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Introduction: Wall Street
Lessons from Bubbles

T he credit crisis that began to unfold in the United States and Europe in 2006
contains a treasure trove of lessons for risk managers that we have tried to

incorporate into this book. Since we have each worked in Japan, we felt strongly that
the collapse of the Japanese bubble, which peaked in late 1989, contained equally
useful lessons for risk managers. As you’ll note in the “key fallacies in risk man-
agement” discussed below, many ignored the lessons of the Japanese bubble because
of the common fallacy that “if it hasn’t happened to me yet, it won’t happen to me,
even if it’s happened to someone else.”

Now that the United States and much of Europe are experiencing the collapse of
a bubble much like that which burst in Japan, the lessons from each of these bubbles
seem much more relevant to risk managers around the world.

We have worked hard in the second edition of this book to severely de-
emphasize the discussion of financial models that are obviously inaccurate, mis-
leading, or clearly inferior to another modeling approach. We make this judgment on
the basis of cold hard facts (via model testing) or because of assumptions that are
known to be false. The list of models that failed under the duress of the credit crisis is
a long one, and we make no apologies for reflecting those failures in this book.
We’ve also worked hard to explain which models performed well during the credit
crisis. Again, we base that judgment on model testing and the logical consistency and
accuracy of the assumptions behind those models.

We believe in a “multiple models approach” to risk management. That doesn’t
mean, however, that all models used are equally accurate. Nothing could be further
from the truth. The use of a multiple models approach, however, makes it clear when
a better model has been brought to the risk management discipline and when it’s time
for an older model to be removed from the toolkit. One of our British friends pro-
vided the elegant observation that “I don’t think it’s gentlemanly to compare the
accuracy of two models.” The authors, by contrast, believe that such comparisons
are a mandatory part of corporate governance and best practice risk management.

With that brief introduction, we turn to a short summary of common fallacies in
risk management that have been exposed as fallacies very starkly in the wake of the
recent credit crisis.

KEY FALLACIES IN RISK MANAGEMENT

Summarizing the dangerous elements of conventional wisdom in risk management isn’t
easy.We’ve restricted ourselves to the sevenmost dangerous ways of thinking about risk.
Eachof themhasmuch in commonwith this famousquote of JohnMaynardKeynes from
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“The Consequences to the Banks of the Collapse of Money Values” in 1931: “A sound
banker, alas, is not onewho foresees danger andavoids it, but onewho,whenhe is ruined,
is ruined in a conventional way along with his fellows, so that no one can really blame
him.”We summarize them here and discuss each briefly in turn:

n If it hasn’t happened to me yet, it won’t happen to me, even if it’s happened to
someone else.

n Silo risk management allows my firm to choose the “best of breed” risk model
for our silo.

n I don’t care what’s wrong with the model. Everyone else is using it.
n I don’t care what’s wrong with the assumptions. Everyone else is using them.
n Mathematical models are superior to computer simulations.
n Big North American and European banks are more sophisticated than other

banks around the world and we want to manage risk like they do.
n Goldman says they do it this way and that must be right.

We discuss each of these fallacies in turn.

If It Hasn’t Happened to Me Yet, It Won’t Happen to Me, Even If It’s
Happened to Someone Else.

The perceived risk in any given situation is often a function of the age, the location,
and the personal experience of the person making the risk assessment. There are lots
of examples. Some motorcycle riders don’t wear helmets. Some smokers think cancer
happens to other people. In risk management, perhaps the biggest mistake in 2005
and 2006 was the assumption that “home prices don’t go down” in the United States,
in spite of considerable evidence in a major feature on the home price bubble from
The Economist (June 16, 2005). Exhibit I.1 compares, from the perspective of Jan-
uary 2006, the relative home price appreciation during the Japanese bubble (since
1982) and Case-Shiller home prices indices for Los Angeles and a 10-city composite
(since 1996). U.S. market participants, in spite of evidence like this, continued to
assume U.S. home prices would rise.

Of course, this assumption was dramatically wrong. It’s best illustrated by
Richard C. Koo (“The World in Balance Sheet Recession: Causes, Cure, and Poli-
tics,” Nomura Research Institute, 2011) in Exhibit I.2, showing how similar the
collapse in U.S. and Japan home prices has been.

Obviously, just because something hasn’t happened to you yet doesn’t mean that
it won’t. Why that isn’t obvious to more risk managers is a mystery to us.

Silo Risk Management Allows My Firm to Choose the “Best of Breed”
Risk Model for Our Silo.

Alan Greenspan, former Chairman of the Board of Governors of the Federal Reserve,
made an important confession in this quote from the Guardian, five weeks after the
collapse of Lehman Brothers, on October 23, 2008: “I made a mistake in presuming
that the self-interests of organizations, specifically banks and others, were such that
they were best capable of protecting their own shareholders and their equity in the
firms.” In the same manner, management of large financial institutions often ignores
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the fact that their staff acts in their own best interests, with the best interests of the
organization being a secondary consideration at best. How else to explain why
institutions often use separate and inconsistent risk systems for market risk, credit
risk, liquidity risk, interest rate risk, capital allocation, and so on? Using today’s
financial and computer technology, there is no systems or financial theory reason for
such systems to be separate and distinct.

Disparate risk management units almost never cooperate in consolidating risk
systems, even when there is an obvious increase in accuracy in risk assessment, unless
it is forced from the top down. With the recent decline in U.S. home prices driving all
of these silo risks, using a suite of separate risk systems (most of which could not
analyze home prices as a risk factor) does nothing for the shareholders, but it builds
barriers that preserve the independence of silo risk management organizations.

I Don’t Care What’s Wrong with the Model. Everyone Else Is Using It.

One of us gave a presentation to the European meeting of the International Asso-
ciation of Credit Portfolio Managers in Zurich in May 2007, just as the credit crisis
was beginning to become obvious to more people. The thrust of the presentation was
that the commonly used copula method for valuation of collateralized debt obliga-
tions gave dramatically more optimistic valuations than an alternative approach (the
“reduced form approach”), in which a series of key macroeconomic (macro) factors
are common drivers of default probabilities for each reference name. After the pre-
sentation, two bankers illustrated the accuracy of Keynes’s previous quote by saying,
“That was a good presentation, but there were 100 people in this room and 99 of
them think you’re wrong.” Alas, the presentation was right on the mark, but the
power of conventional wisdom blinded many to their model risk.

I Don’t Care What’s Wrong with the Assumptions. Everyone Else Is
Using Them.

In this book, we devote a lot of time to pointing out the false assumptions of various
models as an important part of assessing model risk. Surprisingly, many risk man-
agers are unconcerned about false assumptions, especially if many others are using
the same false assumptions. Two of the most spectacular falsehoods have to be
mentioned. The first is the use of the Black model to value interest rate caps and
floors, even though the Black model assumes interest rates are constant! The second
is the assumption of the most common form of copula model for CDO valuation,
that every pair of reference names has the identical correlation in default risk. The
lack of anxiety about the false assumptions in these two cases in particular has
resulted in a lot of job losses at major financial institutions. Beware.

Mathematical Models Are Superior to Computer Simulations.

Consistent with Alan Greenspan’s earlier quote, it would not be accurate to assume
that the academic builders of financial models have the shareholders’ interests at
heart. They don’t. They have their own interests at heart, and primary among those
interests is to be published in prestigious academic journals as often as possible. Even
the most casual reader of such journals will observe that the overwhelming majority
of articles about valuation models presents a formula for an answer, not a
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simulation. In order to get a mathematical formula for an answer, even the best
academic financial theorists are forced to make simplifying assumptions that are not
accurate. Among the many such assumptions are assumptions that a variable is
normally distributed when it’s not, assumptions that returns from period to period
are independent when they’re not, and the assumption that the number of risk factors
that determine risk are small in number (1, 2, or 3) when in fact that’s not the case.

A common theme in this book is that such simplifications have caused many
institutions to fail and many risk managers to lose their jobs. A realistic simulation
that has no “closed form” mathematical solution is usually the only accurate way to
describe risk accurately. Sadly, such a simulation will normally not be published in a
prestigious academic finance journal.

Big North American and European Banks Are More Sophisticated
Than Other Banks around the World and We Want to Manage Risk
Like They Do.

In spite of the second $1 trillion bail-out of U.S. financial institutions in the last 25
years, many persist in the belief that large North American and European financial
institutions are the most skilled risk managers in the world. This hallucination per-
sists in spite of a mass of public evidence to the contrary. Two quotes with respect to
Citigroup in the aftermath of the credit crisis illustrate the point quite well. The
New York Times (November 22, 2008) suggests the risk management expertise of
top management at Citigroup:

“Chuck Prince going down to the corporate investment bank in late 2002
was the start of that process,” a former Citigroup executive said of the
bank’s big C.D.O. push. “Chuck was totally new to the job. He didn’t know
a C.D.O. from a grocery list, so he looked for someone for advice and
support. That person was Rubin. And Rubin had always been an advocate
of being more aggressive in the capital markets arena. He would say, ‘You
have to take more risk if you want to earn more.’

In Fortune magazine (November 28, 2007), Robert Rubin makes the point even
more strongly: “I tried to help people as they thought their way through this. Myself,
at that point, I had no familiarity at all with CDOs.”

Besides this evidence, there are the public records of the bailouts of Citigroup,
Bank of America, Merrill Lynch, Bear Stearns, Royal Bank of Scotland, HBOS, and a
host of European institutions. Why does this belief—a hallucination, perhaps—in the
risk management expertise of North American and European institutions go on? We
think that management teams in many countries are much more sophisticated about
risk management on a day-to-day basis than U.S. banks were during the credit crisis.
Working with risk managers in 32 countries, we still see this differential in expertise
on a daily basis.

Goldman Says They Do It This Way and That Must Be Right.

We continue to be astonished that many financial market participants believe the
modeling approach described to them by the big Wall Street firm’s local sales rep. The
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use of financial model discussions in the mid-1980s by Salomon Brothers in Tokyo was
a legendary example of how to do what Wall Street does, fleecing clients by building up
a “relationship” about financial models in which naïve buy-side clients reveal their
proprietary modeling approach in trade for hearing about Salomon’s “proprietary” yen
fixed-income models. In reality, the modeling conversation was strictly to exploit the
clients’ naiveté by model arbitrage. Total profits in Tokyo for Salomon during this time
averaged more than $500 million per year for more than a decade.Model arbitrage was
at the heart of the CDO losses on Wall Street, with an interesting twist. Many traders
arbitraged their own firms and then moved on when the game ended. It is important to
remember that Wall Street and Wall Street traders have the same “relationship” with
clients that you might have with a hamburger at McDonald’s.

SELECTED EVENTS IN THE CREDIT CRISIS

As the credit crisis recedes into history, leaving only U.S. and European government
deficits behind, it is important to record the credit crisis history before it’s lost. This
section summarizes recent events to confirm the accuracy of the assertions above. In
the chapters that follow, we describe an approach to risk management designed to
protect our readers from the kinds of events that unfolded in the credit crisis.

The credit crisis chronology below was assembled from many sources:

n A contemporaneous set of press clippings and news articles maintained by
Kamakura Corporation from the very early dates of the credit crisis

n A credit risk chronology maintained by the Federal Reserve Bank of St. Louis
n A credit risk chronology maintained by the University of Iowa. We would like to

thank @bionicturtle via twitter for bringing this chronology to our attention
n The “Levin report,” released by Senator Carl Levin on April 13, 2011

The full citation for the Levin report is as follows:
Wall Street and the Financial Crisis: Anatomy of a Financial Collapse, Majority and
Minority Staff Report, Permanent Subcommittee on Investigations, United States Senate,
April 13, 2011.

This list is an abridged version of a longer chronology on www.kamakuraco.com
listed in the bibliography.

September 2, 2004 Washington Mutual chief risk officer Jim Vanasek sends
internal Washington Mutual memo stating “At this point
in the mortgage cycle with prices having increased far
beyond the rate of increase in personal incomes, there
clearly comes a time when prices must slow down or
perhaps even decline.” (Levin report, p. 66)

May 31, 2005 “FedDebates Pricking the U.S. Housing Bubble,”NewYork
Times. (Levin report, p. 272)

June 3, 2005 “Yale Professor Predicts Housing Bubble Will Burst,”
National Public Radio. (Levin report, p. 272)

June 16, 2005 “The global housing boom: In come the waves. The
worldwide rise in house prices is the biggest bubble in
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history. Prepare for the economic pain when it pops.”
The Economist.

September 30, 2005 Case-Shiller home price index for Boston, MA peaks.
(Standard & Poor’s)

April 30, 2006 In an April memo discussing Countrywide’s issuance of
subprime 80/20 loans, which are loans that have no
down payment and are comprised of a first loan for 80
percent of the home’s value and a second loan for the
remaining 20 percent of value, resulting in a loan to
value ratio of 100 percent, Countrywide CEO Angelo
Mozilo wrote “In all my years in the business I have
never seen a more toxic pr[o]duct.” (Levin report,
p. 232)

May 2, 2006 Ameriquest Mortgage closes retail branch network and lays
off 3,600 employees. (Orange County Register)

May 5, 2006 Merit Financial Inc. files for bankruptcy. (SeattlePI)
July 31, 2006 Case-Shiller home price index for 20-city Composite Index

peaks. (Standard & Poor’s)
August 31, 2006 Case-Shiller home price index for Las Vegas peaks. (Standard

& Poor’s)
September 30, 2006 Case-Shillerhomeprice index forLosAngelespeaks. (Standard

& Poor’s)
October 31, 2006 S&P director in an internal e-mail “note also the ‘mailing in

the keys and walking away’ epidemic has begun.” (Levin
report, p. 268)

December 13, 2006 Dan Sparks informed the Firm-Wide Risk Committee of
Goldman Sachs that two more subprime originators had
failed in the last week and that there was concern about
early payment defaults, saying, “Street aggressively putting
back early payment defaults to originators thereby
affecting the originators business. Rumors around more
failures in the market.” (Levin report, p. 478)

January 31, 2007 By January 2007, nearly 10 percent of all subprime loans
were delinquent, a 68 percent increase from January 2006.
(Levin report, p. 268)

February 2, 2007 Dan Sparks reported to senior Goldman Sachs executives,
“The team is working on putting loans in the deals back
to the originators (New Century, Wamu, and Fremont,
all real counterparties) as there seem to be issues
potentially including some fraud at origination . . .”
(Levin report, p. 484)

February 22, 2007 HSBC fires head of its U.S. mortgage lending business as
losses reach $10.5 billion

April 2, 2007 New Century, subprime lender, declares bankruptcy.
(Bloomberg; Levin report, p. 47)

June 17, 2007 Two Bear Stearns subprime hedge funds collapse. (Levin
report, p. 47)
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July 6, 2007 UBS fires CEO and the heir apparent for Chairman of the
Board Peter Wuffi. (Financial Times)

July 9, 2007 Credit Suisse releases a report that shows overall market
CDO losses could total up to $52 billion. (Bloomberg)

August 2, 2007 Bailout of IKB Deutsche Industriebank AG due to losses of
up to h1 billion on mortgage-related CDOs. (Bloomberg)

August 3, 2007 AXA rescues money market funds after subprime losses.
(Reuters)

August 9, 2007 BNP freezes $2.2 billion of funds over subprime. (Reuters,
Bloomberg)

August 14, 2007 17 Canadian structured investment vehicles fail when
commercial paper is denied by Canadian banks.
(Bloomberg)

August 16, 2007 Countrywide taps $11.5 billion commercial paper backup
line. (Bloomberg)

September 14, 2007 Bank of England rescues Northern Rock over UK mortgage
losses. (Reuters)

October 1, 2007 UBS announces a $3.7 billion write-down and, after the
announcement, the chief executive of its investment
banking division, Huw Jenkins, was replaced. (Financial
Times)

October 5, 2007 Merrill Lynch writes down $5.5 billion in losses on
subprime investments. (Reuters)

October 16, 2007 Citigroup announces $3 billion in write-offs on subprime
mortgages. (Financial Times)

October 18, 2007 Bank of America writes off $4 billion in losses (Bloomberg)
October 24, 2007 Merrill Lynch writes down $7.9 billion on subprime

mortgages and related securities. (Bloomberg; Financial
Times)

October 30, 2007 Merrill Lynch CEO O’Neal fired. (Reuters)
November 5, 2007 Citigroup CEO Prince resigns after announcement that

Citigroup may have to write down as much as $11 billion
in bad debt from subprime loans. (Bloomberg)

November 7, 2007 Morgan Stanley reports $3.7 billion in subprime losses.
(Bloomberg)

November 13, 2007 Bank of America says it will have to write off $3 billion in
bad debt. (BBC News)

November 15, 2007 Barclays confirms a $1.6 billion write-down in the month
of October on their subprime holdings. The bank also
released that more than d5 billion in exposure to
subprime loan packages could lead to more write-
downs in the future. (Bloomberg)

November 21, 2007 Freddie Mac announces $2 billion in losses from mortgage
defaults (Financial Times)

December 6, 2007 The Royal Bank of Scotland announces that it expects to
write down d1.25 billion because of exposure to the U.S.
subprime market. (BBC News)
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December 10, 2007 UBS announces another $10 billion in subprime write-
downs, bringing the total to date to $13.7 billion. UBS
also announced a capital injection of $11.5 billion from
the government of Singapore and an unnamed Middle
East investor. (MarketWatch.com)

December 12, 2007 Federal Reserve establishes Term Auction Facility to
provide bank funding secured by collateral. (Levin
report, p. 47)

December 19, 2007 Morgan Stanley announces $9.4 billion inwrite-downs from
subprime losses and a capital injection of $5 billion from a
Chinese sovereign wealth fund. (Financial Times)

January 15, 2008 Citigroup reports a $9.83 loss in the fourth quarter after
taking $18.1 billion in write-downs on subprime
mortgage-related exposure. The firm also announced it
would raise $12.5 billion in new capital, including $6.88
billion from the Government of Singapore Investment
Corporation. (Financial Times)

January 17, 2008 Merrill Lynch announces net loss of $7.8 billion for 2007
due to $14.1 billion in write-downs on investments
related to subprime mortgages. (BBC News)

January 22, 2008 Ambac reports a record loss of $3.26 billion after write-
downs of $5.21 billion on its guarantees of subprime
mortgage-related bonds. (Financial Times)

February 14, 2008 UBS confirmed a 2007 loss of $4 billion on $18.4 billion in
write-downs related to the subprime crisis.

