. Ber(x)=1-
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Ker and Kei Functions

The real and imaginary parts of e™"*'> K, (xe™*) are denoted by Ker (x) and Kei (x) where

27.68. Ker, (x) = —{In(x/2) + y}Ber, (x)+4 7 Bei (x)

1S (n—k- 1)|(x/2)2k " G422k
+—= COS

2 & 4

1 & (x/2)m2 Gn+2k)1m
+5 ;5 T (D(k)+DP(n+ k)}cosT

27.69. Kei (x)=—{In(x/2)+y}Bei (x)—+7Ber (x)

_lz]‘ n—k— 1)'(x/2)2" " Sn(3n+2k)7t
23 4

g a2y . Gn+2k)m
+2 25 Y {®(k)+ D(n+ k)} sin —

and @ is given by 27.10.

Ifn=0,
27.70. Ker(x)=—{In(x/2)+y}Ber(x) +%Bei(x) +1- ﬂ(l D+ (x4/‘2)8 (I+3+i+9)—--
27.71. Kei(x)= —{hl(x/2)+7/}Bei(x)—%Ber(x)+(x/2)2 ();/2)6 A+5+9+

Differential Equation For Ber, Bei, Ker, Kei Functions

27.72.  x*y"+xy' —(x*+n*)y=0
The general solution of this equation is

27.73. y= A{Ber,(x)+iBei (x)}+ B{Ker,(x)+iKei,(x)}

Graphs of Bessel Functions

Jo () 1

-
I

Y,(2)
J, () ° Y, (2)

T x

Fig. 27-1 Fig. 27-2
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Y Y
64 3
5
44 I 2
o) 1i(x)
3- K,(x)
24 1
1+ Ky(x)
° : : 3 e o i :
Fig. 27-3 Fig. 27-4
Y Y
3
Beix ]

f' Berx ’.224 Kerx

[} T ; x .03
12 021

Keiz
014 /-K

—
ol NP T A ;
-.02
~.03-
__‘04-
—.054

Fig. 27-5 Fig. 27-6

Indefinite Integrals Involving Bessel Functions

2774, [xJ,(x)dx = xJ,(x)
2775, [x20,(x0)dx = x20,(x) + 5 (x) - [ T, (x)dx

27.76. [ x"J,(x)dx = x"J,(x)+ (m— D" (x) = m = 1) [x"2T (x)dx

2777 [P =000 [ o
Jo(x) J,(x) 3 J,(x) B 1 Jy(x)
2178, [Tdx= m—12x"2  (m—Dx""  (m—1) Jonrax

27.79.  [J,(0)dx=—-1J,(x)
27.80. [/, (x)dx =—xJ,(x) + [ J,(x)dx

2781 [x"J,(x)dx =—x"J,(x) +m [x"J (x)dx
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27.82. j N = —J, @) + [ (x)dx
J, (x) J, (x) J, (X)
2783, [T dv=—"lln j N

27.84. jxn (dx = x"T (%)
27.85. jx"’JnH(x)dx =—x"J (x)

27.86. jmen (X)dx =—x"J _(x) +(m+n—1) j X" (x)dx

x{od, (Bx)J, (ox) = BJ, (ax)J, (Bx)}
B —o?

27.87. [ xJ, (ox)J, (Bx)dx =

2

27.88.  [xJ2(ox)dx = %Z{J;(Otx)}z + %2(1 - %}{Jﬂ(ax)}z

The above results also hold if we replace J (x) by Y (x) or, more generally, AJ (x) + BY (x) where A and B
are constants.

Definite Integrals Involving Bessel Functions

27.89. j: e~ (bx)dx =

1

\a? +b?

Wa*+b* —a)y
b"\a* + b?
L

27.91. j: cos ax J, (bx)dx = {\a* = b*

0 a<b

27.90. jo e~ (bx)dx = n>-1

a>b

27.92. j:J (bx)dx = %, n>—1

-7 (b
j"(x)dx=l, n=1,23 ...

0 X n

27.93.

—b l4a

27.94. j e (bx)dx =

ol (B)J (o) = BT ()] (B)

27.95. jol xJ (ox)J (Bx)dx = s

27.96. [ a2 (ecx)dx = I/ +1(1 - w2 lo)J ()

BJ(@)15(B)— i ()], (B)
o+

27.97. [ xJ, (o)l (Bx)dx =
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Integral Representations for Bessel Functions

27.98. J,(x)= 1 j”cos(x sin6)d6
r Jo
27.99. J (x)= % J.o’r cos(n6 — xsin0)d6 n = integer
x" T
27100. J (x)=————— | cos(xsinO)cos>* 0d0, >-1
2 (X) 2”\/51_,(”_’_%) J-o (x ) h 2

27.101. 1/0(x)=—2 Jmcos(x coshu)du
T 0

27.102. I,(x)= % [ cosh (xsin6)d = % jj”exsinede
Asymptotic Expansions
|2
27.103. J (x)~ 7x o8 (x - % - %) where x is large
2 . nT .
27.104. Y (x)~ e B ey where x is large
27.105. J (x) 1 & ' where 7 is large
T T 2mn \2n
2 (ex)" .
27.106. Y (x)~-— 7\ 2n where 7 is large
eX
27107 I (x)~ N where x is large
! 27x
e
27108 K (x)~ f where x is large
" 27X

Orthogonal Series of Bessel Functions

Let A, A,, A,, ... be the positive roots of R/, (x)+ SxJ/(x)=0, n>—1. Then the following series expansions
hold under the conditions indicated.

§=0,R#0,ie,A, A, A, ... are positive roots of J,(x) =0

27.109. f(x)=AJ, (Z,Ix) +AJ, (lzx) +AJ, (/13x) +---
where

27.110. A = xf(x)J, (A, x)dx

2 1
Joa(A) ‘[0

In psarticular if n = 0,

27111, f(x)=AJ,(Ax)+AJ,(Ax)+ AJ (A, x)+- -
where

27112, A = xf (x)J, (A, x)dx

2 1
JE(A) J‘0
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R/S>-—n

27113, f(x)= AJ, (Ax) + A, (Ayx) + A, (Ax)+---

where

27.114. A, = 2

1
LA, (AN, (A) -[0 xf (x)J, (A, x)dx

In particular if n = 0.

27115, f(x)=AJ (Ax)+ A (A,x)+ A (A x) +---
where

2

27.116. Ak = W

[ g, (2,

The next formulas refer to the expansion of Bessel functions where S # 0.

R/S=-n

27.117.  f(x)=Ax"+AJ (Ax)+AJ (A,x)+--
where

A, =2(n+1) j; X F(x)dx

27.118.
2

:ﬁ%%hwmmMQL

A, xf(x)J, (A, x)dx

In particular if n =0 so that R=0 [i.e., 4, A, 4,, ... are the positive roots of J, (x) = 0],

27.119. f(x)=A,+AJ,(Ax)+AJ (A, x)+-
where

A= 2_"01 xf(x)dx
27.120.

A xf (x)J, (A, x)dx

__2 j‘
k_Jg(lk) 0

R/S<-N

In this case there are two pure imaginary roots *i as well as the positive roots 4, 4., A,, ... and we have

27.121.  f(x)=AJ, (A x)+AJ, (Ax)+AJ (A,x)+-
where

A 2

0T A+ AL (A [ reor,Apnax

27.122.
2

SRV ARVRYARVS

[, ax
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Miscellaneous Results

27.123.  cos(xsinB) =J (x)+2J,(x)cos20+2J,(x)cos46 + -

27.124. sin(xsin®) =2J (x)sin6+2J,(x)sin 30 + 2J,(x)sin 50 + - --

27125, J (x+y) =D J( _(»)  n=0,+1£2, ...

k=—oc0

This is called the addition formula for Bessel functions.
27.126. 1=J,(x)+2J,(x)+--+2J,, (x)+---
27.127.  x=2{J,(x)+3J,(x)+5J,(x)+---+2n+1)J,,, (x)+--}

27.128. x*=2{4J,(x)+16J,(x)+36J,(x)+---+(2n)*J,, (x)+--}

xJ,(x)

27.129. a

=J,(x)=2J,(x)+3J,(x)—--

27.130. 1= J2(x)+ 272 () + 22 (x) + 2J2(x) +---

27131, JAx)=4{J ,(x)=2],(x)+ ], ,(x)}
27132, J7()=1J _(0)-3] _(0)+3] () -] ()

Formulas 27.131 and 27.132 can be generalized.

27133, (0 (x)- I J (x)= ng‘x"”

2sinnw
TX

27.134. T (x)J_. () +J, ()], (x)=

(0= 1, (Y1) = JL(OY, (x) = —

27.135. J _ (X)Y,(x)—J,(X)Y,,, —

27.136.  sinx =2{J,(x) = J,(x)+J,(x) =}
27.137.  cosx=J,(x)—2J,(x)+2J,(x)—
27.138.  sinhx =2{I,(x)+ I,(x)+ I, (x)+- -}

27.139. coshx=1,(x)+2{I,(x)+1,(x)+ 1 (x)+---}
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FUNCTIONS

Legendre’s Differential Equation

LEGENDRE and ASSOCIATED LEGENDRE

28.1. (I-x*)y”"—2xy"+n(n+1)y=0

Solutions of this equation are called Legendre functions of order n.

Legendre Polynomials

Ifn=0,1,2, ..., asolution of 28.1 is the Legendre polynomial P (x) given by Rodrigues’ formula

dn

B2 PW=gor

(x? =1y’

Special Legendre Polynomials

283. P(x)=1 28.7.
284. P(x)=x 28.8.
285. P(x)=1(3x?-1) 28.9.
28.6. P(x)=4(5x—3x) 28.10.

P,(x)=£(35x* —30x2 +3)
P.(x)=+(63x° - 70x* +15x)
P.(x) = & (231x° = 315x* +105x> - 5)

P.(x) =15 (429x"7 —693x° +315x° —35x)

Legendre Polynomials in Terms of & where x = cos 6

28.11. Py (cosO)=1

28.12. P (cosBO)=cos6

28.13. P, (cos@)=+(1+3cos26)

28.14. P, (cos8)=g(3cosO+5cos30)

28.15. P,(cos0) =2 (9+20co0s26+35cos46)
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28.16. P,(cos8) =135 (30cos6+35c0s36 + 63 cos50)
28.17. P,(cos6)=515(50+105c0s20+126cos46+231cos60)

28.18. P, (cos6) =557 (175c0os0+189cos36+231cos 56+ 429 cos 76)

Generating Function for Legendre Polynomials

oo

\/1 21x + 1 20 (o

28.19.

Recurrence Formulas for Legendre Polynomials

2820. (n+DP_ (x)—(2n+1DxP,(x)+nP_(x)=0
2821. P’ (x)—xP/(x)= (n+1)P,(x)

2822, xP/(x)— P’ (x)=nP,(x)

2823, P),(0)- P, (x)=@n+1P,(x)

28.24. (x> —-DP/(x)—nxP,(x)—nP, _ (x)

Orthogonality of Legendre Polynomials

28.25. jP (O)P,(x)dx=0 m#n

m

2

28.26. j (P(0)dr =5

Because of 28.25, P (x) and P (x) are called orthogonal in—1 = x = 1.

Orthogonal Series of Legendre Polynomials

2827. f(x)=AP)(x)+APx)+AP(X)+--
where

2828. A =% ”j FOOP (x)dx
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Special Results Involving Legendre Polynomials

2829. P()=1
2830. P.(-1)=(-1)"
2831. P(-x)=(-1)"P.(x)

0 n odd

2832. P(0)= 3e5ee(n—
(cpye L2332
Dedeb---n

28.33. P (x)= %jo (x+x2 —1cosg)' do

P.,x)—-P_(x)

2834, [P (0dr =25

2835. |P(0)|=1

(-1

(Z _ x)n+] dZ

1
2836 P,(x)= 5 95

where C is a simple closed curve having x as interior point.

General Solution of Legendre’s Equation

The general solution of Legendre’s equation is

28.37. y=AU, (x)+BV (x)

where

nn+l) , nn-2)n+DHn+3) ,
T 7y o

n-Dn+2) , (—-Dn-3)n+2)n+4) |
f— 3! X + 5! X' —ee

2838. U (x)=1-

2839. V(x)==x

These series converge for -1 <x < 1.

Legendre Functions of the Second Kind

Ifn=0,1,2, ... one of the series 28.38, 28.39 terminates. In such cases,

U,(0)/U (1) n=0,24,..

2840. P (x)=
V. (0)/V (1) n=13,5 ...

where

2
28.41. Un(1)=(—1)"’22"[(%ﬂ /1! n=0,2,4, ..
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2
2842, V()= (=1)@n-D/2n-1 l(%) !:| /q! n=1,3,5,...

The nonterminating series in such a case with a suitable multiplicative constant is denoted by Q (x) and
is called Legendre’s function of the second kind of order n. We define

UMV.(x) n=0,24,..

2843. Q. (x)= {
-V.(HU,(x) n=1235,...

Special Legendre Functions of the Second Kind

1-x

2844. O, (x)= %m (”—")

2845. Q,(x)= %ln Gf—i) ~1

3x2—-1, (1+x) 3x
2846. 0,()=""—1n (ﬂ) -

L2
3

3 _ 2
2847, 0,(0=2 3"1(1”)—5;

4 1—x

The functions Q (x) satisfy recurrence formulas exactly analogous to 28.20 through 28.24.
Using these, the general solution of Legendre’s equation can also be written as

2848. y=AP (x)+BQ, (x)

Legendre’s Associated Differential Equation

2
2849. (1-x2)y"— 2xy'+{n(n+1)— ITXZ}F 0

Solutions of this equation are called associated Legendre functions. We restrict ourselves to the important
case where m, n are nonnegative integers.

Associated Legendre Functions of the First Kind

dm (1 _x2)m/2 dm+n
m _ —y2\m/2 7 5
28.50. P(x)=(1—=x?) P = o

2 _ 1\
dxm n ('x 1)

where P (x) are Legendre polynomials (page 164). We have
28.51.  P°(x)=P,(x)

2852, P"(x)=0 ifm>n
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Special Associated Legendre Functions of the First Kind

28.53. P'(x)=(1—x>)" 28.56.  Pl(x)=3(5x2—1)(1—x2)"?
2854, Pl(x)=3x(1—x)" 28.57. P(x)=15x(1—x?)
28.55. P2(x)=3(1-x?) 28.58.  P3(x)=15(1—x2)*"?

Generating Function for P"(x)

(2m)[(1 _ x2)m/2tm B L " .,
2171m!(1 2+ t2)m+1/2 - 2 Pn (-x)t

n=m

28.59.

Recurrence Formulas

28.60. (n+1—m)P"

n+l

(xX)=-Cn+DxP"(x)+(m+m)P" (x)=0

28.61. P"2(x)— (ZI(T%;E P™1(x) +(n—m)(n+m+1)P"(x) =0

Orthogonality of P"(x)

28.62. J"] PP 0P (x)dx =0 ifn#l

| 22 :
28.63. [ {preofde=5 EZ - Z;'

Orthogonal Series

28.64. f(x)=A P"(x)+A

m” m m+1

Pr.(x)+A, Pr,(x)+--

where

2k+1 (k—m)!
2865 A, =2 CEM! foRr (s

Associated Legendre Functions of the Second Kind

28.66. Q7 (x)=(1-x*)"" ;C—ZQn (x)

where Q (x) are Legendre functions of the second kind (page 166).
These functions are unbounded at x = +1, whereas P"(x) are bounded at x = £ 1.
The functions Q" (x) satisfy the same recurrence relations as P (x) (see 28.60 and 28.61).

General Solution of Legendre’s Associated Equation

28.67. y=AP"(x)+BQ"(x)
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Hermite’s Differential Equation

29.1. y"—-2xy"+2ny=0

Hermite Polynomials

Ifn=0,1,2, ..., then a solution of Hermite’s equation is the Hermite polynomial H (x) given by Rodrigue’s

formula.

n

2 d —x?
292 H,(0)=(-1ye’ (™)

Special Hermite Polynomials

293. H,(x)=1 29.7.
294. H (x)=2x 29.8.
295. H,(x)=4x>-2 29.9.
29.6. H,(x)=8x*—12x 29.10.

Generating Function

H,(x)=16x*—-48x>+12
H,(x)=32x"-160x*+120x
H,(x) = 64x° — 480x* +720x> —120

H,(x)=128x7 —1344x° +3360x* —1680x

2011, o =y AT

|
o n:

Recurrence Formulas

29.12. H, (x)=2xH (x)-2nH, (x)

29.13. H’(x)=2nH_ (x)

Orthogonality of Hermite Polynomials

29.14. j“’ eH (OH (x)dx=0 m#n

29.15. [ e {H (0 dx=2"n\r
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Orthogonal Series

29.16.  f(x)=AH,(x)+ AH,(x)+AH,(x)+--

where
1 S
29.17. A = m‘l‘we FOOH, (x)dx
Special Results
n(n—1) nn—-H(n-2)(n-3)

29.18. H (x)=(Q2x)" - X))+ (2x)4 =+

1! 2!

29.19. H (-x)=(-1y"H, (x)
2920. H, (0)=0

29.21. H, (0)=(=1)"2"¢1¢3+5---(2n-1)

H,,(x) H,,©0)
2n+1) 2(n+10)

2922 | H,(ndt=
29.23. j—x {e*H (x)}=—e*H,, (x)

29.24. j:e-*Hn(t)dt =H _(0)—e*H_ (x)
29.25. | 1"e"H (xtydr =\7n!P,(x)

29.26. H (x+y)= kzg%@ﬂk (2)H,_ (»/2)

This is called the addition formula for Hermite polynomials.

- H(H (y) H_ (H (y)-H ()H, (y)
29.27. 2 : 2"k!k B 27 l(x —y)

k=0



LAGUERRE and ASSOCIATED LAGUERRE
POLYNOMIALS

Laguerre’s Differential Equation

301. x»"+(0-x)y"+ny=0

Laguerre Polynomials

If n =0, 1, 2, ..., then a solution of Laguerre’s equation is the Laguerre polynomial L (x) given by
Rodrigues’ formula

n

302, L (x)=e¢" d

xn (xne—x)

Special Laguerre Polynomials

303, L,(x)=1
304, L(x)=-x+1

30.5. L,(x)=x?—4x+2

30.6. L,(x)=—-x*+9x?—-18x+6

30.7. L,(x)=x"—-16x>+72x*—-96x+24

30.8. L (x)=-x°+25x*-200x+600x*—600x +120

30.9. L (x)=x°-36x"+450x*—2400x> +5400x* — 4320x + 720

30.10. L, (x)=—x"7+49x°—882x° +7350x* —29,400x> +52,920x2 —35,280x + 5040

Generating Function

—xt/(1— oo
e &L (ot

— 1
1—¢ & n!

30.11.
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Recurrence Formulas

3012. L, (x)-QCn+1-x)L (x)+n*L, _(x)=0
30.13. L/(x)—-nL] (x)+nL _ (x)=0

30.14. xL/(x)=nL (x)—-n’L, (x)

Orthogonality of Laguerre Polynomials

30.15. j:e"‘Lm(x)Ln(x)dx =0 m#n

30.16. j:e“‘{Ln (x)dx = (n!)?

Orthogonal Series

30.17.  f(x)= A Ly (x)+ AL (x)+ AL, (x)+-

where

1 o
30.18. A = @ -[o e f(x)L, (x)dx

Special Results

30.19. L (0)=n!

Ln+1 (x)

30.20. j:Ln(t)dtan(x)— e

2,-n—1 2 —_1)\2 412
30.21. Ln(x)z(—l)"{x"—n f, LR 21,) i —~--(—1)"n!}

- 0 ifp<n
30.22. [ xre L (x)dx =
0 (=1)"(n!)? ifp=n

3023 L LOLO) _ LOL,G)-L,WLY)
&k (D (x—y)

o Lk
30.24. kz(‘; ! é’fgf) = '], (2/x1)

3025. L (x)= j:u"eHJO(z\/E)du
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Laguerre’s Associated Differential Equation

30.26. xy”"+(m+1-x)y"+(n—-m)y=0

Associated Laguerre Polynomials

Solutions of 30.26 for nonnegative integers m and n are given by the associated Laguerre polynomials

m

3027. L'(x)= dT L (x)

where L (x) are Laguerre polynomials (see page 171).
30.28. L°(x)=L,(x)

30.29. L'(x)=0 ifm>n

Special Associated Laguerre Polynomials

30.30. Li(x)=-1 30.35. Li(x)=-6

3031. Li(x)=2x-4 30.36. L,(x)=4x’—48x*+144x-96
30.32. LS(x)=2 30.37. Li(x)=12x*-96x+144
30.33. Li(x)=-3x>+18x-18 30.38. Li(x)=24x-96

30.34. L5(x)=—06x+18 30.39. Li(x)=24

Generating Function for "(x)

D" i N Li )
30.40. e 1 )‘ETI

n=m

Recurrence Formulas

—m+1
30.41. %L’fﬂ () +(x+m—2n—1DL'(x)+nL" (x)=0

d m — Jm+l
3042, (L0} =L ()

30.43. dd_x {xmefo':l‘ (x)} = (m —n— 1)xmfle—er:—1 (X)

3044 )= (e mL ) +m-n-DE ()



LAGUERRE AND ASSOCIATED LAGUERRE POLYNOMIALS

Orthogonality

30.45. j:xme*"L’;’ (OL(x)dx=0 p#n

(n1)’

3046, [ xre(L@Pde=g s

Orthogonal Series

3047. f(x)=A L'(x)+A L' (x)+A L (x)+--

m—m m+1"m m

where

_(k=m)! ¢~

30.48. Ak = W 0 XmeixL',:' ()C)f(X)dx

Special Results

30.49. Lrnn (x)=(=1)" (nf—in)'{xnm _ n(n—m) yroml g nn—1)n-m)(n—m-—1) 2 }

1! 2!

- 2n—m+1)(n!)’
30.50. jo x"e Ly (x)f dx = %



3 1 CHEBYSHEV POLYNOMIALS

Chebyshev’s Differential Equation

3.1, (I-x?)y"—xy"+n’y=0 n=0,12,...

Chebyshev Polynomials of the First Kind

A solution of 31.1 is given by

31.2. T (x)=cos(ncos” x)=x" - @;ﬂ (- x2)+ @xﬂ-m —x2)? -

Special Chebyshev Polynomials of The First Kind

31.3. T,(x)=1 31.7.
314, T(x)=x 31.8.
315. T,(x)=2x*-1 31.9.
31.6. T,(x)=4x’-3x 31.10.

Generating Function for 7 (x)

T,(x)=8x*—8x*+1
T,(x)=16x>—20x* +5x
T,(x)=32x°—48x* +18x* -1

T,(x)=64x" —112x° +56x* - Tx

1—-x
I = ZT(x)t

Special Values

3112, T.(—x)=(-1)"T,(x) 3114, T.(-)=(-1)"

31.13. T,()=1 31.15. T7,,(0)=(-1)

Recursion Formula for 7, (x)

31.16. T, (0)=0

31.17. T,,(x)-2xT (x)+7T,_,(x)=0



CHEBYSHEV POLYNOMIALS

Orthogonality

T, (x)T (x)

V1-x?

{T,l(x)}2 { n  ifn=0

NIE /2 ifn=1,2,...

31.18. j
31.19. j

Orthogonal Series

31.20.  f(x)= %A()To(x) +AT () + AT (x)+-

where
st 4, == [ LOLW
7w J1-x

Chebyshev Polynomials of The Second Kind

sin{(n+1)cos™! x}

3122. U (x)=20
" sin (cos™ x)

_[n+1 ,,_n+1 ne2 ] 2 n+1) .4 v
_(l)x (3Jx a x)+(5)x (1-x?)

Special Chebyshev Polynomials of The Second Kind

31.23. U,(x)=1 31.27. U,(x)=16x*—-12x*+1

31.24. U, (x)=2x 31.28. Uy (x)=32x"-32x+6x

31.25. U,(x)=4x*-1 31.29. U (x)=64x°—80x"+24x* -1
31.26. U,(x)=8x"—4x 31.30. U,(x)=128x"—192x°+80x* —8x

Generating Function for U (x)

1 o
31.31. m—%l]n(x)f

Special Values

3132, U, (-x)=(-1)"U,(x) 3134, U (-1)=(-1)y"(n+1) 31.36. (0)=0

2)1+

31.33. U,()=n+1 31.35. U, (0)=(-1)



CHEBYSHEV POLYNOMIALS

Recursion Formula for U (x)

3137. U, (x)-2xU,(x)+U, (x)=0

Orthogonality

31.38. jll XU (U (0)dx=0  m#n

31.39. jll =2 (U, ()P dr =75

Orthogonal Series

3140, f(x)= AU, (x)+ AU, (x)+ AU, (x) +--

where
341 A =2 jjlx/l—x2 FOU, (x)dx

T

Relationships Between 7,(x) and U, (x)

3142. T (x)=U,(x)—xU,__ (x)

3143, (1-x)U, (x)=xT,(x)=T,,,(x)

1 T, (dv
31.44. Un (x) = E-[—l (-U—x)—l\/——vz

12
3145. T,(n= %le wdv

General Solution of Chebyshev’s Differential Equation

AT () +BVI-x2U _(x)  ifn=1,2,3,...

A+Bsin"'x ifn=0

31.46. y=



2 HYPERGEOMETRIC FUNCTIONS

Hypergeometric Differential Equation

321. x(—-x)y"+{c—(a+b+Dx}y —aby=0

Hypergeometric Functions

A solution of 32.1 is given by

asb

322. F(a,byc;x)=1+——x+

a(a+Db(b+D)

alatDa+2)bb+D(b+2)

Tec * T T 1e2ec(c+1)

[e2e3ec(c+)(c+2)

If a, b, c are real, then the series converges for —1 < x < 1 provided that ¢ — (a + b) > -1.

Special Cases

323. F(-p,L;L—x)=0+x)”
324. FQ,L;2;—x)=[n(+x))/x
325. limF(mLx/in)=e"
32.6. F(1,—1;1;sin” x)=cosx
32.7. F(4,1;1;sin? x) =secx

General Solution of The Hypergeometric Equation

32.8.

32.9.

32.10.

32.11.

32.12.

F($,1:3:x%) =@6in™ x)/x
F($,1;3;—x%) = (tan™" x)/x
F(,p;p;x)=1/(1-x)
F(n+1,-n;1;(1-x)/2)= P,(x)

F(n,—n;3;(1-x)/2) =T, (x)

If ¢, a— b and ¢ — a — b are all nonintegers, then the general solution valid for | x | < 1 is

32.13.

y=AF(a,b;c;x)+ Bx"“F(a—c+1,b—c+1;2—-c¢;x)



HYPERGEOMETRIC FUNCTIONS

Miscellaneous Properties

T'(c)I'(c—a-b)

32.14. F(a,b;c;l) =m

d

ab
EF(a,b,c,x)—TF(a+1,b+1,c+1,x)

32.15.
I'(c) !

TOTe=py o A= A~ ux)™du

32.16. F(a,b;c;x)=

32.17. F(a,b;c;x)=(1-x)"F(c—a,c—b;c;x)



Section VIII: Laplace and Fourier Transforms

3 LAPLACE TRANSFORMS

Definition of the Laplace Transform of F(¢)

33.1. PF@))= J-:e*“F(t)dt= £(s)

In general f(s) will exist for s > o where o is some constant. & is called the Laplace transform operator.

Definition of the Inverse Laplace Transform of f(s)

If £{F(®)} =f(s), then we say that F () = £'{f (s)} is the inverse Laplace transform of f(s). £ is called the
inverse Laplace transform operator.

Complex Inversion Formula

The inverse Laplace transform of f(s) can be found directly by methods of complex variable theory. The
result is

1 oo 1 .. el
B2 F)=5-] "efloyds=5lim [~ et f(s)ds

where c is chosen so that all the singular points of f(s) lie to the left of the line Re{s} = ¢ in the complex s
plane.

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



LAPLACE TRANSFORMS

Table of General Properties of Laplace Transforms

1) F(1)
33.3. afi(s)+bf,(s) aF| (1) + bF,(1)
33.4. f(sla) aF(ar)
33.5. f(s—a) ¢ F(f)
33.6. e of(s) Ut —a)= {F 4 N @) ; Z ‘
33.7. sf(s) - F(0) F'(1)
33.8. s f(s)— sF(0)— F’(0) F(1)
33.9. s"f(s)—s""F(0)=s"?F’(0)—---— F""(0) Fo(t)
33.10. 17(s) —tF(1)
33.11. 17(s) £F(1)
33.12. £0(s) (~1)'t"F(7)
33.13. @ [ Faau
33.14. 9 [\ ] Fanaur = ! (En__”i),' Fu)du
33.15. F(s)g(s) [ FnGe - wau




LAPLACE TRANSFORMS

S(s) F(f)
33.16. [ flurdu s
33.17. # [l e Faudu F)= F(t+T)
33.18. f E/\/EE) % [Ter i wydu
33.19. ! f(%) [ 7@ ut)Fuyau
33.20. % f(%) t"/ZJ:u-WJn (2Jut )F (u)du
33.21. % [} y@Jutt =) F@du
33.22. ﬁ [ e fupdu F()
33.23. fs (}2 j) :% du
33.24. % k’; 5 '((aockk)) o

P(s) = polynomial of degree less than n,

0@ =G6-o)s-a,)...(s-)

where o, o, ..., 0 are all distinct.




LAPLACE TRANSFORMS

Table of Special Laplace Transforms

Sf(s) F(n)
33.25. % 1
1
33.26. 7 t
33.27 L3 BLARENYI
. . S” n ) 9 9. (n _ 1) ! b .
33.28 L s L
o . g n F(n)
33.29. ! »
s—a
1 tnfleat
- = L ° | =
33.30. Goap M=l23e oo 0=
1 tn—leat
33.31. Goay n>0 T
1 sin at
33.32. . a
33.33. S iaz cos at
33.34 1 e sinat
T (s—=b)*+a* a
S b bt
33.35. G-by+d e” cosat
| .
33.36. 1 sinh at
st—a a
33.37. e j pe coshat
1 e" sinh at
33.38. TRy ===




LAPLACE TRANSFORMS

S(s) F(0)

33.39. (S_Sb;—zb_aQ ¢ coshat
33.40. m azh e: - Z
33.41. (s—a)sTb) a+b be*;'7 :Zeaf
3342, m sinar—atcosat
33.43. W—+2)2 tSizr; at
33.44, ﬁ sinar +arcosar
33.45. (sz_i—3a2)2 cosat —tatsin at
33.46. % tcosat
33.47. (.92—;612)2 at cosh ;; : sinh at
33.48. & _saz)z t sigz at
33.49. ﬁ sinh at +2(th coshat
33.50. ﬁ coshat + £ at sinh at
33.51. (sz_s—;z)m tcoshat
33.52. _r (3—a*t?*)sinat —3at cos at

(s2+a?)? P
33.53. m tsinat ;5:2 cosat
33.54. (sZJSr—ZaZF 1+ aztz)sig ;t— at cos at
33.55. s’ 3tsinat + at® cosat

(s2+a?)?