February 17, 2008 Britain announces the nationalization of Northern Rock,
with loans to Northern Rock reaching 25 billion pounds
sterling. (Financial Times)

February 28, 2008 AIG announces a $5.2 billion loss for the fourth quarter of
2007, its second consecutive quarterly loss. AIG
announced write-downs of $11.12 billion pretax on its
credit default swap portfolio. (Financial Times)

March 3, 2008 HSBC, the largest UK bank, reports a loss of $17.2 billion in
write-downs of its U.S. mortgage portfolio. (BBC News)

March 14, 2008 Federal Reserve and JPMorgan Chase agree to provide
emergency funding for Bear Stearns. Under the
agreement, JPMorgan would borrow from the Federal
Reserve discount window and funnel the borrowings to
Bear Stearns. (Forbes; DataCenterKnowledge.com)

March 16, 2008 JPMorgan Chase agrees to pay $2 per share for Bear
Stearns on Sunday, March 16, a 93 percent discount to
the closing price on Friday March 14. JPMorgan agreed
to guarantee the trading liabilities of Bear Stearns,
effective immediately. (New York Times)

April 1, 2008 UBS, whose share price fell 83 percent in the last year,
reports it will write down $19 billion in the first quarter
on its U.S. holdings. (Financial Times)

Introduction: Wall Street Lessons from Bubbles xxxi

http://MarketWatch.com
http://DataCenterKnowledge.com


April 1, 2008 UBS CEO Ospel resigns after announcement that UBS total
losses are almost $38 billion. (Bloomberg)

April 18, 2008 Citigroup reports $5.11 billion in first quarter losses and $12
billion in write-downs on subprime mortgage loans and
other risky assets. The bank plans to cut 9,000 jobs in
addition to the 4,200 jobs cut in January. (BBC News)

May 9, 2008 AIG reports $7.81 billion in first quarter losses and $9.11
billion of write-downs on the revaluation of their credit
default swap portfolio. AIG Holding Company was also
downgraded to AA2 by two major rating agencies.
(SeekingAlpha.com).

June 2, 2008 Wachovia CEO Thompson is ousted following large losses
that resulted from the acquisition of a big mortgage
lender at the peak of the housing market. (Reuters)

June 25, 2008 Shareholders of Countrywide, a troubled mortgage lender,
approve the acquisition of the company by Bank of
America. (Financial Times)

July 11, 2008 IndyMac Bank, a $30 billion subprime mortgage lender
fails and is seized by FDIC after depositors withdraw
$1.55 billion. (Levin report, pp. 47 and 234)

July 17, 2008 Merrill Lynch writes down $9.4 billion on mortgage related
assets. (Financial Times)

July 19. 2008 Citigroup lost $5.2 billion and had $7.2 billion of write
downs in the second quarter. (Financial Times)

July 22, 2008 Marking the largest loss in the history of the fourth largest
U.S. bank, Wachovia loses $8.9 billion in the second
quarter. (Financial Times)

September 7, 2008 U.S. takes control of Fannie Mae & Freddie Mac. The two
companies currently have $5,400 billion in outstanding
liabilities and guarantee three-quarters of new U.S.
mortgages. The government agreed to inject up to $100
billion in each of them and will buy mortgage-backed
bonds. (Levin report, p. 47; Financial Times)

September 11, 2008 Lehman Brothers reports its worst ever third quarter as it lost
$3.9 billion total and $7.8 billion in credit linked write-
downs. The company plans to shrink its size. (Financial
Times)

September 13, 2008 The U.S. Treasury and Federal Reserve refuse to provide
public funds to help with a rescue takeover for Lehman
Brothers as they did for Bear Sterns. Bank of America
backs out of negotiations with Lehman Brothers because
of the lack of government funds. (Financial Times)

September 15, 2008 Lehman Brothers bankruptcy. (Levin report, p. 47)
September 15, 2008 Merrill Lynch announces sale to Bank of America. (Levin

report, p. 47)
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September 16, 2008 Federal Reserve offers $85 billion credit line to AIG; Reserve
Primary Money Fund NAV falls below $1. (Levin report,
p. 47)

September 18, 2008 Lloyds rescues HBOS, the largest mortgage lender in the
UK. (Reuters)

September 21, 2008 Goldman Sachs and Morgan Stanley convert to bank
holding companies. (Levin report, p. 47)

September 25, 2008 Washington Mutual fails, subsidiary bank is seized by the
FDIC and sold to JPMorgan Chase for $1.9 billion.
JPMorgan Chase immediately wrote off $31 billion in
losses on the Washington Mutual assets. (The Guardian;
Levin report, p. 47)

October 3, 2008 Congress and President Bush establish Troubled Asset
Relief Program (TARP), which is created by the
Emergency Economic Stabilization Act (EESA). The
revised bailout plan allows the Treasury to restore
stability to the financial system by buying $700 billion
in toxic debt from banks. (Levin report, p. 47; SIGTARP
report, p. 2; CNN)

October 4, 2008 Wells Fargo offers $15.1 billion to buy Wachovia,
outbidding Citigroup’s $2.2 billion bid. (Financial Times)

October 6, 2008 Germany announces h50 billion bail-out of Hypo Real
Estate AG. (USAToday)

October 6, 2008 Germany announces unlimited guarantee of h568 billion in
private bank deposits. (USAToday)

October 8, 2008 The UK government implements d400 billion rescue plan
that includes government investing in banking industry,
guaranteeing up to d250 billion of bank debt, and adding
d100 billion to the Bank of England’s short-term loan
scheme. (Financial Times)

October 13, 2008 The UK government injects d37 billion in the nation’s three
largest banks, kicking off the nationalization process.
(Financial Times).

October 14, 2008 The U.S. government announces capital injection of $250
billion, of which $125 billion will go to nine large banks
as part of the Capital Purchase Program (CPP) in
exchange for more government control on items such
as executive compensation. (Financial Times; SIGTARP
report, p. 1)

October 16, 2008 Switzerland government gives UBS a $59.2 billion bailout.
(Bloomberg)

October 28, 2008 U.S. uses TARP to buy $125 billion in preferred stock at nine
banks. The nine banks held over $11 trillion in banking
assets or roughly 75 percent of all assets owned by U.S.
banks. (Levin report, p. 47; SIGTARP report, p. 1)
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November 23, 2008 U.S. gives government bailout to Citigroup, agreeing to
cover losses on roughly $306 billion of Citigroup’s risky
assets. (Reuters)

December 18, 2008 President George W. Bush reveals plan to rescue General
Motors and Chrysler by lending them a total of $17.4
billion. (Financial Times)

January 15, 2009 The U.S. government gives Bank of America an additional
$20 billion as part of TARP’s Targeted Investment
Program (TIP), which allows the Treasury to make
additional targeted investments than what was given
under TARP’s Capital Purchase Program. Furthermore,
the government agrees to guarantee nearly $118 billion
of potential losses on troubled assets. (SIGTARP report,
p. 1; Financial Times)

March 20, 2009 German parliament passes Hypo Real Estate Nationalization
bill. (Deutsche Welle)

September 12, 2010 German government adds another h50 billion in aid to
Hypo Real Estate AG bringing total support to h142
billion. (Business Standard)
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CHAPTER 1
A Risk Management Synthesis
Market Risk, Credit Risk, Liquidity Risk,

and Asset and Liability Management

The field of risk management has undergone an enormous change in the past 40
years and the pace of change is accelerating, thanks in part to the lessons learned

during the credit crisis that began in late 2006.
It hasn’t always been this way in the risk management field, as Frederick

Macaulay must have realized nearly 40 years after introducing the concept of
duration in 1938. The oldest of the three authors entered the banking industry in
the aftermath of what seemed at the time to be a major interest rate crisis taking
place in the United States in the years 1974 and 1975. Financial institutions were
stunned at the heights to which interests rates could rise, and they began looking for
ways to manage the risk. Savings and loan associations, whose primary asset class
was the 30-year fixed rate mortgage, hurriedly began to offer floating-rate mort-
gages for the first time. In the midst of this panic, where did risk managers turn? To
the concept of mark to market and hedging using Macaulay duration? (We discuss
these in Chapters 3 to 13.) Unfortunately, for many of the institutions involved, the
answer was no.

During this era in the United States, a mark-to-market approach came naturally
to members of the management team who rose through the ranks on the trading
floor. In this era, however, and even today, chief executive officers who passed
through the trading floor on their way to the top were rare. Instead, most of the
senior management team grew up looking at traditional financial statements and
thinking of risk on a net income basis rather than a mark-to-market basis. This is
partly why Citicorp CEO Charles Prince was described in the Introduction as an
executive who “didn’t know the difference between a CDO and a grocery list.”

As a result, the first tool to which management turned was simulation of net
income, normally over a time horizon of one to two years. Given the Wall Street
analyst pressures that persist even to this day, it is not a surprise that net income
simulation was the tool of choice. What is surprising, however, is that it was often
the only choice, and the results of that decision were fatal to a large number of U.S.
financial institutions when interest rates rose to 21 percent in the late 1970s and
early 1980s. One trillion dollars later, U.S. financial institutions regulators had
bailed out hundreds of failed financial institutions that disappeared because of the
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unhedged interest rate risk and the credit risk that was driven by the high interest
rate environment.

From the perspective of 2012, risk management has taken two steps forward
and one step backward. The Federal Reserve’s Comprehensive Capital Analysis and
Review 2012 (CCAR, 2012) appropriately focuses on a lengthy list of macroeco-
nomic factors that contributed heavily to the credit crisis of 2006–2011. Those
macro factors represent the two steps forward. The step backward was that the
reporting of the CCAR 2012 results is still heavily oriented toward financial
accounting and net income measures instead of mark-to-market risk measures.

From a perspective in the 1980s, the failure of net income simulation-focused
risk management must have been only mildly satisfying to the fans of Frederick
Macaulay and his analytical, mark-to-market approach to risk management. Even in
the mid-1970s, when a moderate crisis had just occurred and hints of the crisis to
come were getting stronger, resistance to mark-to-market concepts in risk manage-
ment were strong and the costs to its advocates were high in career terms. The eldest
of the three authors, encouraged by the U.S. Comptroller of the Currency, pushed
hard for the adoption of mark-to-market-based risk management at the sixth-largest
bank in the United States from 1977 to 1982. The chief financial officer, one of the
brightest people in banking at the time, listened carefully but did not buy the concept,
his PhD from Stanford University notwithstanding. He was so programmed by
accounting concepts by that stage of his career that the mark-to-market approach to
risk management was a foreign language that he would never feel comfortable
speaking. The advocate of the mark-to-market approach to risk management had to
change firms.

This type of financial accounting–focused executive is still in the majority
today. The departed Charles Prince at Citigroup is a prime example, but the former
CEOs at failed firms like Lehman Brothers, Bear Stearns, Northern Rock PLC,
Royal Bank of Scotland PLC, Merrill Lynch, Bank of America, Wachovia, and
Washington Mutual all suffered from the same fate. The risk that CEOs face from
ignoring mark-to-market risk measurement is much larger and subtler now than
it was during the savings and loan crisis. Trading activities are larger, financial
instruments are more complex, and the compensation system at large finan-
cial institutions has caused the interests of traders and the interests of management
and the shareholders to diverge wildly.

On the one hand, CEOs understand how critical risk management can be.
Lehman CEO Dick Fuld was quoted by McDonald and Robinson (2009) in A
Colossal Failure of Common Sense, as saying, “The key to risk management is never
putting yourself in a position where you cannot live to fight another day” (317). On
the other hand, the view held by the staff of management’s expertise showed a clear
understanding of what management did and did not understand. McDonald and
Robinson note, “The World War I British Army was once described by a German
general as ‘lions led by donkeys.’ Mike Gelband’s [head of fixed income] opinion of
the chain of command in Lehman’s little army could scarcely have been more suc-
cinctly phrased” (234).

Every once in a while, the donkeys at the top realized that there are both lions
and donkeys below. Business Insider quoted John Thain after he was brought in to
rescue Merrill Lynch in 2008:

4 RISK MANAGEMENT: DEFINITIONS AND OBJECTIVES



“The bankers and traders dealing in CDOs didn’t understand what they
were doing,” John Thain said in a recent speech. “To model correctly one
tranche of one CDO took about three hours on one of the fastest computers
in the United States. There is no chance that pretty much anybody under-
stood what they were doing with these securities. Creating things that you
don’t understand is really not a good idea no matter who owns it,” the
former Merrill Lynch chief executive said in a speech this month, according
to Financial News.1

The failures of many financial institutions during the credit crisis could be
directly traced to a fundamental lack of understanding of risk in a large financial
institution. When important macroeconomic factors change (e.g., interest rates,
home prices, oil prices, foreign exchange rates, the business cycle), all of the risks that
the financial institution faces are affected, even if the financial institution calls these
risks by different names and attempts to manage the risks with separate groups of
people and separate risk systems that go by the labels “credit risk,” “market risk,”
“asset and liability management,” “liquidity risk,” and so on.

Comments from executives who were brought in to rescue failing firms show a
clear recognition of this problem. Here are a few recent samples:

n John Thain, CEO brought in to rescue Merrill Lynch, said, “There were at least
two major problems. One was that credit risk management was separate from
market risk management, and that doesn’t make sense, because they are both
permutations of the other. We are combining market and credit risk. Merrill had
a risk committee. It just didn’t function. So now when we have a weekly meeting,
the head of fixed income and equities show up. I show up, and the risk heads
show up. It functions and functions across the businesses.”2

n Bloomberg.com, April 24, 2008, reporting on the Merrill Lynch shareholders
meeting, wrote, “Ann Reese, chairwoman of Merrill’s audit committee, said the
board had had ‘numerous discussions’ with management about its investments
in the months before the credit crisis. The board initially didn’t realize that prices
of CDOs were linked to the U.S. housing market. . . . ‘The CDO position did
not come to the board’s attention until late in the process,’ said Reese, a former
chief financial officer of ITT Corp. who now is co-executive director of the
nonprofit Center for Adoption Policy. ‘For reasons that we have subsequently
explored, there was not a sense that these triple-A securities should be included
in the overall exposure to residential real estate.’”3

n The UBS AG “Shareholders’ Report on UBS’s Write-downs” stated, “Whilst there
were a number of credit spread RFL [risk factor limit] limits in place, there was no
RFL that specifically addressed certain factors relevant to Subprime exposure,
such as delinquency rates or residential real estate price developments.”4

n Vikram Pandit, CEO at Citigroup after the departure of Charles Prince, said the
following on the PBS’s Charlie Rose Show: “What went wrong is we had tre-
mendous concentration in the sense we put a lot of our money to work against
U.S. real estate. . . . We got here by lending money, and putting money to work
in the U.S. real estate market, in a size that was probably larger than what we
ought to have done on a diversification basis.”5
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Besides management’s failure to understand how macroeconomic factors drove
risk, there were other serious problems. One of the biggest was the evolution of
compensation packages for traders after the merging of commercial banking and
investment banking in the 1990s. Mervyn King, Governor of the Bank of England,
was quoted by the New York Times on May 6, 2008, as saying “Banks have come to
realize in the recent crisis that they are paying the price for having designed com-
pensation packages which provide incentives that are not, in the long run, in the
interests of the banks themselves, and I would like to think that would change.”6

The result of the change in compensation systems was simple to describe. Tra-
ders increasingly had an incentive to “stuff” their own institution with overpriced
assets, like the super-senior tranches of collateralized debt obligations, that traders
would otherwise have to sell at a loss. For example, the Financial Crisis Inquiry
Commission explained, “Prince and Robert Rubin, chairman of the Executive
Committee of the board, told the FCIC that before September 2007, they had not
known that Citigroup’s investment banking division had sold some CDOs with
liquidity puts [the right to sell the CDO tranches back to Citigroup] and retained the
super-senior tranches of others.”7

Clearly, mark-to-market risk management is necessary but not sufficient to
correctly assess the risk of the institution as a whole. Complete information on the
positions of the institution, something Rubin and Prince did not have, is also nec-
essary but not sufficient. The heart of this book is to outline what tools and tech-
niques are both necessary and sufficient to have a complete and accurate
understanding of the risk of the firm.

RISK MANAGEMENT: DEFINITIONS AND OBJECTIVES

In the past decade, the definition of what risk management is all about has changed
dramatically for reasons we outline in the rest of this chapter. At this point, the best
practice definition of risk management can be summarized as follows:

Risk management is the discipline that clearly shows management the risks
and returns of every major strategic decision at both the institutional level
and the transaction level. Moreover, the risk management discipline shows
how to change strategy in order to bring the risk return trade-off into line
with the best long- and short-term interests of the institution.

This definition knows no boundaries in terms of the nature of the institution. It
applies to

n Pension funds
n Insurance companies
n Industrial corporations
n Commercial banks
n Cooperative financial institutions like savings banks
n Securities firms
n National government treasuries
n Foundations and charities
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Similarly, the definition knows no political or organizational boundaries like
those that have traditionally constrained the discipline of risk management from
achieving this integrated approach to risk management. This definition of risk
management includes within it many overlapping and inseparable subdisciplines.
This is but a partial list:

n Credit risk
n Market risk
n Asset and liability management
n Liquidity risk
n Capital allocation
n Regulatory capital calculations
n Operational risk
n Performance measurement
n Transfer pricing

The primary focus of this book is to show how to execute the practice of risk
management in a way that is fully integrated and makes no distinction between such
subdisciplines. There should be no distinctions between them because they are simply
different views of the same risk. They share the same mathematical roots, the same
data needs, the same management reporting needs, and increasingly the same infor-
mation technology infrastructure. (A detailed discussion is provided in Chapter 40.)

Even more important, as the incidents at Citigroup illustrate, this definition
of risk management applies to all layers of management and those in positions of
responsibility for the institution, including the Board of Directors, the company’s
auditors, and the institution’s regulators, if any. All layers of management share a
common obligation and, yes, burden with respect to the practice of risk management.
The Basel Committee on Banking Supervision has recognized this (thousands of
pages of pronouncements can be found at BIS.org), as have banking regulators all
over the world, in their increasingly strict separation of duties requirements because
of incidents such as the following:

Internal auditors at one of the biggest firms on Wall Street, ABC & Co.,
approached a trader in exotic options and asked how they could come up
with an independent estimate of a certain type of volatility. The trader
replied “Call Joe at XYZ Brothers at 555–1234.” The auditors retired to
their offices to dial Joe but before they did the trader had called Joe himself,
an old drinking buddy, and told him what answer to give to the auditors’
question.8

Conflicts of interest become starkly apparent in the execution of best practice
risk management. The willingness of traders at Citigroup to provide liquidity puts
on the CDO tranches they sold reflected their own best interests, not the best interests
of the shareholders of Citigroup. All too often over the past 40 years, the only people
expert enough to assess the risk of certain complex transactions have had a vested
interest in misstating the risk, and often the valuation, of the transactions.

This incident confirms the risk that comes from an expertise differential between
trading and risk control. Fortunately, the developments in financial technology over
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the past 40 years have led to a sharp narrowing of the gap in spite of the incident just
mentioned. More important, the incident at Citigroup confirms the need for this
progress to continue. We can trace the rapid advance in risk management technology
to a number of factors.

ADVANCES IN INTEGRATED RISK MANAGEMENT AND INSTITUTIONAL
BARRIERS TO PROGRESS

For most of the past 40 years, there have been sharply defined “silos” that com-
partmentalized risk management in narrowly defined areas. Market risk was
focused on a narrowly defined set of instruments accounted for on a market value
basis, traded on a trading floor, with prices that were generally observable in the
market. Credit risk was itself split into two subdisciplines that were often strangely
disconnected:

n The decision about whether or not to originate a particular loan or private
placement

n The ongoing assessment of portfolio quality on instruments that have already
been put on the balance sheet

The first discipline was largely based on internal and external ratings of riski-
ness, which we discuss in Chapter 18, and traditional financial analysis. The second
discipline was conceptually more difficult, but lower-quality analytics normally
prevailed—it consisted mainly of measuring the slowly changing migration of the
portfolio from one distribution of ratings in the portfolio to another. Neither disci-
pline led to useful insights on pricing, valuation, or hedging of risk.

The asset and liability management risk silo in major banks and insurance
companies was normally confined to very short-term forecasts for financial
accounting–based net income. Best practice consisted of using a small number of
scenarios for testing net income sensitivity to specific changes in the shape and level
of yield curves. In commercial banks, at least both sides of the balance sheet were
included in this exercise. In life insurance and pension funds, the analysis of income
and cash flow were generally restricted to the investment portfolio—the asset side of
the institution only. The actuaries ruled the liability side and were not part of the
income simulation process until the last moment, when the asset side analysis and
liability side analysis were pasted together. A classic sign of this bifurcation of risk is
the concept of the replicating portfolio, the asset strategy that best matches the total
cash flows on the liability side in n scenarios. This concept is used in insurance and
nowhere else because of the huge political Great Wall of China between the actu-
aries and everyone else in the insurance business. If that wall came down, there are
many more accurate and efficient ways to set risk strategy than the replicating
portfolio concept.

Performance measurement was another silo with substantial differences among
types of institutions, even though their balance sheets were nearly identical in com-
position. To a pension plan, performance measurement applied only to the asset side
of the organization and it referred solely to whether the investment portfolio, sector
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by sector, outperformed a specific benchmark index. To a commercial bank, per-
formance measurement meant “funds transfer pricing,” the assignment of financial
accounting profits to each asset and liability on the balance sheet of the bank and the
subsequent compilation of financial accounting profits for each business unit. This
process was further complicated by capital allocation that assigned capital to busi-
ness units even if they had no liabilities and could have used the same performance
measurement approach as a pension plan. At an investment bank or on the trading
floor of a commercial bank, performance measurement was simply a raw calculation
of profit or loss with little or no adjustment for risk or performance versus a naïve
benchmark.

In Chapters 36 to 41, we explore these institutional differences in great detail and
reconcile the differences in implications and management actions. These differences
across institutions and industry segments are large, even though the financial insti-
tutions and major corporate treasury operations we are discussing are very similar to
each other.

A number of key breakthroughs in financial theory, financial instruments, and
computer science have proven that the silo approach to risk management is no
longer tenable. Furthermore, these developments have shown that the differences
in risk management approaches by institutional type are unnecessary and often
counterproductive.

The key events in this realization are easy to summarize:

Black-Scholes Options Model

The introduction of the options pricing model by Fisher Black and Myron Scholes in
1973 showed how to value a financial security that until that point had been con-
sidered impossible to value if there was not an observable market price. Just as
important, Black and Scholes, and associates such as Robert Merton, showed
explicitly how to incorporate riskiness into security valuation. This innovation
provided the very foundation for modern risk management. Recently, some pundits
have blamed Black and Scholes for the credit crisis that began in 2006. (For an
example of this genre, see Ian Stewart’s “The Mathematical Equation that Caused
the Banks to Crash,” The Observer, February 11, 2012.) Given that Fischer Black,
one of the giants of finance, passed away in August 1995, Stewart’s thesis is the
financial equivalent of blaming Henry Ford, who died in 1947, for twenty-first-
century automobile crashes.

Term Structure Models and the Heath, Jarrow, and Morton (HJM) Approach

In the middle of the 1970s, Robert Merton (1973) and Oldrich Vasicek (1977)
introduced models of the yield curve that were consistent with the no-
arbitrage foundations of Black and Scholes and based on the assumption that
the short-term rate of interest varies randomly and drives the rest of the yield
curve. Following an explosion of related term structure model developments in
the late 1980s and early 1990s, some of it by Fischer Black, Heath, Jarrow,
and Morton (HJM) published an imposing synthesis in three papers from 1990
to 1992. The HJM approach was a general solution that described what kind
of random yield curve movements were consistent with no arbitrage for any

A Risk Management Synthesis 9



given specification for the volatility of interest rates. (The HJM approach and its
special cases are a special emphasis of Chapters 6 to 14.)

Interest Rate Risk Crisis and the Credit Crisis

The interest rate spikes of the late 1970s and early 1980s created a strong need
to put the new risk management technologies to work as soon as possible. The
collapse of the Japanese bubble and the U.S. and European credit crisis of
2006–2011 made it quite clear that legacy approaches to risk management and the
silo organization of the risk management effort did not prevent the failures of
financial firms.

Advent of the Personal Computer

The advent of the personal computer and popular spreadsheet software democra-
tized risk management analysis, bringing to the working level the potential to go far
beyond the insights that could be gained by large, old-fashioned mainframe systems
then dominating the financial services industry. High-quality risk management
analysis could be explored and proven much more quickly and economically. Once
these “proof of concept” explorations were accepted by management, risk managers
had the enterprise-wide political support necessary to commit major resources to a
larger, state-of-the-art system.

Expansion of the Interest Rate Derivatives Market

The interest rate derivatives market had a chicken-and-egg relationship with the
exploding market in interest rate swaps, caps, and floors in the middle and late
1980s. New financial analytics for valuing these instruments made popular
acceptance of these risk management tools very rapid. A recent lawsuit by Charles
Schwab (filed August 23, 2011) accuses a large number of prominent financial
institutions of manipulating the London interbank offered rate (LIBOR) that has
been the basis for the floating ride side of interest rate swaps since the 1980s.
While the outcome of the legal process is not known as of this writing,
improvements in the integrity of the interest rate derivatives market are already
under way.

Computer Storage Capacity and Multithreading

Rapid declines in the cost of computer storage capability meant that transaction-level
risk management could become a reality in two senses. First, multiple instances of the
same data could be used by many analysts, who no longer were blocked from access
to the (formerly) single mainframe source of the data. Second, processing speed and
the level of precision took a great leap forward with the development of multichip
processors and the ability to multithread, spreading calculations and input–output
over multiple computer chips working simultaneously.

Monte Carlo Simulation and 64-Bit Operating Systems

Another important development in the mid-1980s was the rapid adoption of
Monte Carlo simulation as a risk management tool, further accelerating the
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analysis of risk and return by major financial institutions. Faster computer chips
were an essential component in making this step forward possible. The biggest boost
in the popularity and power of Monte Carlo simulation came after 2000, however,
with the development of the 64-bit operating system. This allowed a vastly greater
amount of computer memory to be used in the course of processing, eliminating the
need to store intermediate calculations on disk for later use. The impact of this
development cannot be overstated.

Development of Quantitative Credit Models and the Introduction
of Credit Derivatives

The next major development that accelerated the progress of risk management was
the introduction of quantitative models of credit risk and the proliferation of credit
derivatives such as credit default swaps, first-to-default swaps, and collateralized
debt obligations. Researchers such as Robert Jarrow (1999, 2001), Jarrow and
Turnbull (1995), and Duffie and Singleton (1999) constructed elegant models of
credit risk on a random interest rate framework, completing the analytical inte-
gration of credit risk and interest rate risk. Tyler Shumway (2001, 2008 with S.
Bharath); Jarrow and Chava (2004); and Campbell, Hilscher, and Szilagyi (2008,
2011) used logistic regression on historical databases to implement the mathe-
matical credit models.

MEASURING THE TRADE-OFFS BETWEEN RISK AND RETURN

The implications of these developments for integrated risk management and a more
sophisticated trade-off between risk and return were huge. For the first time, risk
could be measured instead of just debated. In addition, alternative strategies could be
assessed and both risk and return could be estimated using transaction-level detail for
the entire institution and any subportfolio within the institution. Just as important,
these developments dashed any rationale for the silo management of risk except that
of sheer corporate politics. Market risk, credit risk, liquidity risk, and asset and
liability management all use the same mathematics. They use the same data. They are
caused by the same macroeconomic factors. And they impact their institutions in the
same way. Any argument that they are separate and distinct from an analytical point
of view is a hard one to justify from the perspective of the twenty-first century.

We hope that this book convinces any doubters by the time the last chapter
is read.

WHEN BAD THINGS HAPPEN TO GOOD PEOPLE

In Chapter 2, we discuss the nature of risk and return measurement in great detail
and the organizational structure consistent with best practice in risk management.
Before we begin with a general discussion of risks that turned out badly, we provide
some practical insights into the kinds of analytics needed to assess the likelihood,
magnitude, and timing of specific risks.
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These three factors are closely linked. The likelihood of a risk occurring depends
on the time interval over which we measure the probability of occurrence. A given
risk—the March 11, 2011, earthquake in Japan—can have different magnitudes; and
the probability of an event of size X is not the same as the probability of an event of
size Y. Finally, timing is everything. An earthquake tomorrow has a greater present
value cost than an earthquake in the year 2525.

All of these points are obvious, and yet much of risk management has been slow
to progress from simple one-period models that assume many different risks that are
homogeneous in nature. For example, a common calculation in the collateralized
debt obligation market is to assume there is only one period (of perhaps five years in
length), that all reference names have constant default probabilities, and that all pairs
of reference names have the same pairwise correlation in their default probability.
This simplistic analysis seriously understates the risk of buying a CDO tranche, and it
is one of the primary reasons for the massive losses in the collateralized debt obli-
gation market. We discuss this in detail in Chapter 20.

We can understand why the likelihood, magnitude, and timing of risks have to be
analyzed in a more sophisticated manner by talking about how a specific type of
institution can fail and what actions would have had to be taken to save the
institution.

U.S. SAVINGS AND LOAN CRISIS

The U.S. savings and loan crisis of the 1980s was predominantly due to interest rate
risk, with a little interest rate–induced credit risk thrown in for spice. The savings and
loans owned huge portfolios of home mortgage loans with fixed rates for 30 years.
Most of the coupons on these loans were in the 8 to 10 percent range, although older
loans bore much lower coupons. Passbook savings accounts were federally insured
and yielded less than half of the mortgage coupons at the beginning of the crisis.
Interest rates on the accounts were capped by U.S. federal regulation Q. As short-
term rates began to rise, the savings and loans were reasonably complacent. They
funded a fairly modest portion of their balance sheets with certificates of deposit.

As rates began to rise, two things became increasingly clear to the public, if not to
management of the savings and loan associations. The first obvious point was that
the value of the mortgages was declining rapidly. The second obvious point was
that the savings and loans had very limited ability to hedge the interest rate risk
exposure they had so that things were sure to get worse as interest rates rose. And
finally, the public began to realize that the value of the assets of the savings and loans
was less than the value of the savings and loans’ obligations to depositors.