8a




LAPLACE TRANSFORMS

S(s) F(?)
33.56. ﬁ (B-a’t?) sinch + Sat cos at
33.57. ﬁ B —a%t?) cosgat —Tatsin at
33.58. % £ sinar
33.59. % +t? cosat
33.60. % + 13 cosat
33.61. % P sinat
33.62. (sz—;azf (B+a’t?) sinl;g: —3at cosh at
33.63. ﬁ at? cosh g; 3— tsinh at
33.64. ﬁ at coshat + (Sa;tz —1)sinhat
33.65. G faz)’ 3tsinhat Jg;ztz coshat
33.66. & i 4a2)3 B +a’t?) sinhsc;t + 5at cosh at
33.67. G j5a2)3 8+ a’t?) coshgat + 7at sinh at
33.68. (ij 2_+a‘2‘; £ dinh
33.69. (S; 2+_3;22)s3 +t?coshat
33.70. - ;226612222; < ¢ coshat
33.71. (;j * ZE; # sichy
33.72. PE Jlr P % {\E sin \/gzat —cos \/§2at +e7 2}




LAPLACE TRANSFORMS

S(s) F(@)
s e™? Sat . Bat vl
33.73. m 34 {COS 3 + \/g sSin T —e
52 l —at at/2 \/gat
33.74. pEpp 3 (e +2¢“'* cos 5
1 e, at . Bat
33.75. S o {e —cos=5—— J3'sin 5
s e 2 . 3at N
33.76. T 3a {\/5 sin—5——cos—5—+e**
S2 l at —at/2 \/gat
33.77. pEpp= 3 (e +2e cos—
33.78 ! L(' tcoshat — t sinh ar)
.78. Y 1,7 (sinat coshar —cosat sinha
s sin at sinh at
33.79. pEanp T oar
33.80 s L (sinat cosh at + cos arsinh ar
.80. T a (sinat cosh at + cos at sinh at)
53 h
33.81. PR cosat coshat
33.82 ! — (sinh at — sin at)
.82. P 5,7 Ginhat —sina
33.83 2 L (coshat - cos ar)
.83. P 57 (coshat —cosa
33.84 s* L inhat + sin at
.84. pr—— 2a(sm at +sinat)
3
33.85. ; 5 - +(cosh at + cos ar)
st —a
33.86 ! _er e
e Js+ta+-s+b 2(b —a)\nt?
1 erf/at
33.87. slsra Ja
1 e“erfJat
33.88. LG-a) T
1 1 .
33.89. e {— —beerfe(bt )}

Js—a+b

Jrt




LAPLACE TRANSFORMS

f(s) F(t)
1
33.90. s Jy(at)
1
33.91. s 1,(at)
13.92 (Ws*+a* —s)" n
92, — " n>-1 a"J, (ar)
Vst +a®
_ 2 _ 42\n
33.93. Govs —a' ) “f‘z’) n>-1 a'l (af)
s?—a
33.94 e I, (a1 +20))
94, —— a
Vst +a® 0
33,95 e e Iy =) t>b
o Js? +a? 0 t<b
1 tJ,(at)
33.96. i) —
s
33.97. W tJ,(at)
SZ
33.98. W JO (at) - atJl (at)
1 i, (at
33.99. ©=ay” %
33.100. m . (ar)
2
33.101. (SZ—ST)W 1,(at)+atl (ar)
1 e
33.102. ste* =1 s(l—e™) F=nn=t<n+1n=0,12,...
See also entry 33.165.
11]
1 & Fy=)rt
33.103. ste=r) s(—re k=1
where [f] = greatest integer = ¢
ee—1  1-e°
33.104. stes=r) s(l—re™) FO=r',n=t<n+1n=0,12,...
See also entry 33.167.
—als
33.105. : cos2at
Js Jrt




LAPLACE TRANSFORMS

f(s) F()
33.106 e sin 2+/at
. . S3/2 \/E
eia/’r ¢ n/2
33.107. — n>-1 —| J,@Van)
33.108 et e
o Js Jrt
33.109. e e
2\ rt?
_ —as
33.110. ! : erf(al27)
,a\g
33.111. € - erfc(al24/t)
*(l\/:
e a
33.112. R — vorraerfe| bt + ——
Js(Js +b) ¢ ( Vi )
e—a/ﬁ 1 o —utldatt
33.113. S >l Wfo w'e 1, (2u)du
s+a eV — et
33.114. ln(—s - b) ;
2 2 2
33.115. Inf(s”+a”)/a’) Ciar)
2s
33.116. M Ei(at)
(y+1Ins)
33.117. TS Int
Y = Euler’s constant = .5772156 ...
s2+a? 2(cos at — cos br)
33.118. ln (m) f
(v +Ins)?
33.119. & s In? ¢
Y = Euler’s constant = .5772156 ...
Ins —(Int+7y)
33.120. =
§ ¥ = Euler’s constant = .5772156 ...
In2s (Int+7y)* —+n?
33.121. -

Y = Euler’s constant = .5772156 ...




LAPLACE TRANSFORMS

S(s) F(1)
33.122. r (””);L(“ Dins o " Int
33.123. tan~' (als) Smt‘”
-1
33.124. fan” (as) Si(ar)
s
ea/x 672\/5
33.125. erfc( Jals
5 ek N
2 2 .
33.126. e erfe(s/2a) T; e
33.127. ¢ erfe(s/2a) erf(ar)
s
e“erfcas 1
.128. —_— ——
3128 g Vo)
as ; l
33.129. e“Ei(as) Py
Ll cosas{Z - i(as); - sinas Cicas) 1
33.130. 4| cosas (7 = Si(as) —sinas Ci(as PR
. T . . t
33.131. sin as {7 - Sl(as)} +cosas Ci(as) T
T Si . Ci
33.132. cosasys - i(as);—sinas Ci(as) tan"\(¢/a)
s
. T . . 2 2
sinas ——Sz(as)}—cos as Ci(as) 1. (t"+a
33.133. {2 5 In e
s
T oo I . L (r+a
33.134. 5 Si(as)| +Ci*(as) 7Inl—:
33.135. 0 N(#) = null function
33.136. 1 0 (7) = delta function
33.137. e o(t—a)
e—us
33.138. s Ut — a)

See also entry 33.163.




LAPLACE TRANSFORMS

S(s) F(1)
33.139, RLLES x,2 2 1 g o
33.140. sscif)l% = ; én]—)nl (2n ;c:)ﬂx ¢in (2n z—al)m
33.141. coshar 1,2 2 1) o P g 2
33.142. % 1+ > én 1_)"] (2n ;;)ﬂx e . a])m
33.143. % at Z - 1) T
33.144. i . 2 : 2(—1)'11)2 in 2= ;)ﬂx cos 22~ al)m
33.146. % - i_czz 2 (2(—1)'11)2 el - ;)ﬂx o @n 2—a1)m
33.147. % 1 ( Pt gy 164 Z < (- 1) 0 21 ; al)nx cos 21 2—a1)m
33.148. % z_fi (1) ne-rmri sin X
33.149. % Z_QHZ: (=)' (20 — 1)e- Vi mi4a cog 2n ;;)ﬂx
33.150. % %g (=1)! Q- mitaa i (2n ;;)ﬂx
33.151. J%‘);i—}’ff/; 1,2 Z‘ (e gos X
33.152. % Xy % 2 (—i)” e i PEX
33.153 _coshxfs_ LA ED" s g Gn=DAx
) scoshav/s “~ 2n— 2a
33.154. % i, 27%2 2 GV p——.e
33.155. _coshxy/s l(xz —a2)+t— 16a’ z (=D" . Qn—-1rmx
s2 coshar/s 2 2n-1)>» 2a




LAPLACE TRANSFORMS

S(s) F(1)
. = e~He (A xla)
Joixs) ) Y Ll
33.156. S AT(A
sJ,(ia[s) =l i)
where A, A,,... are the positive roots of J(A) =0
. 1 = "M ] (A xla)
Jo(ixs (P —a)+t+2ay —— e
33.157. # g ‘ zf A (A,)
s2J, (la\/; )
where A, A,... are the positive roots of J(A) =0
Triangular wave function
F(t)
1 as 1
33.158. pre tanh(T)
0 2a da 6a ¢
Fig. 33-1
Square wave function
F(t)
1 as " | 1 | i i
33.159. —tanh 5 ! i ! ! !
§ |[a EZa !34 :da :Eu t
-1 | S| [ — I—
Fig. 332
Rectified sine wave function
F(t)
Ta h as 1
33.160. 5 42 coth( 5
0 a 2a 3a ¢
Fig. 333
Half-rectified sine wave function
F(¢)
33.161 a !
. . (azsz +7.L.2)(1_efas) /\ /
a 2a 3a 4a ¢
Fig. 33-4
Sawtooth wave function
1 —as
33.162. ¢

as? s(1—e®)

F(t)
(o

Fig. 33-5




LAPLACE TRANSFORMS

f(s) F(t)
Heaviside’s unit function U(z — a)
F(t)
e*ﬂS 1 _
33.163. S |
I
See also entry 33.138. o ‘: ¢
Fig. 33-6
Pulse function
F(t)
—as (1 _ p—€s 1 P —————
33.164. erd-er) | :
§ i |
0 . PE ‘
Fig. 33-7
Step function
F(t) ;
1 * r
—_— 2+ e
s(l—e™™
33.165. ( ) N |
See also entry 33.102. 0 i : — . .
a 2a 3a 4a
Fig. 33-8
FOH=nn=t<n+1,n=0,1,2, ...
F(t) I
4 |
- 4 =25 3- |
33.166. ﬁ 2 !
1 US|
v B : : ‘
Fig. 33-9
Foy=rn=t<n+1,n=0,1,2, ...
F(o) |
l—e* " —
33.167. s(—re) |
1 ————d
See also entry 33.104. .
0 1 2 3
Fig. 33-10
i ==
F(t) = {sm (mtla) 0=t=a
0 t>a
ma(l+e) Fo
33.168. o L
0 " t
Fig. 3311




34 FOURIER TRANSFORMS

Fourier’s Integral Theorem

41. f(x)= j:{A(a) cosox+ B(ox)sinox}do

where

", Alo) = % j: f(x)cos ox dx

B(a) = % I:f(x) sin ox dx

Sufficient conditions under which this theorem holds are:

(i)  f(x) and f’(x) are piecewise continuous in every finite interval -L < x < L;
(ii) J_ | f(x)ldx converges;
(iii) f(x)is replaced by +{f(x+0)+ f(x—0)}if x is a point of discontinuity.

Equivalent Forms of Fourier’s Integral Theorem

343. f(x)= % | ”w | “'w f(u)cos ou(x —u)duder

fx) = % j:e"axdaj: Fwe ™ du
34.4.
- % [~ | rweecvdude

34.5.  f(x)= % | :sin ox dot | : f(u)sin o du
where f(x) is an odd function [ f(—x) = —f(x)].
34.6. f(x)= % j:cos axdo j: F(u) cos o du

where f(x) is an even function [f(—x) =f (x)].



Fourier Transforms

FOURIER TRANSFORMS

The Fourier transform of f(x) is defined as
34.7. @{f(x)} =F(a)= J:f(x)e—iaxdx

Then from 34.7 the inverse Fourier transform of F(o) is
1 ¢~ .
Op—1 — — iox
348. FHYHF()}= f(x)——2ﬂ LOF(oc)e do

We call f(x) and F(&) Fourier transform pairs.

Convolution Theorem for Fourier Transforms

If F(a) = F{f(x)} and G(c) = F{g(x)}, then
1 oo ) oo
349, 5 [ F@Ge™da= | fugtx-uydu=fg

where f“g is called the convolution of fand g. Thus,

34.10. F{fg)=F{f) Flg)

Parseval’s Identity

If F(a) = F{f(x)}, then
AL [ 1 fGoPdx= % [ 1P Pda
More generally if F(o) = F{f(x)} and G(@) = F{g(x)}, then
w _ 1 = _
3412, [ f0z@dx =5 F@)G@)da

where the bar denotes complex conjugate.

Fourier Sine Transforms

The Fourier sine transform of f(x) is defined as
34.13. F(o)=F (f(x)}= j: F(x)sinorx dx
Then from 34.13 the inverse Fourier sine transform of F () is

M4 f0)=F(F@) =2 [ F@sinaxda



FOURIER TRANSFORMS

Fourier Cosine Transforms

The Fourier cosine transform of f(x) is defined as
34.15. F.()=F {f(x)}= j: f(x) cos oux dx
Then from 34.15 the inverse Fourier cosine transform of F (o) is

34.16. f(x)=FF.(o)} = %J:Fc(a) cosaxdo

Special Fourier Transform Pairs

Jx) F(o)
1 Ixl<b 2sinba
34.17. {0 Ixl>b o
1 n.e—ba
34.18. b 5
L 7 -ba
34.19. PER ime
34.20. S (x) "ot'F(ox)
. an
34.21. X"f(x) "o
. 1 (-t
34.22. f(bx)e™ 2P\ =5




Special Fourier Sine Transforms

FOURIER TRANSFORMS

fx) F(a)
1 O<x<b 1-cosba
34.23. {0 c>b —
34.24. x! %
ad E —-ba
34.25. pEay e
o
—~bx -
34.26. e B
I'(n)sin(ntan™" a/b)
n—1,-bx
34.27. x"~le @+ 57"
34.28. xe—bx: 4\2_% ae—a2/4b
34.29. X2 JZ
200
n—1
34.30. X % 0<n<?
sin bx 1 o+b
34.31. e 35 In (m)
sin bx /2 a<b
34.32. x? {ﬂ'b 12 o>b
b 0 a<b
34.33. C"i al /4 a=bh
/2 a>b
34.34. tan~' (x / b) % b
T o
34.35. csc bx 5 tanh b
1 7 om(F) L
34.36. ] 472 ) 2a




FOURIER TRANSFORMS

Special Fourier Cosine Transforms

S F.(a)
1 O<x<b sinbo
34.37. {O > b 7
1 n-e—ba
34.38. e =5
b
34.39. e s
R I'(n)cos(ntan™ a/b)
34.40. x"le? (07 +Db2)"
34.41 e l\/Ee—a?/u;
o 2\ b
—1/2 T
34.42. X /m
o sec (nw/2)
4.43. - — = O<n<l1
34.43 X 2T () n
.X2 + b2 e~ — e—ba
34.44. 1Il (m) T
. /2 o<b
34.45. sin bx m4 a=b
o 0 a>b
. b4 o . of
34.46. sin bx? 35 | COS 75 —singy
b4 o’ 2
34.47. cos bx? 5 (cos T sin E)
T o
34.48. sech bx % sech 25
cosh (V7 x/2) 7 cosh(Vral2)
34.49. —_— -
cosh (\/;x) 2 cosh (\/;a)
e-b& p
34.50. had —qi
N \ /205 {cos(2b\or) —sin(2bJar )}




Section IX: Elliptic and Miscellaneous Special Functions

3 5 ELLIPTIC FUNCTIONS

Incomplete Elliptic Integral of the First Kind

:'[d) doe :'[X dv
O J1-ksin20 70 Jd - v )1 - k*v?)

35.1. u=F(k,¢)

where ¢ = am u is called the amplitude of u and x = sin ¢, and where here and below 0 < k< 1.

Complete Elliptic Integral of the First Kind

sz do =j1 dv
O JI-k2sin?0 20 \J(1—v?)1-k*v?)

2 2 2
=Zh+ 1 k* + I-3 k* + 1-3+5 kS +--
2 2 24 2¢44¢6

Incomplete Elliptic Integral of the Second Kind

35.2. K=F(k,m/2)=

353, Ekg)=[ 1-Esin0do=|" “\I/I_Lz'z’z dv
-V

Complete Elliptic Integral of the Second Kind

] 12,2
554, E-Btnn— [ ITFa a0~ lef v
-v

2 2 2
TN L) e (3] K (13650 K
2 2 2'4 3 2-406 5

Incomplete Elliptic Integral of the Third Kind

do x d
J -

[
35.5. T(k,n,0)= -
(. 9) L’ (1+ nsin® O)V1— k> sin 6 (1+ nv)J(1 - v?)(1 - k*v?)

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



ELLIPTIC FUNCTIONS

Complete Elliptic Integral of the Third Kind

356, Hknm)=]" a9 - dv
Y O (1+nsin?OWI-k>sin?0  *° (1+nv?)J(1—v2)(1 - Kv?)

Landen’s Transformation

sin2¢,

35.7. tan ¢ = m

or ksing =sin(2¢, — ¢)

This yields

~ 4 do 3 2 9, d@l
358. Flo9)=] T esne T+K ) JI— k2 sin? 6,

where k, = 2k /(1+ k). By successive applications, sequences k.. k,,k;, ... and ¢, @,, ¢,, ... are obtained such
that k <k <k, <k, <---<1 where limk, =1. It follows that

n—oo

C[kkk, e de [kkok, ... T @
359. F(k.®)=, . jOJl_sze_ﬁ/ 2 Intan| 7+

where

310, k=2 k=2\/E
AT BTk

Tk and ®lim ¢,

n—oo

The result is used in the approximate evaluation of F(k, ¢).

Jacobi’s Elliptic Functions

From 35.1 we define the following elliptic functions:
35.11. x=sin(am u)=sn u

3512. J1-x*=cos(amu)=cnu

3513, JVI-Kx2 = \1-K’sn’u=dnu

We can also define the inverse functions sn™! x, cn™'x, dn~'x and the following:

35.14. nsu=—— 3517. scu=—24 3520. csu=—%
Snu cnu Snu
35.15. ncu=—— 35.18. sdu=-—24 3521, deu= 304
cnu dnu cnu
35.16. ndu=—— 35.19. cdu=2H 3522, dsu= 3%
dnu dnu dnu

Addition Formulas

3523, sn(u+v)= snu cnvdnv+cnu snv dnu

1—k%sn’usn’*v



ELLIPTIC FUNCTIONS

3524, cn(utv)= cnucnv—snusnv dnudnv

1—k%sn’u sn’*v

dnudnv—k?snusnv cnucnv

3525, dn(u+v)= 1—k*sn*u sn*v

Derivatives
d d
35.26. —snu=cnudnu 35.28. d—dnu =—k®snucnu
u
d d
35.27. —cnu=-snudnu 35.29. g Seu= dcuncu
u

Series Expansions

3 5 7
35.30. snu=u—(1+k2)%+(l+14k2+k4)%—(1+135k2+135k4+k6)%+---
I/t2 I,{4 u(’
3531 onu= 11—y +(1+4k3) gy — (1L + 44K +16k*) r + -
2 4 6
35.32. dnu=1—k2u—+k2(4+k2)%—k2(16+44k2+k4)%+---

2!

Catalan’s Constant

1 r1 1 ¢t pan2 do dk 1 1 1
35.33. §j0de=§jk:Oj ... =.915965594...

oo I-kisinig U 35

Periods of Elliptic Functions

Let
35.34, K:JML, ej”’zL where k' = JI_ k2
0 J1-k>sin*0 0 J1-k"sin’0
Then

35.35. snu has periods 4K and 2iK’

35.36. cnu has periods 4K and 2K + 2iK’

35.37. dnu has periods 2K and 4iK’
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Identities Involving Elliptic Functions

35.38. sn’u+cnu=1 35.39.

35.40. dn’u-k*cn’u=k’> where k’=+1-k? 35.41.

dn2u+cn2u

3542. cnu=———5—F5— 35.43.

1+dn2u

3544, (1=Cn2u _snudnu 35.45.
1+cn2u cnu

Special Values

dnu+k*sn*u=1

1—k*+dn2u+k’*cnu

dn’u=

1+ dn2u

1-dn2u  ksnucnu
1+dn2u =~ dnu

35.46. sn0=0 3547. cn0=1  3548. dn0=1

Integrals

35.49. sc0=0

35.50. am0=0

35.51. J'sn udu =%ln(dn u—k cn u)

35.52. jcn u du= %cos’l (dn u)

35.53. J'dn u du=sin™ (sn u)

35.54. jsc u du=ﬁln(dc u++1-k*nc u)

35.55. jcs u du=1In(ns u—ds u)
35.56. J'cd u du = %m (nd u+k sd u)

35.57. _[dc udu=1In(nc u+scu)

_ —sin”! (k cd u)

35.58. sdu du=———
j k1-k
35.59, jds udu=1n(ns u—cs u)
35.60. jns u du=1n(ds u—cs u)
1 SC u
35.61. ncu du =——In|dc u+——
j Nirs ( \/1—k2)

cos'(cd u)

35.62. J'nd u du =

k2



Legendre’s Relation

ELLIPTIC FUNCTIONS

35.63. EK'+E'K-KK'=n/2

where

35.64. E-= jo'”z JI—Ksin? 6 do
35.65. E'= jo'”z JI=K7sin20 do

K= .[;r/z dé
0 J1-k*sin?0

K = jn/z do
0 J1-k"sin%?6



36 MISCELLANEOUS and RIEMANN
ZETA FUNCTIONS

Error Function erf(x)=%j:e-”zdu

x3 x>

2 X
361 erf(x):ﬁ(x_3-1!*54!‘7.3!*"')

e (1 143 1.345
36.2. erf(x)~l—m(1—2—xz+m_m+...)

363. erf(-x)=—erf(x),  erf(0)=0, erf(e0)=1

Complementary Error Function erfc(x)=1-erf (x)= %fe*"zdu

2 x? x° x7
36.4. erfc(x)—l—ﬁ(x—3.1!+5.2!_7.3!+...)

e (i1 13 1435
Jrx 2x2  (2x%)* (2x?)?

36.6. erfc(0)=1, erfc(e0) =0

36.5. erfc(x)~

Exponential Integral Ei(x)= r%du

l1—e™
u

du

367. Ei(x)=-y—Inx+ jo

. X x2 x3
36.8. El(x)——j/—lnx+(1.1!—2.2!+3.3!_...)

- | | |
369. Ei(n)~ (1_%+%_%+...)

36.10. Ei(0)=0

sinu
u

du

Sine Integral Si(x)= _[:

x3 X X

17331 551 7.1

' 150 141
36.12. Si(x)~%_Slﬂ(l_3_;+5_;_...)_w(1_2_2'+4_‘;_...)

X X X X- X

5 7

36.11.  Si(x)= 1f1

3613. Si(-x)=-Si(x),  Si(0)=0,  Si(e)=7n/2



MISCELLANEOUS AND RIEMANN ZETA FUNCTIONS

Cosine Integral Ci(x)= J’” c‘:" du
36.14. Ci(x):_y_lnx_i_j:l—zosudu

2 4 6 8

. X X X X
3615 Ci) ==y -Inx+ 5 5 -7 41 661 8.8

| ! 1 ! !
36.16. Ci(x)~w(l—3—3'+5—5'—--~)—Smx(l—z—z'+%—---)

36.17. Ci(0)=0

Fresnel Sine Integral S(x)= \/% J’: sinu’du

2 x3 x7 xll x15
36.18. S("):\/;(3.1!‘7-3!*11-5!‘15-7!*"‘]

11 (1 143 12345.7 (1 1+3.5
36.19. S(x)NE_E{(COSX )(;— 22)(:5 + 24)(9 —---)+(51nx )(2_)53_23—)674-)}
1
2

36.20. S(—x)=-S(x), $(0)=0, S(eo) =

Fresnel Cosine Integral C(x)= \/% _[0 cosu’du

2(x x> x° x'3
36.21. C<x):\/%(ﬂ‘5.2!+9-4!_13-6!+“')

11 [ (1 143 1434547 (1 1345
36.22. C(x)~2+m{(smx )(x_22x5+ — _...)_(cosx )(M_ . +)}

3623, C(-0)=-C(x),  C0)=0,  C() =%

Riemann Zeta Function C(x)=1ix+2ix+3ix+~-

1 ecux71

36.24. {(x)= ™ du, x>1

0 e
36.25. ((1-x)=2""mT(x)cos(mx/2){(x) (extension to other values)

22k—1 n-ZkB

36.26. {2k =7, k=123,



Section X: Inequalities and Infinite Products

7 INEQUALITIES

Triangle Inequality

— = <
37.1. |al-la,|=la +a, =la)+la,|

372. la,+a,+--+al=lal+la,l+--+la |
n 1 2 n

Cauchy-Schwarz Inequality

373. (ab +ab,+--+ab ) =(a}+a,+--+a )b} +b; +---+b>)

The equality holds if and only if a,/b, = a,/b, =---=a,lb,.

Inequalities Involving Arithmetic, Geometric, and Harmonic Means

If A, G, and H are the arithmetic, geometric, and harmonic means of the positive numbers a,, a,, ..., a , then

374. H=G=A
where

37.5. A=

a2 an

377, izl{i+i+...+ij
n al

The equality holds if and only if @, =a, =---=a

n®

Holder’s Inequality

= 1/, 1/
378. lab +ab,++ab |=(al+a,l” +-+la 1)2(b l+1b, 14 +---+1b 1)

where

37.9. l+l:1 p>lg>1
P 9

The equality holds if and only if |al|f’*1/|bl | = |a2 |l’*'/|b2 |=... = |an |I'*1/|b” | . For p = g =2 itreduces to 37.3.
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Chebyshev’s Inequality

INEQUALITIES

Ifa=Za,=-Zaq, andb1 ébz é-uébn,then

37.10 a+a,+-+a |[(b+b,+--+b <a|bl+a2b2+~~-+anbn
- n - n

or

3711. (a,+a,+--+a)b +b,+---+b)=n(a b +a,b,+---+a D)

Minkowski’s Inequality

Ifa,a,...a,b,b,,...b areall positive and p > 1, then

37.12. {(a,+b)" +(a,+b)" +--+(a, +b)'}" =(a’ +al +---+a’)"” + (b} + b +-

The equality holds if and only if @,/b, =a,/b, =---=a /b .

Cauchy-Schwarz Inequality for Integrals

R b/>)1/1>
n

37.13. [J:f(x)g(x)dx] é{j:[ﬂx)]%zx}{j:[g(x)]zczx}
The equality holds if and only if f(x)/g(x) is a constant.

Holder’s Inequality for Integrals

1/q

b b Up [ .p
3714, [ 1f(x)g(x)ldx = { [ dx} { [Ng@op dx}
where 1/p+ 1/g=1,p>1, g >1.1If p = g =2, this reduces to 37.13.

The equality holds if and only if |f(x)I”"'/Ig(x)l is a constant.

Minkowski’s Inequality for Integrals

Ifp>1,

37.15. {jb| F0)+ g dx}vp = {jﬁ Flolr dx}l/p + {jﬂg(x)v’ dx}vp

1 1

The equality holds if and only if f(x)/g(x) is a constant.



8 INFINITE PRODUCTS

2 2 2
38.1. sinx=x 1_x_ 1- s 1— Al I
x? 4m? on?
2 2
382, cosx—|1-F (14
? on?

2 2

38.3. sinhx:x(1+x—2J(1+ *
2 2 2

38.4. coshx = 1+4i 1+4x 1+ A
r? 9r? 2512

See also 25.11.

2 2 2
386. J(o=l1-|lh=211=X2]..
o ( Af)( A)[ X

where A A, N, are the positive roots of Jo(x) =0.

2 2 2
387. J(x)=x 1_"_2 TP | PR
Al A A

where AL A, N, are the positive roots of J(x) = 0.

38.8. smx cosicosﬁcosfcosi---
X 2 4 8 16

389, F_2,244 66
2°1'3'3'5°5°7

This is called Wallis’ product.



Section XI: Probability and Statistics

9 DESCRIPTIVE STATISTICS

The numerical data x , x,,... will either come from a random sample of a larger population or from the larger
population itself. We distinguish these two cases using different notation as follows:

n =number of items in a sample,
N = number of items in the population,

X = (read: x-bar) = sample mean, U (read: mu) = population mean,
s* = sample variance, 0?2 = population variance,
s = sample standard deviation, o = population standard deviation

Note that Greek letters are used with the population and are called parameters, whereas Latin letters are
used with the samples and are called statistics. First we give formulas for the data coming from a sample.
This is followed by formulas for the population.

Grouped Data

Frequently, the sample data are collected into groups (grouped data). A group refers to a set of numbers
all with the same value x, or a set (class) of numbers in a given interval with class value x.. In such a case, we
assume there are k groups with f; denoting the number of elements in the group with value or class value x..

Thus, the total number of data items is

39.1. n=)f

As usual, X will denote a summation over all the values of the index, unless otherwise specified.
Accordingly, some of the formulas will be designated as (a) or as (b), where (a) indicates ungrouped data
and (b) indicates grouped data.

Measures of Central Tendency
Mean (Arithmetic Mean)

The arithmetic mean or simply mean of a sample x , x,,..., x , frequently called the “average value,” is the
sum of the values divided by the number of values. That is:

X, 4+ X,
39.2(a). Sample mean: X= w = %

flxl +fzx2+'"+kak _ Zfixi
S+t zf

39.2(b). Sample mean: X =

Median

Suppose that the data X5 Xysenp X, ATE NOW sorted in increasing order. The median of the data, denoted by

n

M or Median

is defined to be the “middle value.” That is:

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



DESCRIPTIVE STATISTICS

X when 7 is odd and n = 2k +1,

39.3(a). Median = X+,

2

The median of grouped data is obtained by first finding the cumulative frequency function F. Specifically,
we define

when n is even and n = 2k.

that is, F_is the sum of the frequencies up to f.. Then:

X, whenn=2k+1(odd)and F; <k+1<F,,

39.3(b.1). Median=
when n = 2k (even), and F = k.

Finding the median of data arranged in classes is more complicated. First one finds the median class m,
the class with the median value, and then one linearly interpolates in the class using the formula

(n/2)-F, ,
fm

where L, denotes the lower class boundary of the median class and ¢ denotes its class width (Iength of the
class interval).

39.3(b.2). Median=1L, +c

Mode

The mode is the value or values which occur most often. Namely:

39.4. Mode x, = numerical value that occurs the most number of times

The mode is not defined if every X, occurs the same number of times, and when the mode is defined it
may not be unique.

Weighted and grand means
Suppose that each x, is assigned a weight w, > 0. Then:

WX WX, +etwx,  Twa,

39.5. Weighted Mean x = =
" Wi+ w,+tw, Zw,

Note that 39.2(b.1) is a special case of 39.4 where the weight w, of x, is its frequency.

Suppose that there are k sample sets and that each sample set has n, elements and a mean x. Then the
grand mean, denoted by X, is the “mean of the means” where each mean is weighted by the number of ele-
ments in its sample. Specifically:

nx +nx,+--+nx, _ En’.xi
n+n +--+n n
1 2 k i

39.6. Grand Mean x =

Geometric and Harmonic Means

The geometric mean (G.M.) and harmonic mean (H.M.) are defined as follows:

39.7(a). G.M.= ,/xlxz X
39.7(b). GM.= ."/x-lﬁ x{z xkf
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n _ n
Ux, +1/x, +-+1/x, _ = (I/x,)

39.8(a). HM.=

n n

39.8(b). HM.= =
(b) Jilx, + flx, +--+ filx,  Z(f/x;)

Relation Between Arithmetic, Geometric, and Harmonic Means

39.9. HM.<GM.<Xx
The equality sign holds only when all the sample values are equal.

Midrange
The midrange is the average of the smallest value x, and the largest value x . That is:

X, +x

1 n

39.10. midrange: mid =

Population Mean
The formula for the population mean u follows:
X +x,++x, Zx

39.11(a). Population mean: = T = T

flxl +f2x2+”'+kak _ Zfixi
Lttt Xf,

39.11(b). Population mean: u=

(Recall that N denotes the number of elements in a population.)

Observe that the formula for the population mean u is the same as the formula for the sample mean x.
On the other hand, the formula for the population standard deviation o is not the same as the formula for the
sample standard deviation s. (This is the main reason we give separate formulas for ¢ and x.)

Measures of Dispersion

Sample Variance and Standard Deviation

Here the sample set has n elements with mean Xx.

_X(x, —Xx)? 3 Zxl—(Zx)/n

2

39.12(a). Sample variance: s

n—1 n—1
X(x.—x) XfxP-Cfx)Xf
39.12(b). Sample variance: s*= ASTIE) = Jx ~ (2 Jx) T2,
-1 Zf)-1

39.13. Sample standard deviation: s =+/Variance = +/s>
EXAMPLE 39.1: Consider the following frequency distribution:

x |1 2 3 4 5 6
L8 147 12

Thenn=ZXf =45 and X f, x, = 126. Hence, by 39.2(b),

Zxf 126

=—=28
f 45

Mean x =
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Also, n— 1 =44 and X fx? = 430. Hence, by 39.12(b) and 39.13,

(2 _ 430-(126)/45
- 44

=1.75 and s=1.32

We find the median M, first finding the cumulative frequencies:

|
I
*
|
I
3]
N
|
I
[\®]
X
e
I
n
S
I

44, F, =45=n

Here n is odd, and (n + 1)/2 = 23. Hence,
Median M = 23rd value =3

The value 2 occurs most often, hence

Mode =2

M.D. and R.M.S.

Here M.D. stands for mean deviation and R.M.S. stands for root mean square. As previously, x is the
mean of the data and, for grouped data, n =X Jf

39.14(a). M.D.= %|xi - x| 39.14(b). MD.= %| fix, - X|

39.15(a). R.M.S.=,/%(fo) 39.15(b). R.M.S.z,/%(Zfixf)

Measures of Position (Quartiles and Percentiles)

Now we assume that the data Xp> Xpperns X, ATE arranged in increasing order.

39.16. Sample range: x —x,.

There are three quartiles: the first or lower quartile, denoted by Q, or Q,; the second quartile or median,
denoted by O, or M; and the third or upper quartile, denoted by Q, or Q, . These quartiles (which essentially
divide the data into “quarters”) are defined as follows, where “half” means n/2 when n is even and (n-1)/2
when 7 is odd:

39.17. Q,(= Q,) = median of the first half of the values.
M(= Q, ) = median of the values.
Q, (= Q,) = median of the second half of the values.

39.18. Five-number summary: [L, Q,, M, O, H] where L = x, (lowest value) and H = x _(highest value).

39.19. Innerquartile range: O, - O,
QU - QL

39.20. Semi-innerquartile range: Q= 5

The kth percentile, denoted by P, is the number for which k percent of the values are at most P, and
(100-k) percent of the values are greater than P,. Specifically:

39.21. P, =largestx such that F <k/100. Thus, Q, = 25th percentile, M = 50th percentile,
Q,, = 75th percentile.
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Higher-Order Statistics
1 1
39.22. The rth moment: (a) m =—Xx!, (b) m =—X fx
n n

39.23. The rth moment about the mean Xx:

@ = -5, ®) g =2 Z(fx, -

39.24. The rth absolute moment about mean x:

r r
s

1 _ 1 _
(a) ,u,=;Z|xi—x (b) /,Lr=22|fl.x,.—x

39.25. The rth moment in standard z units about z = 0:

@ a=13z (b) o =3 (2 wherez =%
r n 1 r n 1) 1 G

Measures of Skewness and Kurtosis

39.26. Coefficient of skewness: v, = % =a,
39.27. Momental skewness: s
20°
39.28. Coefficient of kurtosis: o, = 'u—j
o
39.29. Coefficient of excess (kurtosis): o,—-3= % -

39.30. Quartile coefficient of skewness: Q,—2x+0, 0,-20,+0,

QU_QL Q3_Q1

Population Variance and Standard Deviation

Recall that N denotes the number of values in the population.