What happened next? Even with U.S. government deposit insurance in place,
depositors voted with their feet. Interest rates on certificates of deposit of the savings
and loan associations, even with U.S. deposit insurance, rose to a very substantial
premium over U.S. Treasury bills that, in theory, had the same risk. Regular savings
depositors withdrew their deposits in droves and savings and loans were unable to
fund their cash needs in the certificate of deposit market. The greater fool theory
(“even though my net worth is negative on a mark-to-market basis, someone will be
dumb enough to buy my certificates of deposit”) failed as a funding strategy.
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LONG-TERM CAPITAL MANAGEMENT

The collapse of Long-Term Capital Management, the prominent hedge fund, in the
late 1990s was a similar story. The fund took very large positions arbitraging credit
spreads using a very high degree of leverage. Credit spreads moved against LTCM in
a significant way. As a private institution, it was very difficult for market participants
to know what capital remained and so they did the prudent thing—they declined to
continue providing funding against LTCM positions, forcing LTCM to dump their
very large positions at very disadvantageous terms. The LTCM partners were too
smart to rely on the greater fool theory and sought help to liquidate the firm in a
smooth way, but they weren’t smart enough to have correctly assessed the likelihood,
magnitude, and timing of the risk inherent in their portfolio.

THE 2006–2011 CREDIT CRISIS

In the introduction, we listed a long chronology of the massive losses that rippled
through major financial institutions because of a series if miscues. A fall in home
prices caused a sharp increase in mortgage defaults, which in turn led to massive
losses in collateralized debt obligations with mortgage-backed securities as under-
lying reference collateral. The economics of these losses was combined with fraud in
the mortgage origination and securitization process and a lack of transparency that
hid the true state of affairs from both management and shareholders.

Once investors realized that CDO tranches were worth much less than the values
that major firms claimed in their financial statements, short-term funding for major
financial institutions with the biggest holdings disappeared quickly. A partial list of
corporate victims is given in the introduction. We discuss the funding shortfalls,
institution by institution, in Chapter 37.

The result of the credit crisis was the second $1 trillion bailout of U.S. financial
institutions in the past 25 years, with losses of similar magnitude throughout Europe.

A THOUSAND CUTS

These three case studies show how the magnitude of risk, likelihood of risk, and
timing of risk are intimately linked. They also show that the greater fool theory rarely
works for long once the dice have rolled and come up “snake eyes.”

That being said, risk “gone bad” can still destroy value without leading to the
demise of the institution. The experience of both Bank of America and Citigroup
during the credit crisis shows how a risk going wrong can destroy value and yet leave
the institution able to go forward, wounded but still alive, thanks to generous gov-
ernment bailout funding.

That is why our definition of risk management earlier in this chapter is so
important—institutions will sometimes lose their bets, but if management has been
careful about analyzing the trade-offs between risk and return, the magnitude of the
losses will be small enough to allow the institution to recover and move on. If
management has not been careful, “death from a thousand cuts” can still happen.

With this in mind, we now turn to the nature of the risk-return trade-off.
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CHAPTER 2
Risk, Return, Performance

Measurement, and Capital Regulation

In Chapter 1, we defined risk management as a discipline designed to help man-
agement understand the relative risks and returns from different strategies, both at

the portfolio level (i.e., the perspective of the CEO or chief executive officer) and
at the transaction level (i.e., the perspective of the trader, portfolio strategist, or
lending officer). In this chapter, we focus on the nature of risk and return in a
practical sense, not a philosophical sense. The practical definition of risk and return
reflects the differences in perception of different parts of the financial world. The
definitions also introduce a number of biases into perceived risk and return that can
be very dangerous. We point out these dangers in this chapter and then spend the rest
of the book talking about how to “avoid these pitfalls” in the conventional wisdom.

There is an ongoing debate in the financial services industry as to how risk and
return should be measured. Fund managers and the asset side of pension funds are
almost always on a mark-to-market basis. Insurance companies and commercial
banks use a mix of mark-to-market risk/return management and a variation on
financial accounting called transfer pricing, which separates the interest rate risk
portion of net income from the non-rate-related components. We introduce the
common practice of transfer pricing and its history in the last half of this chapter. We
discuss the best practice of transfer pricing and performance measurement in
the remainder of this book (especially in Chapter 38).

PRACTICAL QUANTIFICATION OF RISK

In December 2002, at a major risk management conference in Geneva, Nobel Prize
winner Robert Merton told a story about the equity salesman from a major securities
firm who was trying to convince a portfolio manager to switch the emphasis of his
fund from fixed income securities to equities. Merton quoted the salesman as saying,
“Over the 40-year time horizon that your fund has, you have a 99 percent probability
that an all equity portfolio will return more than a portfolio of bonds. There’s no
way that you’ll have less money in 40 years than the current par value of the bonds
you own now.” Merton said the portfolio manager thought for a minute and then
said to the salesman, “Well, if you’re right, I’d like to buy a put option from your firm
to put the equity portfolio you want me to create back to your firm in 40 years at my
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current portfolio value. Since your argument is so persuasive, I am sure that put
option will be very cheap.” Naturally, he never heard from the salesman again.

The salesman Merton spoke of was using a tried-and-true technique, talking
about expected returns and ignoring risk. This was the sales approach used by Wall
Street to foist low-quality, overrated collateralized debt obligations (CDOs) on
hapless investors in the lead-up to the 2006–2011 credit crisis. In the Merton story,
however, the portfolio manager replied in a way that reflects the highest standard of
risk management theory and practice: he asked the price of a contract that insures
perfectly against the risk that concerns him.1 This approach is being pursued very
aggressively by practitioners and academics who feel, like we do, that many tradi-
tional measures of risk are much too simple. Jarrow and Purnanandam (2005),
in their paper “Generalized Coherent Risk Measures: The Firm’s Perspective,” argue
the virtues of put premiums like the one requested by the portfolio manager as a
particularly high quality measure of risk.2

Other measures of risk have understated true risk in a more subtle way. Some of
the understatement is an accidental reflection of how much more we understand now
about risk than we understood when the risk measure was introduced. Sometimes,
risk measures that understate risk have a longer life than they deserve when some
parties have a vested interest in perpetuating the understatement.

We turn to various risk measures to point out these potential pitfalls in the
next section.

PERILS AND PITFALLS IN THE MEASUREMENT OF RISK: THE IMPACT
OF SELECTION BIAS

A major bank with a significant portfolio of loans in the Asia Pacific region once
retained one of the authors as a consultant in assessing the risk of the portfolio. As
part of the assignment, the Chief Financial Officer (CFO) of the bank requested a
historical value-at-risk analysis of the bank’s 100 largest counterparties in Asia. We,
of course, did the work he requested but provided the analysis in the context of a
letter that explained the nature of the results. The work was done, we explained,
using industry standards and best practices of value-at-risk analysis. However, the
ninety-ninth percentile worst case, which we described in the results section, was in
fact the “best case worst case” that the bank would experience.

“How does that help me with bank regulators?” the CFO asked, not fully
appreciating that we were trying to save his job. We explained the bias in value at risk
patiently to him as follows:

1. You have selected 100 of your current counterparties in Asia.
2. By definition, they are your counterparties now because they have not defaulted.
3. You asked us to do a historical analysis of value at risk using the bonds of these

counterparties over the past 12 months.
4. We have done that and produced a ninety-ninth percentile “worst case” for you

as you requested, but . . .
5. It is the best case–worst case scenario because we are doing a historical analysis

on 100 names over a period in which none of them defaulted. The very nature
of the risk measure and the nature of the counterparties guarantee that this
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seriously underestimates the credit risk in this portfolio. If the CFO wanted a
more accurate assessment of the risk, the test should have either been based on
100 counterparties randomly chosen as of a year before (and indeed some of
them subsequently defaulted) or we should have done a forward-looking sim-
ulation that allows for default on a name-by-name basis.

He conceded the point and hedged himself with the board, avoiding the career-
ending scenario of a risk that could have turned out to be much worse than the
advertised worst case.

We now turn to some of the most common examples of this selection bias in
measuring risk.

BIASES IN RETURN VS. A RELATIVE BENCHMARK

In the fund management and pension fund business, most portfolio managers are
judged by measures of their plus alpha or risk-adjusted return versus a predefined
benchmark. An example might be a fund manager who manages large-cap portfolios
of common stock and is given the Standard & Poor’s 500 stock index as his
benchmark index. This fund manager is told that he must keep a tracking error of less
than x percent versus the index and that he is expected to earn a return in excess of
the return on the S&P 500. This is a very common kind of risk-and-return mea-
surement system on the “buy side” of financial markets.

What is wrong with this as a risk-and-return measurement system? Everything
that was wrong in the story in the previous section.3 We can see this by taking apart
this risk management system piece by piece.

First, how is tracking error measured? There are many variations, but in most
cases a regression is run on two data series: the stock price returns for ABC Company
and the returns on the S&P 500 index. By definition, tracking error will only be
known for ABC Company if that stock price series exists (i.e., if the company has not
been delisted from the exchange due to bankruptcy). Our risk measure for ABC
Company is a no-bankruptcy-risk risk measure. Similarly, what about the bank-
ruptcy risk of the S&P 500? Generally speaking, as a company’s credit quality (and/
or market capitalization) declines, they are dropped from the S&P 500. This happens
after the close of business, and on the subsequent opening, the price of the stock
drops considerably in a way that is unhedgeable unless one predicts the change in
S&P 500 composition. This drop does not affect the S&P index, but the holder of
the common stock of the company dropped from the index will suffer a large loss.
The composition of the S&P 500 has included some firms that went bankrupt while
they were in the index. We suspect, however, that the index is ultimately restated to
offset the impact of these failures.

As you can see, the most common performance measure used in the equity
markets ignores credit risk almost completely, even though on average between 1.00
percent and 1.5 percent of listed U.S. companies have defaulted annually over the
1963–2012 time period. We are substantially understating the risk component of this
traditional performance measure.

How does the risk of bankruptcy affect our fund manager if the risk occurs? It
depends on whether:
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1. ABC company is in the manager’s portfolio or not.
2. ABC company is in the S&P 500 or not.
3. ABC goes bankrupt while it is in the index or is dropped from the S&P 500 for

credit quality reasons before going bankrupt.

If ABC Company is dropped from the S&P 500 index, the manager will have a
decline of as much as 20 percent or more when the “drop” is announced, and yet
there will be no corresponding change in the index. The manager will have a big
negative alpha because he (or she) couldn’t get out of ABC Company until after the
announcement that ABC Company is not in the index any longer. If ABC, in fact,
goes bankrupt while still in the index, the drop in stock price could be as much as 100
percent, but at least the index will also be affected. We strongly recommend that
managers with an equity index as a benchmark independently confirm how a
bankruptcy affects the index.

If the manager owns a stock that goes bankrupt and it is not in the S&P 500
index, he has a negative alpha versus the index that tracking error completely
ignores. Even if the company is merely dropped from the index, the manager will
suffer a negative 20 percent or so stock price decline that is not offset by the
movement of the index and that is not reflected in measured “tracking error.” This
same kind of problem affects fixed income performance measurement versus a
benchmark such as the former Lehman Brothers Government Bond Index (now
renamed after Barclays Capital), but in more subtle ways.

We next turn to another common measure of risk with similar pitfalls.

HISTORICAL VALUE AT RISK: SELECTION BIAS AGAIN

There are as many approaches to value at risk as there are risk management analysts,
but in general value-at-risk (VaR) calculations fall into three basic categories:

1. A historical VaR that measures dollar price changes for specific securities over a
period in history

2. A variance/covariance approach that measures the variances and covariances of
past returns and implies (from this implicit assumption of normally distributed
returns) the nth percentile worst case

3. A forward-looking simulation of returns over the desired time horizon

The comments of this section apply only to methods 1 and 2.
What are the concerns about these calculations, which have been much used and

much discussed over the past decade? Credit risk is completely ignored. We have
the selection bias discussed earlier in this chapter because, by definition, none of the
current securities holdings would include the securities of a bankrupt firm.

Still, there are two other serious problems with these two approaches to VaR that
are just as serious:

1. They ignore all cash flows between time zero and the VaR horizon (10 days, 1
month, 3 months, 1 year) since these approaches are effectively a single-period
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analysis that implicitly assumes you own the same things at the end of the period
that you owned at time zero

2. They cannot answer the question posed by the portfolio manager in Robert
Merton’s anecdote: what is the hedge and how much does it cost?

Both of these drawbacks seriously affect VaR as a risk measure. In the end, on a
fully credit adjusted basis, we need to know what the hedge is and how much it
costs—just as Merton and Jarrow advise.

MONTE CARLO–BASED VALUE AT RISK

Many thoughtful risk managers have sought to bring credit risk into traditional
historical or variance–covariance value at risk by either simulating default/no default
during the VaR time period or by using a transition matrix approach.

As an “interim fix,” a transition matrix approach is a step forward. But again,
some key problems remain that understate the risk remain:

n Common macroeconomic factors that drive correlated default are not specified.
This will generally result in a significant underestimate of the “fat tails” from
credit losses. Van Deventer and Imai (2003) discuss the impact of macroeco-
nomic factors in great detail and we turn to them later in this book. The obvious
lesson of the collapse of the Japanese bubble and the 2006–2011 credit crisis is
that macroeconomic factors affect everything. Prior to 2006, a VaR calculation
that did not simulate home price movements accurately would have been grossly
misleading.

n The default probabilities are implicitly held constant over the time period. In
reality, these default probabilities risk and fall through the credit cycle, and
holding them constant again understates the level of credit risk implicit in the
portfolio.

n The timing of defaults during the period is ignored, when in fact the exact timing
is very important (see the next section for the reasons).

n Interim cash flows are again ignored (unless it is a multiperiod simulation).
n What’s the hedge? Again, we can’t answer the portfolio manager’s question in

the Robert Merton anecdote.

EXPECTED LOSSES ON TRANCHES OF COLLATERALIZED
DEBT OBLIGATIONS

In the past decade, the market for credit default swaps and collateralized debt obli-
gations has exploded and then collapsed completely. Ratings have been assigned and
collateralized debt obligation (CDO) tranches have been marketed on the basis of the
“expected loss.” Thus, with amazing speed, these CDO tranches were marked down
to “junk” or default.

The focus up through 2007 was purely on expected losses and ignored the fat tails
that are typical of the worst part of the credit cycle. The introduction summarizes
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some of the tuition payments made by large international banks and securities firms
in this regard.

As always, to understand the risk completely, we need the full probability dis-
tribution of the losses and, most important, we need to be able to stress test it in order
to calculate the hedge.

We turn now to the other side of the risk-return horizon.

MEASURING RETURN: MARKET VS. ACCOUNTING RETURNS

The nature of risk measurement is complex enough, as we have seen in previous
sections, but there is more complexity involved: the definition of return. There are a
few key determinants of what approach is used to return measurement:

n The nature of the institution involved
n The nature of the regulatory agencies involved
n The availability of observable market prices
n The time horizon of greatest concern

For managers of common stock portfolios, the decisions are pretty straight-
forward. The market prices of the common stock are observable, regulation is
market-value based, and there is an observable daily benchmark. Moreover,
industry expert bodies, such as the CFA Institute (formerly the Association for
Investment Management and Research), have instituted a step-by-step approach to
daily performance benchmarking.

In other industries, things are more complex. How do you deal with life insurance
policy liabilities and an asset mix of equities, bonds, real estate, and commodities?
What would you do if your liabilities were pension fund obligations? What if they
were passbook savings?

The result is often a system of splitting risk and return using a technique called
transfer pricing, which in this context has a much different meaning than its meaning
to tax experts. We turn now to an introduction of how commercial banks have
established this practice and what the current state of the art is. (We discuss the
mechanics of transfer pricing in Chapter 38 in light of the analytical tools we discuss
in the first 37 chapters of this book.)

INTRODUCTION TO TRANSFER PRICING: EXTRACTING INTEREST RATE
RISK IN A FINANCIAL ACCOUNTING CONTEXT

The subject of transfer pricing represents one of the greatest differences in asset and
liability management practice between large banks internationally and between
banks and the fund managers mentioned in the previous section. In the United States
and Australia, the so-called “matched maturity transfer pricing system” is accepted
as an absolute necessity for the successful management of a large financial institution.
In Japan, by way of contrast, the first bank to use multiple rate transfer pricing
adopted a very simple system more than 20 years after Bank of America initiated a
much more sophisticated system in 1973. As of this writing, transfer pricing has
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become an accepted banking discipline in a large number of countries, but it is still
rare in the insurance industry.

The rationale for transfer pricing as an alternative to the investment management
business’ reliance on a mark-to-market approach is a simple one. With employee
counts of tens of thousands of people and hundreds of business units that invest in
assets with no observable price, it is literally impossible to manage a commercial
bank on a mark-to-market basis at the working level. Transfer pricing is the trick or
device by which the rules of the game are changed so that (1) actions are consistent
with a mark-to-market approach, but (2) the vehicle by which the rules of the game
are conveyed is in financial accounting terms.

We start by presenting a selective history of the transfer pricing discipline in the
United States. (In Chapter 38, we provide a detailed description of the current
“common practice” in transfer pricing, with examples of its practical use.)

Bank of America, 1973–1979

Interest rate risk management has advanced in bursts of energy that usually follows a
period of extremely high interest rates in the U.S. and other markets. Interest rate risk
has, up until recently, been the main focus of transfer pricing. In the early 1970s, the
entire home mortgage market in the United States was made up of fixed rate loans.
The floating-rate mortgage had yet to be introduced. Interest rates were beginning
to be deregulated, and the first futures contracts (on U.S. Treasury bills) had not yet
been launched. In this environment, a rise in market interest rates created a double
crisis at banks with a large amount of retail business: consumer deposits flowed out
of banks (which had legal caps on deposit rates at that time) into unregulated
instruments such as Treasury bills or newly introduced money market funds.
Simultaneously, the banks suffered from negative spreads on their large portfolios of
fixed rate loans.

A spike in interest rates beginning in 1969 triggered a serious reexamination of
financial management practice at the largest bank in the United States (at the time),
the Bank of America. A team of executives that included C. Baumhefner, Leland
Prussia, and William “Mack” Terry recognized that changing interest rates were
making it impossible for existing management “accounting” systems to correctly
allocate profitability among the bank’s business units and to set responsibility for
managing interest rate risk. Until that time, the bank had been using a single internal
transfer pricing rate that was applied to the difference between assets and liabilities in
each business unit to allocate some form of interest expense or interest income in a
way that the units’ assets and liabilities were equal. This rate, known as the pool
rate system for transfer pricing, was a short-term interest rate at Bank of America,
calculated as a weighted average of its issuance costs on certificates of deposit.

The liabilities of such a single-rate pool rate system are outlined in later chapters
of this book. Given the sharp changes in rates that were beginning to look normal in
the United States, senior management at the Bank of America came to the conclusion
that the existing system at the bank was dangerous from an interest rate risk point of
view and made proper strategic decision making impossible. Strategic decision
making was handicapped because the single rate transfer pricing system made it
impossible to know the true risk-adjusted profitability of each business unit and line
of business. The numbers reported by the existing system had mixed results due to
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business judgment (“skill”) and results due to interest rate mismatches (“luck,”
which could be either good or bad).

Although the bank had a very sizable accounting function, the responsibility for
designing the new transfer pricing system was given to the brilliant young head of the
Financial Analysis and Planning Department of the bank, MIT graduate Wm. Mack
Terry. This division of labor at the bank was the beginning of a trend in U.S. banks
that resulted in the total separation of the preparation of official financial reports, a
routine and repetitive task that required a high degree of precision, and a low level of
imagination, from management information (not managerial “accounting”) on how
and why the bank was making its money. Mack Terry, who reported directly to CFO
Lee Prussia, took on the new task with such vigor that most knowledgeable bankers
of that era acknowledge Mack Terry as the father of the new discipline of “matched
maturity transfer pricing.”

Mack Terry and the bank were faced by constraints that continue to plague large
banks today:

n The bank was unable to get timely information from loan and deposit mainframe
computer application systems regarding the origination, maturity, payment sche-
dules, and maturities of existing assets and liabilities.

n The bank had neither the time nor the financial resources to develop a new
transfer pricing system on a mainframe computer.

Personal computers, needless to say, were not yet available as management tools.
The danger of future rate changes and incorrect strategic decisions was so great

that bank management decided to make a number of crude but relatively accurate
assumptions in order to get a “quick and dirty” answer to the bank’s financial
information needs. The fundamental principle developed by the Financial Analysis
and Planning Department was the “matched maturity” principle. A three-year fixed
rate loan to finance the purchase of an automobile would be charged a three-year
fixed rate. A 30-year fixed rate mortgage loan would be charged the cost of fixed rate
30-year money. At other U.S. banks, it was more common to use the bank’s average
cost of funds or its marginal cost of new three-month certificates of deposit. The
average cost of funds method had obvious flaws, particularly in a rising rate envi-
ronment, and it ultimately contributed to the effective bankruptcy of Franklin
National Bank and many U.S. savings and loan associations. (We discuss how these
transfer pricing rates are calculated in later chapters.)

The Financial Analysis and Planning (FAP) Department team agreed that the
bank’s “marginal cost of funds” represented the correct yield curve to use for
determining these matched maturity transfer pricing rates. The bankers recognized
that the bank had the capability to raise small amounts of money at lower rates
but that the true “marginal” cost of funds to the bank was the rate that would be
paid on a large amount, say $100 million, in the open market. This choice was
adopted without much controversy, at least compared to the controversy of the
“matched maturity” concept itself. In more recent years, many banks have used
the London Interbank Offered Rate (LIBOR) and the interest rate swap curve as a
proxy for their marginal costs of funds curve. It is clear from the perspective of
today, however, that the LIBOR-swap curve is a poor substitute for an accurate
marginal cost of funds curve.
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One of the first tasks of the FAP team was to estimate how the internal profit-
ability of each unit would change if this new system were adopted. It was quickly
determined that there would be massive “reallocations” of profit and that many line
managers would be very upset with the reallocation of profit away from their units.
In spite of the controversy that management knew would occur, management
decided that better strategic decision making was much more important than
avoiding the short-run displeasure of half of the management team (the other half
were the ones who received increased profit allocations).

Once a firm decision was made to go ahead with the new system, implementation
decisions had to be dealt with in great detail. The system’s queue was so long at the
bank that it was impossible to keep track of transfer pricing rates on a loan-by-loan
or deposit-by-deposit basis. The first unit of measurement, then, was to be the
portfolio consisting of otherwise identical loans that differed only in maturity and
rate, not in credit risk or other terms. In addition, the bank (to its great embar-
rassment) did not have good enough data on either its own loans or its historical cost
of funds to reconstruct what historical transfer pricing rates would have been for the
older loans and deposits making up most of the bank’s balance sheet. Estimates
would have to do.

These estimates were at the heart of the largest of many internal political con-
troversies about the matched maturity transfer pricing system. Much of the fixed rate
real estate portfolio was already “underwater”—losing money—by the time the
transfer pricing system was undergoing revision. If the current marginal cost of funds
were applied at the start of the transfer pricing system to the mortgage portfolio,
the profitability of the portfolio would have been essentially zero or negative. On the
other hand, Mack Terry and his team recognized that in reality this interest rate risk
had gone unhedged and that the bank had lost its interest rate bet. Someone would
have to “book” the loss on the older mortgage loans.

Ultimately, the bank’s asset and liability management committee was assigned a
funding book that contained all of the interest rate mismatches at the bank. The
funding book was the unit that bought and sold all funds transfer priced to business
units. At the initiation of the matched maturity system, this funding book was
charged the difference between the historical marginal cost of funds that would have
been necessary to fund the mortgage portfolio on a matched maturity basis and the
current marginal cost of funds. This “dead weight loss” of past management actions
was appropriately assigned to senior management itself.

Because of the lack of data, the bank’s early implementation of the matched
maturity system was based on the use of moving average matched maturity cost of
funds figures for each portfolio. While this approximation was a crude one, it
allowed a speedy implementation that ultimately made the bank’s later troubles less
severe than they otherwise would have been.

Finally, the system was rolled out for implementation with a major educational
campaign aimed at convincing lending officers and branch managers of the now well-
accepted discipline of spread pricing, pricing all new business at a spread above the
marginal cost of matched maturity money.4 Controversy was expected, and expec-
tations were met. A large number of line managers either failed to understand the
system or didn’t like it because their reported profits declined. Soon after the
announcement of the system, Mack Terry began receiving anonymous “hate mail” in
the interoffice mail system from disgruntled line managers.
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Nonetheless, senior management fully backed the discipline of the new system,
and for that the Bank of America receives full credit as the originator of the matched
maturity transfer pricing concept. In an ironic footnote, the bank suffered heavily
from an interest rate mismatch as interest rates skyrocketed in the 1979–1980 time
period. The transfer pricing system made it clear that senior management was to
blame since the asset and liability management committee had consciously decided
not to hedge most of the interest rate risk embedded in the bank’s portfolio.

First Interstate, 1982–1987

In the years to follow, a number of banks adopted the matched maturity transfer
pricing system. The oral history of U.S. banking often ranks Continental Illinois (later
acquired by the Bank of America) as the second bank to move to a matched maturity
transfer pricing system, not long after the Bank of America implemented the idea. At
most banks, however, the idea was still quite new and the early 1980s were largely
consumed with recovering from the interest rate–related and credit risk–related
problems of the 1979–1981 period. By the mid-1980s, however, banks had recovered
enough from these crises to turn back to the task of improving management practices
in order to face the more competitive environment that full deregulation of interest
rates had created. First Interstate Bancorp, which at the time was the seventh-largest
bank holding company in the United States, approached the transfer pricing problem
in a manner similar to that of many large banking companies in the mid-1980s.

First Interstate’s organization was much more complex than Bank of America’s
since the company operated 13 banks in nine western states, all of which had sep-
arate treasury functions, separate management, separate government regulation, and
separate systems.5 In addition, the bank holding company’s legal entity, First Inter-
state Bancorp, had a number of nonbank subsidiaries that required funding at the
holding company (parent) level. Most U.S. bank holding companies consisted of a
small parent company whose dominant subsidiary was a lead bank that typically
made up 90 percent of the total assets of the company in consolidation. The lead
banks were almost always considered a stronger credit risk than the parent com-
panies because of the existence of Federal deposit insurance at the bank level but not
the parent level and because of the richness of funding sources available to banks
compared to bank holding companies.

In the First Interstate case, things were more complex. The lead bank, First
Interstate Bank of California, represented only 40 percent of the assets of the holding
company and, therefore, its credit was generally felt by market participants to be
weaker than that of the parent. Moreover, the First Interstate Banks did not compare
funding needs, and as a result, it was often said that a New York bank could buy
overnight funding from one First Interstate Bank and sell it to another First Interstate
Bank at a good profit. The transfer pricing system at First Interstate had to cure this
problem as well as address the correct allocation of profits and interest rate risk as
in the Bank of America case.

Management took a twofold approach to the problem. At the holding company
level, the corporate treasury unit began “making markets” to all bank and nonbank
units within the company. Because First Interstate was much more decentralized than
the Bank of America, funds transfers between the holding company and subsidiaries
were voluntary transfers of funds, not mandatory. In addition, since each unit was a
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separate legal entity, a transfer pricing transaction was accompanied by the actual
movement of cash from one bank account to another.

The holding company transfer pricing system began in early 1984 under the
auspices of the holding company’s funding department. The department agreed to
buy or sell funds at its marginal cost at rates that varied by maturity from 30 days
to 10 years. No offers to buy or sell funds were to be refused under this system. The
transfer pricing system, since it was voluntary, was received without controversy and
actually generated a high degree of enthusiasm among line units. For the first time,
the units had a firm “cost of funds” quotation that was guaranteed to be available
and could be used to price new business in line units on a no-interest-rate risk basis.
Demand from line units was very strong, and the parent company became an active
issuer of bonds and commercial paper to support the strong funding demand from
both bank and nonbank subsidiaries.

Among bank subsidiaries, the “on-demand” transfer pricing system had the
effect of equalizing the cost of funds across subsidiary banks. High cost of funds
banks immediately found it cheaper to borrow at the lower rates offered by the
parent company. Regulatory restrictions kept the parent company from borrowing
from subsidiary banks, but there was an equivalent transaction that achieved the
same objective. After the transfer pricing system had been in operation for some
months, the parent company had acquired a substantial portfolio of certificates
of deposit of subsidiary banks. These certificates of deposit could be sold to
other banks within the system. By selling individual bank certificates of deposit
to other First Interstate banks, the holding company reduced the size of this portfolio
and effectively borrowed at its marginal cost of funds, the yield it attached to the
certificates that it sold.

The transfer pricing system at the holding company did have implementation
problems of a sort. Generally, rates were set at the beginning of a business day and
held constant for the entire day. The parent company soon noticed that borrowings
from affiliates, and one subsidiary in particular, would increase when open market
rates rose late in the day, allowing subsidiaries to arbitrage the parent company
treasury staff by borrowing at the lower rate transfer price set earlier in the day. This
got to be a big enough problem that rates for all borrowings above $10 million were
priced in real time. Most large banks use a similar real-time quotation system now for
pricing large corporate borrowings. What will surprise many bankers, however, is
that in-house transactions ultimately also have to be priced in real time in many cases.

At the same time that the parent company was implementing this system, the
parent company’s asset and liability management department and the financial staff
of First Interstate Bank of California (FICAL) began to design a Bank of America–
style matched maturity transfer pricing system for FICAL. Personal computer tech-
nology at the time did not permit PCs to be used as the platform, so the company
undertook a very ambitious mainframe development effort. After a complex design
phase and a development effort that cost close to $10 million and two years of effort,
the system was successfully put into action with considerably less controversy than
in the Bank of America case. Such a system today would cost much, much less from a
third-party software vendor.

The biggest practical problem to arise in the FICAL transfer pricing system was a
subtle one with significant political and economic implications. During the design
phase of the system, the question was raised about how to handle the prepayment of

Risk, Return, Performance Measurement, and Capital Regulation 25



fixed rate loans in the transfer pricing system. The financial management team
at First Interstate dreaded the thought of explaining option-adjusted transfer pric-
ing rates to line managers and decided to do the following: internal transfer pricing
would be done on a nonprepayable basis. If the underlying asset were prepaid, then
the Treasury unit at the center of the transfer pricing system would simply charge a
mark-to-market prepayment penalty to the line unit, allowing it to extinguish its
borrowings at the same time that the asset was prepaid. This simple system is stan-
dard practice in many countries, including the retail mortgage market in Australia.

This decision led to unforeseen consequences. During the latter half of the 1980s
and continuing into the 1990s, interest rates declined in the United States and were
accompanied by massive prepayments of fixed rate debt of all kinds. As a result, the
FICAL transfer pricing system’s reported profits for line units were soon dominated
by huge mark-to-market penalties that line managers didn’t have control over and
generally didn’t understand.

Bank management quickly moved to a transfer pricing system that allowed for
“costless prepayment” by incorporating the cost of a prepayment option in transfer
prices. This trend is firmly established as standard practice in most banks today. With
this political and organizational background on transfer pricing in mind, we now put
it in the context of performance measurement and capital regulation. (We return to
the mechanics of transfer pricing in Chapter 38.)

PERFORMANCE MEASUREMENT AND CAPITAL REGULATION

The primary purpose in this chapter and subsequent chapters is to present common
practice for performance measurement in various wings of the financial services
business and to contrast the approaches used by different institutions. When we see
institution A and institution B managing similar risks, but using different approaches
to the measurement and management of risk, we will carefully note the differen-
ces and seek an explanation. Often, institutional barriers to change delay the syn-
thesis and common practices that one would expect from two different groups of
smart people managing the same kind of risk.

This difference is particularly stark in the role of capital in risk management and
performance measurement. Commercial banks are extensively focused on capital-
based risk measures, and very few financial services businesses are. Why? We begin
to answer this question with some additional perspectives on the measurement and
management of risk. We then talk about managing risk and strategy in financial
institutions, business line by business line, and how capital comes into play in this
analysis. We then turn to the history of capital-based risk regulations in the com-
mercial banking business and discuss its pros and cons.

PERSPECTIVES ON MEASURING RISK: ONE SOURCE OF RISK OR
MANY SOURCES OF RISK?

Risk management has been an endless quest for a single number that best quantifies
the risk of a financial institution or an individual business unit. In Chapter 1, we
discussed how Merton and Jarrow suggest that the value of a put option that fully
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insures the risk is the current best practice in this regard. This risk measure also
provides a concrete answer to the question that best reveals the strengths or weak-
nesses of a risk management approach: “What is the hedge?”