Z(x,—x)* Zx}-(Zx)n

39.31. Population variance: 0 = m N

39.32. Population standard deviation: o =+ Variance =+o”

Bivariate Data

The following formulas apply to a list of pairs of numerical values:

(X ) (X35 Y0 (X35 ¥)seees (X, 9)

where the first values correspond to a variable x and the second to a variable y. The primary objective is to
determine whether there is a mathematical relationship, such as a linear relationship, between the data.
The scatterplot of the data is simply a picture of the pairs of values as points in a coordinate plane.
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Correlation Coefficient

A numerical indicator of a linear relationship between variables x and y is the sample correlation coef-
ficient r of x and y, defined as follows:

Z(x, =x)y —-Y)

39.33. Sample correlation coefficient: =
JEG D20, -5

We assume that the denominator in Formula 39.33 is not zero. An alternative formula for computing
r follows:

Zxy,—(Zx)(Zy)n

39.34. r=
\/le.z —(Zx,)*/n \/Zy,-z —(Zy)*n

Properties of the correlation coefficient r follow:

39.35. (1) -1=<r=1orequivalently, IrI<1.
(2) ris positive or negative according as y tends to increase or decrease as x increases.
(3) The closer Il is to 1, the stronger the linear relationship between x and y.

The sample covariance of x and y is denoted and defined as follows:

I, -90,-Y)

39.36. Sample covariance: o 1
x n_

Using the sample covariance, Formula 39.33 can be written in the compact form:

S )
39.37. r=—2
s S

where s_and s, are the sample standard deviations of x and y, respectively.

EXAMPLE 39.2: Consider the following data:

x |50 45 40 38 32 40 55
y |25 50 62 74 83 47 18

The scatterplot of the data appears in Fig. 39-1. The correlation coefficient r for the data may be obtained
by first constructing the table in Fig. 39-2. Then, by Formula 39.34 withn =17,

L 1431.8—(300)(35.9)/ 7
J13.218—(300)* / 7/218.67+(35.9)2 / 7

=-0.9562

Here r is close to —1, and the scatterplot in Fig. 39-1 does indicate a strong negative linear relationship
between x and y.
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L Xi Y 51':2 y? XY
10

. 50 | 2.5 2500 6.25 125.0

81 . 45 | 5.0 2025 | 2500 | 225.0

o R 40 | 62| 1600 | 3844 | 248.0

. 38 | 74| 1444 | 5476 | 281.2

o ¢ 32 | 83| 1024 | 68.89 | 265.6

40 | 47| 1600 | 2209 | 1880

2- e . 55 | 1.8 | 3,025 3.24 99.0

0 LA T | — Sums| 300 | 35.9 | 13,218 | 218.67 | 14318
30 40 50 60

Fig. 39-1 Fig. 39-2

Regression Line

Consider a given set of n data points P, (x,, y,). Any (nonvertical) line L may be defined by an equation
of the form

y=a+bx

Let y," denote the y value of the point on L corresponding to x;; that is, let y; = a+bx,. Now let

d’.=yl.—ylf‘=yl.—(a+bxi)

that is, d, is the vertical (directed) distance between the point P, and the line L. The squares error between
the line L and the data points is defined by

3938, Sd=d’+di++d

The least-squares line or the line of best fit or the regression line of y on x is, by definition, the line L
whose squares error is as small as possible. It can be shown that such a line L exists and is unique.
The constants a and b in the equation y = a + bx of the line L of best fit can be obtained from the following
two normal equations, where a and b are the unknowns and # is the number of points:
na+Xx)b=Xy,
39.39.
(Zx)a+(Zx)b=Zxy,

The solution of the above normal equations follows:

2xy —(Zx)Xy. rs 2y, X,
3940, poEENTCEREY) B I N o e
nXx’—(Zx,) s n n

The second equation tells us that the point (X, y)lies on L, and the first equation tells us that the point
(X+s,y+ rsy) also lies on L.
EXAMPLE 39.3: Suppose we want the line L of best fit for the data in Example 39.2. Using the table in Fig. 39-2 and
n =17, we obtain the normal equations

7a+300b=35.9

300a+13,218b =1431.8
Substitution in 39.40 yields

p - 10431.8) = (300)35.9) _ 1 oos0
7(13,218) - (300)*

a= 357—9 - (—0.2959)¥ =17.8100
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Thus, the line L of best fit is
y=17.8100 — 0.2959x

The graph of L appears in Fig. 39-3.

X y = 17.8100-0.2959%
10
(30, 8.933)
8 A
¢ (42.8571, 5.1286)
6
4 -4
2 -
0 A T T T >
30 40 50 60 X
Fig. 39-3

Curve Fitting

Suppose that n data points P, (x, y,) are given, and that the data (using the scatterplot or the correlation
coefficient r) do not indicate a linear relationship between the variables x and y, but do indicate that some
other standard (well-known) type of curve y = f(x) approximates the data. Then the particular curve C that
one uses to approximate that data, called the best-fitting or least-squares curve, is the curve in the collection
which minimizes the squares error sum

Xd}=d}+d;+---+d}

where d; =y, - f(x,). Three such types of curve are discussed as follows.

1 1 . = 2 e m
Polynomial function of degree m: y=a,+ax+a,x*+---+a x

The coefficients a, a,, a,,...,a, of the best-fitting polynomial can be obtained by solving the following
system of m + 1 normal equations:

39.41. na,+a,Xx;+a,Xx}+--+a, Xx"=Ly,

A Zx; +a, Xx} +a, Zx} +--+a, Tx" =X x,y,

A Zx"+a, Zx" +a, Zx" 4 +a, Txm=Zx"y,

Exponential curve:  y=ab* or logy=1loga+ (logb)x
The exponential curve is used if the scatterplot of log y verses x indicates a linear relationship. Then log a and
log b are obtained from transformed data points. Namely, the best-fit line L for data points P’(x, log y,) is

na’+(XZx)b’=X(ogy.
39.42. (&) (ogy,)

(Zx)a’ +(Zx)b"=2(x logy,)
Then a = antilog a’, b = antilog b’.

EXAMPLE 39.4: Consider the following data which indicates exponential growth:

x|1 2 3 4 5 6
y| 6 18 55 160 485 1460
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Thus, we seek the least-squares line L for the following data:

x |1 2 3 4 5 6
logy | 07782 12553 17404 22041 2.6857 3.1644

Using the normal equation 39.42 for L, we get
a’=0.3028, b’'=0.4767

The antiderivatives of @’ and b’ yield, approximately,
a=2.0, b=3.0

Hence, y = 2(3") is the required exponential curve C. The data points and C are depicted in Fig. 39-4.

1600

1400
1200
1000
800
600
400
200 °
T T T T T T
0 1 2 3 4 5 6 7

Fig. 39-4

Power function: y=ax’ or logy=1loga+blogx
The power curve is used if the scatterplot of log y verses log x indicates a linear relationship. The
log a and b are obtained from transformed data points. Namely, the best-fit line L for transformed data
points P’(log x, log y) is
na’+Z(logx)b=ZX(logy)
39.43.
2 (logx)a’+X(logx,)’b =X(logx, logy,)

Then a = antilog a’.
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Sample Spaces and Events

Let S be a sample space which consists of the possible outcomes of an experiment where the events are
subsets of S. The sample space S itself is called the certain event, and the null set & is called the impossible
event.

It would be convenient if all subsets of S could be events. Unfortunately, this may lead to contradictions
when a probability function is defined on the events. Thus, the events are defined to be a limited collection
C of subsets of S as follows.

DEFINITION 40.1: The class C of events of a sample space S form a o-field. That is, C has the following three
properties:

i SeCcC.
(i) IfA, A, ... belong to C, then their union A, U A, U A, U ... belongs to C.
(iii) If A € C, then its complement A e C.

Although the above definition does not mention intersections, DeMorgan’s law (40.3) tells us that the
complement of a union is the intersection of the complements. Thus, the events form a collection that is
closed under unions, intersections, and complements of denumerable sequences.

If S is finite, then the class of all subsets of S form a ¢-field. However, if S is nondenumerable, then only
certain subsets of S can be the events. In fact, if B is the collection of all open intervals on the real line R,
then the smallest 6-field containing B is the collection of Borel sets in R.

If Condition (ii) in Definition 40.1 of a o-field is replaced by finite unions, then the class of subsets of S
is called a field. Thus a o-field is a field, but not visa versa.

First, for completeness, we list basic properties of the set operations of union, intersection, and complement.

40.1. Sets satisfy the properties in Table 40-1.

TABLE 40-1 Laws of the Algebra of Sets

Idempotent laws: (la) AUA=A (Ib) AnA=A
Associative laws: (2a) (AuUB)UC=AuUuBuUCQC) 2b) ANB)NnC=AnBNOC)
Commutative laws: (3a) AUB=BUA B3b) AnB=BnA
Distributive laws: (4a) AUBNC)=(AUB)N(AUC) 4b) AnBUC)=(ANB)UANB)
Identity laws: (5a) AuP=A 5b) AnU=A
(6a) AuU=U (6b) ANn=0
Involution law: (7)  (ASC=A
Complement laws: (8a) AU A*=U B8b) ANA=C
%a) Uc=yY %b) @=U
DeMorgan’s laws: (10a) (A U B)*=A‘N B¢ (10b) (AN B)X=A°U B¢
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40.2. The following are equivalent: (i) A € B, (ii)) AN B = A, (iii) AN B =B.
Recall that the union and intersection of any collection of sets is defined as follows:
Uj Aj = {x | there exists j such that x € Aj} and ﬂj Aj = {x | for every j we have x € Aj}

40.3. (Generalized DeMorgan’s Law) (10:11)'(Uj Aj)C = ﬂj AJF; (10b)'(ﬂj Aj)C = Uj Ajc

Probability Spaces and Probability Functions

DEFINITION 40.2: Let P be a real-valued function defined on the class C of events of a sample space S. Then P is
called a probability function, and P(A) is called the probability of an event A, when the following axioms hold:

Axiom [P,] For every event A, P(A) 2 0.
Axiom [P,] For the certain event S, P(S) = 1.

Axiom [P,] For any sequence of mutually exclusive (disjoint) events A, A,, ...,

P(A,UA,U...)=P(A)+P(A)+...

The triple (S, C, P), or simply S when C and P are understood, is called a probability space.

Axiom [P,] implies an analogous axiom for any finite number of sets. That is:

Axiom [P,'] For any finite collection of mutually exclusive events A, A, ..., A,

n

P(AJUAU...UA)=PA)+PA)+...+PA)
In particular, for two disjoint events A and B, we have P(A U B ) =P(A) + P(B).

The following properties follow directly from the above axioms.
40.4. (Complement rule) P(A°) = 1 — P(A). Thus, P(J) = 0.
40.5. (Difference Rule) P(A\B) = P(A) — P(A M B).

40.6. (Addition Rule) P(A U B) =P(A) + P(B) - P(A N B).
40.7. Forn 22,P(|J7,4,) < X P(A)
40.8. (Monoticity Rule) If A C B, then P(A) < P(B).

Limits of Sequences of Events

40.9. (Continuity) Suppose A, A,, ... form a monotonic increasing (decreasing) sequence of events; that is,
Aj c Aj+1 (Aj -] Aj+l)' LetA= U, A (A= AJ.). Then lim P(A) exists and

lim P(A ) =P(A)
For any sequence of events ALA, ..., we define
. . Foo +oo . +oo +oo
liminf A = Uk=l ﬂj:k Aj and limsup A = ﬂkzl szk Aj

If lim inf A_=lim sup A , then we call this set lim A . Note lim A_exists when the sequence is
monotonic.
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40.10. For any sequence A of events in a probability space,
P(lim inf A ) <lim inf P(A ) <lim sup P(A ) < P(lim sup A )

Thus, if lim A_ exists, then P(lim A ) =1im P(A ).
40.11. For any sequence A of events in a probability space, P(uj Aj) < Z,» P(Aj).

40.12. (Borel-Cantelli Lemma) Suppose A is any sequence of events in a probability space. Furthermore,
suppose zn , P(A) <+eo. Then P(hm sup A )=0.

40.13. (Extension Theorem) Let F be a field of subsets of S. Let P be a function on F satisfying Axioms P,
P,, and P,. Then there exists a unique probability function P* on the smallest o-field containing F
such that P* is equal to P on F.

Conditional Probability

DEFINITION 40.3: Let E be an event with P(E) > 0. The conditional probability of an event A given E is denoted and
defined as follows:

P(ANE)

PAIE) = P(E)

40.14. (Multiplication Theorem for Conditional Probability) P(A N B) = P(A)P(B|A). This theorem can
be genealized as follows:

40.15. P(A,N--NA)=P(A)PAJA)PAJA NA) ... PAJA N ...AA_)

EXAMPLE 40.1: A lot contains 12 items of which 4 are defective. Three items are drawn at random from the lot one
after the other. Find the probabiliy that all three are nondefective.

The probability that the first item is nondefective is 8/12. Assuming the first item is nondefective, the
probability that the second item is nondefective is 7/11. Assuming the first and second items are nondefec-
tive, the probability that the third item is nondefective is 6/10. Thus,

8 7 6 14
P=12' 1110755

Stochastic Processes and Probability Tree Diagrams

A (finite) stochastic process is a finite sequence of experiments where each experiment has a finite num-
ber of outcomes with given probabilities. A convenient way of describing such a process is by means of a
probability tree diagram, illustrated below, where the multiplication theorem (40.14) is used to compute the
probability of an event which is represented by a given path of the tree.

EXAMPLE 40.2: Let X, Y, Z be three coins in a box where X is a fair coin, Y is two-headed, and Z is weighted so the
probability of heads is 1/3. A coin is selected at random and is tossed. (a) Find P(H), the probability that heads appears.
(b) Find P(XIH), the probability that the fair coin X was picked if heads appears.
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The probability tree diagram corresponding to the two-step stochastic process appears in Fig. 40-1a.

(a) Heads appears on three of the paths (from left to right); hence,

11 1 11 11
PH)=3-3+31+33-1
(b) X and heads H appear only along the top path; hence

PXNH)_ 1/6 _ 3
P(H) 11718 ~ 11

P11 and so P(X|H) =

PXNH)=375=7¢

12 H 3% D

x/ A/

113 i 50% e

1/3 1 30% 4% D
B<

o Y H o
N

173 y H 20% 5% D
z
\ C
23 T

(a) (b)
Fig. 40-1

/\

Law of Total Probability and Bayes’ Theorem

Here we assume E is an event in a sample space S, and A, A,, ... A are mutually disjoint events whose
union is S; that is, the events A, A,, ..., A form a partition of S.

40.16. (Law of Total Probability) P(E) = P(AI)P(ElAl) + P(AZ)P(ElAZ) +...+ P(An)P(ElAn)
40.17. (Bayes’ Formula) Fork=1,2,...,n,

P(ADP(E|A) _ P(A)P(E| A)
P(E) P(A)P(E| A)+P(A,)P(E| A)+-+P(A )P(E| A)

P(A|E) =

EXAMPLE 40.3: Three machines, A, B, C, produce, respectively, 50%, 30%, and 20% of the total number of items
in a factory. The percentages of defective output of these machines are, respectively, 3%, 4%, and 5%. An item is ran-
domly selected.

(a) Find P(D), the probability the item is defective.

(b) If the item is defective, find the probability it came from machine: (i) A, (ii) B, (iii) C.

(a) By 40.16 (Total Probability Law),

P(D) = P(A)P(D|A) + P(B)P(D|B) + P(C)P(D|C)
=(0.50)(0.03) + (0.30)(0.04) + (0.20)(0.05) =3.7%
P(A)P(D|A) _ (0.50)(0.03)
P(D) ~0.037

PBPD|B) =32.5%; (iii) P(C|D) = POPDIC)
P(D) P(D)

(b) By 40.17 (Bayes’ rule), (i) P(A|D) = =40.5%. Similarly,

(ii) P(B|D) = =27.0%
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Alternately, we may consider this problem as a two-step stochastic process with a probability tree dia-
gram, as in Fig. 40-1(b). We find P(D) by adding the three probability paths to D:

(0.50)(0.03) + (0.30)(0.04) + (0.20)(0.05) = 3.7%
We find P(A|D) by dividing the top path to A and D by the sum of the three paths to D.
(0.50)(0.03)/0.037 = 40.5%

Similarly, we find P(B|D) = 32.5% and P(C|D) = 27.0%.

Independent Events

DEFINITION 40.4: Events A and B are independent if P(A M B) = P(A)P(B).

40.18. The following are equivalent:
(i) P(A N B) = P(A)P(B), (ii) P(A|B) = P(A), (iii) P(B|A) = P(B).

That is, events A and B are independent if the occurrence of one of them does not influence the occur-
rence of the other.

EXAMPLE 40.4: Consider the following events for a family with children where we assume the sample space S is an
equiprobable space:

E = {children of both sexes}, F = {at most one boy}

(a) Show that E and F are independent events if a family has three children.

(b) Show that E and F are dependent events if a family has two children.
(a) Here S = {bbb, bbg, bgb, bgg, gbb, gbg, ggb, ggg}. So:
E = {bbg, bgb, bgg, gbb, gbg, ggb}, P(E) = 6/8 = 3/4,
F = {bgg, gbg, ggb, ggg}, P(F) =4/8 =1/2
E NF={bgg, gbg, ggb}, EM F)=3/8
Therefore, P(E)P(F) = (3/4)(1/2) = 3/8 = P(E M F). Hence, E and F are independent.
(b) Here S = {bb, bg, gb, gg}. So:
E = {bg, gb}, P(E)=2/4=1/2,
F = {bg, gb, gg}, P(F) =3/4
ENF={bg, gb},PENF)=2/4=1/2

Therefore, P(E)P(F) = (1/2)(3/4) = 3/8 # P(E M F). Hence, E and F are dependent.

DEFINITION 40.5: For n > 2, the events A, A,, ..., A are independent if any proper subset of them is independent
and

PANAN...MNA)=PA)PA,)...PA)
Observe that induction is used in this definition.

DEFINITION 40.6: A collection {A, | j € J} of events is independent if, for any n > 0, the sets A LA A arein-
dependent. b !
The concept of independent repeated trials, when S is a finite set, is formalized as follows.
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DEFINITION 40.7: Let S be a finite probability space. The probability space of n independent trials or repeated trials,
denoted by S , consists of ordered n-tuples (s, s, ..., s,) of elements of S with the probability of an n-tuple defined by

P((s,, 85, ... 8)) = P(s DP(s,) ... P(s))

EXAMPLE 40.5: Suppose whenever horses a, b, ¢ race together, their respective probabilities of winning are 20%,
30%, and 50%. That is, S = {a, b, ¢} with P(a) = 0.2, P(b) = 0.3, and P(c) = 0.5.
They race three times. Find the probability that

(a) the same horse wins all three times
(b) each horse wins once

(a) Writing xyz for (X, y, z), we seek the probability of the event A = {aaa, bbb, ccc}. Here,

P(aaa) = (0.2)* = 0.008, P(bbb) = (0.3)* = 0.027, P(ccc) = (0.5)* = 0.125

Thus, P(A) = 0.008 + 0.027 + 0.125 = 0.160.

(b) We seek the probability of the event B = {abc, acb, bac, bca, cab, cba}. Each element in B has the same
probability (0.2)(0.3)(0.5) = 0.03. Thus, P(B) = 6(0.03) = 0.18.
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Consider a probability space (S, C, P).

DEFINITION 41.1. A random variable X on the sample space S is a function from S into the set R of real numbers
such that the preimage of every interval of R is an event of S.

If S is a discrete sample space in which every subset of S is an event, then every real-valued function on
S is a random variable. On the other hand, if S is uncountable, then certain real-valued functions on S may
not be random variables.

Let X be a random variable on S, where we let R, denote the range of X; that is,

R, = {x | there exists s € S for which X(s) = x}

There are two cases that we treat separately. (i) X is a discrete random variable; that is, R, is finite or
countable. (ii) X is a continuous random variable; that is, R, is a continuum of numbers such as an interval
or a union of intervals.

Let X and Y be random variables on the same sample space S. Then, as usual, X + Y, X + k, kX, and XY
(where k is a real number) are the functions on S defined as follows (where s is any point in S):

(X +Y)(s) = X(s) + Y(s), (kX)(s) = kX(s),
(X +Kk)(s) = X(s) + k, (XY)(s) = X(s)Y(s).

More generally, for any polynomial, exponential, or continuous function h(t), we define h(X) to be the
function on S defined by

[h(X)1(s) = h[X(s)]

One can show that these are also random variables on S.
The following short notation is used:

P(X=x) denotes the probability that X = x,.

Pa<X<b denotes the probability that X lies in the closed interval [a, b].
Uy or E(X) or simply u denotes the mean or expectation of X.

Oy. or Var(X) or simply 0 denotes the variance of X.

O, or simply O denotes the standard deviation of X.

Sometimes we let Y be a random variable such that Y = g(X), that is, where Y is some function of X.

Discrete Random Variables

Here X is a random variable with only a finite or countable number of values, say
R, = {x,, X, X5, ... }where, say, x, <Xx,, < X< ... Then X induces a function f(x) on R, as follows:

f(x)=P(X=x)=P({s €S| X(5)=x,})
The function f(x) has the following properties:
(i) f(x) 20 and (i) Z, f(x) =1

Thus, f defines a probability function on the range R of X. The pair (x;, f(x,)), usually given by a table,
is called the probability distribution or probability mass function of X.
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Mean

41.1.  p, =EX)=Zxf(x)
Here, Y = g(X).
41.2.  p, =E(Y)=Zg(x)f(x)

Variance and Standard Deviation
41.3. 0’ =Var(X) = 3(x, — > f(x) = E(X - w)?»

Alternately, Var(X) = 02 may be obtained as follows:

41.4. Var(X) =Zxf(x)) — @*=E(X?) — 1?

415. o,= JVar(X) = JEX?) -

REMARK: Both the variance Var(X) = 0?and the standard deviation o measure the weighted spread of the values x,
about the mean ; however, the standard deviation has the same units as (L.

EXAMPLE 41.1: Suppose X has the following probability distribution:

f(x) 0.1 0.2 0.3 04

Then:

1 =E(X) = Zxf(x) = 2(0.1) + 4(0.2) + 6(0.3) + 8(0.4) = 6
E(X?) = Tx2f(x,) = 2%(0.1) + 42(0.2) + 6%(0.3) + 8%(0.4) = 40
0?=Var(X) = E(X?) — 12 =40 - 36 =4

o= Var(X) = J4 =2

Continuous Random Variable

Here X is a random variable with a continuum number of values. Then X determines a function f(x), called
the density function of X, such that

Ofx)20 and (i) [ fx)dx= | fde=1

Furthermore,

PasX<b)= | fx)dx

Mean
41.6. u,=EX)= j © xf(x) dx

Here, Y = g(X).

417. p, =EY)= j _°° g(x) f(x) dx
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Variance and Standard Deviation

41.8. o, =Var(X) = j T (x = W f(x)dx = B(X — 1)?)
Alternately, Var(X) = 62 may be obtained as follows:

41.9. Var(X)= j T xA(x)dx — u2 = B(X?) — 12

41.10. o,=Var(X) = JE(X?) -

EXAMPLE 41.2: Let X be the continuous random variable with the following density function:
1/2)x f0o<x<2
f00 = {( wooif

0 elsewhere
Then:
(O = xf(dx= [ 1 e ax= [x—T -4
=l =l 2¥%=%] =3
E(X? = J‘m x*f(x)dx = Jz 1 x3dx = [ﬁ]z =2
e 0o 2 8 b

Nelll S}

o%=Var(X) =B(X?) - 12 =2 — g

o= \lVar(X :\/g :%\/5

Cumulative Distribution Function

The cumulative distribution function F(x) of a random variable X is the function F:R — R defined by

41.11. F(a)=P(X<a)
The function F is well-defined since the inverse of the interval (—eo, a] is an event.
The function F(x) has the following properties:

41.12. F(a) < F(b) whenever a <b.

41.13. lim Fx)=0 and  lim Fx)=1

That is, F(x) is monotonic, and the limit of F to the left is 0 and to the right is 1.
If X is the discrete random variable with distribution f(x), then F(x) is the following step function:

41.14. F(x)= Y f(x)

X,SX . . . .
If X is a continuous random variable, then the density funcion f(x) of X can be obtained from the cum-
mulative distribution function F(x) by differentiation. That is,

41.15. f(x) = ;_x F(x) = F/(x)

Accordingly, for a continuous random variable X,

41.16. F(x)= j f £(t) dt
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Standardized Random Variable

The standardized random variable Z of a random variable X with mean y and standard deviation ¢ > 0 is
defined by

41.17. 7= XM
O

Properties of such a standardized random variable Z follow:

u,=EZ)=0 and o,=1

EXAMPLE 41.3: Consider the random variable X in Example 41.1 where i, =6 and Oy = 2.
The distribution of Z = (X — 6)/2 where f(z) = f(x) follows:

z ) -1 0 1
£(Z) 0.1 0.2 0.3 0.4

Then:

E(Z) = £ zf(z) = (<2)(0.1) + (=1)(0.2) + 0(0.3) + 1(0.4) = 0
E(Z>» =X Zi2 f(z) = (=2)%(0.1) + (=1)*(0.2) + 0%(0.3) + 1?2(0.4) =1
Var(Z)=1-0>=1 and o,=Var(X) =1

Probability Distributions

41.18. Binomial Distribution: ®(x) = 2 (’Z) pPq"" p>0,9>0,p+q=1
t<x

r\( s

. ()6

41.20. Hypergeometric Distribution: ®(x) = Z z (rT
)

1o
41.21. Normal Distribution: ®(x) = Fj e dt
—).

t ,—A
4119, Poisson Distribution: ®(x) = 2 2

t<x

41.22. Student’s ¢ Distribution: ®(x) =

n+l1
]"( ) 5 \~(+D12

! —2j (l + t—) dt
Jar T2y J--

n
1

41.23. 1’ (Chi Square) Distribution: ®(x) = m

J’X {0 -22a12 Gy
0

n] +n2 n, /2 n,/2
n"n "
2 |
X
JO 1", A )T dy

41.24. F Distribution: ®(x) = T 2T (72)
1 2



Section XII: Numerical Methods

42 INTERPOLATION

Lagrange Interpolation

Two-point formula

—X, 1) X—X

X
xo—x

22.1. px)=f(x,) ; —xO

where p (x) is a linear polynomial interpolating two points
(%9, f(xo)), (x5 f(x)), Xy #x,

General formula
42.2. px)=f(x, )L, (X)+ f(x, )Ln’] (xX)+-+ flx,)L, ,(x)

where
n

X=X,

n,k —
i=0,i#k Xe =X

and where p(x) is an nth-order polynomial interpolating n + 1 points
(xk,f(xk)), k=0,1,...,n; and X, # X, fori#j
Remainder formula
Suppose f(x) € C*"'[a, b]. Then there is a &(x) € (a, b) such that:
fm(Ex)

423. f(x)= p(x)+W(x—xo)(x—xl)---(x—xn)

Newton’s Interpolation

First-order divided-difference formula

f(-x1)_f(-x())

24. flx,,x]= ~ —x
1 0

Two-point interpolatory formula
42.5.  p(x)= flxo)+ flxg, x,)(x = x,)
where p(x) is a linear polynomial interpolating two points

(X9, f(xg)), (x5 f(x), Xy # X,

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.



Second-order divided-difference formula

f[xl’xz]_f[xmxl]

Xy =X

42.6. [flxx,x,]1=

Three-point interpolatory formula
42.7.  p(x)= fxy)+ flxg, x, 10 = x0) + f x5, x,,x, 1(x = x, )(x — x,)
where p(x) is a quadrant polynomial interpolating three points
(X, f(x))s (x, f(x)s (x5, f(x3))

General kth-order divided-difference formula

Sl xy,.ox, 1= flxg.x,...,x ]
X =X

42.8. f[xoa)‘:]?"'axk}:

General interpolatory formula

INTERPOLATION

429. p)=fx)+ flxy,x J(x—x0)+-+ flxg, X0, %, J(x = x ) (x—x) - (x—x,_,)

where p(x) is an nth-order polynomial interpolating n + 1 points

(x,, f(x,)), k=0,1,...,n; and X, #X, fori#j

Remainder formula
Suppose f(x) € C"*'[a,b]. Then there is a £(x) € (a,b) such that

E)

42.10. f(x)= p(x)+ G+ D)] (x=x)(x=x)(x—x,)

Newton’s Forward-Difference Formula

First-order forward-difference at x,

4211, Af(x) = f(x)— f(x,)

Second-order forward difference at x,

42.12.  A’f(x)) = Af (x,) = Af (x,)

General kth-order forward difference at x|

4213, Aff(x,) = A" f(x)— A f(xy)

Binomial coefficient

sy s(s=1D--(s—k+1)
k)~ k!

42.14. (
Newton’s forward-difference formula
~(n
42.15. p(x)= E(k) Aff(xy)
k=0

where p(x) is an nth-order polynomial interpolating n + 1 equal spaced points

(x . f(x ), x, =x,+kh k=0,1,...,n



INTERPOLATION

Newton’s Backward-Difference Formula

First-order backward difference at x

42.16. Vf(x,)=f(x,)-f(x,)

Second-order backward difference at x,

42.17. Vf(x,)=Vf(x,)-Vf(x, )

General kth-order backward difference at x,

42.18. Vif(x,)=V“f(x,)-V“f(x,,)

Newton’s backward-difference formula

42.19. p(x)= %—Dk (‘k”) Vif(x,)

where p(x) is an nth-order polynomial interpolating n + 1 equal spaced points

(x,, f(x), x, = x, +kh k=0,1,....n

Hermite Interpolation

Two-point basis polynomials

4 XX ) (x-x) (1 _~x—x (x—x,)?

42.20. H'vo_(l 2x0—x1)(x0—x1)2’ H,=(1 le_xo (x, —x,)°
. (x=—x)* A (x—x,)°
R

Two-point interpolatory formula

4221, H,(x)= f(x)H, o+ fF(x)H,, + [ (x)H, o+ f(x)H,

where H3(x) is a third-order polynomial, agrees with f(x) and its first-order derivatives at two points, i.e.,
Hi(x)) = f(x)), Hi(x)=f"(x,),  Hy(x)=f(x), Hj(x)=f"(x)

General basis polynomials

X, A
42.22. H, . = (1 - ZT(Xj)] Lfl,j(x), H, =(x- x/.) wa.(x)
where

X—X.
L .= I I !
n,j _—xi

X
i=0,izj




INTERPOLATION

General interpolatory formula
4223, H,, ()= f&)H, ()+Y f(x)H, (x)
j=0 j=0

where H, , (x)is a (2n + 1)th-order polynomial, agrees with f{x) and its first order derivatives at n + 1

points, i.e.,

H2n+l(xk) = f(xk)’ H2,n+l(xk) :f,(xk) k=0,1,....n

Remainder formula
Suppose f(x) € C***?[a,b]. Then there is a £(x) € (a,b) such that

f2n+2 (é(x))

42.24. f(x)=H,, (x)+ 2n+2)!

(x—x)*(x—x)% - (x—x,)*



43 QUADRATURE

Trapezoidal Rule

Trapezoidal rule
b—
31 [ o~ 2T @)+ b

Composite trapezoidal rule
l’l n—1
$32. [ fear- §[f(a) +23 fla+in)+ f(b))
i=1

where h = (b—a)/n is the grid size.

Simpson’s Rule

Simpson’s rule
63 [ feds- ”%’[f(a) rag(452)+ f(b)}

Composite Simpson’s rule

n/2 n/2

B4, [ rdx- %[f(xo) 23 )+ Fl )+, ))

where n even, h=(b—a)/n, X, =a+ih,i=0,1,..., n.

Midpoint Rule

Midpoint rule

43.5. j" F0)dx ~ (b—a) f(“ “ZL b)

Composite midpoint rule

n/2

43.6. j" fG)de =20y, f(x,)

where neven, h=(b-a)(n+2), x,=a+(@{-Dh,i=-1,0,...

,n+1.



Gaussian Quadrature Formula

QUADRATURE

Legendre polynomial

n

1
43.7. Pn (X) = W W

(x> =1)]

Abscissa points and weight formulas

The abscissa points x{ and weight coefficient w{® are defined as follows:

43.8. x{" = the kth zero of the Legendre polynomial P (x)

2P/’

(n) —
439, o ="
k

Tables for Gauss-Legendre abscissas and weights appear in Fig. 43-1.

Gauss-Legendre formula in interval (-1, 1)

8320, [ fyde=Y o f()+R,

k=1

Gauss-Legendre formula in general interval (a, b)

311 [ fyde= b%“z o f(
“ k=1

Remainder formula

2+l ) )4
4312, R =90

for some a < &< b.