Over the past 50 years, the evolution of risk management technology toward the
Merton and Jarrow solution has gone through two basic steps:

1. Assume there is a single source of risk and a risk measurement statistic consistent
with that source of risk

2. Recognize that in reality there are multiple sources of risk and revise the measure
so that we have an integrated measure of all risks and sources of risk

INTEREST RATE RISK MANAGEMENT EVOLUTION

In Chapters 3 to 14, we review traditional and modern tools of interest rate risk
management. The first sophisticated interest rate risk management tool was the
Macaulay (1938) duration concept. In its traditional implementation, managers who
own fixed income assets shift a yield curve up or down by a fixed percentage (often 1
percent) and measure the percentage change in the value of the portfolio. This
measure shifts yield curves at all maturities by the same amount, essentially assuming
that there is only one type of interest rate risk, parallel movements in the yield curve.
As we show in Chapter 3, that is not the case in reality and, therefore, the duration
concept measures some but not all interest rate risks.

The next step forward in sophistication was to recognize that yield curves in fact
move in nonparallel ways. The term structure models that we discuss in Chapters 6 to
14 allow analysts to move one or more key term structure model parameters (typi-
cally including the short-term rate of interest) and see the response of the full yield
curve. This provides a more sophisticated measure of duration that allows for non-
parallel shifts of the yield curve.

Fixed income managers in both commercial banks and other financial services
companies recognize, however, that both of these approaches are abstractions from
reality. As we show in Chapter 3, there are multiple factors driving any yield curve,
whether it is a credit-risk-free government yield curve or a yield curve that embeds the
default risk and potential losses of a defaultable counterparty.

In recognition of these n factors driving the yield curve, fixed income managers
have overlaid practical supplements on the theoretical models discussed above:

1. Interest rate sensitivity gaps (see legacy approaches to interest rate risk in
Chapter 12) that show the mismatches between the maturities of assets and
liabilities (if any) period by period. These gaps provide visibility to managers
that allow them to implicitly reduce the risk that interest rates in gap period K
move in a way different from what the assumed duration or term structure
model specifies.

2. Multiperiod simulation of interest rate cash flows using both single scenario
interest rate shifts and true Monte Carlo simulation of interest rates. Managers
can measure the volatility of cash flows and financial accounting income period
by period, again to supplement the interest rate models that may understate the
true complexity of interest rate risk movements
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What is the equivalent of the Merton and Jarrow “put option” in the interest rate
risk context? It is the value of a put option to sell the entire portfolio of the financial
institution’s assets and liabilities at a fixed price at a specific point in time. From
a pension fund perspective, a more complex string of options that guarantee the
pension fund’s ability to provide cash flow of X(t) in each of n periods to meet
obligations to pensioners would be necessary. (We return to this discussion in more
detail in Chapters 36 to 41.)

EQUITY RISK MANAGEMENT EVOLUTION

Risk management in the equity markets began in a similar fashion with the powerful
and simple insights of the capital asset pricing model. This model initially suggested
that all common stocks had their returns driven by a single common factor, the return
on the market as a whole, and an idiosyncratic component of risk unique to each
stock. By proper diversification, the idiosyncratic component of risk could be
diversified away. The single risk factor, the exposure to changes in return on
the market, was measured by the beta of both individual common stocks and on the
portfolio held by the equity manager.

As in the interest rate case, risk managers quickly seized on the insights of the
model and then generalized it to recognize there are multiple drivers of risk and
the multiperiod nature of these risk drivers. Earlier in this chapter, we introduced the
need to add credit risk to the multiperiod equity risk models that reflect current
“common practice.”

OPTION RISK MANAGEMENT EVOLUTION

The Black-Scholes option model brought great hope to options risk managers in much
the same way that the capital asset pricing model did. Options portfolio managers (and
managers of broader portfolios of instruments with options characteristics) quickly
adopted the delta of an options position, the equivalent position in the underlying
stock, as an excellent single measure of the risk of an options position.

With experience, however, analysts realized that there was a volatility smile’ that
is, a graph showing that the Black-Scholes options model implies a different level of
volatility at different strike prices with the same maturity. Analysts have tended to
“bend” the Black-Scholes options modeling by using different volatilities at different
strike prices rather than looking for a more elegant explanation for the deviation of
options prices from the levels predicted by the Black-Scholes model. In effect, analysts
are using the Black-Scholes model as an n-factor model, not a single-factor model
with the stock price as the risk driver with a constant volatility. See Jarrow (2011) on
the dangers of such an ad hoc approach.

CREDIT RISK MANAGEMENT EVOLUTION

The integration of credit risk, market risk, asset and liability management, liquidity
risk management, and performance measurement is one of the central themes of this
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book. Analysts have moved from traditional credit analysis on a company-by-
company basis to more modern technology over the past 25 years. The more tra-
ditional credit analysis was a single-company analysis that involved financial ratios
and occasionally simulation to estimate a default probability or rating that sum-
marized the risk level of each company, one by one.

Now the kind of quantitative credit models that we discuss in Chapters 15 to 18
allow us to recognize theM common macroeconomic risk factors that cause correlated
defaults among a portfolio of companies. These insights allow financial institutions to
move to a macro-hedging program for a large portfolio of credits for the first time.

It also provides a framework for the quantification of risk as Merton and Jarrow
suggest, with a put option on the credit portfolio.

We now turn to the management process in commercial banks, insurance
companies, and pension funds, and analyze how and why capital came to play a role
in commercial banking risk management and strategy but not in other institutions.

MANAGING RISK AND STRATEGY, BUSINESS BY BUSINESS

One of the major differences between financial institutions is the number of people
who are involved in asset generation. In a life insurance company, a vast majority of
the people are involved in the generation, servicing, and pricing of life insurance
policies. On the asset side, investment activities are much more “wholesale” and the
number of people involved per one million dollars of assets is much less. In an asset
management company, the total staff count is also generally less than 1,000 people.
The same is true for pension funds. Bank of America, by contrast, had a staff of
288,000 at the end of 2011. For very large commercial banks, the number of people
involved is very large because almost all banks these days are heavily involved in the
retail generation of assets and liabilities.

There is another important difference between commercial banks and the rest of
the financial community. For asset managers, pension funds, and insurance com-
panies, most of the people managing the assets of the company work in one central
location. In a commercial bank, there can be thousands of branches involved in asset
generation across a broad swath of geography.

For that reason, in what follows we will largely discuss management of risk and
business strategy in a banking context because most of what happens in other
financial institutions is a special case of the banking business, including even the
actuarial nature of liabilities of all of these types of financial institutions.

RISK AND STRATEGY MANAGEMENT IN A COMPLEX
FINANCIAL INSTITUTION

From this chapter’s introduction, we know that in the banking business various parts
of the institution are managed by one or more bases from both a risk and a return
point of view:

n A mark-to-market orientation for the institution as a whole, the trading floor,
and the transfer pricing book
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n A financial accounting point of view for both the institution as a whole and
almost all nontrading business units

Moreover, as we say in the introduction to this chapter, multiple risk measures
are applied depending on the business unit involved:

n Complex interest rate risk measures are applied to the institution as a whole, the
trading floor, and the transfer pricing book.

n Less sophisticated interest rate risk measures are usually sufficient for most
business units, because the transfer pricing process in most institutions removes
the interest rate risk from line units. Depending on the financial institution, the
basis risk (a lack of synchronicity between the asset floating-rate pricing index
and market rates) usually stays with the business unit if the head of that business
has the responsibility for selecting that pricing index for the bank.

n Yes/no credit risk measures are applied at the “point of sale” in asset-generating
locations, often controlled by a central location

n Portfolio credit risk measures are applied by the business unit responsible for
maintaining or hedging credit risk quality after the generation of assets.

n Market risk and credit risk measures are almost applied together on the trading
floor because so much of the market-risk-taking business has taken the form
of credit risk arbitrage, even in the interest rate swap market. The percentage of
derivatives contracts where at least one side is held by one of the top ten dealers
is astronomical, especially as the bank merger trend continues in the United
States.

n Return measures are stated either on a market-based total return basis or a net
income basis, usually after interest rate risk is removed via the transfer pricing
system (see Exhibit 2.1).

We defined risk management in Chapter 1 as the discipline by which management
is made aware of the risk and returns of alternative strategies at both the transaction
level and the portfolio level. Once we have coherent measures of risk and return,
management often runs across situations like the following graph, where the risk
and returns of three alternative business units A, B, and C are plotted. Unit C is
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EXHIBIT 2.1 Comparing Risk-and-Return Profiles
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clearly superior to Unit B because it has a higher expected return than B. Similarly,
Unit A is superior to Unit B because Unit A has the same expected return but less risk
than Unit B. It is much harder to compare Units A and C. How do we select business
units that are “overachievers” and those that are “underachievers”? This is one of
the keys to success in financial institutions management.6 The Sharpe ratio is com-
monly cited as a tool in this regard, but there is no simple answer to this question. We
hope to provide extensive tools to answer this question in the remainder of the book.
There are a number of hallmarks to best practice in this regard:

n A tool that cannot provide useful information about which assets are the best
to add at the transaction level cannot be useful at the portfolio level, since the
portfolio is just a sum of individual transactions

n Buy low/sell high contains a lot of valuable wisdom as simple as it seems. If the
financial institution is offered the right to buy asset 1, with a market value of
100, at a price of 98, it should generally say yes.

n If the bank has to choose between asset 1 and asset 2, which has a market value of
100 and can be purchased for a price of 96, the bank should buy asset 2. If the
bank is solvent and its risk is not adversely affected at the portfolio level, the bank
should buy both. The market price summarizes risk and return into one number.

n Risk-return tools should provide value from both a risk management perspective
and the perspective of shareholder value creation. These tools are not separate
and distinct—they are at the heart of good management.

WHAT CAUSES FINANCIAL INSTITUTIONS TO FAIL?

In deciding at the transaction and portfolio levels which assets to select for a financial
institution as a whole, the criteria for selection are not independent of which assets
and liabilities are already on the books of the financial institution.7

The dominant reason for financial institutions to fail in the twenty-first century
is credit risk, now that the interest rate risk tools and techniques discussed in the next
few chapters are used with care. Even before the obvious lessons of the 2006–2011
credit crisis, this had been confirmed by many studies of bank failures in the United
States, most importantly the Financial Institutions Monitoring System introduced by
the Financial Institutions Monitoring System implemented by the Board of Gover-
nors of the Federal Reserve in the United States in the mid-1990s.8 The effort to
better predict the failure of financial institutions and the subsequent losses to deposit
insurance funds gained new momentum with the announcement of its new Loss
Distribution Model by the Federal Deposit Insurance Corporation on December 10,
2003.9 The FDIC Loss Distribution Model, with our colleague Robert A. Jarrow as
lead author, correctly predicted that the FDIC insurance fund was grossly under-
funded a full three years before the advent of the 2006–2011 credit crisis. We discuss
the loss distribution model in great detail in later chapters.

Given the importance of credit risk in the failure of financial institutions, an
integrated treatment of credit risk, market risk, asset and liability management, and
performance measurement is critical or we may totally miss the boat from a risk
perspective. In part for this reason, capital has become a critical component of both
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regulatory and management supervision of the diverse business units involved in a
complex financial institution.

THE ROLE OF CAPITAL IN RISK MANAGEMENT AND
BUSINESS STRATEGY

Given the diverse business units in a large, complex financial institution, lots of
complexities come into play. First of all, some types of financial institutions have a
very large institutional divide between the asset side of the organization and the
liability side. Pension funds, life insurance companies, property and casualty insur-
ance companies, and asset management companies are almost always clearly divided
between the two halves of this balance sheet. This means that most managers either
oversee assets or liabilities but almost never both. The authors would argue that this
split is unfortunate from a “best practice” risk management point of view since many
risk factors affect both sides of the balance sheet. Nonetheless this political reality
simplifies managerial reporting.

In commercial banks, senior management is faced with three types of business
units:

n Those who own only assets (specialized lending offices)
n Those who own only liabilities (the unit issuing wholesale certificates of deposit)
n Those who own both assets and liabilities (retail branches, business banking

offices, trading floors doing repurchase agreements, etc.)

The largest number of business units falls into the last category, where the
business units have both assets and liabilities. Management has two challenges:

1. Put the business units on a common basis
2. Adjust differences between units so that an apples-to-apples performance com-

parison can be done

Implicit in these two tasks are the assumptions that a common basis is possible
and that backward-looking market data or backward-looking financial statements
are a good indicator of future performance. The latter assumption is more tenuous
than the first.10

There are two steps in accomplishing these two tasks:

1. Specify the method by which business units with different risks can be compared
to each other (especially in the case of a comparison like Unit A and Unit C
graphed previously).

2. Do the calculations that make this comparison possible.

The “common practice” in this regard is what we focus on in this section. In the
last section of this chapter, we talk about the pitfalls of the common practice and
spend the last chapters of this book refining these calculations using the tools that we
develop in the rest of the book.
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Step 1: Choose the basis for the calculations (market value basis or financial
accounting basis). As mentioned earlier in this chapter, most commercial
banks use a mix of these approaches but choose a financial accounting
basis for the vast majority of business units. We assume that choice is
made here.

Step 2: Select the adjustments to nominal net interest income for the business unit
that must be made to allow for units of different risk to be compared

Step 3: Select a common basis for comparing business units of different levels of
net income to better understand relative risk-adjusted performance.

For a pension fund, this process is pretty easy and straightforward. The basis is
the market value–based return on the asset portfolio being analyzed. There are no
adjustments to this basis except to subtract the relative performance of the bench-
mark index by which performance is judged. A check is also done to ensure that the
risk (usually tracking error) of the funds invested was within an acceptable tolerance
around the risk of the benchmark.

For a bank, this process is much more convoluted. Some of the complexity is
productive and some is done to ensure maximum employment in the performance
measurement unit.

Here is a sample of the kinds of calculations usually made on a sample portfolio
of external transactions like this:

Assets

3-year fixed rate auto loans 100

Liabilities

90-day certificates of deposit 120

All assets are funded with matched maturity borrowings from the transfer
pricing center as discussed earlier in this chapter. Transfer prices are assigned using
the techniques of the following chapters. All funds from the certificates of deposits
gathered are sold to the transfer pricing center. Capital is then assigned depending on
the nature of the assets and the nature of liabilities. Proceeds of the capital are sold
back to the transfer pricing center with a maturity to match the period over which the
amount of capital is held constant. The result is a financial accounting–based man-
agement information system that would look something like Exhibit 2.2.

The portfolio of three-year auto loans yields 6.76 percent. The exact-day count
matched maturity transfer pricing system assigns $100 in borrowings to fund the
three-year auto loans on a matched maturity basis. These borrowings have a yield of
5.18 percent. We discuss how to calculate a transfer price for auto loans like these in
Chapters 4 and 5. In a similar way, the 90-day funds raised by the business unit
from issuing certificates of deposit are sold on a matched maturity basis to the
transfer pricing center at 1.50 percent, a premium of 0.13 percent over the 1.37
percent cost of the certificates of the deposit to the business unit. This premium is a
function of the marginal cost of issuing large-lot, 90-day certificates of deposit, not
an arbitrary premium.
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The next step is where there is a considerable lack of consensus among financial
institutions for the reasons we outline in the next section. Most leading international
banks assign “risk-adjusted capital” to each asset and (less often) each liability. The
rationale for this assignment of capital varies widely from bank to bank, but they
include the following common themes:

1. The total amount of capital assigned, when added across business units, should
sum to the total amount of capital in the organization. The “total amount of
capital in the organization” in some banks means financial accounting capital
and in other banks it means the market value of the bank’s common stock.

2. The amount of capital assigned to each asset depends on the risk of the asset
class. Van Deventer and Imai (2003) show how the Shimko, Tejima, and van
Deventer (1993) model of risky debt can be used to do this while considering
both the interest rate risk and the credit risk of the asset category.

3. The amount of capital assigned to each liability depends on its maturity and the
“liquidity” protection the deposits provide. This is perhaps the most contro-
versial step in the calculation.

EXHIBIT 2.2 Risk-Adjusted Return on Capital

Assets
Balance Sheet

Amount
Yield

(Percent)
Annual
Income

3-year fixed rate auto loans 100.0 6.76 6.76
90-day loans to the transfer pricing

center 120.0 1.50 1.80
Capital-related loans to the transfer

pricing center 7.7 1.50 0.12

Total Assets 227.7 8.68

Liabilities
90-day certificates of deposit 120.0 1.37 1.64
3-year borrowings from the transfer

pricing center 100.0 5.18 5.18

Total Liabilities 220.0 6.82

Capital
Capital assigned for 90-day certificates
of deposit 1.2

Capital assigned for 3-year auto loans 6.5

Total Capital Assigned 7.7

Total Liabilities and Capital 227.7 1.86

Risk-adjusted return on auto loans 24.31%
Risk-adjusted return on deposits 13.00%
Total risk-adjusted return 24.05%
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4. Risk adjustments come in two places. Interest rate risk is removed from the
business unit by the assignment of matched maturity transfer pricing assets and
liabilities to each transaction. Credit risk is reflected in the risk-weighted capital
assignment.