= @ernien /e

2 2

+b -
a +x,‘(")b a)+Rn

G & & ]
2 0.5773502692 1.0000000000
—0.5773502692 1.0000000000
3 0.7745966692 0.5555555556
0.0000000000 0.8888888889
—0.7745966692 0.5555555556
4 0.8611363116 0.3478548451
0.3399810436 0.6521451549
—0.3399810436 0.6521451549
—0.8611363116 0.3478548451
5 0.9061798459 0.2369268850
0.5384693101 0.4786286705
—0.0000000000 || 0.5688888889
-0.5384693101 0.4786286705
—0.9061798459 0.2369268850

Fig. 43-1



44 SOLUTION of NONLINEAR EQUATIONS

Here we give methods to solve nonlinear equations which come in two forms:
44.1. Nonlinear equation: f(x) =0

44.2. Fixed point nonlinear equation: x = g(x)
One can change from 44.1 to 44.2 or from 44.2 to 44.1 by settting:

g)=f()+x or flx)=gx)—x
Since the methods are iterative, there are two types of error estimates:
443. |f(x)[<e or |x  —x |<e

for some preassigned € > 0.

Bisection Method

The following theorem applies:

Intermediate Value Theorem: Suppose f is continuous on an interval [a, b] and f(a) f(b) < 0. Then there
is a root x* to f(x) = 0 in (a, b).

The bisection method approximates one such solution x*.

44.4. Bisection method:
Initial step: Set a, = a and b, = b.
Repetitive step:
(@) Setc =(a +b)2.
(b) If f(a,)f(c,)<0, thenset a,, =a, and b, =c

. elseset a,,,=c,and b =b

e

Newton’s Method

Newton method

fx,)

44.5. -
Yo T4 T

n+l =X

Quadratic convergence

| 'xn+1 — 'x*

44.6. lim S
e, =2 P20

where x* is a root of the nonlinear equation 44.1.



SOLUTION OF NONLINEAR EQUATIONS

Secant Method

Secant method

47, x =x ST Xe)SO)

T f ) = fx, )

Rate of convergence

48, fim— e S0
e |x, = x| x, - Xt  2(/7(6)?

where x* is a root of the nonlinear equation 44.1.

Fixed-Point Iteration

The following definition and theorem apply:
Definition: A function g from (a, b) to (a, b) is called a contraction mapping if

|gx)—gy|=L|x—y|  foranyx,ye(a,b)

where L < 1 is a positive constant.

Fixed-point theorem: Suppose that g is a contraction mapping on (a, b). Then g has a unique fixed point in
(a, b).

Given such a contraction mapping g, the following method may be used.

Fixed-point iteration

449. x, _, =gx,)



45 NUMERICAL METHODS for ORDINARY
DIFFERENTIAL EQUATIONS

Here we give methods to solve the following initial-value problem of an ordinary differential equation:

dx
451, Jar = I0
x(t,) = x,

The methods will use a computational grid:
45.2. t =t ,+nh

where £ is the grid size.

First-Order Methods

Forward Euler method (first-order explicit method)

453. x(t+h)=x@)+hf(x(@), 1)

Backward Euler method (first-order implicit method)

454. x(@t+h)=x@)+hf(x(t+h), t+h)

Second-Order Methods

Mid-point rule (second-order explicit method)

X =)+ gf(xa), 9

45.5. h
x(t+h)=x(t)+ hf(x*, t+5)

Trapezoidal rule (second-order implicit method)
45.6. x(t+h)=x()+ %{f(x(t), H+ f(x@+h), t+h)}

Heun’s method (second-order explicit method)
x* =x(t)+ hf (x(2), 1)

45.7. x(t+h)=x(t) +%{f(x(t), N+ f(x", t+h)}



NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL EQUATIONS

Single-Stage High-Order Methods
Fourth-order Runge-Kutta method (fourth-order explicit method)

458. x(t+h)=x()+ é(Fl +2F, +2F, +F))

where

F, F
F =hf(x, 1), Fzzhf(x+71,t+g), F3=hf(x+72,t+g), F,=hf(x+F,,t+h)

Multi-Step High-Order Methods
Adams-Bashforth two-step method

45.9. x(t+h)=x(t)+ h(% fx(@), 1) — %f(x(t —h), t— h))
Adams-Bashforth three-step method
45.10. x(t+h)=x()+ h(% fx@), t)— %f(x(t —h), t—h)+ %f(x(t —2h), t— 2h))

Adams-Bashforth four-step method

45.11 x(t+h) = x(t)+h 5—Sf()c(t) t)—5—9 f(x(t=h) t—h)+£ f(x(t=2h) t—2h)—i f(x(t=3h),t=3h)
o B 24 24 ’ 24 ’ 24 ’

Milne’s method

45.12. x(t+h)=x(t-3h)+ h(% fx(@), t)- %f(x(r —h),t—h)+ gf(x(t —2h), t- 2h))
Adams-Moulton two-step method

45.13. x(t+h)=x(t)+ h(% Fx(t+h), t+h)+ % Fx(@), H)— % Fx(t=h), t— h))

Adams-Moulton three-step method

3 19 5 1
4514. x(t+h)=x(t)+ h(§ fx(t+h),t+h)+ if(x(t), 1 — ﬁf(x(t —h),t—h)+ ﬁf(x(t —2h),t— 3h))



4 6 NUMERICAL METHODS for PARTIAL
DIFFERENTIAL EQUATIONS

Finite-Difference Method for Poisson Equation

The following is the Poisson equation in a domain (a, b) X (c, d):

? P
2., — 2
46.1. Viu=f, Vi=go+35

Boundary condition:
46.2. u(x,y)=g(x,y) forx=a, b or vy=c,d
Computation grid:
46.3. X, =a+ilAx fori=0,1,...,n
y, =c+ jAy forj=0,1,...,m
where Ax = (b —a)/n and Ay = (d — ¢)/m are grid sizes for x and y variables, respectively.

Second-order difference approximation
46.4. (D;+D}u(x,,y,)=f(x,y,)
where

ulx.. ,y.)—2u(x,,y.)+ulx._,,y.
Dﬁfu(xl.,yj)= G yj) (A;Czyj) (:3,)

u(x,"yjur])_ zu(x,"yj) + M(x,»,yj,l)
Ay?

Dju(x,,y;)=
Computational boundary condition

46.5. u(xo,yj) = g(a,yj), u(x”,yj) = g(b,yj) forj=1,2,...,m

u(x,,y,) = g(x,,c), u(xi,ym)zg(xi,d) fori=1,2,...,n

Finite-Difference Method for Heat Equation

The following is the heat equation in a domain (a, b) X (¢, d) X (0, T):

du

9% _ 2
46.6. oy Vau



NUMERICAL METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS

Boundary condition:

46.7. u(x,y,t)=g(x,y) forx=a,b or y=c,d

Initial condition:

46.8. M(X, Yy, 0) = uo(x7 y)

Computational grid:

46.9. x =a+iAx fori=0,1,...,n
yl.=c+jAy forj=0,1,...,m
t, = kAt fork=0,1,...,
where Ax = (b — a)/n, Ay = (d — c)/m, and At are grid sizes for x, y and ¢ variables, respectively.
Computational boundary condition
46.10. u(xo,yj) = g(a,y_].), u(xn,yj) = g(b,y_/,) forj=12,...,m
u(xl.,yo) = g(xl.,c), u(xi,ym) = g(xi,d) fori=1,2,...,n
Computational initial condition

46.11. u(xl.,yi,O):uO(xi,y/) fori=1,2,...,n;j=0,1,....m
Forward Euler method with stability condition
46.12. u(xl.,y]., te,)=u(x, yi,tk) +Ay(D? + Df)u(x’,, ¥ t)

2t 2At
+ =1

46.13. —— =
Ax? AY?

Backward Euler method (unconditional stable)
46.14.  u(x,,y, 1) =u(x;,y,. 1)+ AH(D} + Du(x;, y;. )
Crank-Nicholson method (unconditional stable)
46.15. u(x, Yol

=u(x,,y,, 1)+ A(D; + D) {u(x,,y, 1) +ulx,,y.1, )H2

k+1)

Finite-Difference Method for Wave Equation

The following is a wave equation in a domain (a, b) X (¢, d)x (0, T):

Fu
ot?

where A is a constant representing the speed of the wave.

46.16. =A*V2u



NUMERICAL METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS

Boundary condition:

46.17. u(x,y, t)=g(x,y) forx=a,b or y=c,d

Initial condition:

3
46.18.  u(x,y,0)=u,(x,y), a—?u(x,y,0)=ul(x,y)

Computational grids:

46.19. x =a+ilx fori=0,1,...,n
yj=c+jAy forj=0,1,...,m
tkzkAt fork=-1,0,1,...

where Ax = (b —a)/n, Ay = (d — c¢)/m,and At are the grid sizes for x, y, and ¢ variables, respectively.
A second-order finite-difference approximation

46.20. u(x.y. 1) =2u(x,y, t)=ulx,y, 1, )+ Ar?AX (D} +D)u(x,,y;, t,)

Computational boundary condition

46'21' u(-xosyj):g(a’yj)’u(-xnayj)zg(bsyj) fOl‘j=l,2,...,m
u(x,,y,) =g(x,0),ulx,y )=g(x,d) fori=1,2,....,n

Computational initial condition

46.22. u(x’.,yl.,to) = uo(xi,yj) fori=1,2,....,n;j=0,1,....m

u(xi,yj,tfl) = uo(xi,yj)+At2ul(xl.,yj) fori=1,2,...,n;j=0,1,...,m

Stability condition

46.23. At =< Amin(Ax, Ax)



4 ITERATION METHODS for LINEAR
SYSTEMS

Iteration Methods for Poisson Equation

The finite-difference approximation to the Poisson equation follows:

47.1. |u.. +u pRu —4u f for i,j=1,2,...,.n—1

i+l,j i,j+1

u .=un’j=0 forj=l,2,...,n—l

0.j

ui,0:ui,n:0 fori=1,2,...,n—1

Three iteration methods for solving the system follow:

Jacobi method

k+1 —
47'2' ui,;r 4 (ul+l J + ul 1,j + ul ]+l lj 1 -f;j)

Gauss-Seidel method

k+1 — k+1 k+1
47.3. u;; 4(ul+1]+ul 1]+u”+1+u,j . f,.,j)

Successive-overrelaxation (SOR) method

* *

1
_ 2 k
474. u,= (u1+l j + U_; +ui,j+1 Ui f )

ukt = (1 —o)ut +ou’
i,j L) L

Iteration Methods for General Linear Systems

Consider the linear system

475. Ax=0>

where A is an n X n matrix and x and b are n-vectors. We assume the coefficient matrix A is partitioned as
follows:

476. A=D-L-U

where D = diag (A), L is the negative of the strictly lower triangular part of A, and U is the negative of the
strictly upper triangular part of A.



ITERATION METHODS FOR LINEAR SYSTEMS

Four iteration methods for solving the system follow:

Richardson method
477. x'=U-A)x*+b

Jacobi method

47.8. Dx*'=(L+U)x*+b

Gauss-Seidel method

479. (D-L)x*'=Ux*+b

Successive-overrelaxation (SOR) method

47.10. (D -oL)x*' = @Ux* +b)+ (1— @)Dx*
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PART B

TABLES
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Section I: Logarithmic, Trigonometric, Exponential Functions

FOUR PLACE COMMON LOGARITHMS
log,,Norlog N

Proportional Parts
N 0 1 2 3 4 5 6 7 8 9 1 23 45 6 17 8 9
10 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374 4 8 12 17 21 25 29 33 37
11 | 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755 4 8 11 15 19 23 26 30 34
12 | 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106 3 7 10 14 17 21 24 28 31
13 | 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430 3 6 10 13 16 19 23 26 29
14 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732 3 6 9 12 15 18 21 24 27
15 | 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014 3 6 8 11 14 17 20 22 25
16 | 2041 2068 2095 2122 2148 2176 2201 2227 2253 2279 3 5 8 11 13 16 18 21 24
17 | 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529 [ 2 b5 7 10 12 15 17 20 22
18 | 25563 2577 2601 2625 2648 2672 2695 2718 2742 2765 2 5 7 9 12 14 16 19 21
19 | 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989 [ 2 4 7 9 11 13 16 18 20
20 | 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 2 4 6 8 11 13 15 17 19
21 | 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 | 2 4 6 8 10 12 14 16 18
22 | 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 ' 2 4 6 8 10 12 14 1b 17
23 | 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 | 2 4 6 7 9 11 13 15 17
24 | 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 2 4 5 7 911 12 14 16
25 { 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 | 2 3 5 7 9 10 12 14 15
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 2 3 5 7 8 10 11 13 15
27 | 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 2 8 5 6 8 9 11 13 14
28 { 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 2 3 5 6 8 911 12 14
29 | 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 1 3 4 6 7 9 10 12 13
30 | 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 1 3 4 6 7 9 10 11 13
31 | 4914 4928 4942 4955 4969 | 4983 4997 5011 5024 5038 1 8 4 6 7 8 10 11 12
32 | 5051 5065 5079 5092 5106 5119 5132 5145 5159 5172 1 3 4 5 7 8 9 11 12
33 | 5185 5198 5211 5224 5237 | 5250 5263 5276 5289 5302 |1 3 4 5 6 8 9 10 12
34 | 53156 5328 5340 5353 5366 5378 5391 5403 5416 5428 1 3 4 5 6 8 9 10 11
35 | 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 1 2 4 5 6 7 9 10 11
36 | 6563 bb76 bBb8T bbHIY 5611 5623 b635 5647 5658 5670 1 2 4 5 6 7 8 10 11
37 | 5682 5694 5705 5717 5729 5740 57562 5763 5775 5786 1 2 3 5 6 7 8 9 10
38 | 5798 5809 5821 5832 5843 | 5855 5866 5877 5888 5893 | 1 2 3 5 6 7 8 9 10
39 | 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 1 2 3 4 5 7T 8 910
40 | 6021 6031 6042 6053 6064 | 6075 6085 6096 6107 6117 1 2 3 4 5 6 8 910
41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 1 2 3 4 5 6 7 8 9
42 | 6232 6243 6253 6263 6274 | 6284 6294 6304 6314 6325 1 2 3 4 5 6 7T 8 9
43 6336 6345 6355 6365 6375 6385 6396 6405 6415 6425 1 2 3 4 5 6 7 8 9
44 | 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 1 2 3 4 5 6 7 8 9
45 | 6532 6542 6551 6561 6571 65680 6590 6599 6609 6618 1 2 3 4 5 6 7 8 9
46 | 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 1 2 3 4 6 6 7T 7 8
47 | 6721 6730 6739 6749 6758 | 6767 6776 6785 6794 6803 1 2 38 4 b 5 6 7T 8
48 | 6812 6821 6830 6839 6848 | 6857 6866 6875 6884 6893 1 2 3 4 4 5 6 7 8
49 | 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981 1 2 83 4 4 5 6 7 8
50| 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 3 4 5 6 7 8
61| 7076 7084 7093 7101 7110 | 7118 7126 7135 7143 7152 1 2 8 3 4 5 6 7 8
521 7160 7168 T177 7185 7193 7202 7210 7218 7226 7235 1 2 2 3 4 5 6 7T 1
53 | 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 1 2 2 383 4 5 6 6 7
54§ 7324 7332 7340 7348 7356 | 7364 7372 7380 7388 17396 1 2 2 3 4 5 6 6 17
N 0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
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FOUR PLACE COMMON LOGARITHMS
log,, N or log N (Continued)

Proportional Parts

N 0 1 2 3 4 5 6 7 8 9 1 2 3 45 617 8 9
55 | 7404 7412 7419 7427 7435 | 7443 7451 7459 7466 7474 |1 2 2 3 4 5 5 6 17
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 1 2 2 3 4 5 5 6 7
57 | 7559 7566 7574 7582 7589 | 7597 7604 7612 7619 7627 |1 2 2 3 4 5 5 6 7
58 | 7634 7642 7649 7657 7664 | 7672 T679 7686 7694 7701 [1 1 2 3 4 4 5 6 7
59 | 7709 7716 7723 17731 7738 | 7745 7752 7760 7767 7174 |1 1 2 3 4 4 5 6 17
60 | 7782 7789 7796 7803 7810 | 7818 7825 7832 7839 7846 (1 1 2 3 4 4 5 6 6
61 | 7853 7860 7868 7875 7882 | 7889 7896 7903 7910 7917 |1 1 2 3 4 4 5 6 6
62 | 7924 7931 7938 7945 T952 | 7959 7966 7973 7980 7987 [1 1 2 3 3 4 b5 6 6
63 | 7993 8000 8007 8014 8021 | 8028 8035 8041 8048 8055 |1 1 2 3 3 4 5 5 6
64 | 8062 8069 8075 8082 8089 | 8096 8102 8109 8116 8122 |1 1 2 3 3 4 5 5 6
65 | 8129 8136 8142 8149 8156 | 8162 8169 8176 8182 8189 |1 1 2 3 3 4 5 5 6
66 | 8195 8202 8209 8215 8222 | 8228 8235 8241 8248 8254 |1 1 2 3 3 4 5 5 6
67 | 8261 8267 8274 8280 8287 | 8293 8299 8306 8312 8319 |1 1 2 3 3 4 5 5 6
68 | 8325 8331 8338 8344 8351 | 8357 8363 8370 8376 8382 |1 1 2 3 3 4 4 5 6
69 | 8388 8395 8401 8407 8414 | 8420 8426 8432 8439 8445 (1 1 2 2 3 4 4 5 6
70 | 8451 8457 8463 8470 8476 | 8482 8488 8494 8500 8506 (1 1 2 2 3 4 4 5 6
71 | 8513 8519 8525 8531 8537 | 8543 8549 8555 8561 8567 (1 1 2 2 3 4 4 b5 b
72 | 8573 8579 8585 8591 8597 | 8603 8609 8615 8621 8627 (1 1 2 2 3 4 4 5 5
73 | 8633 8639 8645 8651 8657 | 8663 8669 8675 8681 868 (1 1 2 2 3 4 4 5 5
74 | 8692 8698 8704 8710 8716 | 8722 8727 8733 8739 8745 (1 1 2 2 3 4 4 5 5
75 | 8751 8756 8762 8768 8774 | 8779 8785 8791 8797 8802 |1 1 2 2 3 3 4 5 5
76 | 8808 8814 8820 8825 8831 | 8837 8842 8848 8854 8859 |1 1 2 2 3 3 4 5 b
77 | 8865 8871 8876 8882 8887 | 8893 8899 8904 8910 8915 |1 1 2 2 3 3 4 4 5
78 | 8921 8927 8932 8938 8943 | 8949 8954 8960 8965 8971 |1 1 2 2 3 3 4 4 5
79 | 8976 8982 8987 8993 8998 | 9004 9009 9015 9020 9025 |1 1 2 2 3 3 4 4 b
80 | 9031 9036 9042 9047 9053 | 9058 9063 9069 9074 9079 |1 1 2 2 3 3 4 4 5
81 | 9085 9090 9096 9101 9106 | 9112 9117 9122 9128 9133 |1 1 2 2 3 3 4 4 5
82 | 9138 9143 9149 9154 9159 | 9165 9170 9175 9180 9186 |1 1 2 2 3 3 4 4 5
83 | 9191 9196 9201 9206 9212 | 9217 9222 9227 9232 9238 |1 1 2 2 3 3 4 4 5
84 | 9243 9248 9253 9258 9263 | 9269 9274 9279 9284 9289 |1 1 2 2 3 3 4 4 b
85 | 9294 9299 9304 9309 9315 | 9320 9325 9330 9335 9340 |1 1 2 2 3 3 4 4 5
86 | 9345 9350 9355 9360 9365 | 9370 9375 9380 9385 9390 [1 1 2 2 3 3 4 4 5
87 | 9395 9400 9405 9410 9415 | 9420 9425 9430 9435 9440 (0 1 1 2 2 3 3 4 4
88 | 9445 9450 9455 9460 9465 | 9469 9474 9479 9484 9489 |0 1 1 2 2 3 3 4 4
89 | 9494 9499 9504 9509 9513 | 9518 9523 9528 9533 9538 (0 1 1 2 2 3 3 4 4
90 | 9542 9547 9552 9557 9562 | 9566 9571 9576 9581 9586 [0 1 1 2 2 3 3 4 4
91 | 9590 9595 9600 9605 9609 | 9614 9618 9624 9628 9633 [0 1 1 2 2 3 3 4 4
92 | 9638 9643 9647 9652 9657 | 9661 9666 9671 9675 9680 [0 1 1 2 2 3 3 4 4
93 | 9685 9689 9694 9699 9703 | 9708 9713 9717 9722 9727 |0 1 1 2 2 3 3 4 4
94 | 9731 9736 9741 9745 9750 | 9754 9759 9763 9768 9773 [0 1 1 2 2 3 3 4 4
95 | 9777 9782 9786 9791 9795 | 9800 9805 9809 9814 9818 [0 1 1 2 2 3 3 4 4
96 | 9823 9827 9832 9836 9841 | 9845 9850 9854 9859 9863 |0 1 1 2 2 3 3 4 4
97 | 9868 9872 9877 9881 9886 | 9890 9894 9899 9903 9908 [0 1 1 2 2 3 3 4 4
98 | 9912 9917 9921 9926 9930 | 9934 9939 9943 9948 9952 |0 1 1 2 2 3 3 4 4
99 | 9956 9961 9965 9969 9974 | 9978 9983 9987 9991 9996 |60 1 1 2 2 3 3 3 4
N 0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9




Sin x

(x in degrees and minutes)

x o’ 10’ 20’ 30" 40’ 50’ z 0’ 10’ 20’ 30’ 40’ 50’
0°] .0000 .0029 .0058 .0087 .0116 .0145 45°| 7071 7092 7112 .7133 .7153 .7173
1 0175 .0204 .0233 .0262 .0291 .0320 46 | 7193 7214 7234 .7264 .7274 .7294
2 | 0349 .0378 .0407 .0436 .0465 .0494 47 7314 7333 7353 .7373 7392 7412
3 | .0523 .0552 .0581 .0610 .0640 .0669 48 | 7431 .7451 .7470 .7490 .7509 .7528
4 | 0698 .0727 .0756 .0785 .0814 .0843 49 7547 .7566 7585 .7604 .7623 .7642
5°| .0872 .0901 .0929 .0958 .0987 .1016 50°| .7660 .7679 .7698 .7716 77356 .7753
6 | .1045 .1074 .1103 .1132 .1161 .1190 51 771 7790 71808 7826 7844 7862
7 | 1219 1248 1276 .1305 .1334 .1363 52 L7880 7898 7916 .7934 .7951 .7969
8 1392 1421 1449 .1478 .1507 .1536 53 | .7986 .8004 .8021 .8039 .8056 .8073
9 1564 1593 .1622 .1650 .1679 .1708 54 .8090 .8107 .8124 .8141 .8158 .8175
10°| .1736 .1765 .1794 .1822 .1851 .1880 55°] .8192 .8208 .8225 .8241 .8258 .8274
11 1908 1937 1965 .1994 .2022 .2051 56 .8290 .8307 .8323 .8339 .8356 .8371
12 | .2079 .2108 .2136 .2164 .2193 .2221 57 | .8387 .8403 .8418 .8434 .8450 .8465
13 | .2250 .2278 .2306 .2334 .2363 .2391 58 | .8480 .8496 .8511 .8526 .8542 8557
14 2419 2447 2476 2504 .2532 .2560 59 .8572 .8587 .8601 .8616 .8631 .8646
15°| .2688 .2616 .2644 .2672 .2700 .2728 60°| .8660 .8675 .8689 .8704 .8718 8732
16 2756 2784 .2812 .2840 .2868 .2896 61 8746 .8760 .8774 .8788 .8802 .8816
17 2924 2052 .2979 .3007 .3035 .3062 62 .8829 .8843 .8857 .8870 .8884 .8897
18 .3090 .3118 .3145 .3173 .3201 .3228 63 8910 .8923 .8936 .8949 .8962 .8975
19 3256 .3283 .3311 .3338 .3365 .3393 64 .8988 .9001 .9013 .9026 .9038 .9051
20°| .3420 .3448 .3475 .3502 .3529 .3557 65°| .9063 .9075 .9088 9100 .9112 .9124
21 .3584 .3611 .3638 .3665 .3692 .3719 66 | 9135 9147 .9159 9171 .9182 .9194
22 3746  .3773 .3800 .3827 .3854 .3881 67 9205 .9216 .9228 .9239 .9250 .9261
23 | .3907 .3934 3961 .3987 .4014 .4041 68 9272 9283 .9293 .9304 .9315 .9325
24 4067 .4094 4120 4147 4173 .4200 69 9336 .9346 9356 .9367 9377 .9387
25° | 4226 .4253 .4279 4305 .4331 .4358 70°| .9397 .9407 9417 .9426 .9436 .9446
26 4384 4410 4436 4462 4488 4514 71 9455 9465 .9474 9483 .9492 .9502
27 4540 .4566 4592 4617 .4643 .4669 72 9511 9520 9528 .9537 .9546 .9555
28 4695 4720 4746 4772 4797 4823 73 9563 9572 .9580 9588 .9596 .9605
29 .4848 4874 4899 .4924 4950 .4975 74 9613 .9621 .9628 9636 .9644 .9652
30°| .5000 .5025 .5050 .5075 .5100 .5125 75°| .9659 9667 .9674 9681 .9689 .9696
31 5150 5175 5200 .5225 .5250 .5275 76 9703 9710 9717 .9724 9730 9737
32 5299 .5324 .5348 5373 .5398 .5422 1 9744 9750 9757 .9763 .9769 .9775
33 | .5446 .5471 5495 5519 .5544 .5568 78 9781 9787 9793 .9799 .9805 .9811
34 .5592 5616 .5640 .5664 .5688 .5712 79 | .9816 .9822 .9827 9833 .9838 .9843
35° | .5736 .5760 .5783 .5807 .5831 .5854 80°| .9848 .9853 .9858 .9863 .9868 .9872
36 .5878 .5901 .5925 .5948 .5972 .5995 81 9877 .9881 9886 .9890 .9894 9899
37 | .6018 .6041 .6065 .6088 .6111 .6134 82 19903  .9907 9911 .9914 .9918 .9922
38 6157 .6180 .6202 .6225 .6248 .6271 83 9925 .9929 .9932 .9936 .9939 9942
39 6293 .6316 .6338 .6361 .6383 .6406 84 .9945 .9948 .9951 .9954 .9957 9959
40°| .6428 .6450 .6472 .6494 .6517 .6539 85°| .9962 .9964 9967 .9969 9971 .9974
41 6561 .6583 .6604 .6626 .6648 .6670 86 | .9976 .9978 .9980 .9981 .9983 .9985
42 6691 6713 .6734 .6756 .6777 .6799 87 | .9986 .9988 .9989 .9990 .9992 .9993
43 6820 .6841 .6862 .6884 .6905 .6926 88 9994 .9995 9996 .9997 9997 .9998
44 6947 .6967 .6988 .7009 .7030 .7050 89 9998  .9999 9999 1.0000 1.0000 1.0000
45°| 7071 7092 .7112 .7133 .7153 .7173 90°(1.0000




Cos x

(x in degrees and minutes)

x 0’ 10’ 20’ 30 40’ 50’ x o 107 20 30’ 40’ 50’
0°[ 1.0000 1.0000 1.0000 1.0000 .9999 .9999 45°| .7071 .7050 .7030 .7009 .6988 .6967
1 9998 9998 .9997 9997 .9996 .9995 46 6947 .6926 .6905 .6884 .6862 .6841
2| .9994 .9993 .9992 .9990 .9989 .9988 47 .6820 .6799 6777 .6756 .6734 .6713
3| 9986 .9985 .9983 .9981 .9980 .9978 48 6691 .6670 .6648 .6626 .6604 .6583
4 | 9976 9974 9971 .9969 9967 .9964 49 .6661 .6539 .6517 .6494 .6472 .6450
5° .9962 .9959 .9957 .9954 9951 .9948 50°| .6428 .6406 .6383 .6361 .6338 .6316
6 | .9945 .9942 .9939 .9936 .9932 .9929 51 6293 6271 .6248 .6225 .6202 .6180
7 | .9925 .9922 .9918 .9914 9911 .9907 52 .6157 .6134 .6111 .6088 .6065 .6041
8 | .9903 .9899 .9894 .9890 .9886 .9881 53 6018 .5995 5972 5948 5925 .5901
9 | 9877 .9872 .9868 .9863 .9858 .9853 54 .5878 .5854 .6831 .5807 .5783 .5760
10°]| .9848 .9843 .9838 9833 .9827 .9822 55°| .6736 .5712 .5688 .5664 .5640 .5616
11 9816 9811 .98056 .9799 9793 9787 56 .5b92 .6568 .5544 .5519 .5495 .5471
12 | 9781 9775 .9769 .9763 .9757 .9750 57 .5446 5422 5398 .56373 .5348 .5324
13 9744 9737 9730 .9724 9717 9710 58 5299 6275 .6250 .5225 .5200 .5175
14 9703 .9696 .9689 .9681 9674 .9667 59 .5150 .5125 .5100 .5075 .5050 .5025
15°( .9659 .9652 .9644 .9636 9628 .9621 60°| .5000 .4975 .4950 .4924 4899 .4874
16 | .9613 .9605 .9596 .9588 .9580 .9572 61 4848 4823 4797 4772 4746 .4720
17 | 9563 .9555 9546 .9537 .9528 .9520 62 4695 4669 4643 4617 4592 .4566
18 | .9511 9502 .9492 .9483 9474 .94656 63 .4540 4514 4488 .4462 4436 .4410
19 | 9455 9446 9436 .9426 9417 .9407 64 .4384 4358 4331 .4305 .4279 .4253
20°| .9397 .9387 .9377 9367 .9356 .9346 65°| .4226 .4200 .4173 .4147 4120 .4094
21 9336 .9326 .9315 .9304 .9293 .9283 66 4067 4041 4014 .3987 .3961 .3934
22 | 9272 .9261 .9250 .9239 .9228 .9216 67 3907 3881 .3854 .3827 .3800 .3773
23 | .9205 .9194 9182 9171 9159 .9147 68 3746 3719 .3692 .3665 .3638 .3611
24 9136 9124 9112 .9100 .9088 .9075 69 3584 3557 .3529 3502 .3475 .3448
25°| .9063 .9051 .9038 .9026 .9013 .9001 70°| .3420 .3393 .3365 .3338 .3311 .3283
26 | .8988 .8975 .8962 .8949 .8936 .8923 71 32566 .3228 3201 .3173 .3145 .3118
27 | 8910 .8897 .8884 .8870 .8857 .8843 72 3090 .3062 .3035 .3007 .2979 .2952
28 | .8829 .8816 .8802 .8788 .8774 .8760 73 2924 2896 2868 .2840 .2812 .2784
29 | .8746 8732 .8718 .8704 .8689 8675 74 2756 2728 2700 .2672 .2644 .2616
30°| .8660 .8646 .8631 .8616 .8601 .8587 75°| .2588 .2560 .2532 .2504 .2476 .2447
31 8572 .8557 .8542 .8526 .8511 .8496 76 2419 2391 2363 .2334 .2306 .2278
32 | .8480 .8465 .8450 .8434 .8418 .8403 K 2250 .2221 .2193 .2164 .2136 .2108
33 | .8387 .8371 .8355 .8339 .8323 .8307 78 2079 2051 2022 1994 .1965 1937
34 .8290 .8274 .8258 .8241 .8225 .8208 79 1908 .1880 .1851 .1822 .1794 .1765
35°| .8192 .8175 .8158 .8141 .8124 .8107 80°| .1736 .1708 .1679 .1650 .1622 .1593
36 | .8090 .8073 .8056 .8039 .8021 .8004 81 1564 1536 .1507 .1478 1449 .1421
37 | 7986 .7969 .7951 .7934 .7916 .7898 82 1392 .1363 .1334 .1305 .1276 .1248
38 | .7880 .7862 .7844 .7826 .7808 .7790 83 1219 1190 1161 .1132 .1103 .1074
39 | 7771 7758 7736 7716 .7698 .7679 84 .1045 .1016 .0987 .0958 .0929 .0901
40°| .7660 .7642 .7623 .7604 .7585 .7566 85°| .0872 .0843 .0814 .0785 .0756 .0727
41 L7547 7528 .7509 .7490 7470 .7451 86 0698 .0669 .0640 .0610 .0581 .0552
42 | 7431 .7412 .7392 7373 .7353 .7333 87 .0523 .0494 .0465 .0436 .0407 .0378
43 7314 7294 7274 7254 7234 .T7214 88 .0349 .0320 .0291 .0262 .0233 .0204
44 | 7198 7173 7153 .7133 .7112 .7092 89 .0175 .0145 .0116 .0087 .0058 .0029
45°| 7071 .7050 .7030 .7009 .6988 .6967 90°| .0000




Tan x

(x in degrees and minutes)

z o’ 10’ 20/ 30’ 40’ 50’ x 0’ 10’ 20’ 30’ 40’ 50’
0°| .0000 .0029 .0058 .0087 .0116 .0145 45°(1.0000 1.0058 1.0117 1.0176 1.0235 1.0295
1 01756 0204 .0233 .0262 .0291 .0320 46 |1.0355 1.0416 1.0477 1.0538 1.0599 1.0661
2 | .0349 .0378 .0407 .0437 .0466 .0495 47 |1.0724 1.0786 1.0850 1.0913 1.0977 1.1041
3 | .0524 .0553 .0582 .0612 .0641 .0670 48 (1.1106 1.1171 1.1237 1.1303 1.1369 1.1436
4 | 0699 .0729 .0758 .0787 .0816 .0846 49 |1.1504 1.1571 1.164¢ 1.1708 1.1778 1.1847
5°] .0875 .0904 .0934 .0963 .0992 .1022 50°]1.1918 1.1988 1.2059 1.2131 1.2203 1.2276
6 | 1051 .1080 .1110 .1139 .1169 .1198 51 |[1.2349 1.2423 1.2497 1.2572 1.2647 1.2723
7 | 1228 .1257 .1287 .1317 .1346 .1376 52 11.2799 1.2876 1.2054 1.3032 1.3111 1.3190
8 | 1405 .1435 .1465 .1495 .1524 .1554 53 |[1.3270 1.3351 1.3432 1.3514 1.3597 1.3680
9 | .1584 1614 .1644 .1673 .1703 .1733 54 [1.3764 1.3848 1.3934 1.4019 1.4106 1.4193
10°| .1763 .1793 .1823 .1853 .1883 .1914 55°)1.4281 1.4370 1.4460 1.4550 1.4641 1.4733
11 1944 1974 .2004 2035 .2065 .2095 56 |1.4826 1.4919 1.5013 1.5108 1.5204 1.5301
12 | .2126 .2156 .2186 .2217 .2247 .2278 57 |1.5399 1.5497 1.5597 1.5697 1.5798 1.5900
13 | .2309 .2339 .2370 .2401 .2432 .2462 58 |1.6003 1.6107 1.6212 1.6319 1.6426 1.6534
14 | .2493 .2524 2555 .2586 .2617 .2648 59 [1.6643 1.6753 1.6864 1.6977 1.7090 1.7205
15°| 2679 .2711 .2742 .2773 .2805 .2836 60°11.7321 1.7437 1.75656 1.7675 1.7796 1.7917
16 | .2867 .2899 .2931 .2962 .2994 .3026 61 |1.8040 1.8165 1.8291 1.8418 1.8546 1.8676
17 | 30567 .3089 .3121 .3153 .31856 .3217 62 [1.8807 1.8940 1.9074 1.9210 1.9347 1.9486
18 | .3249 .3281 .3314 .3346 .3378 .3411 63 [1.9626 1.9768 1.9912 2.0057 2.0204 2.0353
19 | .3443 .3476 3508 .3541 .3574 .3607 64 |2.0503 2.0655 2.0809 2.0965 2.1123 2.1283
20°| .3640 .3673 .3706 .3739 .3772 .3805 65°12.1445 2.1609 2.1775 2.1943 2.2113 2.2286
21 .3839 .3872 .3906 .3939 .3973 .4006 66 |[2.2460 2.2637 2.2817 2.2998 2.3183 2.3369
22 | .4040 .4074 4108 4142 4176 .4210 67 |2.35569 2.3750 2.3945 2.4142 2.4342 2.4545
23 | 4245 4279 4314 4348 4383 4417 68 |2.4751 2.4960 2.5172 2.5386 2.5605 2.5826
24 | .4452 4487 4522 .4557 4592 .4628 69 |2.6051 2.6279 2.6511 2.6746 2.6985 2.7228
25°| .4663 .4699 .4734 4770 4806 .4841 70°12.7475 2.7725 2.7980 2.8239 2.8502 2.8770
26 | 4877 .4913 4950 4986 .5022 .5059 71 12.9042 29319 2.9600 2.9887 3.0178 3.0475
27 | 5095 .5132 .5169 .5206 .5243 .5280 72 13.0777 3.1084 3.1397 3.1716 3.2041 3.2371
28 | .b317 .5354 .5392 .5430 .5467 .5505 73 |3.2709 3.3052 3.3402 3.3759 3.4124 3.4495
29 | .5543 .5581 .5619 .5658 .5696 .5735 74 |3.4874 3.5261 3.5656 3.6059 3.6470 3.6891
30°| 5774 .5812 .5851 .5890 .5930 .5969 75°18.7321 38.7760 3.8208 3.8667 3.9136 3.9617
31 6009 .6048 .6088 .6128 .6168 .6208 76 |4.0108 4.0611 4.1126 4.1653 4.2193 4.2747
32 | .6249 .6289 .6330 .6371 .6412 6453 77 |4.3315 4.3897 4.4494 4.5107 4.5736 4.6382
33 | .6494 .6536 .6577 .6619 .6661 .6703 78 [4.7046 4.7729 4.8430 4.9152 4.9894 5.0658
34 | 6745 .6787 .6830 .6873 .6916 .6959 79 |5.1446 5.2257 5.3093 5.3955 5.4845 5.5764
35°| 7002 .7046 7089 .7133 7177 .7221 80°|5.6713 5.7694 5.8708 5.9758 6.0844 6.1970
36 | .7265 .7810 .73556 .7400 .7445 .7490 81 |6.3138 6.4348 6.5606 6.6912 6.8269 6.9682
37 | .7536 7581 .7627 .7673 .7720 .7766 82 |7.1154 7.2687 7.4287 7.5958 7.7704 7.9530
38 | .7813 .7860 .7907 .7954 .8002 .8050 83 |8.1443 8.3450 8.5555 8.7769 9.0098 9.2553
39 | .8098 .8146 .8195 .8243 .8292 .8342 84 |[9.5144 9.7882 10.078 10.385 10.712 11.059
40° | .8391 .8441 .8491 .8541 .8591 .8642 85°111.430 11.826 12.251 12.706 13.197 13.727
41 8693 .8744 .8796 .8847 .8899 .8952 86 [14.301 14.924 15.605 16.350 17.169 18.075
42 | .9004 .9057 .9110 9163 .9217 .9271 87 (19.081 20.206 21.470 22.904 24.542 26.432
43 | 9325 .9380 .9435 .9490 .9545 .9601 88 |[28.636 31.242 34.368 38.188 42.964 49.104
44 | 9657 9713 .9770 9827 .9884 .9942 89 |[57.290 68.750 85.940 114.59 171.89 343.77
45° 11,0000 1.0058 1.0117 1.0176 1.0235 1.0295 90°|




CONVERSION OF RADIANS TO DEGREES, MINUTES,
AND SECONDS OR FRACTIONS OF DEGREES

Fractions of

Radians Deg. Min. Sec. Degrees
1 b7° 1T 44.8” 57.2958°
2 114° 385’ 29.6” 114.5916°
3 171° 53" 144" 171.8873°
4 229° 10" 59.2” 229.1831°
b 286° 28" 44,0 286.4789°
6 343° 46’ 28.8" 343.7747°
7 401° 4’ 13.6” 401.0705°
8 458° 21’ 584" 458.3662°
9 515° 39" 43.3" 515.6620°

10 572° 57 28.1" 572.9578°
1 5° 43" 46.5"
2 11° 27" 33.0”
3 17 117 194”7
A4 22° 55’ 5.9
.5 28° 38’ 524"
] 34° 22’ 38.9”
q 40° 6’ 254"
8 45° 50" 11.8"
9 61° 33’ 58.3”
.01 0° 34" 226"
.02 1° 8 45.3”
.03 1° 43 7.9"
04 2° 177 30.6”
.05 2° 51’ 53.2”
.06 3° 26" 159"
07 4° 0’ 385"
.08 4° 35’ 1.2”
.09 5° 9 238"
.001 0° 3 26.3”
002 0° 6’ 52.5”
.003 0° 10’ 18.8”
.004 0° 13" 45.1”
006 0° 17 113"
006 0° 20° 37.6”
007 0° 24’ 3.9”
.008 0° 27 30.1”
.009 0° 30" b56.4"
.0001 0° 0 20.6”
.0002 0° 0 41.3”
.0003 0° v 1.9”
.0004 0° 17 225"
.0005 0° 17 431"
0006 0° 2’ 3.8”
.0007 0° 2 244"
.0008 0° 2’ 45.0”

.0009 0° 3 5.6”




CONVERSION OF DEGREES, MINUTES, AND
SECONDS TO RADIANS

Degrees Radians
1° 0174533
2° 0349066
3° .0523599
4° 0698132
5° 0872665
6° 1047198
7° 1221730
8° .1396263
9° 1570796

10° 1745329

Minutes Radians

1 .00029089
2’ .00058178
3 00087266
4’ .00116355
5’ 00145444
6’ .00174533
T .00203622
8’ .00232711
9’ .00261800
10’ 100290888
Seconds Radians
1" 0000048481
2" .0000096963
8" .0000145444
4" 10000193925
5 10000242407
6" .0000290888
i 0000339370
8" 0000387851
9" 0000436332
10” .0000484814




NATURAL OR NAPIERIAN LOGARITHMS

log, x or In x

x 0 1 2 3 4 5 6 7 8 9
1.0 .00000 00995 01980 02956 .03922  .04879 .05827 .06766 07696 .08618
11 .09531 .10436 11333 12222 .13103  .13976 14842 15700 16551 17395
1.2 .18232 .19062 .19885 .20701 21511 22314 23111 23902 .24686 25464
1.3 26236 27003 27763 28518 29267  .30010 .30748 31481 .32208 .32930
14 .33647 .34359 35066 35767 .36464  .37156 37844 .38526 .39204 39878
1.5 40547 41211 41871 42527 43178 43825 44469 45108 45742 46373
1.6 47000 47623 48243 .48858 49470 50078 50682 51282 51879 52473
1.7 53063 53649 54232 .54812 .55389  .55962 .56531 57098 57661 58222
1.8 58779 59333 59884 60432 60977  .61519 62058 62594 63127 .63658
1.9 64185 64710 65233 65752 66269  .66783 87294 67803 68310 .68813
2.0 69315 69813 70310 70804 771295 71784 72271 7127565 13237 713716
2.1 74194 74669 75142 76612 76081 .76547 17011 17473 17932 78390
22 78846 79299 19751 .80200 80648  .81093 81536 81978 82418 .82855
2.3 83291 83725 84157 84587 85015  .85442 85866 .86289 86710 87129
24 87547 87963 88377 88789 89200  .89609 90016 90422 .90826 .91228
2.5 91629 92028 92426 92822 93216  .93609 94001 94391 94779 95166
2.6 95551 .95935 96317 .96698 97078 97456 97833 98208 98582 98954
2.7 99325 .99695  1.00063 1.00430 1.00796 1.01160 1.01523 1.01885  1.02245  1.02604
2.8 | 1.02962 1.03318 1.03674 1.04028 1.04380 1.04732 1.05082 1.05431 1.05779 1.06126
29 | 1.06471 1.06815 1.07158 1.07500 1.07841 1.08181 1.08519 1.08856 1.09192  1.09527
3.0 | 1.09861 1.10194 1.10526 1.10856 1.11186 1.11514 1.11841 1.12168 1.12493 1.12817
3.1 | 1.13140 1.13462 1.13783 1.14103 1.14422 1.14740 1.15057 1.15373 1.15688 1.16002
3.2 | 1.16315 1.16627 1.16938 1.17248 1.17557 1.17865 1.18173 1.18479 1.18784 1.19089
3.3 | 1.19392 1.19695 1.19996 1.20297 1.20597 1.20896 1.21194 1.21491 1.21788 1.22083
3.4 | 1.22378 1.22671 1.22964 1.23256 1.23547 1.23837 1.24127 1.24415 1.24703  1.24990
35 | 125276 1.25562 1.25846 1.26130 1.26413 1.26695 1.26976 1.27267 1.27536 1.27815
3.6 | 1.28093 1.28371 1.28647 1.28923 1.29198 1.29473 1.29746 1.30019 1.30291  1.30563
3.7 | 1.30833 1.31103 1.31372 1.31641 1.31909 1.32176 1.32442 1.32708 1.32972 1.33237
3.8 | 1.33500 1.33763 1.34025 1.34286 1.34547 1.34807 1.35067 1.35325 1.35584  1.35841
39 | 1.36098 1.36354 1.36609 1.36864 1.37118 1.37372 1.37624 1.37877 1.38128  1.38379
4.0 | 1.38629 1.38879 1.39128 1.39377 1.39624 1.39872 1.40118 1.40364 1.40610 1.40854
41 | 1.41099 1.41342 141585 1.41828 1.42070 1.42311 1.42552 1.42792 1.43031  1.43270
4.2 | 143508 1.43746 1.43984 1.44220 1.44456 1.44692 1.44927 1.45161 1.45395 -1.45629
4.3 | 1.45862 1.46094 1.46326 1.46557 1.46787 147018 1.47247 147476 1.47705 1.47933
44 | 1.48160 1.48387 1.48614 1.48840 1.490656 1.49290 1.49515 1.49739 1.49962 1.50185
45 | 150408 1.50630 150851 151072 151293 1.51513 1.51732 151951 1.52170 1.52388
4.6 | 1.52606 1.52823 1.53039 1.53266 1.53471 1.53687 1.53902 1.54116 1.54330 1.54543
4.7 | 1.54756 1.54969 1.55181 1.55393 1.565604 1.55814 1.56025 1.56235 1.56444 1.56653
4.8 | 1.56862 157070 1.57277 1.57485 1.57691 157898 1.58104 1.58309 1.58515 1.58719
49 | 158924 1.59127 1.59331 1.59534 1.59737 1.59939 1.60141 1.60342 1.60543 1.60744

In 10=2.30259
2In10=4.60517
3In10=6.90776

41n10=9.21034
5In10=11.51293
61n10=13.81551

7In10=16.11810
81n 10=18.42068
91n 10=20.72327




NATURAL OR NAPIERIAN LOGARITHMS

log, x or In x(Continued)

x 0 1 2 3 4 5 6 7 8 9
5.0 1.60944 1.61144 1.61343 1.61542 1.61741 1.61939 1.62137 1.62334 1.62531 1.62728
5.1 1.62924 1.63120 1.63315 1.63511 1.63705 1.63900 1.64094 1.64287 1.64481 1.64673
5.2 1.64866 1.65058 1.65250 1.65441 1.65632 1.65823 1.66013 1.66203 1.66393 1.66582
5.3 1.66771 1.66959 1.67147 1.67335 1.67523 1.67710 1.67896 1.68083 1.68269  1.68455
5.4 1.68640 1.68825 1.69010 1.69194 1.69378 1.69562 1.697456  1.69928 1.70111  1.70293
5.5 170475 1.70656 1.70838 1.71019 1.71199 1.71380 1.71560 1.71740 1.71919  1.72098
5.6 1.72277  1.72455 1.72633 1.72811 1.72988 1.73166 1.73342 1.73519 1.73695 1.73871
5.7 1.74047 174222 1.74397 1.74572 1.74746  1.74920 1.75094  1.75267 1.75440 1.75613
5.8 175786  1.75958 1.76130 1.76302 1.76473 1.76644 1.76815 1.76985 1.77166 1.77326
5.9 177495 1.77665 1.77834 1.78002 1.78171 1.78339 1.78507 1.78675 1.78842 1.79009
6.0 1.79176  1.79342 1.79509 1.79675 1.79840 1.80006 1.80171 1.80336 1.80500 1.80665
6.1 1.80829 1.80993 1.81156 1.81319 1.81482 1.81645 1.81808 1.81970 1.82132 1.82294
6.2 1.82455 1.82616 1.82777 1.82938 1.83098 1.83258 1.83418 1.83578 1.83737 1.83896
6.3 1.84055 1.84214 1.84372 1.84530 1.84688 1.84845 1.85003 1.85160 1.85317 1.85473
6.4 1.85630 1.85786 1.85942 1.86097 1.86253 1.86408 1.86563 1.86718 1.86872  1.87026
6.5 1.87180 1.87334 1.87487 1.87641 1.87794 1.87947 1.88099 1.88251 1.88403 1.88555
6.6 1.88707 1.88858 1.89010 1.89160 1.89311 1.89462 1.89612 1.89762 1.89912 1.90061
6.7 1.90211  1.90360 1.90509 1.90658 1.90806 1.90954 1.91102 1.91250 1.91398 1.91545
6.8 1.91692 1.91839 1.91986 1.92132  1.92279  1.92425 1.92571 1.92716 1.92862  1.93007
6.9 1.93152  1.93297 1.93442 1.93586 1.93730 1.93874 1.94018 1.94162 194305 1.94448
7.0 1.94591  1.94734 1.94876 195019 195161 1.95303 1.95445 1.95586  1.95727  1.95869
7.1 1.96009 1.96150 1.96291 1.96431 1.96571 196711 1.96851 1.96991 1.97130  1.97269
7.2 1.97408 1.97547 197685 1.97824 1.97962 198100 1.98238 1.98376 1.98513 1.98650
7.3 1.98787 1.98924 1.99061 1.99198 1.99334 1.99470 1.99606 1.99742 1.99877  2.00013
74 2.00148 2.00283 2.00418 2.00553 2.00687 2.00821 2.00956 2.01089 2.01223  2.01357
7.5 2.01490 2.01624 2.01757 2.01890 2.02022 2.02155 2.02287 2.02419  2.025561  2.02683
7.6 2.02815 2.02946 2.03078  2.03209 2.03340 2.03471 2.03601 2.03732 2.03862  2.03992
7.7 2.04122 2.04252 2.04381 2.04511 2.04640 2.04769 2.04898 2.05027 2.05166  2.05284
7.8 2.05412 2.05540 2.05668 2.05796 2.05924 2.06051 2.06179 2.06306 2.06433  2.06560
7.9 2.06686 2.06813 2.06939 2.07065 2.07191  2.07317 2.07443 2.07568 2.07694 2.07819
8.0 2.07944 2.08069 2.08194 2.08318 2.08443 2.08567 2.08691 2.08816 2.08939  2.09063
8.1 2.09186 2.09310 2.09433 2.09556  2.09679  2.09802 2.09924 2.10047 2.10169 2.10291
8.2 210413 2.10535 2.10657 2.10779 2.10900 2.11021 2.11142 211263 2.11384 2.11506
8.3 2.11626 2.11746 2.11366 2.11986 2.12106 212226 2.12346 2.12465 2.125685 2.12704
84 212823 212942 2.13061 2.13180 2.13298 2.13417 2.13535 2.136563 2.13771  2.13889
8.5 2.14007 2.14124 214242 2.14359  2.14476  2.14593 2.14710  2,14827 2.14943  2.15060
8.6 2.15176 2.15292 2.15409 2.15524 2.15640 215756 2.16871 2.15987 2.16102  2.16217
8.7 2.16332 2.16447 2.16562 2.16677 2.16791  2.16905 2.17020 2.17134 2.17248  2.17361
8.8 217475 217589 2.17702 2.17816 2.17929 218042 2.18155 2.18267 2.18380  2.18493
8.9 218605 2.18717 2.18830 2.18942 2.19054 219165 2.19277  2.19389  2.19500  2.19611
9.0 | 2.19722 2.19834 2.19944 2200556 2.20166 2.20276 2.20387 2.20497 2.20607  2.20717
9.1 220827 2.20937 221047 221157 221266 2.21375 2.21485 2.21594 221703 2.21812
9.2 2.21920 2.22029 2.22138 2.22246 2.22354  2.22462 2.22570 2.22678 2.22786  2.22894
9.3 2.23001 2.23109 2.23216 2.23324 2.23431 2.23538 2.23645 2.23751 2.23858  2.23965
9.4 2.24071 2.24177 2.24284 224390 2.24496  2.24601  2.24707 224813 2.24918  2.25024
9.5 225129 2.25234 2.25339 225444 2.25549 2.25654 2.25759 2.25863 2.25968  2.26072
9.6 2.26176 2.26280 2.26384 226488 2.26592 2.26696  2.26799 2.26903 2.27006 2.27109
9.7 227213 227316 227419 227521 2.27624 227727 2.27829 2.27932 2.28034 2.28136
9.8 2.28238 2.28340 2.28442 228544 2.28646 2.28747 2.28849 2.28950 2.29051  2.20152
9.9 229253 220354 2.20455 229556 2.29657 2.29757 2.29858 2.29958  2.30058  2.30158




EXPONENTIAL FUNCTIONS

e
x 0 1 2 3 4 5 6 7 8 9
.0 1.0000 1.0101 1.0202 1.0305 1.0408 1.0513 1.0618 1.0725 1.0833 1.0942
1 1.1052 1.1163 1.1275 1.1388 1.1503 1.1618 1.1735 1.1853 1.1972 1.2092
2 1.2214 1.2337 1.2461 1.2586 1.2712 1.2840 1.2969 1.3100 1.3231 1.3364
3 1.3499 1.3634 1.3771 1.3910 1.4049 1.4191 1.4333 1.4477 1.4623 1.4770
4 1.4918 1.5068 1.5220 1.56373 1.5527 1.5683 1.56841 1.6000 1.6161 1.6323
5| 1.6487 1.6653 1.6820 1.6989 1.7160 1.7333 1.7507 1.7683 1.7860 1.8040
.6 1.8221 1.8404 1.8589 1.8776 1.8965 1.9155 1.9348 1.9542 1.9739 1.9937
N 2.0138 2.0340 2.0544 2.0751 2.0959 2.1170 2.1383 2.1598 2.1815 2.2034
8 2.2255 2.2479 2.2705 2.2933 2.3164 2.3396 2.3632 2.3869 2.4109 2.4351
9 2.4596 2.4843 2.5093 2.5345 2.5600 2.5857 2.6117 2.6379 2.6645 2.6912
1.0 2.7183 2.7456 2.7732 2.8011 2.8292 2.8577 2.8864 2.9154 2.9447 2.9743
1.1 3.0042 3.0344 3.0649 3.0957 3.1268 3.1582 3.1899 3.2220 3.2544 3.2871
1.2 3.3201 3.35635 3.3872 3.4212 3.4556 3.4903 3.5254 3.5609 3.5966 3.6328
1.3 3.6693 3.7062 3.7434 3.7810 3.8190 3.8574 3.8962 3.935H4 3.9749 4.0149
14 4.0552 4.0960 4.1371 4.1787 4.2207 4.2631 4.3060 4.3492 4.3929 4.4371
1.5 | 4.4817 4.5267 4.5722 4.6182 4.6646 4.7115 4.7588 4.8066 4.8550 4.9037
1.6 | 4.9530 5.0028 5.0631 5.1039 5.1552 5.2070 5.2593 5.3122 5.3656 5.4195
1.7 5.4739 5.5290 5.5845 5.6407 5.6973 5.7546 5.8124 5.8709 5.9299 5.9895
1.8 6.0496 6.1104 6.1719 6.2339 6.2965 6.3598 6.4237 6.4883 6.5535 6.6194
1.9 6.6859 6.7531 6.8210 6.8895 6.9588 7.0287 7.0993 7.1707 7.2427 7.3155
2.0 7.3891 7.4633 7.5383 7.6141 7.6906 7.7679 7.8460 7.9248 8.0045 8.0849
2.1 8.1662 8.2482 8.3311 8.4149 8.4994 8.5849 8.6711 8.7583 8.8463 8.9352
2.2 9.0250 9.1157 9.2073 9.2999 9.3933 9.4877 9.5831 9.6794 9.7767 9.8749
2.3 | 9.9742 10.074 10.176 10.278 10.381 10.486 10.591 10.697 10.805 10.913
2.4 11.023 11.134 11.246 11.359 11.473 11.588 11.705 11.822 11.941 12.061
2.5 12.182 12.305 12.429 12.5654 12.680 12.807 12.936 13.066 13.197 13.330
2.6 13.464 13.599 13.736 13.874 14.013 14.154 14.296 14.440 14.585 14.732
2.7 14.880 15.029 15.180 15.333 15.487 15.643 15.800 15.959 16.119 16.281
2.8 16.445 16.610 16.777 16.945 17.116 17.288 17.462 17.637 17.814 17.993
2.9 18.174 18.357 18.541 18.728 18.916 19.106 19.298 19.492 19.688 19.886
3.0 20.086 20.287 20.491 20.697 20.905 21.115 21.328 21.542 21.758 21.977
3.1 22.198 22,421 22.646 22.874 23.104 23.336 23.571 23.807 24.047 24.288
3.2 24.533 24.779 25.028 25.280 25.534 25.790 26.050 26.311 26.576 26.843
3.3 27.113 27.385 27.660 27.938 28.219 28.503 28.789 29.079 29.371 29.666
3.4 29.964 30.265 30.569 30.877 31.187 31.500 31.817 32.137 32.460 32.786
3.5 33.115 33.448 33.784 34.124 34.467 34.813 35.163 35.517 35.874 36.234
3.6 36.598 36.966 37.338 37.713 38.092 38.475 38.861 39.252 39.646 40.045
3.7 40.447 40.854 41.264 41.679 42.098 42.521 42,948 43.380 43.816 44.256
3.8 44.701 45.160 45.604 46.063 46.525 46.993 47.465 47.942 48.424 48.911
3.9 49.402 49.899 50.400 50.907 51.419 51.935 52.457 52.985 53.517 54.055
4. 54.508 60.340 66.686 73.700 81.451 90.017 99.484 109.95 121.51 134.29
5. 148.41 164.02 181.27 200.34 221.41 244.69 270.43 298.87 330.30 365.04
6. 403.43 445.86 492.75 544.57 601.85 665.14 735.10 812.41 897.85 992.27
1. 1096.6 1212.0 1339.4 1480.3 1636.0 1808.0 1998.2 2208.3 2440.6 2697.3
8. 2981.0 3294.5 3641.0 4023.9 44471 4914.8 5431.7 6002.9 6634.2 7332.0
9. 8103.1 8955.3 9897.1 10938 12088 13360 14765 16318 18034 19930
10. 22026




EXPONENTIAL FUNCTIONS

e—x
x 0 1 2 3 4 5 6 7 8 9
.0 [1.00000 99005 .98020 97045 96079 95123 94176 93239 92312 91393
4 .90484 .89583 88692  .87810 .86936 86071 .85214 .84366 83627 82696
.2 | 81873 .81058 80252 79453 .78663 17880 17105 76338 75578 74826
3 | 74082 13345 72615 71892 1177 70469 69768 69073 .68386 67706
4 .67032  .66365 65705 .65051 64404 63763 .63128 .62500 .61878 61263
b5 | 606563 60050 .59452 .58860 .58275 .57695 57121 .56553 .55990 .55433
.6 .54881 .54335 53794 53259 52729 52205 51685 51171 50662 .50158
7| 49659 49164 48675 48191 47711 47237 46767 .46301 .45841 45384
8 .44933 .44486 44043 .43605 .43171 42741 42316 41895 .41478 41066
9 .40657 40252 .39852 39455 .39063 .38674 .38289 37908 37531 37158
1.0 | .36788 .36422 .36060 .35701 35345 .34994 .34646 .34301 .33960 .33622
11 .33287  .32956 .32628 .32303 .31982 .31664 31349 .31037 .30728 .30422
1.2 | .30119 .29820 29523 29229 .28938 .28650 .28365 .28083 .27804 27527
1.3 | .27253 26982 26714 26448 .26185 25924 .25666 25411 .25158 .24908
14 .24660 24414 24171 23931 23693 23457 23224 22993 .22764 22537
1.5 .22313 .22091 21871 .21654 .21438 21225 21014 .20805 20598 .20393
1.6 | .20190 .19989 19790 19593 .19398 .19205 19014 .18825 18637 .18452
1.7 | .18268  .18087 17907 17728 17552 17377 .17204 .17033 .16864 .16696
1.8 16530 .16365 .16203 16041 .15882 15724 .16567 15412 15259 15107
1.9 14957 .14808 14661 145156 .14370 14227 .14086 13946 13807 13670
2.0 13534 13399 13266 13134 .13003 .12873 12745 12619 .12493 .12369
2.1 12246 12124 12003 .11884 11765 11648 11533 11418 11304 11192
2.2 | .11080 10970 .10861 10753 .10646 .10540 .10435 10331 10228 10127
23 | .10026 .09926 09827 09730 .09633 09537 .09442 .09348 .09255 .09163
24 09072 .08982 .08892 .08804 08716 .08629 08543 08458 .08374 .08291
2.5 08208  .08127  .08046 07966 .07887 .07808 07730 .07654 07577 07502
2.6 07427 .07353 .07280 07208 07136 07065 06995 106925 06856 .06788
2.7 |.06721 .06654 .06587 06522 .06457 .06393 .06329 06266 106204 06142
2.8 06081 .06020 05961 .05901 .05843 05784 05727 .06670 05613 05558
2.9 .05502 .05448 .05393 .05340 05287 05234 .05182 05130 05079 .05029
3.0 04979 104929 04880 04832 .04783 .04736 .04689 04642 .04596 .04550
3.1 .04505 .04460 04416 04372 .04328 .04285 .04243 .04200 .04159 04117
3.2 | .04076 04036 03996 .03956 .03916 03877 .03839 .03801 .03763 .03725
3.3 |.03688 03652 .03615 .03579 03544 .03508 03474 03439 .03405 .03371
3.4 03337 .03304 03271 03239 03206 03175 .03143 03112 .03081 .03050
3.5 | .03020 02990 .02960 02930 .02901 02872 02844 02816 02788 02760
3.6 02732 .02705  .02678 02652 .02625 02599 02573 02548 02522 02497
3.7 |.02472 02448 02423 .02399 02375 02352 02328 .02305 02282 .02260
3.8 | .02237 02215 02193 02171 02149 .02128 102107 02086 02065 02045
3.9 |.02024 .02004 01984 .01964 .01945 .01925 .01906 .01887 .01869 .01850
4. 018316 .016573 .014996 .013569 .012277 .011109 .010052 .0290953 .0282297 .0274466
5. 0267379 .0260967 .0255166 .0249916 .0245166 .0240868 .0236979 .0233460 .0230276 .0227394
6. 0224788 .0222429 .0220294 .0218363 .0216616 .0215034 .0213604 .0%212309 .0211138 .0%210078
7. .0891188 .0382510 .0374659 .0367554 .0361125 .0355308 .0350045 .0%45283 .0340973 .0337074
8. 0333546 .0330354 .0327465 .0324852 .0322487 .0320347 .0318411 .0%16659 .0°15073 .0313639
9. 0312341 .0811167 .0%10104 .0%91424 .0482724 .0474852 .0467729 .0%61283 .055452 .0*50175
10. 0245400




EXPONENTIAL, SINE, AND COSINE INTEGRALS

Ei(x)zj“’ﬂdu, Sit0) = [ du, Cit) = [
XU 0 u x oy
x Ei(x) Si(x) Ci(x)
0 Ld .0000 Ld
.5 5598 4931 1778
1.0 2194 9461 —.3374
1.5 1000 1.3247 —.4704
2.0 .04890 1.6054 —.4230
2.5 .02491 1.7785 —.2859
3.0 .01305 1.8487 —.1196
3.5 .026970 1.8331 0321
4.0 023779 1.7582 1410
4.5 .022073 1.6541 1935
5.0 .021148 1.5499 .1900
5.5 .036409 1.4687 1421
6.0 .033601 1.4247 0681
6.5 .032034 1.4218 -.0111
7.0 .031155 1.4546 —.0767
7.5 .046583 1.5107 —.1156
8.0 043767 1.5742 —.1224
8.5 .042162 1.6296 —.09943
9.0 041245 1.6650 —.05535
9.5 .057185 1.6745 —.022678
10.0 .0541567 1.6b683 .04546




Section II: Factorial and Gamma Function, Binomial Coefficients

11

FACTORIAL n

n! = 1.2.3.....”
n n! n n! n n!
0| 1 (by definition) 40 | 8.15915 X 1047 80 | 7.15695 X 10118
1)1 41 | 3.34525 X 100 81 | 5.79713 x 10120
2|2 42 | 1.40501 X 105! 82 | 4.75364 X 10122
3ls 43 | 6.04153 X 1052 83 | 8.94552 x 10124
4| 24 44 | 2.65827 X 1054 84 | 3.31424 x 10126
5 | 120 45 | 1.19622 X 1056 85 | 2.81710 X 10128
6 | 720 46 | 5.50262 x 1057 86 | 2.42271 x 10130
7| 5040 47 | 2.58623 x 105° 87 | 2.10776 X 10182
8 | 40,320 48 | 1.24139 X 1081 88 | 1.85483 X 10134
9 | 362,880 49 | 6.08282 X 1082 89 | 1.65080 x 10136
10 | 3,628,800 50 | 3.04141 X 10864 90 | 1.48572 x 10138
11 | 39,916,800 51 | 1.55112 X 1066 91 | 1.35200 X 10140
12 | 479,001,600 52 | 8.06582 x 1087 92 | 1.24384 x 10142
13 | 6,227,020,800 53 | 4.27488 x 1089 93 | 1.15677 X 10144
14 | 87,178,291,200 54 | 2.30844 x 107 94 | 1.08737 X 10146
15 { 1,307,674,368,000 55 | 1.26964 x 1073 95 | 1.03300 X 10148
16 | 20,922,789,888,000 56 | 7.10999 x 107 96 | 9.91678 X 10149
17 | 355,687,428,096,000 57 | 4.05269 x 1076 97 | 9.61928 X 10151
18 | 6,402,373,705,728,000 58 | 2.35056 X 1078 98 | 9.42689 X 10133
19 | 121,645,100,408,832,000 59 | 1.38688 X 1080 99 | 9.33262 X 10155
20 | 2,432,902,008,176,640,000 60 | 8.32099 X 108! 160 | 9.33262 X 10157
21 | 51,090,942,171,709,440,000 61 | 5.07580 X 1083
22 | 1,124,000,727,777,607,680,000 62 | 8.14700 X 1085
23 | 25,852,016,738,884,976,640,000 63 | 1.98261 X 1087
24 | 620,448,401,733,239,439,360,000 64 | 1.26887 X 1089
25 | 15,511,210,043,330,985,984,000,000 65 | 8.24765 X 1090
26 | 408,291,461,126,605,635,584,000,000 66 | 5.44345 X 1092
27 | 10,888,869,450,418,352,160,768,000,000 67 | 3.64711 x 10%
28 | 304,888,344,611,713,860,501,504,000,000 68 | 2.48004 X 1098
29 | 8,841,761,993,739,701,954,543,616,000,000 69 | 1.71122 X 1098
30 | 265,252,859,812,191,058,636,308,480,000,000
70 | 1.19786 X 10100
31 | 8.22284 x 1033 71 | 8.50479 X 10101
32 | 2.63131 x 10% 72 | 6.12345 x 10108
33 | 8.68332 X 1036 73 | 4.47012 X 10105
34 | 2.95233 x 1038 74 | 3.30789 X 10107
35 | 1.03331 » 1040 75 | 2.48091 X 10109
36 | 3.71993 X 1041 76 | 1.88549 X 10111
37 | 1.37638 x 1048 77 | 1.45183 X 10113
38 | 5.23023 x 10% 78 | 1.18243 X 10115
39 | 2.03979 X 1046 79 | 8.94618 X 10118
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GAMMA FUNCTION
I'x)= Jwt"‘le"dt forl1=x=2