5. The result is a “risk-adjusted return on capital.” For the auto loan portion of the
portfolio, the interest rate risk-adjusted net income is the $6.76 in income on
the auto loans less the $5.18 cost of matched maturity funding on that portfolio,
for an interest rate risk-adjusted net income of $1.58. This is a 24.31 percent
return on the $6.50 in risk-adjusted capital assigned to the auto loan portfolio.
Note that the interest rate adjustment comes in the numerator of the return
calculation (since net income is net of interest rate risk) and the credit risk
adjustment comes in the denominator via the risk-adjusted capital assigned.

6. In a similar way we can calculate a 13 percent risk-adjusted return on the deposit
portfolio and a 24.05 percent risk-adjusted return for the business unit as a whole.

For a comprehensive survey of this risk-adjusted capital allocation system,
interested readers should see Matten (1996).

Common practice in the banking industry says that, armed with these figures, we
can do the following:

1. We can clearly judge which business unit creates the most shareholder value.
2. We can rank the business units from best to worst.
3. We can decide which business units should be expanded (receive more capital)

and which business units should be discontinued.
4. We can carry this managerial process to the individual transaction level and set

correct pricing for every asset and liability for a clear “accept/reject” criterion.
More generally, this risk-adjusted capital allocation system correctly calculates
the true value/market price of each asset and liability and the bank should buy
assets that have an offered price (not yield) below this in the marketplace and
issue liabilities that have a market price (not yield).

If this is true, we have a powerful tool on our hands. If this is more than a touch
of overselling the concept, we need to be careful how we use it. We turn to those
issues next.

CAPITAL-BASED RISK MANAGEMENT IN BANKING TODAY:
PROS AND CONS

The previous section outlines the “common practice” for risk-adjusted asset and
liability selection in the commercial banking business. We discussed the same process
in the pension fund industry earlier in this chapter:

1. Select a benchmark index that best matches the nature of the assets being
analyzed.

2. This benchmark should be a naïve strategy that any institution could achieve
with a minimum of internal staff and analysis (such as buy every stock in the
S&P 500 or buy every U.S. Treasury bond outstanding).
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3. Measure the “tracking error” of the asset class being studied to insure that the
asset class is within the limits for tracking error versus the benchmark.

4. A good manager who has assets whose total return in excess of the benchmark
return is considered “plus alpha,” someone who has generated a positive risk
adjusted return.

This approach is starkly different than the approach taken by the banking
industry:

1. It is based on market returns, not financial accounting returns.
2. Risk adjustment is reflected in the returns of the benchmark and the limits on

tracking error.
3. There is no “transfer pricing” of matched maturity funds.
4. There is no capital allocation.
5. There is no risk-adjusted return on capital calculation.
6. There is also no pretense that the methodology provides a tool for pricing the

assets in question, only that skill of the manager selecting the assets can be
measured.

While we discussed the concerns about this calculation above, it has a simplicity
and elegance and lack of arbitrariness that distinguishes it as a managerial tool.

Why did the banking industry turn to such a convoluted calculation instead?

n The banking industry has many more people to manage.
n The banking industry has many classes of assets and liabilities that don’t have

observable market prices.
n The banking industry feels it cannot manage its huge number of business units

on a mark-to-market basis.
n The banking industry has many business units that have both assets and lia-

bilities so the concept of “capital” is a natural one.
n In many business units, they originate more liabilities than assets, so there has to

be some “adjustment” to a normal basis.
n Many of the regulatory restrictions on banks revolve around capital.

There are a few more important points about the common practice in banking
risk-adjusted capital that need to be mentioned. Van Deventer and Imai (2003) in
Chapters 9 and 10 go into these points at length:

n The risk-adjusted return on capital is backward looking, not forward looking. It
has long been known that past returns on a security are fully reflected in its
market price and therefore provide no guidance on the level of future returns.

n The risk-adjusted return on capital assigns capital in a well-intended way
unsupported by a sophisticated theory of capital structure (although the
approach van Deventer and Imai [2003] recommend is a step in this direction).

n No theory of asset valuation in financial economics yet incorporates the capital
of the potential buyer in the valuation formula.
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Are these concerns just academic concerns or do they indicate severe problems
with the approach taken in the banking industry?

A few examples prove that the problems are severe:

1. The common practice in banking industry risk-adjusted return on capital indi-
cates a negative risk-adjusted return on holding government securities because
they have a negative spread versus the marginal cost of funds for the bank. This
signal says no banks should own risk-free government securities, but in fact
almost all banks do. Therefore, the decision rule is wrong. Banks seek to
overcome this obvious “miss” in the rule with ad hoc adjustments

2. Anecdotal evidence from many banks that have carried this analysis to the
transaction level has accumulated that the prices indicated are consistently “off
the market,” which is no surprise, since the transactions are not benchmarked in
current market prices

3. If this method were superior to the approach used by fund managers, then fund
managers would use it.

Calculation of “shareholder value added,” which measures true cash flow rather
than financial net income, is a partial step in the right direction. It falls short of the
mark in applying a minimum hurdle rate for acceptable return, which is not con-
sistent with actual returns in the market (in contrast to the approach that pension
funds take). For more on the conventional implementation of shareholder value-
added, see Chapter 2 of Uyemura and van Deventer (1993).

As a result of these concerns about risk-adjusted capital allocation, the authors
recommend that the risk-adjusted capital allocation approach be restricted to the
largest consolidated business units in the banking business (for example, wholesale
corporate lending, investment banking, retail banking, and so on) and not be carried
down to the smaller business unit level or the transaction level. They do not work on
a microlevel and their errors at the macrolevel are obvious enough that senior
management can bear the problems in mind when making decisions.

The methodology is not sufficiently accurate to provide a high quality guide to
asset and liability selection. (We discuss advanced methodologies that provide better
guidance to asset and liability management selection in Chapters 36 to 41.) We now
turn to regulatory views of capital management.

HISTORY OF CAPITAL-BASED REGULATIONS
IN COMMERCIAL BANKING

Capital allocation by banks and regulators has had a complex chicken-and-egg
relationship that has obscured bank management’s ability to adopt the correct risk-
adjusted strategies for asset selection. When regulatory constraints are imposed that
are not based on market values and market returns, bank management teams are
forced into regulatory “arbitrage” that stems from their conflicting dual obligation to
do (1) what regulators insist they do and, at the same time, (2) seek to maximize risk-
adjusted returns to shareholders over the long run.
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As Uyemura and van Deventer (1993) outline, the regulatory process in the
United States has historically had a tripartite structure:

1. System liquidity provided by the Board of Governors of the Federal Reserve
System.

2. Interest rate–related regulations, the now defunct Regulation Q.
3. Deposit insurance managed by the Federal Deposit Insurance Corporation.

The role of the Federal Reserve in providing both institution-specific liquidity
when necessary (for example in the wake of the September 11, 2001, attacks on New
York City) and systemic liquidity during the 2006 to 2011 credit crisis is well known.
We discuss the credit crisis liquidity support by the Federal Reserve for specific
institutions in Chapter 37.

What is less well known is why the United States regulators maintained a limit on
the maximum deposit interest rate that any commercial bank could pay, known as
Regulation Q. For many years the maximum rate that could be paid on savings
deposits with balances of $100,000 or less was at levels of 5.00 to 5.25 percent. The
theory was that this limit would prevent aggressive risk-seeking banks from bidding
up deposit rates to expand their activities rapidly.

The emergence of money market funds, which pooled the funds of small deposi-
tors so they could earn the higher returns paid on deposits of more than $100,000,
spelled the end of Regulation Q in the United States, which required regulators to take
a more sophisticated approach to risk management. Ironically, the low rates that have
prevailed since the 2006–2011 credit crisis and the “breaking of the buck” (the $1.00
net asset value of each dollar provided to a money fund) by the Reserve Fund (as listed
by Bloomberg, September 16, 2008) in the wake of the bankruptcy of Lehman
Brothers have impacted the growth of money market funds in a major way.

In 1980, the passage of the Financial Deregulation and Monetary Control Act
ended Regulation Q and led financial regulators in the United States to turn to
capital-based regulations to insure the safety and soundness of financial institutions.
The regulators’ first attempt in this regard was to define the concept of primary
capital. The regulatory definition of capital was firmly rooted in financial accounting-
based capital, not market values. They included in primary capital common equity
and retained earnings; perpetual preferred stock (an instrument, which until then had
rarely been issued); the reserve for loan losses (even though this amount was usually
set by commercial banks to be consistent with expected losses); and so-called
“mandatory convertible notes,” a specific type of debt instrument that became the
primary vehicle for arbitrage of the primary capital concept by commercial banks.

This regulation triggered a number of actions by bank management, which led
regulators to conclude that the primary capital calculations were misguided and
that the actions they engendered increased, rather than decreased, the risk in the
banking system:

n Banks reduced their assets subject to the capital regulations by selling their safest,
most liquid assets (government securities), increasing liquidity risk at many banks.

n Banks sold their head office buildings to book an accounting “gain” that
increased capital ratios, but as a result added to the fixed costs that banks would
have to incur on an ongoing basis.
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n Banks began to engage in an increasing number of “off-balance sheet transac-
tions,” obscuring the accuracy of financial statements on which regulations were
based.

Bank failures dramatically increased throughout the 1980s so it is hard to argue
that the concept of primary capital was effective in reducing the risk in the banking
system. The primary capital concept was ultimately scrapped in favor of a system that
was both more international in scope and more sophisticated.

In 1986, the Board of Governors of the Federal Reserve System and the Bank of
England announced the concept of risk-based capital. The risk-based capital concept
was specifically designed to address some of the major deficiencies of the primary
capital concept:

1. Make a distinction among asset classes by riskiness
2. Incorporate off-balance sheet transactions to reduce regulatory capital arbitrage
3. Adopt common standards internationally for a fair international competition in

financial services

The risk-based capital regulations had two basic components:

1. A revised definition of regulatory capital
2. An introduction of the “risk-weighted asset concept”

Risk-weighted assets are a variation of the bank risk-adjusted capital concept
outlined in the previous section, except that the riskiness of an asset class is reflected
in risk-weighted assets associated with the financial accounting assets for that class
rather than the risk-adjusted capital assigned to the asset class. Low-risk assets
were assigned risk-weighted assets that were a small fraction of their financial
accounting amounts or market values. Higher risk assets were assigned a risk-
weighted asset amount closer to or equal to their financial accounting values. This
change in capital regulations was designed to encourage banks to retain liquid assets
on their balance sheets by reducing the capital ratio penalty of the primary capital
concept. These changes were ultimately labeled “Basel I” after the headquarter’s city
of the Bank for International Settlements, which coordinated the international
negotiations for the capital accords.

Bankers and regulators quickly noted that the regulations were too simple (and
therefore inaccurate) in two respects. First, they almost completely ignored interest
rate risk. Second, the risk-weighting schemes of Basel I were so few in number that
finer gradations of credit risk were ignored, again penalizing asset classes with a risk
level lower than average in their Basel I risk category.

The Board of Governors of the Federal Reserve in the United States moved to
address the first point with a proposal that would link interest rate risk to capital
levels. This proposal made use of Macaulay’s duration concept (1938) that we dis-
cussed in Chapter 1 and review in detail in later chapters. This proposal was never
adopted as the mass of banks in the United States were incapable of understanding
the basics of duration, or at least they claimed as much. Cynics responded that it was
harder to get a driver’s license than to be a bank CEO, where no license is required
that certifies a basic understanding of how to run a bank. The Fed, even today, is very
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nervous about safety and soundness regulations that exceed a minimum level of
complexity and that has affected U.S. participation in Basel II, to which we now turn.

The Basel Committee on Banking Supervision began its deliberations on how to
address the shortcomings of Basel I in the late 1990s, and it has issued a steady
stream of pronouncements and proposals beginning in 2001. In June 2004, the Basel
II guidelines were announced that rely on a combination of capital requirements,
supervisory review, and market discipline to reign in bank risk taking. Van Deventer
and Imai (2003) point out the biggest weakness of the Basel II approach: Capital
ratios, however derived, are weak predictors of the safety and soundness of financial
institutions and they significantly underperform models like the recently announced
Loss Distribution Model of the Federal Deposit Insurance Corporation.11

In 2010 and 2011, Basel III provisions were announced by the Basel Committee
on Banking Supervision in series of pronouncements that now total over 1,000 pages.
The proposals add liquidity ratios to the Basel II approach, but with much less insight
and usefulness than the best practice approaches we discuss in Chapter 37 on
liquidity risk. The Basel III regulations add leverage restrictions to their inverse, the
capital ratios of Basel II. In this edition of Advanced Financial Risk Management, we
have been candid in our de-emphasis of discussions about legacy approaches to risk
management that have failed the test of time. The credit crisis of 2006–2011 resulted
in the failure or nationalization of the biggest banks in Europe and the United States.
Neither the Basel II regulations nor the proposals for Basel III would have prevented
these failures. Indeed, the implication of the Basel II and Basel III regulations, that
government securities are the only truly safe asset, is now a source of amusement in
the wake of ISDA credit events in the credit default swap market for Ecuador and
Greece, with an artful dodge of an ISDA default for Ireland on a technicality.
Government financial difficulties continue at this writing in the Eurozone.

We understand that the Basel Committee on Banking Supervision was charged
with an impossible task: forging an international standard for banking risk regula-
tion among a group of countries none of which had yet succeeded in defining such a
standard in their own financial systems. Rather than review the lowest common
denominator proposals that emerged, we focus in the remainder of this book on best
practice and emerging best practice.12

We begin our journey through best practice risk management with the very
foundation of financial institutions risk management, interest rate risk.

NOTES

1. Assuming, of course, that the securities firm providing the insurance is riskless.
2. Working paper, Cornell University and Kamakura Corporation, February 2001.
3. The authors would like to thank Leo de Bever, Barbara Zvan, Francois Gingras, and

Barbara Chun for their insights and inspiration of this section of the book.
4. From the perspective of 2012, this emphasis on the marginal cost of funds as a basis for

pricing is showing its age. We discuss problems with this concept in later chapters as part
of the continual battle between those with a financial accounting basis (“How can we
make money if we don’t charge at least as much of our cost of funds?”) and those with a
market orientation. (“This credit is priced 10 basis points over market for AA-rated
companies and the fact that we are a triple-B bank is irrelevant.”)
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5. The multistate nature of commercial banking is commonplace in the United States and
most other countries in 2012, but it was a significant barrier to implementation of
comprehensive risk management in the mid-1980s, just as national barriers are today.

6. See Chapter 1 of Dennis Uyemura and Donald R. van Deventer, Financial Risk Man-
agement in Banking for more on this chart.

7. Donald R. van Deventer and Kenji Imai discuss this issue extensively in Credit Risk
Models and the Basel Accords (2003) in Chapters 1 and 2.

8. See Chapter 9 in van Deventer and Imai, Credit Risk Models and the Basel Accords
(2003).

9. A copy of the FDIC Loss Distribution Model is available on the research page on
www.kamakuraco.com.

10. See Chapter 9 in van Deventer and Imai, Credit Risk Models and the Basel Accords
(2003).

11. The December 10, 2003, press release of the FDIC is available on www.kamakuraco.com
or the FDIC website, www.fdic.gov.