[For other values use the formula I'(x + 1) = x I'(x)]

x I'(x) x T'(z)
1.00 1.00000 1.50 .88623
1.01 .99433 1.51 .88659
1.02 .98884 1.52 .88704
1.03 98355 1.53 .88757
1.04 .97844 1.54 .88818
1.05 97350 1.55 .88887
1.06 96874 1.56 .88964
1.07 .96415 1.57 .89049
1.08 95973 1.58 .89142
1.09 .95546 1.59 .89243
1.10 .95135 1.60 .89352
111 .94740 1.61 .89468
1.12 .94359 1.62 .89592
113 .93993 1.63 .89724
1.14 93642 1.64 .89864
1.15 93304 1.65 90012
1.16 .92980 1.66 .90167
1.17 92670 1.67 .90330
1.18 .92373 1.68 .90500
1.19 .92089 1.69 .90678
1.20 91817 1.70 .90864
1.21 91558 1.71 .91057
1.22 91311 1.72 91258
1.23 91075 1.73 .91467
1.24 .90852 1.74 .91683
1.25 .90640 1.75 91906
1.26 90440 1.76 92137
1.27 90250 1.77 92376
1.28 .90072 1.78 .92623
1.29 .89904 1.79 .92877
1.30 89747 1.80 .93138
1.31 .89600 1.81 .93408
1.32 .89464 1.82 .93685
1.33 .89338 1.83 .93969
1.34 .89222 1.84 94261
1.35 .89115 1.85 .94561
1.36 .89018 1.86 .94869
1.37 .88931 1.87 95184
1.38 .88854 1.88 95507
1.39 .88785 1.89 .95838
1.40 .88726 1.90 96177
141 .88676 1.91 .96523
1.42 .88636 1.92 96877
1.43 .88604 1.93 97240
1.44 .88581 1.94 97610
1.45 .88566 1.95 97988
1.46 .88560 1.96 .98374
1.47 .88563 1.97 .98768
1.48 .88575 1.98 99171
1.49 .88595 1.99 .99581
1.50 .88623 2.00 1.00000




BINOMIAL COEFFICIENTS
(n) n! _n(n—l)---(n—k+1)=( n ) 01=1

k)" K-k~ k! n—k

Note that each number is the sum of two numbers in the row above; one of these numbers is in the same col-
umn and the other is in the preceding column (e.g., 56 = 35 + 21). The arrangement is often called Pascal’s
triangle (see 3.6, page 8).

k 0 1 2 3 4 5 6 7 8 9
n

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1
10 1 10 45 120 210 252 210 120 45 10
11 1 11 55 165 330 462 462 330 165 55
12 1 12 66 220 495 792 924 792 495 220
13 1 13 78 286 715 1287 1716 1716 1287 715
14 1 14 91 364 1001 2002 3003 3432 3003 2002
15 1 15 105 455 1365 3003 5005 6435 6435 5005
16 1 16 120 560 1820 4368 8008 11440 12870 11440
17 1 17 136 680 2380 6188 12376 19448 24310 24310
18 1 18 153 816 3060 8568 18564 31824 43758 48620
19 1 19 171 969 3876 11628 27132 50388 75582 92378
20 1 20 190 1140 4845 15504 38760 77520 125970 167960
21 1 21 210 1330 5985 20349 54264 116280 203490 293930
22 1 22 231 1540 7315 26334 74618 170544 319770 497420
23 1 23 253 1771 8855 33649 100947 245157 490314 817190
24 1 24 276 2024 10626 42504 134596 346104 735471 1307504
25 1 25 300 2300 12650 53130 177100 480700 1081575 2042975
26 1 26 325 2600 14950 65780 230230 657800 1562275 8124550
27 1 27 351 2925 17550 80730 296010 888030 2220075 4686825
28 1 28 378 3276 20475 98280 376740 1184040 3108105 6906900
29 1 29 406 3654 23751 118755 475020 1560780 4292145 10015005
30 1 30 435 4060 27405 142506 593775 2035800 5852925 14307150




BINOMIAL COEFFICIENTS

n n! nn—1)---(n—k+1) n .
(k)zk!(n—k)!z k1 z(n—k)’ Wil (Corartzec,

n Je 10 11 12 13 14 15

10 1

11 11 1

12 66 12 1

13 286 78 13 1

14 1001 364 91 14 1

15 3003 1365 455 105 15 1
16 8008 4368 1820 560 120 16
17 19448 12376 6188 2380 680 136
18 437568 31824 18564 8568 3060 816
19 92378 75582 50388 27132 11628 3876
20 184756 167960 125970 77520 38760 15504
21 352716 352716 293930 203490 116280 54264
22 646646 705432 646646 497420 319770 170544
23 1144066 1352078 1352078 1144066 817190 490314
24 1961256 2496144 2704156 2496144 1961256 1307504
25 3268760 4457400 5200300 5200300 4457400 3268760
26 5311735 7726160 9657700 10400600 9657700 7726160
27 8436285 13037895 17383860 20058300 20058300 17383860
28 13123110 21474180 30421755 37442160 40116600 37442160
29 20030010 34597290 51895935 67863915 77558760 77558760
30 30045015 54627300 86493225 119759850 145422675 155117520

k

For k > 15 use the fact that (n) = ( " )



Section III: Bessel Functions

BESSEL FUNCTIONS
Jo(x)

z 0 1 2 3 4 5 6 7 8 9

0. 1.0000 9975 9900 9776 9604 .9385 9120 .8812 .8463 .8075
1. 7652 .7196 6711 6201 .5669 .5118 4554 .3980 .3400 .2818
2. 2239 .1666 1104 .0555 0025 —.0484 —.0968 —.1424 —1850 —.2243
3. | —2601 —.2921 —.3202 —.3443 -—.3643 -—.3801 —.3918 —.3992 —.4026 —.4018
4. | —.8971 3887 —.3766 —.3610 —.3423 —.3205 —.2961 —.2693 —.2404 —.2097
5. | —1776 —.1443 -1103 -—.0758 —.0412 —.0068 0270 .0599 0917 1220
6. .1506 1773 2017 .2238 .2433 .2601 2740 .2851 .2931 .2981
7. .3001 2991 .2951 .2882 2786 .2663 2516 .2346 2154 1944
8. 1717 1475 1222 0960 .0692 0419 .0146 —.0126 —.0392 —.0653
9. | —.0903 -—1142 -—-1367 —.1577 -.1768 —.1939 —.2090 ~—.2218 2323 —.2403

BESSEL FUNCTIONS
J,(x)

x 0 1 2 3 4 5 6 7 8 9

0. .0000 .0499 0995 .1483 .1960 .2423 2867 .3290 .3688 4069
1. 4401 .4709 .4983 .5220 .5419 .5579 .5699 5778 .6815 .6812
2. 5767 .5683 .5560 .5399 .5202 4971 4708 4416 4097 3764
3. .3391 .3009 .2613 2207 1792 1374 0955 05638 0128  —.0272
4. | -.0660 -—.1033 —138¢ -.1719 ~-.2028 —.2311 —2566 —.2791 —2985 —.3147
6. | —3276 —.8371 —.3432 —3460 —.3453 —.3414 —.3343 —.3241 —.3110 —.2951
6. | —2767 —2559 —.2329 —.2081 —.1816 —.1538 —.1250 —.0953 —.0652 —.0349
7.1 —.0047 .0252 .0543 0826 .1096 .1352 .1592 .1813 2014 2192
8. .2346 2476 .2580 2657 .2708 2731 2728 2697 .2641 25569
9. 2453 2324 2174 .2004 1816 1613 1395 .1166 0928 .0684
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BESSEL FUNCTIONS

Y (x)

x 0 1 2 3 4 5 6 7 8 9

0. —= —1.6342 -—1.0811 —.8073 —.6060 —.4445 —.3085 —.1907 —.0868 .0056
1. .0883 1622 2281 .2865 .3379 .3824 4204 4520 4774 .4968
2. .5104 .5183 .5208 5181 5104 4981 .4813 .4605 4359 4079
3. .3769 .3431 3071 .2691 .2296 .1890 1477 1061 0645 0234
4, | —.0169 —0561 —.0938 —.1296 1633 —.1947 —.2235 —.2494 2723 -.2921
6. | —308 —.3216 —.3313 —.3374 —.3402 —.3395 -—.3354 —.3282 3177 —.3044
6. | —.2882 —.2694 —.2483 —2251 —.1999 1732 —.1452 —1162 —0864 —.0563
7. | —.0259 0042 0339 0628 0907 1173 1424 .1658 1872 .2065
8. .2235 .2381 2501 2595 2662 .2702 2715 .2700 2659+ 2592
9. .2499 .2383 2245 .2086 .1907 1712 .1502 1279 1045 0804

BESSEL FUNCTIONS

LRSS, AP

Y, (x)

x 0 1 2 3 4 b 6 7 8 9
— —6.4590 —3.3238 —2.2931 —1.7809 —1.47156 —1.2604 —1.1032 —9781 —.8731
—.7812 —.6981 —.6211 —.5485 —.4791 —-.4123 —.3476  —.2847 —.2237 —.1644
—.1070  —.0517 0015 0523 .1005 1459 .1884 2276 .2635 .2959

3247 .3496 3707 .3879 .4010 4102 4154 4167 4141 4078

.3979 .3846 .3680 .3484 .3260 .3010 2737 2445 2136 1812
1479 1137 0792 0445 0101 —.0238 —-.0568 —.0887 —.1192 —.1481

-1750 —.1998 —.2223 —.2422 —2596 —.2741 —.2857 —.2945 —.3002 —.3029
—.3027 2996 -—-.2934 —.2846 —.2731 —.2591 —.2428 —.2243 -.2039 —.1817
-.1581 -1331 —-.1072 —.0806 —.0535 —.0262 .0011 .0280 L0544 0799

1043 1275 1491 1691 1871 2032 2171 2287 2379 2447




BESSEL FUNCTIONS

I,(x)
x 0 1 2 3 4 5 6 7 8 9
0. 1.000 1.003 1.010 1.023 1.040 1.063 1.092 1.126 1.167 1.213
1. 1.266 1.326 1.394 1.469 1.553 1.647 1.750 1.864 1.990 2.128
2. 2.280 2.446 2.629 2.830 3.049 3.290 3.553 3.842 4,157 4.503
3. 4.881 5.294 5.747 6.243 6.785 7.378 8.028 8.739 9.617 10.37
4. 11.30 12.32 13.44 14.67 16.01 17.48 19.09 20.86 22.79 24.91
5. 27.24 29.79 32.58 35.65 39.01 42.69 46.74 51.17 56.04 61.38
6. 67.23 73.66 80.72 88.46 96.96 106.3 116.5 127.8 140.1 153.7
7. 168.6 185.0 202.9 222.7 244.3 268.2 294.3 323.1 354.7 389.4
8. 427.6 469.5 515.6 566.3 621.9 683.2 750.5 824.4 905.8 995.2
9. 1094 1202 1321 1451 1595 1753 1927 2119 2329 2561
BESSEL FUNCTIONS
I,(x)
x 0 1 2 3 4 5 6 7 8 9
0. .0000 .0501 .1005 1517 .2040 .2579 3137 3719 4329 4971
1. .6652 .6375 7147 71973 .8861 9817 1.085 1.196 1.317 1.448
2. 1.591 1.745 1.914 2.098 2.298 2.517 2.755 3.016 3.301 3.613
3. 3.953 4.326 4.734 5.181 5.670 6.206 6.793 7.436 8.140 8.913
4, 9.759 10.69 11.71 12.82 14.05 15.39 16.86 18.48 20.25 22.20
5. 24.34 26.68 29.25 32.08 35.18 38.59 42.33 46.44 50.95 55.90
6. 61.34 67.32 73.89 81.10 89.03 97.74 107.3 117.8 129.4 142.1
1. 156.0 171.4 188.3 206.8 227.2 249.6 274.2 301.3 3311 363.9
8. 399.9 439.5 483.0 531.0 583.7 641.6 705.4 775.5 852.7 937.5
9. 1031 1134 1247 1371 1508 1658 1824 2006 2207 2428




BESSEL FUNCTIONS

K(x)
x 0 1 2 3 4 5 6 7 8 9
0. © 2.4271 1.7527 1.3725 1.1145 9244 q775 6605 .5653 .4867
1. 4210 .3656 .3185 2782 .2437 2138 .1880 .1655 .1459 .1288
2, 1139 .1008 .08927 07914 07022 06235 05540 .04926 04382 03901
3. | .03474 .03096 02759 .02461 02196 01960 01750 .01563 01397 01248
4. | .01116 029980  .028927  .027988  .027149  .026400 .025730  .025132 .0%4597 .024119
6. | .023691  .023308 .022966  .022659  .022385  .022139  .021918 .021721 .021544 .021386
6. | .021244 .021117 .021003 .0%9001 .0%8083  .0%7259  .0%6520  .035857  .035262  .034728
7. | .0%4248 033817  .033431  .033084 .032772  .032492 .032240 .032014 .0%1811 .031629
8. | .0°1465 .0%°1317 .031185 .031066 .049588  .0%8626 .0%7761 .016983  .046283  .0%5654
9. | .045088 .044579  .044121 .043710 .0%3339  .043006 .042706 .0%2436  .0%2193  .0%1975

BESSEL FUNCTIONS

K,(x)
x 0 1 2 3 4 5 6 7 8 9
0. L 9.8538 4.7760 3.0560 2.1844 1.6564 1.3028 1.0503 8618 7165
1. | .6019 .5098 4346 3725 .3208 2774 .2406 .2094 .1826 15697
2. | .1399 1227 1079 .09498 .08372 .07389 .06528 05774 .05111 .04529
3. | .04016 .03563 03164 02812 .02500 02224 01979 .01763 01571 01400
4. | .01248 01114 .029938  .028872  .027923  .027078 .026325 .025654 .025055  .024521
5. | 024045 .023619  .023239  .022900 .022597  .022326  .022083 .0%1866 .021673  .021499
6. | 021344 .021205 .021081 .0%9691 .0%8693  .037799  .036998  .036280 .035636  .035059
7. | 084542 .0%4078 .033662 .033288  .0%2953  .032653  .0%2383  .032141 .031924  .0%1729
8. | .0%1554 .0%1396 .0%12556 .0%1128 031014  .0%9120 .048200 .0%7374 .0%6631  .0%5964
9. | .045364 .04825 .0%4340 .0%3904 .0%3512  .043160 .0%2843  .0%2559  .042302  .042072




BESSEL FUNCTIONS

Ber(x)
x 0 1 2 3 4 5 6 7 8 9
0. 1.0000 1.0000 1.0000 .9999 .9996 .9990 .9980 .9962 5936 .9898
1, 9844 9771 9676 9554 .9401 9211 .8979 .8700 8367 71975
2. 7517 6987 6377 .5680 .4890 .4000 .3001 .1887 06511 —-.07137
3. -.2214 —.3855 —.5644 ~.7584 —.9680 —1.1936 —1.4353 —1.6933 —1.9674 —2.2576
4. | —2.5634 —2.8843 -3.2195 -—8.5679 —3.9283 —4.2991 —4.6784 —5.0639 —5.4531 —5.8429
5. | —6.2301 —6.6107 —6.9803 —7.3344 —7.6674 —7.9736 —8.2466 —8.4794 -—8.6644 —8.7937
6. | —8.8583 —8.8491 —8.7561 —8.5688 —8.2762 —7.8669 —7.3287 —6.6492 —5.8155 —4.8146
7. | -3.6329 -2.2571 ~.6737 1.1308 3.1695 5.4550 7.9994 10.814 13.909 17.293
8. 20.974 24.957 29.245 33.840 38.738 43.936 49.423 55.187 61.210 67.469
9. 73.936 80.576 87.350 94.208 101.10 107.95 114.70 121.26 127.54 133.43
BESSEL FUNCTIONS
Bei(x)

x 0 1 2 3 4 5 6 7 8 9

0. 0000 .022500 .01000 .02250 .04000 .06249 .08998 .1224 1599 .2023
1. .2496 .3017 3587 4204 .4867 .5576 6327 7120 7953 .8821
2. 9723 1.0654 1.1610 1.2585 1.3576 1.4572 1.5569 1.6557 1.7529 1.8472
3. 1.9376 2.0228 2.1016 2.1723 2.2334 2.2832 2.3199 2.3413 2.3454 2.3300
4. 2.2927 2.2309 2.1422 2.0236 1.8726 1.6860 1.4610 1.1946 .8837 5251
5. .1160 —.3467 —.8658 —1.4443 —2.0845 -—2.7890 -—3.5597 —4.3986 -—5.3068 —6.2854
6. | —7.3347 —8.4545 -9.6437 -—10.901 -—12.223 -13.607 ~—15.047 -16.538 —18.074 —19.644
7. | —21.239 22848 —24.4566 —26.049 —27.609 —29.116 -—30.548 —31.882 —33.092 —34.147
8. | —85.017 -—35.667 —36.061 —36.159 —35.920 —35.298 —34.246 32,714 -—30.651 —28.003
9. | —24.713 -—20.724 -15.976 —10.412 —3.9693 3.4106 11.787 21.218 31.758 43.459




BESSEL FUNCTIONS

Ker(x)
z 0 1 2 3 4 b 6 7 8 9
0. o 2.4205 1.7331 1.3372 1.0626 8559 6931 .5614 .4529 .3625
1.| .2867 2228 .1689 1235 .08513 106293 02603 023691 —.01470 -—.02966
2.| —.04166 —.05111 —.05834 —.06367 —.06737 —.06969 —.07083 —.07097 -—.07030 —.06894
38.| —.06703 -—.06468 —.06198 —.05903 —.056590 —.05264 —.04932 -—.04597 —.042656 —.03937
4. —.03618 -.03308 —.03011 -—.02726 -—.02456 -—.02200 ~—.01960 —.01734 —.01525 —.01330
b.| —.011561 —.029865 —.028359 —.026989 —.025749 —.024632 -—.023632 —.022740 —.021952 —.0%21258
6.| —.0%6530 —.031295 .033191 036991 021017 021278 021488  .021653  .021777  .021B66
7.1 .021922  .021951 021966  .021940 .021907 021860  .021800 .021731  .021655  .021572
8.| .021486 .021397 .021306  .021216  .021126  .021037 .039511 .0%8675  .0%7871  .037102
9. .0%6872 .035681  .035030  .034422 033855  .033330 .032846  .032402 .031996  .031628

BESSEL FUNCTIONS

Kei(x)
z 0 1 2 3 4 5 6 7 8 9
0. | —.'78b4 —.7769 —.7681 —.7331 —.7038 —.6716 —.6374 —.6022 —.5664 —.5306
1.| —.4950 —.4601 —.4262 —.3933 —.3617 -.3314 —.3026 —.27562 —.2494 —.2251
2. | —.2024 -.1812 -.1614 —.1431 —.1262 —.1107 —.09644 08342 —.07157 —.06083
3.| —.06112 —.04240 —.03458 —.02762 -—.02145 -—.01600 -—.01123 —.027077 —.023487 —.034108
4. .022198 .024386 .026194 027661  .028826  .029721 .01038 .01083 01110 .01121
5. .01119 01105 01082 .01051 01014 029716 .029255  .028766  .0282568  .027739
6.| .027216 .026696 .026183 025681 025194 024724 024274 023846  .023440  .023058
7.1 .022700 .022366  .022057 021770 .021507 021267 .021048  .038498  .036714  .035117
8. 033696  .032440  .031339 013809 —.044449 —.0%1149 —.031742 --.032233 —.032632 -—.032949
9. —.0%83192 —.033368 —.033486 —.033552 —.033574 —.033557 —.033508 -—.033430 —.033329 -—.033210




VALUES FOR APPROXIMATE ZEROS
OF BESSEL FUNCTIONS

The following table lists the first few positive roots of various equations. Note that for all cases listed the
successive large roots differ approximately by ©=3.14159. . ..

n=0 n=1 n=2 n=3 n=4 n=>5 n==6
2.4048 3.8317 5.1356 6.3802 7.5883 8.7715 9.9361
5.5201 7.0156 8.4172 9.7610 11.0647 12.3386 13.5893
8.6537 10.1735 11.6198 13.0152 14.3725 15.7002 17.0038
Tnl@) =0 11.7915 13.3237 14.7960 16.2235 17.6160 18.9801 20.3208
14.9309 16.4706 17.9598 19.4094 20.8269 22,2178 23.5861
18.0711 19.6159 21.1170 22.5827 24.0190 25.4303 26.8202
0.8936 2.1971 3.3842 4.5270 5.6452 6.7472 7.8377
3.9577 5.4297 6.7938 8.0976 9.3616 10.5972 11.8110
Y.(z) =0 7.0861 8.5960 10.0235 11.3965 12.7301 14.0338 15.3136
10.2223 11.7492 13.2100 14.6231 15.9996 17.3471 18.6707
13.3611 14.8974 16.3790 17.8185 19.2244 20.6029 21.9583
16.5009 18.0434 19.5390 20.9973 22.4248 23.8265 25.2062
0.0000 1.8412 3.0542 4.2012 5.3176 6.4156 7.5013
3.8317 5.3314 6.7061 8.0152 9.2824 10.5199 11.7349
Ji@) =0 7.0156 8.5363 9.9695 11.3459 12.6819 13.9872 15.2682
10.1735 11.7060 13.1704 14.5859 15.9641 17.3128 18.6374
13.3237 14.8636 16.3475 17.7888 19.1960 20.5755 21.9317
16.4706 18.0155 19.5129 20.9725 22.4010 23.8036 25.1839
2.1971 3.6830 5.0026 6.2536 7.4649 8.6496 9.8148
5.4297 6.9415 8.3507 9.6988 11.0052 12.2809 13.5328
@) =0 8.5960 10.1234 11.5742 12.9724 14.3317 15.6608 16.9655
11.7492 13.2858 14.7609 16.1905 17.5844 18.9497 20.2913
14.8974 16.4401 17.9313 19.3824 20.8011 22.1928 23.5619
18.0434 19.5902 21.0929 22.5598 23.9970 25.4091 26.7995




Section IV: Legendre Polynomials

LEGENDRE POLYNOMIALS P (x)
[Py(x)=1, P,(x)=x]

T Py(x) Py() Py(x) Py (x)
.00 —.5000 .0000 3750 .0000
.05 —.4963 —.0747 .3657 .0927
.10 —.4850 —.14756 3379 .1788
15 —.4663 —.2166 2928 .2523
.20 —.4400 —.2800 .2320 3075
.25 —.4063 —.3359 1577 3397
.30 -.3650 —.3825 0729 3454
.35 -.3163 —.4178 —.0187 3225
40 —.2600 —.4400 —.1130 2706
45 —.1963 —.4472 —.2050 1917
.50 —.12560 —.4375 -.2891 .0898
b6 —.0463 —.4091 —.3590 —.0282
.60 0400 —.3600 —.4080 —.1526
.65 1338 —.2884 —.4284 —.2705
.70 .2350 —.1925 —.4121 —.3652
N .3438 —.0703 —.3601 —.4164
.80 .4600 .0800 —.2330 —.3995
.85 .b838 .2603 —.0506 —.2857
90 7150 4725 2079 —.0411
.95 .8538 7184 5541 3727
1.00 1.0000 1.0000 1.0000 1.0000
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LEGENDRE POLYNOMIALS P (cos0)

[P,(cos 6)=1]

0 P, (cos @) Py(cos 6) Py(cos 6) P, (cos 6) Ps(cos 6)

0° 1.0000 1.0000 1.0000 1.0000 1.0000

5° 9962 .9886 9773 9623 9437
10° .9848 .9548 9106 8532 .7840
15° .9659 .8995 8042 6847 5471
20° 9397 8245 .6649 4750 2715
25° .9063 7321 .5016 2465 .0009
30° .8660 .6250 .3248 .0234 —.2233
35° 8192 5065 .1454 -1714 —.3691
40° .7660 .3802 —.0252 —.3190 —.4197
45° 7071 .2500 —.1768 —.4063 —.3757
60° .6428 .1198 —.3002 —.4275 —.2545
55° .5736 —.0065 —.3886 —.3852 —.0868
60° .5000 —.1250 —.4375 —.2891 .0898
65° 4226 —.2321 —.4452 —.1552 .2381
70° .3420 —.3245 —.4130 —.0038 .3281
75° 2588 —.3995 —.3449 1434 3427
80° 1737 —.4548 —.2474 .2659 .2810
85° .0872 —-.4886 -.12901 .3468 1577
90° L0000 —.5000 .0000 .3750 0000




Section V: Elliptic Integrals

COMPLETE ELLIPTIC INTEGRALS

9 OF FIRST AND SECOND KINDS
2 de 72 - _

v K E v K E v K E
0° 1.5708 1.5708 30° 1.6858 1.4675 60° 2.1565 1.2111
1 1.5709 1.5707 31 1.6941 1.4608 61 2.1842 1.2015
2 1.5713 1.5703 32 1.7028 1.4539 62 2.2132 1.1920
3 1.5719 1.5697 33 1.7119 1.4469 63 2.2435 1.1826
4 1.5727 1.6689 34 1.7214 1.4397 64 2.2754 1.1732
5 1.5738 1.5678 36 1.7312 1.4323 65 2.3088 1.1638
6 1.56751 1.5665 36 1.7415 1.4248 66 2.3439 1.1545
7 1.5767 1.5649 37 1.7522 1.4171 67 2.3809 1.1453
8 1.5785 1.5632 38 1.7633 1.4092 68 2.4198 1.1362
9 1.5805 1.5611 39 1.7748 1.4013 69 2.4610 1.1272
10 1.5828 1.5589 40 1.7868 1.3931 70 2.5046 1.1184
11 1.5864 1.5564 41 1.7992 1.3849 ip! 2.5507 1.1096
12 1.5882 1.6537 42 1.8122 1.3765 72 2.5998 1.1011
13 1.5913 1.5507 43 1.8256 1.3680 73 2.6521 1.0927
14 1.5946 1.5476 44 1.8396 1.3594 74 2.7081 1.0844
15 1.5981 1.5442 45 1.8541 1.3506 75 2.7681 1.0764
16 1.6020 1.5405 46 1.8691 1.3418 76 2.8327 1.0686
17 1.6061 1.5367 47 1.8848 1.3329 (i 2.9026 1.0611
18 1.6105 1.5326 48 1.9011 1.3238 78 2.9786 1.0538
19 1.6151 1.5283 49 1.9180 1.3147 79 3.0617 1.0468
20 1.6200 1.5238 50 1.9356 1.3055 80 3.1534 1.0401
21 1.6252 1.5191 51 1.9539 1.2963 81 3.2553 1.0338
22 1.6307 1.65141 52 1.9729 1.2870 82 3.3699 1.0278
23 1.6365 1.5090 53 1.9927 1.2776 83 3.5004 1.0223
24 1.6426 1.5037 54 2.0133 1.2681 84 3.6519 1.0172
25 1.6490 1.4981 55 2.0347 1.2587 85 3.8317 1.0127
26 1.6557 1.4924 56 2.0571 1.2492 86 4.0528 1.0086
27 1.6627 1.4864 57 2.0804 1.2397 87 4.3387 1.0053
28 1.6701 1.4803 58 2.1047 1.2301 88 4.7427 1.0026
29 1.6777 1.4740 59 2.1300 1.2206 89 5.4349 1.0008
30 1.6858 1.4675 60 2.1565 1.2111 90 o 1.0000
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INCOMPLETE ELLIPTIC INTEGRAL
OF THE FIRST KIND

9 do :
F(k,¢)= .[0 T ooty k=siny

\ 4 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1746 0.1746 0.1748 0.1749 0.1751 0.1752 0.1753 0.1754 0.1754
20° 0.3491 0.3493 0.3499 0.3508 0.3520 0.3533 0.3545 0.3555 0.3561 0.3564
30° 0.5236 0.5243 0.5263 0.56294 0.5334 0.5379 0.5422 0.5459 0.5484 0.5493
40° 0.6981 0.6997 0.7043 0.7116 0.7213 0.7323 0.7436 0.7535 0.7604 0.7629
50° 0.8727 0.8756 0.8842 0.8982 0.9173 0.9401 0.9647 0.9876 1.0044 1.0107
60° 1.0472 1.0519 1.0660 1.0896 1.1226 1.1643 1.2126 1.2619 1.3014 1.3170
70° 1.2217 1.2286 1.2495 1.2853 1.3372 1.4068 1.4944 1.5959 1.6918 1.7354
80° 1.3963 1.4056 1.4344 1.4846 1.5597 1.6660 1.8125 2.0119 2.2653 2.4362

90° 1.5708 1.5828 1.6200 1.6858 1.7868 1.9356 2.1565 2.5046 3.1534 ©

INCOMPLETE ELLIPTIC INTEGRAL
OF THE SECOND KIND
o A .
E(k,¢) = jo J1-k>sin?6d6, k=siny

s ¢ 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1745 0.1744 0.1743 0.1742 0.1740 0.1739 0.1738 0.1737 0.1736
20° 0.3491 0.3489 0.3483 0.3473 0.3462 0.3450 0.3438 0.3429 0.3422 0.3420
30° 0.5236 0.5229 0.5209 0.5179 0.5141 0.5100 0.5061 0.5029 0.5007 0.56000
40° 0.6981 0.6966 0.6921 0.6851 0.6763 0.6667 0.6576 0.6497 0.6446 0.6428
50° 0.8727 0.8698 0.8614 0.8483 0.8317 0.8134 0.7954 0.7801 0.7697 0.7660
60° 1.0472 1.0426 1.0290 1.0076 0.9801 0.9493 0.9184 0.8914 0.8728 0.8660
70° 1.2217 1.2149 1.1949 1.1632 1.1221 1.0750 1.0266 0.9830 0.9514 0.9397
80° 1.3963 1.3870 1.3597 1.3161 1.2590 1.1926 1.1225 1.0565 1.0054 0.9848
90° 1.5708 1.5589 1.5238 1.4675 1.3931 1.3055 1.2111 1.1184 1.0401 1.0000




Section VI: Financial Tables

COMPOUND AMOUNT: (2 + )"
If a principal P is deposited at interest rate r (in decimals) compounded annually, then

at the end of n years the accumulated amount A = P(1 + r)"

AR 11% 14% 2% 24% 3% 4% 5% 6%

1| 10100 101256 10150 10200  1.0250  1.0300  1.0400  1.0500  1.0600

2 | 10201  1.0252  1.0302  1.0404  1.0506  1.0609 10816 11025  1.1236

3 | 1033  1.0380  1.0457  1.0612  1.0769 10927 11249 11576 11910

4 1.0406 1.0509 1.0614 1.0824 1.1038 1.1255 1.1699 1.2155 1.2625

5 1.0510 1.0641 1.0773 1.1041 1.1314 1.1593 1.2167 1.2763 1.3382

6 1.0615 1.0774 1.0934 1.1262 1.1597 1.1941 1.2653 1.3401 1.4185

7 1.0721 1.0909 1.1098 1.1487 1.1887 1.2299 1.3159 1.4071 1.5036

8 1.0829 1.1045 1.1265 1.1717 1.2184 1.2668 1.3688 1.4775 1.5938

9 1.0937 1.1183 1.1434 1.1951 1.2489 1.3048 1.4233 1.5513 1.6895
10 1.1046 1.1323 1.1605 1.2190 1.2801 1.3439 1.4802 1.6289 1.7908
11 1.1157 1.1464 1.1779 1.2434 1.3121 1.3842 1.5395 1.7103 1.8983
12 1.1268 1.1608 1.1956 1.2682 1.3449 1.4258 1.6010 1.7959 2.0122
13 1.1381 1.1753 1.2136 1.2936 1.3785 1.4685 1.6651 1.8856 2.1329
14 1.1495 1.1900 1.2318 1.3195 1.4130 1.5126 1.7317 1.9799 2.2609
15 1.1610 1.2048 1.2502 1.3459 1.4483 1.5580 1.8009 2.0789 2.3966
16 1.1726 1.2199 1.2690 1.3728 1.4845 1.6047 1.8730 2.1829 2.5404
17 1.1843 1.2351 1.2880 1.4002 1.5216 1.6528 1.9479 2.2920 2.6928
18 1.1961 1.2506 1.3073 1.4282 1.5597 1.7024 2.0258 2.4066 2.8543
19 1.2081 1.2662 1.3270 1.4568 1.5987 1.7535 2.1068 2.5270 3.0256
20 1.2202 1.2820 1.3469 1.4859 1.6386 1.8061 2.1911 2.65633 3.2071
21 1.2324 1.2981 1.3671 1.5157 1.6796 1.8603 2.2788 2.7860 3.3996
22 1.2447 1.3143 1.3876 1.5460 1.7216 1.9161 2.3699 2.9253 3.6035
23 1.25672 1.3307 1.4084 1.5769 1.7646 1.9736 2.4647 3.0715 3.8197
24 1.2697 1.3474 1.4295 1.6084 1.8087 2.0328 2.5633 3.2251 4.0489
25 1.2824 1.3642 1.4509 1.6406 1.8539 2.0938 2.6658 3.3864 4.2919
26 1.2953 1.3812 1.4727 1.6734 1.9003 2.1566 2.7725 3.5557 4.5494
27 1.3082 1.3985 1.4948 1.7069 1.9478 2.2213 2.8834 3.7335 4.8223
28 1.3213 1.4160 1.5172 1.7410 1.9965 2.2879 2.9987 3.9201 5.1117
29 1.3345 1.4337 1.5400 1.7758 2.0464 2.3566 3.1187 4.1161 5.4184
30 1.3478 1.4516 1.5631 1.8114 2.0976 2.4273 3.2434 4.3219 5.7435
31 1.3613 1.4698 1.5865 1.8476 2.1500 2.5001 3.3731 4.5380 6.0881
32 1.3749 1.4881 1.6103 1.8845 2.2038 2.56751 3.5081 4.7649 6.4534
33 1.3887 1.5067 1.6345 1.9222 2.2589 2.6523 3.6484 5.0032 6.8406
34 1.4026 1.5256 1.6590 1.9607 2.3153 2.7319 3.7943 5.2533 7.2510
35 1.4166 1.5446 1.6839 1.9998 2.3732 2.8139 3.9461 5.5160 7.6861
36 1.4308 1.5639 1.7091 2.0399 2.4325 2.8983 4.1039 5.7918 8.1473
37 1.4451 1.5835 1.7348 2.0807 2.4933 2.9852 4.2681 6.0814 8.6361
38 1.4595 1.6033 1.7608 2.1223 2.5557 3.0748 4.4388 6.3855 9.1543
39 1.4741 1.6233 1.7872 2.1647 2.6196 3.1670 4.6164 6.7048 9.7035
40 1.4889 1.6436 1.8140 2.2080 2.6851 3.2620 4.8010 7.0400 10.2867
41 | 15038  1.6642  1.8412 22522 27522  3.3599 49931  7.3920  10.9029
42 1.5188 1.6850 1.8688 2.2972 2.8210 3.4607 5.1928 7.7616 11.5570
43 1.5340 1.7060 1.8969 2.3432 2.8915 3.5645 5.4005 8.1497 12.2505
44 1.5493 1.7274 1.9253 2.3901 2.9638 3.6715 5.6165 8.5572 12.9855
45 1.5648 1.7489 1.9542 2.4379 3.0379 3.7816 5.8412 8.9850 13.7646
46 1.5805 1.7708 1.9835 2.4866 3.1139 3.8950 6.0748 9.4343 14.5905
47 1.5963 1.7929 2.0133 2.56363 3.1917 4.0119 6.3178 9.9060 15.4659
48 | 1.6122 18154 20435 25871 32715 41328 65705  10.4013  16.3939
49 | 16283  1.8380 20741  2.6388  3.3533  4.2562  6.8333 109213  17.3775
50 | 1.6446  1.8610 21052  2.6916  3.4371  4.3839  7.1067  11.4674  18.4202
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PRESENT VALUE OF AN AMOUNT: (2 + r)~"

The present value P which will amount to A in » years at an interest rate of  (in decimals)
compounded annually is P =A(1 + r)™"

N 1% 11% 11% 2% 21% 3% 4% 5% 6%
1 | 99010 98765  .98522 98039  .97561  .97087  .96154 95238 94340
2 | 98030  .97546  .97066  .96117 95181  .94260 92456  .90703  .89000
3 | 97050 96342 95632  .94232 92860 91514  .88900  .86384 839062
4 | 96098 95152 94218  .92385  .90595  .88849  .85480  .82270  .79209
5 95147 93978 92826 .90573 .88385 .86261 .82193 78353 74726
6 | 94205 92817 91454 88797  .86230  .83748  .79031  .74622  .70496
7 93272 91672 .90103 .87056 84127 .81309 .76992 .71068 .66506
8 | 92348 90540 88771  .85349  .82075  .78941  .73069  .67684  .62741
9 | 91434 89422 87450 83676  .80073  .76642  .70259  .64461 59190

10 | .90529 88318  .86167  .82035  .78120  .74409  .67556  .61391 55839

11 | .89632 87228  .84893  .80426  .76214  .72242  .64958  .58468  .52679

12 .88745 86151 .83639 78849 .74356 .70138 .62460 .55684 .49697

13 87866 85087 .82403 .77303 72542 .68095 .60057 .63032 .46884

14 | 86996 84037  .81185  .75788  .70773  .66112 57748  .50507  .44230

15 | .86135  .82099  .79985  .74301  .69047  .64186  .55526  .48102  .41727

16 | .85282 81975  .78803  .72845  .67362  .62317  .53391  .45811  .39365

17 | 84438 80963  .77639  .71416  .65720  .60502  .51337  .43630  .37136

18 | 83602  .79963  .76491  .70016  .64117 58739  .49363  .41552  .35034

19 | 82774 78976 75361 68643  .62553  .57020  .47464  .39573 33051

20 | .81954 78001  .74247 67207  .61027  .55368  .45639  .37689  .31180

21 | 81143 77038 73150  .65978  .50539  .53755  .43883  .35894  .29416

22 | 80340  .76087 72069  .64684  .58086  .52189  .42196  .34185 27751

23 | 79544 75147 71004 63416  .56670  .50669  .40573  .32557  .26180

24 718757 74220 69954 62172 .55288 49193 .39012 .31007 .24698

25 | 77977 78303 68921 60953 53939 47761  .37512  .29530 23300

26 | .77205 72398  .67902 59758 52623  .46369  .36069 28124  .21981

27 | 76440 71505  .66899  .58586  .51340 45019  .34682  .26785  .20737

28 | .75684  .70622  .65910  .57437  .50088  .43708  .33348  .25509  .19563

20 | 74934 69750 64936  .56311 48866  .42435  .32065  .24295  .18456

30 | 74192 68889  .63976  .55207  .47674  .41199  .30832  .23138  .17411

81 | 73458 68038  .63031 54125  .46511  .39999  .29646  .22036  .16425

82 | 72730  .67198  .62099 53063 45377  .38834  .28506  .20987  .15496

33 | 72010  .66369  .61182 52023  .44270 37703  .27409  .19987 14619

34 | 71207 65549  .60277 51003  .43191  .36604  .26355  .19035 13791

85 | 70591  .64740  .59387  .50003  .42137  .35538  .25342  .18120 13011

36 .69892 63941 58509 49022 41109 .34503 .24367 17266 12274

87 | .69200  .63152  .57644 48061  .40107  .33498  .23430  .16444 11579

88 | .68515  .62372  .56792  .47119  .39128 32523 22520 15661  .10924

39 | .67837  .61602  .55953  .46195 38174  .31575  .21662  .14915  .10306

40 | 67165  .60841  .55126  .45289  .37243  .30656  .20829  .14205  .09722

41 .66500 .60090 54312 44401 .36335 .29763 .20028 .13528 00172

42 | .65842 59348  .53509 43530  .35448  .28896  .19257  .12884  .08653

43 | 65190 58616 52718 42677  .34584  .28054  .18517  .12270  .08163

44 | 64545 57892 51939 41840 33740  .27237  .17805  .11686  .07701

45 | 63905 57177 51171 41020  .32917 26444  .17120  .11130  .07265

46 | 63273 56471 50415 40215 32115  .25674  .16461  .10600  .06854

a7 | 62646 55774 49670  .39427 31331  .24926  .15828  .10095  .06466

48 .62026 .55086 .48936 38654 .30567 24200 15219 .09614 06100

49 | .61412 54406  .48213  .37896  .29822  .23495  .14634  .09156  .05755

50 | .60804 53734 47500  .37153  .29094  .22811  .14071  .08720  .05429




A+ry -1
r

AMOUNT OF AN ANNUITY:

If a principal P is deposited at the end of each year at interest rate r (in decimals)
compounded annually, then at the end of n years the accumulated amount is

p[—(l _ rr)” _ 1} . The process is often called an annuity.

N Tl 1% 11% 14% 2% 21% 3% 4% 5% 6%
1| 1.0000 1.0000  1.0000  1.0000  1.0000 1.0000 1.0000 1.0000 1.0000
2 2.0100 2.0125 2.0150 2.0200 2.0250 2.0300 2.0400 2.0500 2.0600
3 | 30301 80377 30452  3.0604  3.0756 3.0909 3.1216 31525  3.1836
4 | 40604 40756  4.0909 41216  4.1525 4.1836 42465  4.3101 4.3746
5 | 51010 51266 51523  5.2040  5.2563 5.3091 5.4163 5.5256 5.6371
6 | 61520 61907  6.2296  6.3081  6.3877 6.4684 6.6330 6.8019 6.9753
7 | 72185  7.2680  7.3230  7.4343  7.5474 7.6625 7.8983 8.1420  8.3938
8 | 82857  8.3589 84328 85830  8.7361 8.8923 9.2142 9.5491 9.8975
9 9.3685 9.4634 9.6593 9.7546 9.9545 10.1591 10.5828 11.0266 11.4913
10 | 104622 105817 107027  10.9497 11.2034  11.4639  12.0061  12.5779  13.1808
11 | 115668 11.7139 11,8633 121687 12.4835  12.8078  13.4864  14.2068  14.9716
12 | 12,6825 12.8604 13.0412 13.4121 13.7956  14.1920  15.0258 159171  16.8699
13 | 13.8098  14.0211 14.2368 14.6803 151404 156178  16.6268  17.7130  18.8821
14 | 149474 151964 154504 159739 16.5190  17.0863  18.2919  19.5986  21.0151
15 | 16.0969 16.3863  16.6821 17.2934 17.9319  18.5989  20.0236  21.5786  23.2760
16 | 17.2579  17.5912  17.9324  18.6393 19.3802  20.1569  21.8245  23.6575  25.6725
17 | 18.4304 18.8111  19.2014  20.0121  20.8647  21.7616  23.6975  25.8404  28.2129
18 | 19.6147 20.0462  20.4894  21.4123 22.3863  23.4144  25.6454 281324  30.9057
19 | 20.8109 21.2968 21.7967 22.8406 23.9460  25.1169  27.6712  30.5390  33.7600
20 | 22.0190 225630 231237 242974 255447  26.8704  29.7781  33.0660  36.7856
21 | 23.2392 23.8450 24.4705 257833 27.1833  28.6765  31.9692  35.7193  39.9927
22 | 244716  25.1431 26.8376  27.2090  28.8629  30.5368  34.2480  38.5052  43.3923
23 | 25,7163  26.4574 27.2251 28.8450 30.5844 324529  36.6179  41.4305  46.9958
24 | 269735 277881  28.6335  30.4219  32.3490  34.4265  39.0826  44.5020  50.8156
25 | 28.2432 29.1354  30.0630  32.0303 34.1578  36.4593  41.6459  47.7271  54.8645
26 | 205256 30.4996 315140  33.6709 86.0117  38.5530  44.3117 511135  59.1564
27 | 80.8209 31.8809 32.9867 85.3443 37.9120  40.7096  47.0842  b54.6691  63.7058
28 | 32.1291 33.2794 344816 37.0512 39.8598  42.9309  49.9676  58.4026  68.5281
29 | 33.4504 34.6954 35.9987  88.7922 41.8563  45.2189  b52.9663  62.3227  73.6398
30 | 34.7849  36.1291  37.5387  40.5681 43.9027  47.5754  56.0849  66.4388 79,0582
31 | 361327 37.5807 39.1018  42.3794  46.0008  50.0027  59.3283  70.7608  84.8017
32 | 374941 39.0504  40.6883  44.2270 48.1503  52.5028 627015  75.2988  90.8898
33 | 38.8690  40.5386 422986  46.1116 50.3540  55.0778  66.2095  80.0638  97.3432
34 | 402577 42.0453 439331  48.0338 52.6129  57.7302  69.8579  85.0670  104.1838
35 | 41.6608 435709 455921 49,9945 549282  60.4621  73.6522  90.3203  111.4348
36 | 43.0769 45.1155 47.2760 51.9944 57,3014  63.2759  77.5983  95.8363  119.1209
37 | 445076  46.6794 489851  54.0343  59.7339  66.1742  81.7022 101.6281  127.2681
38 | 45.9527 48.2629  50.7199  56.1149 622273  69.1594  85.9708 107.7095  135.9042
39 47.4123 49.8662 52.4807 58.2372 64.7830 72.2342 90:4091 114.0950 145.0585
40 | 48.8864 51.4896 54.2679  60.4020 67.4026  75.4013  95.0255 120.7998  154.7620
41 50.3752 53.1332 56.0819 62.6100 70.0876 78.6633 99.8265 127.8398 165.0477
42 | 51.8790 547973  57.9231  64.8622 72.8398  82.0232 104.8196 1352318  175.9505
43 | 53.3978  56.4823  59.7920  67.1595 75.6608  856.4839  110.0124 142.9933  187.5076
44 | 549318 581883  61.6889  69.5027 78.5523  89.0484 1154129 151.1430  199.7580
45 | 56.4811  59.9157  63.6142  71.8927 815161  92.7199 121.0294  159.7002  212.7435
46 | 58.0459 61.6646 655684  74.3306 84.5540  96.5015 126.8706 168.6852  226.5081
47 | 59.6263 63.4354 67.5519 76.8172 87.6679 100.3965 132.9454 178.1194  241.0986
48 | 61.2226 652284  69.5652  79.3535  90.8596  104.4084 139.2632 188.0254  256.5645
49 | 62.8348  67.0437 716087  81.9406 94.1311 108.5406 1458337 198.4267  272.9584
50 | 64.4632 68.8818  73.6828  84.5794  97.4843 1127969  152.6671  209.3480  290.3359




1-A+r)"
r

PRESENT VALUE OF AN ANNUITY:

An annuity in which the yearly payment at the end of each of n years is A
at an interest rate r (in decimals) compounded annually has present value

4

1-(1+r)"

r

]

n 1% 11% 11% 2% 21% 3% 4% 5% 6%
1 0.9901 0.9877 0.9852 0.9804 0.9756 0.9709 0.9615 0.9524 0.9434
2 1.9704 1.9631 1.9559 1.9416 1.9274 1.9135 1.8861 1.8594 1.8334
3 2.9410 2.9265 2.9122 2.8839 2.8560 2.8286 2.7751 2.7232 2.6730
4 3.9020 3.8781 3.8544 3.8077 3.7620 3.7171 3.6299 3.5460 3.4651
5 4.8534 4.8178 4.7826 4.7135 4.6458 4.5797 4.4518 4.3295 4.2124
6 5.7955 5.7460 5.6972 5.6014 5.5081 5.4172 5.2421 5.0757 49173
7 6.7282 6.6627 6.5982 6.4720 6.3494 6.2303 6.0021 5.7864 5.5824
8 7.6517 7.5681 7.4859 7.3255 7.1701 7.0197 6.7327 6.4632 6.2098
9 8.5660 8.4623 8.3605 8.1622 7.9709 7.7861 7.4353 7.1078 6.8017
10 9.4713 9.3455 9.2222 8.9826 8.7521 8.5302 8.1109 7.7217 7.3601
11 10.3676 10.2178 10.0711 9.7868 9.5142 9.2526 8.7605 8.3064 7.8869
12 11.2551 11.0793 10.9075 10.6753 10.2578 9.9540 9.3851 8.8633 8.3838
13 12.1337 11.9302 11.7315 11.3484 10.9832 10.6350 9.9856 9.3936 8.8527
14 13.0037 12.7706 12.5434 12.1062 11.6909 11.2961 10.5631 9.8986 9.2950
15 13.8651 13.6005 13.3432 12.8493 12.3814 11.9379 11.1184 10.3797 9.7122
16 14.7179 14.4203 14.1313 13.5777 13.0550 12.5611 11.6523 10.8378 10.1059
17 15.5623 15.2299 14.9076 14.2919 13.7122 13.1661 12.1657 11.2741 10.4773
18 16.3983 16.0295 15.6726 14.9920 14.3534 13.7635 12.6593 11.6896 10.8276
19 17.2260 16.8193 16.4262 15.6785 14.9789 14.3238 13.1339 12.0853 11.1581
20 18.0456 17.5993 17.1686 16.3514 15.5892 14.8775 13.5903 12.4622 11.4699
21 18.8570 18.3697 17.9001 17.0112 16.1845 15.4150 14.0292 12.8212 11.7641
22 19.6604 19.1306 18.6208 17.65680 16.7654 15.9369 14.4511 13.1630 12.0416
23 20.4558 19.8820 19.3309 18.2922 17.3321 16.4436 14.8568 13.4886 12.3034
24 21.2434 20.6242 20.0304 18.9139 17.8850 16.9355 15.2470 13.7986 12.6504
25 22.0232 21.3573 20.7196 19.5235 18.4244 17.4131 15.6221 14.0939 12.7834
26 22,7952 22.0813 21.3986 20.1210 18.9506 17.8768 15.9828 14.3752 13.0032
27 23.5596 22.7963 22.0676 20.7069 19.4640 18.3270 16.3296 14.6430 13.2105
28 24.3164 23.5025 22,7267 21.2813 19.9649 18.7641 16.6631 14.8981 13.4062
29 25.0658 24.2000 23.3761 21.8444 20.4535 19.1885 16.9837 15.1411 13.5907
30 25.8077 24.8889 24,0158 22.3965 20.9303 19.6004 17.2920 15.3725 13.7648
31 26.5423 25.5693 24.6461 22,9377 21.3954 20.0004 17.5885 15.5928 13.9291
32 27.2696 26.2413 25.2671 23.4683 21.8492 20,3888 17.8736 15.8027 14.0840
33 27.9897 26.9050 25.8790 23.9886 22.2919 20.7658 18.1476 16.0025 14.2302
34 28.7027 27.5605 26.4817 24.4986 22.7238 21.1318 18.4112 16.1929 14.3681
35 29.4086 28.2079 27.0756 24.9986 23.1452 21.4872 18.6646 16.3742 14.4982
36 30.1075 28.8473 27.6607 25.4888 23.5563 21.8323 18.9083 16.5469 14.6210
37 30.7995 29.4788 28.2371 25.9695 23.9573 22.1672 19.1426 16.7113 14.7368
38 31.4847 30.1025 28.8051 26.4406 24.3486 22.4925 19.3679 16.8679 14.8460
39 32.1630 30.7185 29.3646 26.9026 24.7303 22.8082 19.56845 17.0170 14.9491
40 32,8347 31.3269 29.9158 27.3555 25.1028 23.1148 19.7928 17.1591 15.0463
41 33.4997 31.9278 30.4590 27.7995 25.4661 23.4124 19.9931 17.2944 15.1380
42 34.1581 32.5213 30.9941 28.2348 25.8206 23.7014 20.1856 17.4232 15.2245
43 34.8100 33.1075 31.5212 28.6616 26.1664 23.9819 20.3708 17.5459 15.3062
44 35.4555 33.6864 32.0406 29.0800 26.5038 24.2543 20.5488 17.6628 15.3832
45 36.0945 34.2582 32.5623 29.4902 26.8330 24.5187 20.7200 17.7741 15.4558
46 36.7272 34.8229 33.0565 29.8923 27.1542 24.7754 20.8847 17.8801 15.56244
47 37.3637 35.3806 33.55632 30.2866 27.4675 25.0247 21,0429 17.9810 15.5890
48 37.9740 35.9315 34.0426 30.6731 27.7732 25.2667 21.1951 18.0772 15.6500
49 38.5881 36.4755 34.5247 31.0521 28.0714 25.5017 21.3415 18.1687 15.7076
50 39.1961 37.0129 34.9997 31.4236 28.3623 25.7298 21.4822 18.2559 15.7619




Section VII: Probability and Statistics

AREAS UNDER THE
STANDARD NORMAL CURVE

from— to x

36

D(x) = —f e~"2dt
2z =
NOTE: erf (x) = 2d(x~/2 ) — 1
x 0 1 2 3 4 5 6 7 8 9
0.0 5000 .5040 5080 5120 5160 5199 5239 5279 5319 .5359
0.1 5398 .5438 5478 5517 5557 6596 .5636 .5675 5714 5754
0.2 5793 5832 5871 .5910 .5948 5987 .6026 .6064 6103 .6141
0.3 6179 6217 6255 .6293 .6331 .6368 .6406 .6443 .6480 6517
0.4 6554 6591 6628 .6664 .6700 .6736 6772 .6808 .6844 .6879
0.5 .6915 .6950 .6985 7019 1054 7088 7123 7157 L7190 1224
0.6 7258 7291 7324 7357 7389 .7422 .7454 7486 71518 7549
0.7 7580 7612 7642 7673 L7704 1734 1764 1794 .7823 7852
0.8 7881 L7910 7939 7967 L7996 .8023 .8051 .8078 8106 8133
0.9 .8159 .8186 .8212 .8238 8264 .8289 .8315 .8340 .8365 .8389
1.0 .8413 .8438 .8461 .8485 .8508 .8531 8554 8577 .8599 .8621
1.1 .8643 .8665 .8686 .8708 8729 8749 8770 8790 .8810 .8830
1.2 .8849 .8869 8888 .8907 .8925 .8944 .8962 .8980 .8997 9015
1.3 .9032 .9049 .9066 .9082 .9099 91156 9131 .9147 .9162 9177
1.4 9192 9207 9222 9236 9251 .9265 9279 9292 .9306 9319
1.5 9332 9345 .9357 9370 9382 .9394 .9406 .9418 .9429 9441
1.6 .9452 .9463 9474 9484 .9495 .9505 9515 9525 .9535 .9545
1.7 9554 .9564 9573 9582 9591 .9599 .9608 .9616 9625 .9633
1.8 .9641 .9649 .9656 .9664 9671 9678 .9686 9693 .9699 9706
1.9 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
2.0 9772 9778 .9783 9788 9793 L9798 .9803 .9808 9812 9817
2.1 9821 9826 .9830 9834 L9838 9842 9846 9850 .9854 9857
2.2 .9861 .9864 9868 L9871 9875 .9878 9881 9884 9887 9890
2.3 .9893 9896 .9898 9901 9904 .9906 .9909 9911 9913 9916
2.4 9918 .9920 .9922 .9925 .9927 .9929 9931 .9932 9934 .9936
2.5 .9938 .9940 9941 .9943 9945 .9946 .9948 .9949 9951 .9952
2.6 .9953 .9955 ,9956 9957 .9959 .9960 9961 .9962 .9963 .9964
2.7 .9965 .9966 9967 .9968 .9969 .9970 9971 9972 9973 9974
2.8 L9974 9975 .9976 9977 9977 9978 9979 9979 .9980 .9981
2.9 9981 .9982 .9982 .9983 .9984 .9984 .9985 9985 9986 .9986
3.0 .9987 9987 9987 .9988 L9988 .9989 .9989 .9989 .9990 9990
3.1 .9990 .9991 9991 9991 .9992 .9992 .9992 .9992 .9993 .9993
3.2 9993 .9993 .9994 9994 .9994 .9994 .9994 9995 .9995 9995
3.3 .9995 .9995 .9995 9996 9996 .9996 .9996 .9996 .9996 9997
34 9997 9997 9997 .9997 .9997 9997 .9997 .9997 9997 9998
3.5 .9998 9998 .9998 .9998 .9998 9998 .9998 .9998 .9998 .9998
3.6 .9998 9998 .9999 9999 .9999 .9999 .9999 .9999 .9999 .9999
3.7 .9999 9999 .9999 .9999 .9999 .9999 .9999 9999 9999 .9999
3.8 .9999 .9999 .9999 .9999 .9999 9999 9999 .9999 .9999 .9999
3.9 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Copyright © 2009, 1999, 1968 by The McGraw-Hill Companies, Inc. Click here for terms of use.




ORDINATES OF THE
STANDARD NORMAL CURVE

y= 1 efx2/2 0 z
NGY
x 0 1 2 3 4 5 6 7 8 9
0.0 .3989 .3989 .3989 .3988 .3986 .3984 .3982 .3980 3977 .3973
0.1 .3970 .3965 3961 .3956 3951 .3945 .3939 .3932 .3925 .3918
0.2 .3910 .3902 .3894 .3885 .3876 .3867 3857 .3847 .3836 .3825
0.3 .3814 .3802 .3790 3778 3765 .3752 .3739 3725 3712 3697
0.4 .3683 .3668 .3653 .3637 .3621 .3605 .3589 3572 .3555 .3538
0.5 .3521 .3503 .3485 .3467 .3448 .3429 .3410 3391 .3372 .3352
0.6 3332 3312 .3292 .3271 .3251 .3230 .3209 3187 .3166 3144
0.7 3123 3101 .3079 .3056 .3034 3011 .2989 .2966 .2943 .2920
0.8 .2897 .2874 .2850 .2827 .2803 .2780 .2756 2732 .2709 .2685
0.9 .2661 2637 .2613 .2589 .2565 25641 2516 .2492 .2468 2444
1.0 .2420 .2396 2371 .2347 2323 .2299 2275 .2251 2227 2203
1.1 2179 2155 2131 2107 .2083 .2059 2036 .2012 .1989 1965
1.2 1942 1919 .1895 1872 .1849 .1826 .1804 1781 .1758 1736
1.3 1714 1691 .1669 1647 .1626 .1604 1582 1561 1539 .1518
1.4 1497 1476 .1456 .1435 1415 .1394 .1374 .1354 1334 1315
1.5 .1295 1276 1257 .1238 1219 1200 1182 1163 .1145 1127
1.6 1109 .1092 1074 .1057 .1040 1023 .1006 .0989 L0973 0957
1.7 .0940 0925 .0909 .0893 .0878 .0863 .0848 .0833 .0818 .0804
1.8 0790 0775 0761 0748 0734 0721 0707 .0694 .0681 .0669
1.9 .0656 0644 .0632 .0620 0608 0596 .0584 0573 0562 .0551
2.0 .0540 .0529 .0519 .0508 .0498 .0488 .0478 .0468 .0459 .0449
2.1 .0440 0431 10422 0413 0404 .0396 .0387 .0379 .0371 0363
2.2 0355 0347 .0339 .0332 0325 .0317 0310 .0303 0297 .0290
2.3 0283 0277 0270 .0264 .0258 .0252 .0246 .0241 0235 .0229
2.4 0224 .0219 0213 .0208 .0203 .0198 .0194 .0189 .0184 .0180
2.5 0175 0171 0167 .0163 .0158 .0154 .0151 0147 .0143 .0139
2.6 0136 0132 .0129 .0126 .0122 .0119 0116 .0113 .0110 0107
2.7 .0104 0101 .0099 .0096 .0093 .0091 .0088 .0086 .0084 0081
2.8 .0079 0077 .0075 .0073 0071 .0069 .0067 .0065 .0063 0061
2.9 .0060 .0058 .0056 .0055 0053 .0051 0050 .0048 .0047 0046
3.0 .0044 0043 .0042 .0040 .0039 .0038 .0037 .0036 .0035 .0034
3.1 0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 .0025 .0025
3.2 0024 .0023 .0022 .0022 .0021 .0020 .0020 .0019 .0018 .0018
3.3 0017 0017 .0016 0016 0015 .0015 .0014 .0014 0013 0013
34 .0012 .0012 .0012 .0011 0011 .0010 .0010 .0010 .0009 0009
3.5 .0009 .0008 .0008 .0008 .0008 .0007 .0007 .0007 .0007 0006
3.6 .0006 .0006 .0006 .0005 .0005 .0005 .0005 0006 0005 0004
3.7 0004 .0004 .0004 .0004 .0004 .0004 .0003 .0003 .0003 0003
3.8 .0003 .0003 .0003 .0003 .0003 .0002 .0002 .0002 .0002 .0002
3.9 .0002 0002 .0002 .0002 .0002 .0002 .0002 .0002 .0001 .0001




PERCENTILE VALUES (t))
FOR STUDENT'S t
DISTRIBUTION

with n degrees of freedom (shaded area = p)

ty

n t 995 tg9 tors tgs t90 ts0 tas t.70 t.60 tss
1 63.66 31.82 12.71 6.31 3.08 1.376 1.000 727 325 158
2 9.92 6.96 4.30 2.92 1.89 1.061 816 617 .289 142
3 5.84 4.54 3.18 2.35 1.64 978 .765 584 277 137
4 4.60 3.75 2.78 2.13 1.53 941 141 .569 27 134
5 4.03 3.36 2.57 2.02 1.48 .920 127 559 267 132
6 3.71 3.14 2.45 1.94 1.44 .906 718 .553 265 131
7 3.50 3.00 2.36 1.90 1.42 .896 711 549 263 130
8 3.36 2.90 2.31 1.86 1.40 .889 .706 .546 262 130
9 3.25 2.82 2.26 1.83 1.38 883 703 .543 .261 129

10 3.17 2.76 2.23 1.81 1.37 879 700 542 .260 129

11 3.11 2.72 2.20 1.80 1.36 .876 697 .540 260 129

12 3.06 2.68 2.18 1.78 1.36 873 .695 .539 259 128

13 3.01 2.65 2.16 1.77 1.35 .870 .694 538 259 128

14 2.98 2.62 2.14 1.76 1.34 868 .692 537 258 .128

15 2.95 2.60 2.13 1.75 1.34 .866 .691 536 258 128

16 2.92 2.58 2.12 1.75 1.34 865 .690 535 258 128

17 2.90 2.67 2.11 1.74 1.33 .863 .689 534 257 128

18 2.88 2.65 2.10 1.73 1.33 .862 .688 .534 257 127

19 2.86 2.54 2.09 1.73 1.33 .861 .688 .533 257 127

20 2.84 2.63 2.09 1.72 1.32 .860 687 .533 257 127

21 2.83 2.52 2.08 1.72 1.32 .859 .686 532 257 127

22 2.82 2.51 2.07 1.72 1.32 .858 686 532 266 127

23 2.81 2.50 2.07 1.71 1.32 .858 .685 532 266 127

24 2.80 2.49 2.06 1.71 1.32 .857 685 531 256 127

25 2.79 2.48 2.06 1.71 1.32 .856 .684 531 256 127

26 2.78 2.48 2.06 1.71 1.32 856 .684 531 256 127

27 2,77 2.47 2.05 1.70 1.31 .855 .684 631 256 127

28 2.76 2.47 2.05 1.70 1.31 855 .683 .530 256 127

29 2.76 2.46 2.04 1.70 1.31 854 .683 530 256 127

30 2.75 2.46 2.04 1.70 1.31 .854 .683 530 256 127

40 2.70 2.42 2.02 1.68 1.30 .851 .681 .529 255 126

60 2.66 2.39 2.00 1.67 1.30 .848 679 527 254 126

120 2.62 2.36 1.98 1.66 1.29 845 677 526 254 126

© 2.58 2.33 1.96 1.645 1.28 842 674 524 253 126

Source: R. A. Fisher and F. Yates, Statistical Tables for Biological, Agricultural and
Medical Research (6th edition, 1963), Table III, Oliver and Boyd Ltd., Edin-

burgh, by permission of the authors and publishers.




PERCENTILE VALUES (x2)

FOR x2 (CHI-SQUARE)

DISTRIBUTION
with n degrees of freedom (shaded area = p) x2
n Xoos Ao Xms X X%o X7 x%o0 X%s X% Xos X X Xoos
1 7.88 6.63 5.02 3.84 2.7 1.32 .455 102 .0158 .0039 .0010 .0002 .0000
2 10.6 9.21 7.38 5.99 4.61 2.17 1.39 575 211 .103 .0506 .0201 .0100
3 12.8 11.3 9.35 7.81 6.25 4.11 2.37 1.21 .584 352 216 115 072
4 14.9 13.3 11.1 9.49 7.78 5.39 3.36 1.92 1.06 711 484 297 207
5 16.7 15.1 12.8 11.1 9.24 6.63 4.35 2.67 1.61 1.15 .831 .554 412
6 18.5 16.8 14.4 12.6 10.6 7.84 5.35 3.45 2.20 1.64 1.24 872 676
7 20.3 18.5 16.0 141 12.0 9.04 6.35 4.25 2.83 2.17 1.69 1.24 .989
8 22.0 20.1 17.5 15.5 13.4 10.2 7.34 5.07 3.49 2.73 2.18 1.65 1.34
9 23.6 21.7 19.0 16.9 14.7 114 8.34 5.90 4.17 3.33 2.70 2.09 1.73
10 25.2 23.2 20.5 18.3 16.0 12.5 9.34 6.74 4.87 3.94 3.25 2.56 2.16
11 26.8 24.7 21.9 19.7 17.3 13.7 10.3 7.58 5.58 4.57 3.82 3.05 2.60
12 28.3 26.2 23.3 21.0 18.5 14.8 11.3 8.44 6.30 5.23 4.40 3.57 3.07
13 29.8 277 24.7 22.4 19.8 16.0 12.3 9.30 7.04 5.89 5.01 411 3.57
14 31.3 29.1 26.1 23.7 21.1 17.1 13.3 10.2 7.79 6.57 5.63 4.66 4.07
15 32.8 30.6 27.5 25.0 22.3 18.2 14.3 11.0 8.55 7.26 6.26 5.23 4.60
16 34.3 32.0 28.8 26.3 23.56 194 15.3 11.9 9.31 7.96 6.91 5.81 5.14
17 35.7 33.4 30.2 27.6 24.8 20.5 16.3 12.8 10.1 8.67 7.56 6.41 5.70
18 37.2 34.8 315 28.9 26.0 21.6 17.3 13.7 10.9 9.39 8.23 7.01 6.26
19 38.6 36.2 32.9 30.1 27.2 22.7 18.3 14.6 11.7 10.1 8.91 7.63 6.84
20 40.0 37.6 34.2 314 28.4 23.8 19.3 15.5 12.4 10.9 9.59 8.26 7.43
21 414 38.9 35.5 32.7 29.6 24.9 20.3 16.3 13.2 11.6 10.3 8.90 8.03
22 42.8 40.3 36.8 33.9 30.8 26.0 21.3 17.2 14.0 12.3 11.0 9.54 8.64
23 44.2 41.6 38.1 35.2 32.0 27.1 22.3 18.1 14.8 13.1 11.7 10.2 9.26
24 45.6 43.0 394 36.4 33.2 28.2 23.3 18.0 15.7 13.8 124 10.9 9.89
25 46.9 44.3 40.6 37.7 34.4 29.3 243 19.9 16.5 14.6 131 11.5 10.5
26 48.3 45.6 41.9 38.9 35.6 30.4 25.3 20.8 17.3 15.4 13.8 12.2 11.2
27 49.6 47.0 43.2 40.1 36.7 31.5 26.3 21.7 18.1 16.2 14.6 12.9 11.8
28 51.0 48.3 445 41.3 37.9 32.6 27.3 22.7 18.9 16.9 15.3 13.6 12.5
29 52.3 49.6 45.7 42.6 39.1 33.7 28.3 23.6 19.8 17.7 16.0 14.3 13.1
30 53.7 50.9 47.0 43.8 40.3 34.8 29.3 24.5 20.6 18.5 16.8 15.0 13.8
40 66.8 63.7 59.3 55.8 51.8 45.6 39.3 33.7 29.1 26.5 24.4 22.2 20.7
50 79.5 76.2 71.4 67.5 63.2 56.3 49.3 42.9 37.7 34.8 32.4 29.7 28.0
60 92.0 88.4 83.3 791 744 67.0 59.3 52.3 46.5 43.2 40.5 37.5 35.5
70 | 104.2 1004 95.0 90.5 85.5 7.6 69.3 61.7 55.3 51.7 48.8 45.4‘ 43.3
80| 116.3 112.3 106.6 101.9 96.6 88.1 79.3 7.1 64.3 60.4 57.2 53.5 51.2
90| 128.3 124.1 1181 113.1 107.6 98.6 89.3 80.6 73.3 69.1 65.6 61.8 59.2
100 | 140.2 1858 129.6 1243 1185 109.1 99.3 90.1 82.4 7.9 74.2 70.1 67.3

Source: Catherine M. Thompson, Table of percentage points of the x2 distribution,
Biometrika, Vol. 32 (1941), by permission of the author and publisher.




95th PERCENTILE VALUES
FOR THE FDISTRIBUTION

n, = degrees of freedom for numerator

n, = degrees of freedom for denominator
(shaded area = .95)

‘n:l 1 2 3 4 5 6 8 12 16 20 30 40 50 100
11614 1995 2157 224.6 230.2 234.0 238.9 243.9 246.3 248.0 250.1 251.1 252.2 253.0 254.3
21851 19.00 19.16 19.25 19.30 19.33 19.37 19.41 19.43 19.45 19.46 19.46 19.47 19.49 19.50
3/1013 955 928 912 9.01 894 885 874 8.69 866 862 860 858 856 853
4| 771 694 659 639 626 616 604 591 584 58 575 571 570 5.66 5.63
5| 661 579 541 519 505 4.95 482 4.68 4.60 4.56 450 4.46 4.44 440 4.36
6| 599 514 476 453 439 428 415 4.00 392 387 381 377 375 371 3.67
7| 559 474 4385 412 397 387 373 357 349 3.44 338 334 332 328 323
8| 532 446 4.07 384 369 358 344 328 820 315 3.08 3.05 303 298 293
9| 512 426 386 363 348 337 323 3.07 298 293 286 282 280 276 271
10| 496 410 371 348 333 322 307 291 282 277 270 267 264 259 254
11| 484 398 359 336 320 3.09 295 279 270 265 257 253 250 245 240
12| 475 389 349 326 311 3.00 285 269 260 254 246 242 240 235 2.30
13| 4.67 381 341 318 3.03 292 277 260 251 246 238 234 232 226 221
14| 460 3.74 334 3811 296 285 270 253 244 239 231 227 224 219 213
15| 454 3.68 3.29 3.06 290 279 264 248 239 233 225 221 218 212 207
16| 449 363 3.24 301 285 274 259 242 233 228 220 216 213 207 201
17| 445 359 320 296 281 270 255 2338 229 223 215 211 208 202 1.96
18| 441 355 3816 293 277 266 251 234 225 219 211 207 204 1.98 1.92
19| 438 3562 313 290 274 263 248 231 221 215 207 202 200 1.94 1.88
20| 435 349 310 287 271 260 245 228 218 212 204 199 196 1.90 1.84
22| 430 344 305 282 266 255 240 223 213 207 198 193 191 1.84 178
24| 426 340 301 278 262 251 236 218 209 203 194 189 1.8 1.80 1.73
26| 423 337 298 274 259 247 232 215 205 199 190 185 1.82 176 1.69
28| 420 3.3¢ 295 271 256 245 229 212 202 1.96 187 1.8 178 172 1.65
30| 417 332 292 269 253 242 227 209 199 193 1.84 179 176 1.69 1.62
40| 408 323 284 261 245 234 218 200 190 1.84 174 169 1.66 159 1.51
50| 403 318 279 256 240 229 213 195 185 178 169 1.63 1.60 152 1.44
60| 400 315 276 253 237 225 210 192 181 175 165 159 1.56 148 1.39
70| 898 3.13 274 250 235 223 207 189 179 172 162 156 153 145 1.35
80| 396 311 272 248 233 221 205 188 177 1.70 160 1.54 151 142 1.32
100 894 309 270 246 230 219 203 1.85 1.75 1.68 157 151 148 1.39 1.28
150 | 391 3.06 267 243 227 216 200 182 1.71 1.64 154 147 1.44 134 1.22
200 | 3.89 3.04 265 241 226 214 198 1.80 1.69 1.62 152 1.45 1.42. 1.32 1.19
400| 386 3.02 262 239 223 212 196 178 167 160 149 142 138 128 113
w | 384 299 260 237 221 209 194 175 164 157 146 140 1.32 124 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.




99th PERCENTILE VALUES
FOR THE FDISTRIBUTION

n, = degrees of freedom for numerator
n, = degrees of freedom for denominator
(shaded area = .99)

” Ml 1 2 3 4 5 6 8 12 16 20 30 40 50 100 ©
2
114052 4999 5403 5625 5764 5859 5981 6106 6169 6208 6258 6286 6302 6334 6366
2 198.49 99.01 99.17 99.25 99.30 99.33 99.36 99.42 99.44 99.45 99.47 99.48 99.48 99.49 99.50
3 134.12 30.81 29.46 28.71 28.24 27.41 27.49 27.06 28.63 26.69 26.50 26.41 2635 26.23 26.12
4121.20 18.00 16.69 15.98 15.52 15.21 14.80 14.37 14.15 14.02 13.83 13.74 13.69 13.57 13.46
5 116.26 13.27 12.06 11.39 10.97 10.67 10.27 9.89 9.68 9.55 938 929 924 9.13 9.02
613.74 1092 978 9.15 875 847 810 7.72 752 739 723 714 17.09 699 6.88
711225 955 845 1785 746 1719 6.84 647 627 615 598 590 585 575 5.65
8 |11.26 865 17.59 7.01 663 637 6.03 567 548 6536 520 511 506 496 4.86
9 |10.56 8.02 6.99 6.42 6.06 580 547 511 4.92 480 4.64 4.56 451 441 431
10 [10.04 7.56 6.55 5.99 564 539 5.06 471 452 441 425 417 412 401 391
11| 9.05 7.20 6.22 5.67 532 b5.07 474 440 421 410 394 386 380 3.70 3.60
12| 933 6.93 595 541 506 482 450 416 398 386 370 361 356 3.46 3.36
13| 9.07 6.70 5.74 5.20 486 4.62 430 396 378 3.67 351 342 337 327 3.16
14| 886 651 556 503 469 446 414 380 3.62 351 334 326 321 311 3.00
15| 868 6.36 542 4.89 456 432 400 3.67 348 336 3.20 312 3.07 297 287
16 | 8.53 6.23 529 477 444 420 389 355 337 325 310 301 296 286 2.75
17 | 840 6.11 5.18 4.67 434 410 379 345 3.27 316 3.00 292 286 276 2.65
18 | 828 6.01 509 4.58 425 4.01 371 337 319 307 291 283 278 2.68 257
19 | 818 593 5.01 450 417 394 363 330 3.12 3.00 284 276 270 260 249
20 | 810 5.85 4.94 443 410 387 356 323 3.05 294 277 269 2.63 253 242
22 | 794 572 482 431 399 376 345 312 294 283 267 258 253 242 231
24 | 7.82 5.61 472 422 390 3.67 336 303 285 274 258 249 244 233 221
26 | 772 5.53 4.64 414 382 359 329 296 277 266 250 241 236 225 213
28 | 764 b5.45 457 407 376 353 323 290 271 260 244 235 230 218 206
30 | 7.56 539 4.561 4.02 370 347 317 284 266 255 238 229 224 213 201
40 | 7.31 5.18 431 3583 351 329 299 266 249 237 220 211 205 194 181
50 | 717 5.06 420 3.72 341 318 288 256 239 226 210 200 194 1.82 1.68
60 | 7.08 498 4.13 365 334 312 282 250 232 220 203 193 187 174 1.60
70 | 7.01 492 408 3.60 329 3.07 277 245 228 215 198 188 182 169 1.53
80 | 6.96 4.88 4.04 356 325 3.04 274 241 224 211 194 184 178 165 149
100 | 690 482 398 351 320 299 269 236 219 2.06 1.8 179 173 159 1.43
150 | 6.81 475 391 344 314 292 262 230 212 200 183 172 166 151 133
200 | 6.76 4.71 3.88 341 311 290 260 228 209 197 179 169 1.62 148 1.28
400 | 6.70 4.66 383 3.36 3.06 285 255 223 204 192 174 164 157 142 119
© 664 460 378 332 3.02 28 251 218 199 187 1.69 159 152 136 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.




RANDOM NUMBERS

61772 74640 42331 29044 46621 62898 93582 04186 19640 87056
24033 23491 83587 06568 21960 21387 76105 10863 97453 90581
45939 60173 52078 25424 11645 55870 56974 37428 93507 94271
30686 02133 75797 45406 31041 86707 12973 17169 88116 42187
03685 79353 81938 82322 96799 85659 36081 50884 14070 74950

64937 03355 95863 20790 65304 55189 00745 65253 11822 15804
15630 64759 51135 98527 62586 41889 25439 88036 24034 67283
09448 56301 57683 30277 94623 85418 68829 06652 41982 49159
21631 91157 77331 60710 52290 16835 48653 71590 16159 14676
91097 17480 29414 06829 87843 28195 27279 47152 35683 47280

50532 25496 95652 42457 73547 76552 50020 24819 52984 76168
07136 40876 79971 54195 25708 51817 36732 72484 94923 75936
27989 64728 10744 08396 56242 90985 28868 99431 50995 20507
85184 73949 36601 46253 00477 25234 09908 36574 72139 70185
54398 21154 97810 36764 32869 11785 55261 59009 38714 38723

665644 34371 09591 07839 58892 92843 72828 91341 84821 63886
08263 65952 85762 64236 39238 18776 84303 99247 46149 03229
39817 67906 48236 16057 81812 15815 63700 85915 19219 45943
62257 04077 79443 95203 02479 30763 92486 54083 23631 05825
53298 90276 62545 21944 16530 03878 07516 95715 02526 33537




Index of Special Symbols
and Notations

The following list show special symbols and notations together with pages on which they are defined or first
appear. Cases where a symbol has more than one meaning will be clear from the context.

Symbols
Ber (x), Bei (x) Ber and Bei functions, 157
B(m, n) beta function, 152
B, Bernoulli numbers, 142
C(x) Fresnel cosine integral, 204
C(x) cosine integral, 204
€, €y €5 unit vectors in curvilinear coordinates, 127
erf(x) error function, 203
erfc(x) complementary error function, 203
E=E(k, m/2) complete elliptic integral of the second kind, 198
E =E(k, ¢) incomplete elliptic integral of the second kind, 198
Ei(x) exponential integral, 203
o Euler number, 142
E(X) mean or expectation of random variable X, 223
f[xo, Xp5 oo X1 divided distance formula, 287, 288
F(a), F(x) cumulative distribution function, 209
F(a, b; c; x) hypergeometric function, 178
F(k, ¢) incomplete elliptic integral of the first kind, 198
9, 9! Fourier transform and inverse Fourier transform, 194
G. M. geometric mean, 209
hl, hz, h3 scale factors in curvilinear coordinates, 127
H (x) Hermite polynomial, 169
H (x), H @ (x) Hankel functions of the first and second kind, 155
H. M. harmonic mean, 210
i,j, k unit vectors in rectangular coordinates, 120
I (x) modified Bessel function of the first kind, 155
J (x) Bessel function of the first kind, 153
K=F(k, m/2) complete elliptic integral of the first kind, 198
Ker (x), Kei (x) Ker and Kei functions, 158
K (x) modified Bessel function of the second kind, 156

In x or log, x
log x or log,, x

natural logarithm of x, 53
common logarithm of x, 53

L, (x) Laguerre polynomials, 171
L(x) associated Laguerre polynomials, 173
*, $! Laplace transform and inverse Laplace transform, 180
M.D. mean deviation
P(A/E) conditional probability of A given E, 219
P (x) Legendre polynomials, 164
P "(x) associated Legendre polynomials, 173
QU, M, QL quartiles, 211
0.(x) Legendre functions of second kind, 167
0"(x) associated Legendre functions of second kind, 168
r sample correlation coefficient, 213
R.M.S. root-mean-square, 211
K sample standard deviation, 208
52 sample variance, 210
S sample covariance, 213
Si(x)  Sine integral, 203
S(x) Fresnel sine integral, 204
T (x) Chebyshev polynomials of first kind, 175
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U, (x)
Var(X)
%X
x®
Y, (0

Z

Chebyshev polynomials of second kind, 176

variance of random variable X, 224
sample mean, grand mean, 208, 209

kth zero of Legendre polynomial P (x), 232

Bessel function of second kind, 153
standardized random variable, 226

Greek Symbols

INDEX OF SPECIAL SYMBOLS AND NOTATIONS

r

o rth moment in standard units, 212

y  Euler’s constant, 4
T(x) gamma function, 149
{(x)  Rieman zeta function, 204
U population mean, 208
6  coordinate: cylindrical 37,
polar, 11, 24; spherical, 38

D (p)
D (x)

pi, 3

spherical coordinate, 38

sum 1+%+%+---+%, ®(0)=0, 154
probability distribution function, 226
population standard deviation, 223
population variance, 223

Notations
A~B A is asymptotic to B or A/B approaches 1, 151
Aif A=0
IAl absolute value of A = {_ Aif A<O
n! factorial n, 7

d
e A

oAy _
y —?—f (x), etc.

po 47

dx?
S I 2f

dx’ dx’ dxdy’ ¢

o(x,y,2)

o(u, ,uy,uy)

[ £eodx

_Uf(x)dx
_[CA .dr

A-B

AxB

\%
V2=V.V

V4=V2(V?)

1c.

binomial coefficients, 8

pth derivative with respect to x, 64

partial derivatives, 65

Jacobian, 128
indefinite integral, 67

definite integral, 108

line integral of A along C, 124

dot product of A and B, 120
cross product of A and B, 121
del operator, 122

Laplacian operator, 123
biharmonic operator, 123

derivatives of y or f(x) with respect to x, 62



Adams-Bashforth methods, 236
Adams-Moulton methods, 236
Addition formula:
Bessel functions, 163
Hermite polynomials, 170
Addition rule (probability) 208
Addition of vectors, 119
Algebra of sets, 217
Algebraic equations, solutions of, 13
Alphabet, Greek, 3
Analytic geometry, plane, 22-33
solid, 34-40
Annuity table, 274
Anti-derivative, 67
Anti-logarithms, 53
Arithmetic:
mean, 208
series, 134
Arithmetic-geometric series, 134
Associated Laguerre polynomials, 173
(See also Laguerre polynomials)
Associated Legendre functions, 164
(See also Legendre functions)
of the first kind, 168
of the second kind, 168
Asymptotic expansions or formulas:

Bernoulli numbers, 143
Bessel functions, 160
Backward difference formulas, 228
Her and Bei functions, 157
Bayes formula, 220
Bernoulli numbers, 142
asymptotic formula, 143
series, 143
Bernoulli’s differential equation, 116
Bessel functions, 153—-164
graphs, 159
integral representation, 161
modified, 155
recurrence formulas, 154, 157
series, orthogonal, 161
tables, 261-267
Bessel’s differential equation,
118, 153
general solution, 154
modified differential equation, 155
Best fit, line of, 214
Beta function, 152
Biharmonic operator, 123
Binomial:
coefficients, 7, 228, 259
distribution, 226
formula, 7
series, 136
Bipolar coordinates, 131
Bisection method, 223
Bivariate data, 212

Carioid, 29

Cassini, ovals of, 32
Catalan’s constant, 200
Catenary, 29

Cauchy or Euler differential equation, 117

Index

Cauchy’s form of remainder in Taylor series, 134
Cauchy-Schwarz inequality, 205

for integrals, 206
Central tendency, 208
Chain rule for derivatives, 67
Chebyshev polynomials, 175

of the first kind, 175

of the second kind, 176

recurrence formula, 175
Chebyshev’s differential equation, 175

general solution, 177
Chebyshev’s inequality, 206
Chi-square distribution, 226

table of values, 279
Circle, 17,25
Coefficient:

of excess (kurtosis), 212

of skewness, 212
Coefficients:

binomial, 7

multinomial, 9
Complementary error function, 203
Complex:

conjugate, 10

numbers, 10

logarithm of, 55

plane, 10
Components of a vector, 120
Compound amount, 262
Confocal:

ellipsdoidal coordinates, 133

paraboloidal coordinates, 133
Conical coordinates, 129
Conics, 25 (See also Ellipse, Parabola, Hyperbola)
Conjugate, complex, 10
Constant of integration, 67
Constants, 3

series of, 134
Continuous random variable, 224
Convergence, interval of, 138.
Conversion factors, 15
Convolution theorem, Fourier transform, 194
Coordinates, 127

bipolar, 131

confocal ellipsoidal, 133

confocal paraboloidal, 133

conical, 132

curvilinear, 127

cylindrical, 129

elliptic cylindrical, 130

oblate spheroidal, 131

paraboloidal, 130

prolate spheroidal, 131

spherical, 129

toroidal, 132
Correlation coefficient, 213
Cosine, 43

graph of, 46

table of values, 245
Cosine integral, 203, 256
Cosines, law of, 51
Covariance, 213
Cross or vector product, 121
Cubic equation, solution of, 13
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Cumulative distribution function, 225
Curl, 123

Curve fitting, 215

Curvilinear coordinates, 134
Cycloid, 28

Cylindrical coordinates, 37, 129

Definite integrals, 108-116
approximate formula, 109
definition of, 108

Degrees, conversion to radians, 251

Del operator, 122

DeMoivre’s theorem, 11

Derivatives, 62—66
chain rule for, 62
higher, 64
Leibniz’s rule, 64
of vectors, 122

Deviation:
mean, 210
standard, 210

Differential equations, numerical methods for solution:

ordinary, 235-236

partial, 237-240
Differentials, 65, 66
Differentiation, 62—-66 (See also Derivatives)
Direction numbers, 34

cosines, 34
Discrete random variable, 223
Distributions, probability, 226
Divergence, 122, 128

theorem, 126
Divided-difference formula (general), 228
Dot or scalar product, 120
Double integrals, 125

Eccentricity, 25
Ellipse, 18, 25
Ellipsoid, 39
Elliptic cylinder, 41
Elliptic cylindrical coordinates, 130
Elliptic functions, 198-202
Jacobi’s, 199
series expansion, 200
Elliptic integrals, 198-199
table of values, 270-271
Epicycloid, 30
Equality of vectors, 119
Equations, algebraic, 13
Error functions, 203
Euler:
constant, 4
differential equation, 117
methods, 235
numbers, 142
Euler-Maclaurin summation formula,
137
Exact differential equation, 116
Excess, coefficient of kurtosis, 212
Exponential curve (least-squares), 215
Exponential function, 53-54
series for, 139
table of values, 254-255
Exponential integral, 203, 256
Exponents, 53

F distribution, 226

table of values, 280-281
Factorial n, 7

table of values, 257
Factors, special, 5
Financial tables, 272-275

INDEX

Finite-difference methods for solution of:
heat equation, 237
Poisson equation, 237
wave equation, 238
First-order divided-difference formula, 227
Five number summary (L, Q,, M, Q,,, H], 211
Fixed-point iteration, 234
Folium of Descartes, 31
Forward difference formulas, 228
Fourier series, 144-146
Fourier transform, 193
convolution of, 194
cosine, 194, 197
Parseval’s identity for, 193
sine, 194, 196
tables, 195-199
Fourier’s integral theorem, 193
Fresnel sine and cosine integral, 204
Frullani’s integral, 115

Gamma function, 149, 150
relation to beta function, 152
table of values, 258

Gauss’ theorem, 126

Gauss-Legendre formula, 232

Gauss-Seidel method, 230

Gaussian quadrature formula, 231

Generating functions, 157, 165, 168, 169, 171, 173, 175, 176

Geometric:
mean (G.M.), 209
series, 134

Geometry, 16-21
analytic, 22-40

Gradient, 122, 128

Grand mean, 209

Greek alphabet, 3

Green’s theorem, 126

Griggsian logarithms, 53

Half angle formulas, 48
Half rectified sine wave function, 191
Hankel functions, 155
Harmonic mean, 209
Heat equation, 237
Heaviside’s unit function, 192
Hermite:
interpolation,229
polynomials, 169-170
Hermite’s differential equation, 169
Heun’s method, 235
Holder’s inequality, 205
for integrals, 206
Homogeneous differential equation, 116
linear second order, 117
Hyperbola, 25
Hyperbolic functions, 56-61
graphs of, 59
inverse, 59-61
series for, 140
Hyperboloid, 39
Hypergeometric:
differential equation, 178
distribution, 226
functions, 178
Hypocycloid, 28, 30

Imaginary part of a complex number, 10
Indefinite integrals, 67-107

definition of, 67

tables of, 71-107

transformation of, 69
Independent events, 221



INDEX

Inequalities, 205
Infinite products, 207
Integral calculus, fundamental theorem, 108
Integrals:
definite (see Definite integrals)
improper, 108
indefinite (see Indefinite integrals)
line, 124
multiple, 125
surface, 125
Integration, 64 (See also Integrals)
constant of, 67
general rules, 67-69
Integration by parts, 67
generalized, 69
Intercepts, 22
Interest, 272-275
Intermediate Value Theorem, 233
Interpolation, 227
Hermite, 229
Interpolatory formula (general), 228
Interquartile range, 211
Interval of convergence, 138
Inverse:
hyperbolic functions, 59-61
Laplace transforms, 180
trigonometric functions, 49-51
Iteration methods, 240
for general linear systems, 240
for Poisson equation, 240

Jacobi method, 240
Jacobi’s elliptic functions, 199
Jacobian, 128

Ker and Kei functions, 158-159
Kurtosis, 212

Lagrange:
form of remainder, 138
interpolation, 227
Laguerre polynomials, 172
generating function for, 173
recurrence formula, 192
Laguerre’s associated differential equation,
170
Laguerre’s differential equation, 172
Landen’s transformation, 199
Laplace transform, 180-192
complex inversion formula for, 180
definition of, 180
inverse, 180
tables of, 181-192
Laplacian, 123, 128
Least-squares:
curve, 215
line, 214
Legendre functions, 164-168
of the second kind, 166
Legendre polynomial, 164-165, 232
generating function for, 164
recurrence formula for, 166
tables of values for, 269

Legendre’s associated differential equation, 168

Legendre’s differential equation, 118, 164
Leibniz’s rule, 64
Lemniscate, 28
Limacon of Pascal, 32
Line, 22, 35
of best fit, 214
regression, 214
Line integral, 124

Logarithmic functions, 53-55 (See also Logarithms)
series for, 139
table of values, 245-246, 252-253
Logarithms, 53-55
of complex numbers, 55
Griggsian, 53

Maclaurin series, 138
Mean, 208
continuous random variable, 224
deviation (M.D.), 211
discrete random variable, 223
geometric, 209
grand, 209
harmonic, 209
population, 212
weighted. 209
Mean value theorem,
for definite integrals, 108
generalized, 109
Median, 208
Midpoint rule, 231, 235
Midrange, 210
Milne’s method, 236
Minkowski’s inequality, 206
for integrals, 206
Mode, 209

Modified Bessel functions,
155-157

generating function for, 157

graphs of, 159

recurrence formulas for, 157
Modulus of a complex number, 11
Moment, rth, 212
Momental skewness, 212
Moments of inertia, 41
Monoticity Rule (Probability), 218
Mutinomial coefficients, 9
Multiple integrals, 125

Napier’s rules, 52
Natural logarithms and antilogarithms,
53
tables of, 252-253
Neumann’s function, 153
Newton’s:
backward-difference formula, 228
forward-difference formula, 228
interpolation, 227
method, 233
Nonhomogeneous differential equation, linear
second order, 117
Nonlinear equations, solution of, 233
Normal curve, 276-277
distribution, 226
Normal equations for least-squares line, 214
Null function, 189
Numbers:
Bernoulli, 142
Euler, 142
Numerical methods for partial differential equations,
237-239

Oblate spheroidal coordinates, 131
Orthogonal curvilinear coordinates, 127-128
formulas involving, 128
Orthogonality:
Chebyshev’s polynomials, 176
Laguerre polynomials, 172
Legendre polynomials, 165
Opvals of Cassini, 32



Parabola, 25
segment of, 18
Parabolic cylindrical coordinates, 129
Paraboloid, 40
Paraboloidal coordinates, 130
Parallelepiped, 19
Parallelogram, 7
Parameter, 208
Parseval’s identity for:
Fourier series, 144
Fourier transform, 194
Partial:
derivatives, 65
differential equations, numerical methods, 237
Pascal’s triangle, 8
Percentile, kth, 211
Periods of elliptic functions, 200
Plane analytic geometry, formulas from, 22-27
Plane, complex, 10
Poisson:
distribution, 226
equation, 237
summation formula, 137
Polar:
coordinates, 24
form of a complex number, 11
Polygon, regular, 17
Polynomial function (least-squares), 214
Polynomials:
Chebyshev’s, 175
Laguerre, 171
Legendre, 164
Population, 208
mean 210
standard deviation, 212
variance, 212
Power function (least-squares), 214
Power series, 138—141
reversion of 141
Powers, sums of, 134
Present value, of an amount, 273
of an annuity, 275
Probability, 217
distribution, 223
function, 218
tables, 276
Products, infinite, 207
special, 5
Pulse function, 192
Pyramid, volume of, 20

Quadrants, 43

Quadratic convergence, 233
Quadratic equation, solution of, 103
Quadrature, 231-232

Quartic equation, solution of, 13
Quartile coefficient of skewness, 212
Quartiles [Q,, M, Q ], 211

Radians, 4, 44
table of conversion to degrees, 250
Random numbers table, 282
Random variable, 223-226
standardized, 226
Range, sample, 210
Real part of a complex number, 10
Reciprocals of powers, sums of, 135
Rectangle, 13
Rectangular coordinate system, 120
Rectangular coordinates, 24
transformation to polar coordinates, 24
Rectangular formula, 109
Rectified sine wave function, 191

Recurrence or recursion formulas:
Bessel functions, 154
Chebyshev’s polynomials, 175
gamma function, 149
Hermite polynomials, 169
Laguerre polynomials, 171
Legendre polynomials, 165

Regression line, 214

Regular polygon, 17

Remainder:

Cauchy’s form, 13
Lagrange form, 138

Remainder formula:
Gauss-Legendre interpolation, 232
Hermite interpolation, 230
Lagrange interpolation, 227

Reversion of power series, 141

Richardson method, 240

Riemann zeta function, 204

Right circular cone, 20

Rochigue’s formula:

Laguerre polynomials, 171
Legendre’s polynomials, 164

Root mean square (R.M.S.), 211

Roots of complex numbers, 11

Rose, 29

Rotation, 24, 37

Runge-Kutta method, 236

Sample, 208
covariance, 213
Saw tooth wave function, 191
Scalar, 119
multiplication of vectors, 119
Scalar or dot product, 120
Scale factors, 127
Scatterplot, 212
Schwarz (Cauchy-Schwarz) inequality, 205
for integrals, 206
Secant method, 233
Second-order differential equation, 117
Second-order divided-difference formula, 228
Sector of a circle, 17
Segment:
of circle, 18
of parabola, 18
Semi-interquartile range, 211
Separation of variables, 116
Series, arithmetic, 134
arithmetic-geometric, 134
binomial, 188
of constants, 134
Fourier, 144148
geometric, 134
power, 138
of sums of powers, 134
Taylor, 138-141
Simpson’s formula, 109, 231
Sine, 43
graph of, 46
table of values, 247
Sine integral, 88
table of values, 264
Sines, law of, 51
Skewness, 212
Solid analytic geometry, 34—40
Solutions of algebraic equations, 13-14
SOR (successive-overrelaxation) method, 240
Sphere, equations of, 38
surface area, 19
volume, 21
Spherical coordinates, 38, 129
Spherical triangle, 51

INDEX



INDEX

Spiral of Archimedes, 33

Square wave function, 191

Squares error, 215

Standard deviation, 210
continuous random variable, 225
discrete random variable, 224
population, 212
sample, 210

Standardized random variable, 215

Statistics, 208-216
tables, 276-281

Step function, 192

Stirling’s formula, 150

Stochastic process, 219

Stokes’ theorem, 126

Student’s ¢ distribution, 226
table of, 298

Successive-overrelaxation (SOR) method, 240

Summation formula:
Euler-Maclaurin, 137
Poisson, 137

Surface integrals, 125

Tangent function, 43
graph of, 46
table of values, 249
Tangents, law of, 51, 52
Taylor series, 138—141
two variables, 141

Three-point interpolatory formula, 228

Toroidal coordinates, 132
Torus, surface area, volume, 18
Total probability, Law of, 220
Tractrix, 31
Transformation:

Jacobian of, 128

of coordinates, 24, 36-37, 128

of integrals, 70, 128
Translation of coordinates:

in a plane, 24

in space, 36
Trapezoid, area, perimeter, 16

Trapezoidal rule (formula), 109, 231, 235

Tree diagrams, Probability, 219

Triangle inequality, 205
Triangular wave function, 191
Trigonometric functions, 43-52

definition of, 43

graphs of, 46

inverse, 49-50

series for, 139

tables of, 247-249
Triple integrals, 125
Trochoid, 30
Two-point formula, 228
Two-point interpolatory

formula, 228

Unit function, Heaviside’s, 192
Unit normal to the surface, 125
Unit vector, 120

Variance, 210
continuous random variable, 225
discrete random variable, 224
population, 210
sample, 210
Vector analysis, 119-133
Vector or cross-product, 121
Vectors, 119
derivatives of, 122
integrals involving, 124
unit, 119
Volume integrals, 125

Wallis’ product, 207
Wave equation, 238
Weber’s function, 153
Weighted mean, 209
Witch of Agnesi, 31

x-intercept, 22
y-intercept, 22
Zero vector, 119

Zeros of Bessel functions, 267
Zeta function of Riemann, 204