12. Readers interested in the evolution of the Basel Accords are encouraged to review the
proposals in their original form on www.bis.org.
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PART

Two
Risk Management Techniques
for Interest Rate Analytics





CHAPTER 3
Interest Rate Risk Introduction

and Overview

Interest rate risk is at the heart of every silo of truly integrated risk management:
credit risk, market risk, asset and liability management (ALM), liquidity risk,

performance measurement, and even operational risk. Credit risk analysis that is not
built on a random interest rate risk framework completely misses one of the key
macroeconomic factors driving default. This is even truer when credit risk omits
explicit modeling of a key macroeconomic factor such as home prices. Both interest
rates and home prices, as predicted by Jarrow et al. (2003) in the FDIC Loss Dis-
tribution Model, are critical drivers of correlated bank defaults as the $1 trillion
bailout of the U.S. savings and loan industry in the 1980s and 1990s and the $1
trillion bailout of the U.S. “too big to fail” institutions in 2008 and 2009 confirms.
Market risk at most institutions includes a large proportion of fixed income
instruments, so we have to deal with interest rate risk in a comprehensive way to deal
with market risk. Asset and liability management at most institutions involves both
sides of the balance sheet and a range of instruments with complexities that go far
beyond those found in market risk, such as pension liabilities, insurance policies,
nonmaturity deposits, credit card advances, and so on. Analysis of each of these
instruments must be based on a random interest rate framework as well. In ALM, the
complexity of the task is aggravated by the frequent need to do the analysis both on a
mark-to-market basis and on a net income simulation basis looking forward.
Liquidity risk analysis, which is focused on how cash flows respond to changes in
macroeconomic factors and their impact on credit risk, market risk, and ALM risk, is
a “derivative” risk in the sense that it stems from some other problem.

For all these reasons, we pay special attention to interest rate risk in this book. In
this chapter, we focus on the big picture, in particular, on two key questions:

1. How have interest rates behaved in the past?
2. Is there an optimal interest rate risk position for a financial institution and, if so,

what are the determinants of what that position should be?

We start by focusing on the first question because we want our analysis of
interest rate risk to be grounded in reality. Too often, analysts of interest rate risk
assume a yield curve smoothing method or a model of interest rate movements that is
simply inconsistent with market prices of fixed income instruments and with
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historical (and with high probability) and future movements in interest rates. We
begin this chapter by summarizing key facts from the 50-year history of movements
in the U.S. Treasury yield curve. We select this data set for a simple reason—the sheer
size of the data and length of the time period for which data is available.

BACKGROUND INFORMATION ON MOVEMENTS IN THE U.S. TREASURY
YIELD CURVE

Space does not permit a detailed, day-by-day analysis of the movements of the U.S.
Treasury yield curve, but these references provide exactly such an analysis and we
strongly encourage the serious reader to review them:

n Daniel T. Dickler, Robert A. Jarrow, and Donald R. van Deventer, “Inside the
Kamakura Book of Yields: A Pictorial History of 50 Years of U.S. Treasury
Forward Rates,” Kamakura Corporation memorandum, September 13, 2011.

n Daniel T. Dickler and Donald R. van Deventer, “Inside the Kamakura Book of
Yields: An Analysis of 50 Years of Daily U.S. Treasury Forward Rates,”
Kamakura Corporation blog, www.kamakuraco.com, September 14, 2011.

n Daniel T. Dickler, Robert A. Jarrow, and Donald R. van Deventer, “Inside the
Kamakura Book of Yields: A Pictorial History of 50 Years of U.S. Treasury
Zero Coupon Bond Yields,” Kamakura Corporation memorandum, September
26, 2011.

n Daniel T. Dickler and Donald R. van Deventer, “Inside the Kamakura Book
of Yields: An Analysis of 50 Years of Daily U.S. Treasury Zero Coupon Bond
Yields,” Kamakura Corporation blog, www.kamakuraco.com, September
26, 2011.

n Daniel T. Dickler, Robert A. Jarrow, and Donald R. van Deventer, “Inside the
Kamakura Book of Yields: A Pictorial History of 50 Years of U.S. Treasury Par
Coupon Bond Yields,” Kamakura Corporation memorandum, October 5, 2011.

n Daniel T. Dickler and Donald R. van Deventer, “Inside the Kamakura Book of
Yields: An Analysis of 50 Years of Daily U.S. Par Coupon Bond Yields,”
Kamakura Corporation blog, www.kamakuraco.com, October 6, 2011.

These publications are either available on the Kamakura Corporation website at
www.kamakuraco.com or available by request from e-mail: info@kamakuraco
.com. The Kamakura Corporation website also includes three videos that show
movements in interest rates on a daily basis from January 2, 1962, to August 22,
2011. We encourage readers to also review the narrated videos shown in Exhibit 3.1.

The series of pictorial volumes and analysis by Dickler, Jarrow, and van
Deventer make a number of facts clear about the historical movements of interest
rates in the U.S. Treasury market, one of the largest fixed income markets in the
world. A reader who is thinking, “But my market is different” is guilty of risk fallacy
number 1 that we discussed in the Introduction: “If it hasn’t happened to me yet, it
won’t happen to me, even if it’s happened to someone else.” This is the same mistake
made by U.S. risk managers who thought that home prices wouldn’t fall like they did
in Japan. It is the same mistake made by U.S. ALM experts who thought that the low
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interest rates in the wake of the collapse of the Japanese bubble would never happen
anywhere else. Ideally, this book would analyze interest rates in 20 countries, not
one, but space does not permit that.

Here is a list of the key facts that the Dickler, Jarrow, and van Deventer studies
identified about the U.S. Treasury market experience.

Fact 1: Historical data is typically available at maturities that vary over time, as
seen in Exhibit 3.2 of the 12,395 data points of daily data on U.S. Treasury
yields from January 2, 1962, to August 22, 2011.

Fact 2: It is very rare for the forward rate curve to be monotonically upward
sloping or downward sloping. We discuss the derivation of forward rate
curves in the following chapters. The chart in Exhibit 3.3 shows the distri-
bution of the forward curves among three types of shapes: humped, upward
sloping, or downward sloping.

In percentage terms, the forward rate curve has been humped for 93.32
percent of the observations since 1962 (see Exhibit 3.4).

Fact 3: It is very common for the forward rate curve to show a large number of
local maximums and local minimums. Exhibit 3.5 summarizes the break-
down of the number of local minimums and maximums (“humps”) over the
12,395 business days in the data set.

In percentage terms, an interest rate modeler who wants to be able to
replicate the shape of the forward rate curve correctly at least 90 percent of
the time needs a model that can create at least six local maximums or
minimums (see Exhibit 3.6).

Fact 4: During some extended periods of time, the forward rate curve may have
no or few humps. As shown in Exhibit 3.7, 2011 was such a year.

Fact 5: It is equally true that extended periods of extreme humps can prevail,
such as the forward rate curves for 2009 in the aftermath of Federal Reserve
efforts to speed recovery from the 2008 collapse of firms like Bear Stearns,
Lehman Brothers, FHLMC, FNMA, AIG, Wachovia, and Washington
Mutual (see Exhibit 3.8).

Dickler, Jarrow, and van Deventer find that the most frequent local
minimums or maximums are at months 5, 10, 22, 34, 58, 79, 113, 144, 202.

EXHIBIT 3.1 Video References
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EXHIBIT 3.2 Analysis of Federal Reserve H15 Release Data Regimes

Start Date End Date Data Regime Number of Observations

1/2/1962 6/30/1969 1, 3, 5, and 10 years 1,870
7/1/1969 5/28/1976 1, 3, 5, 7, and 10 years 1,722
6/1/1976 2/14/1977 1, 2, 3, 5, 7, and 10 years 178
2/15/1977 12/31/1981 1, 2, 3, 5, 7, 10, and 30 years 1,213
1/4/1982 9/30/1993 3 and 6 months with 1, 2, 3, 5, 7, 10, and 30 years 2,935
10/1/1993 7/30/2001 3 and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 1,960
7/31/2001 2/15/2002 1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 135
2/19/2002 2/8/2006 1, 3, and 6 months with 1, 2, 3, 5, 7, 10, and 20 years 994
2/9/2006 8/22/2011 Second era: 1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 1,388

Total 12,395

Source: Kamakura Corporation.
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EXHIBIT 3.3 Kamakura Corporation, U.S. Treasury Monthly Forward Rates, January 2, 1962, to August 22, 2011, Number of Forward Rate Curve
Shapes by Data Regime

Forward Curve Shape

Start Date End Date Data Regime
Number of
Observations Humped

Monotonically
Downward Sloping

Monotonically
Upward Sloping

1/2/1962 6/30/1969 1, 3, 5, and 10 years 1,870 1,503 40 327
7/1/1969 5/28/1976 1, 3, 5, 7, and 10 years 1,722 1,707 11 4
6/1/1976 2/14/1977 1, 2, 3, 5, 7, and 10 years 178 146 32
2/15/1977 12/31/1981 1, 2, 3, 5, 7, 10, and 30 years 1,213 1,163 15 35
1/4/1982 9/30/1993 3 and 6 months with 1, 2, 3, 5, 7, 10,

and 30 years 2,935 2,930 5
10/1/1993 7/30/2001 3 and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 1,960 1,960
7/31/2001 2/15/2002 1, 3 and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 135 135
2/19/2002 2/8/2006 1, 3, and 6 months with 1, 2,3, 5, 7, 10,

and 20 years 994 669 325
2/9/2006 8/22/2011 Second era: 1, 3, and 6 months with 1, 2, 3,

5, 7, 10, 20, and 30 years 1,388 1,354 34
Total 12,395 11,567 66 762

Source: Kamakura Corporation.
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EXHIBIT 3.4 Kamakura Corporation, U.S. Treasury Monthly Forward Rates, January 2, 1962, to August 22, 2011, Number of Forward Rate Curve
Shapes by Data Regime

Probability of Forward Curve Shape

Start Date End Date Data Regime
Number of
Observations Humped

Monotonically
Downward Sloping

Monotonically
Upward Sloping

1/2/1962 6/30/1969 1, 3, 5, and 10 years 1,870 80.37% 2.14% 17.49%
7/1/1969 5/28/1976 1, 3, 5, 7, and 10 years 1,722 99.13% 0.64% 0.23%
6/1/1976 2/14/1977 1, 2, 3, 5, 7, and 10 years 178 82.02% 0.00% 17.98%
2/15/1977 12/31/1981 1, 2, 3, 5, 7, 10, and 30 years 1,213 95.88% 1.24% 2.89%
1/4/1982 9/30/1993 3 and 6 months with 1, 2, 3, 5, 7, 10,

and 30 years 2,935 99.83% 0.00% 0.17%
10/1/1993 7/30/2001 3 and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 1,960 100.00% 0.00% 0.00%
7/31/2001 2/15/2002 1, 3, and 6 months with 1, 2, 3, 5, 7, 10,

20, and 30 years 135 100.00% 0.00% 0.00%
2/19/2002 2/8/2006 1, 3, and 6 months with 1, 2, 3, 5, 7, 10,

and 20 years 994 67.30% 0.00% 32.70%
2/9/2006 8/22/2011 Second era: 1, 3, and 6 months with 1, 2,

3, 5, 7, 10, 20, and 30 years 1,388 97.55% 0.00% 2.45%
Total 12,395 93.32% 0.53% 6.15%

Source: Kamakura Corporation.
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EXHIBIT 3.5 Kamakura Corporation, U.S. Treasury Monthly Forward Rates, January 2, 1962, to August 22, 2011, Number of Local Maximums and Minimums
by Data Regime

Number of Local Maximums and Minimums

Data Regime 0 1 2 3 4 5 6 7 8 9 Total

1, 3, 5, and 10 years 367 579 924 1,870
1, 3, 5, 7, and 10 years 15 475 572 660 1,722
1, 2, 3, 5, 7, and 10 years 32 29 25 55 37 178
1, 2, 3, 5, 7, 10, and 30 years 50 77 291 202 440 153 1,213
3 and 6 months with 1, 2, 3, 5, 7, 10, and 30 years 5 25 173 343 1,042 671 427 249 2,935
3 and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 25 10 237 96 788 217 580 7 1,960
1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 1 48 80 5 1 135
1, 3, and 6 months with 1, 2, 3, 5, 7, 10, and 20 years 325 59 206 96 120 7 116 65 994
Second era: 1, 3, and 6 months with 1, 2, 3, 5, 7, 10,

20, and 30 years 34 167 110 500 88 177 44 197 61 10 1,388
Total 828 1,436 2,312 2,141 1,903 1,801 805 1,091 68 10 12,395

Probability of Local Maximums and Minimums

Data Regime 0 1 2 3 4 5 6 7 8 9 Total

1, 3, 5, and 10 years 19.6% 31.0% 49.4% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 100.0%
1, 3, 5, 7, and 10 years 0.9% 27.6% 33.2% 38.3% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 100.0%
1, 2, 3, 5, 7, and 10 years 18.0% 16.3% 14.0% 30.9% 20.8% 0.0% 0.0% 0.0% 0.0% 0.0% 100.0%
1, 2, 3, 5, 7, 10, and 30 years 4.1% 6.3% 24.0% 16.7% 36.3% 12.6% 0.0% 0.0% 0.0% 0.0% 100.0%
3 and 6 months with 1, 2, 3, 5, 7, 10, and 30 years 0.2% 0.9% 5.9% 11.7% 35.5% 22.9% 14.5% 8.5% 0.0% 0.0% 100.0%
3 and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 0.0% 1.3% 0.5% 12.1% 4.9% 40.2% 11.1% 29.6% 0.4% 0.0% 100.0%
1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 0.0% 0.0% 0.7% 35.6% 59.3% 3.7% 0.7% 0.0% 0.0% 0.0% 100.0%
1, 3, and 6 months with 1, 2, 3, 5, 7, 10, and 20 years 32.7% 5.9% 20.7% 9.7% 12.1% 0.7% 11.7% 6.5% 0.0% 0.0% 100.0%
Second era: 1, 3, and 6 months with 1, 2, 3, 5, 7, 10,

20, and 30 years 2.4% 12.0% 7.9% 36.0% 6.3% 12.8% 3.2% 14.2% 4.4% 0.7% 100.0%
Total 6.7% 11.6% 18.7% 17.3% 15.4% 14.5% 6.5% 8.8% 0.5% 0.1% 100.0%

Source: Kamakura Corporation.
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EXHIBIT 3.6 Cumulative Probability of Local Maximums and Minimums

Cumulative Probability of Local Maximums and Minimums

Data Regime 0 1 2 3 4 5 6 7 8 9

1, 3, 5, and 10 years 19.6% 50.6% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
1, 3, 5, 7, and 10 years 0.9% 28.5% 61.7% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
1, 2, 3, 5, 7, and 10 years 18.0% 34.3% 48.3% 79.2% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
1, 2, 3, 5, 7, 10, and 30 years 4.1% 10.5% 34.5% 51.1% 87.4% 100.0% 100.0% 100.0% 100.0% 100.0%
3, and 6 months with 1, 2, 3, 5, 7, 10,

and 30 years 0.2% 1.0% 6.9% 18.6% 54.1% 77.0% 91.5% 100.0% 100.0% 100.0%
3 and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 0.0% 1.3% 1.8% 13.9% 18.8% 59.0% 70.1% 99.6% 100.0% 100.0%
1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20,

and 30 years 0.0% 0.0% 0.7% 36.3% 95.6% 99.3% 100.0% 100.0% 100.0% 100.0%
1, 3, and 6 months with 1, 2, 3, 5, 7, 10,

and 20 years 32.7% 38.6% 59.4% 69.0% 81.1% 81.8% 93.5% 100.0% 100.0% 100.0%
Second era: 1, 3, and 6 months with 1, 2,

3, 5, 7, 10, 20, and 30 years 2.4% 14.5% 22.4% 58.4% 64.8% 77.5% 80.7% 94.9% 99.3% 100.0%
Total 6.7% 18.3% 36.9% 54.2% 69.5% 84.1% 90.6% 99.4% 99.9% 100.0%

Source: Kamakura Corporation.
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These optima are close to knot points (data at which the Federal Reserve
provides data) at 6, 12, 24, 36, 60, 84, 120, and 240 months.

Fact 6: The volatility of the daily changes in forward rates can be calculated
both using all data and using all data except the first day after the Federal
Reserve changes the “data regime,” the maturities at which U.S. Treasury
yields are made available. The volatilities of daily changes do not have a
simple upward sloping, downward sloping, or constant pattern. In fact, an
assumption that volatilities have a simple shape is dramatically wrong, as
shown in Exhibit 3.9.

Fact 7: Dickler, Jarrow, and van Deventer find that the smoothing techniques
employed in the figures above and explained in later chapters produce very
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EXHIBIT 3.7 Monthly Forward Rates for U.S. Treasury Bonds, Maximum Smoothness
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smooth forward rate curves. Adams and van Deventer (1994) adopt a
common definition of smoothness used in engineering and computer gra-
phics, the integral of the squared second derivative of the forward rate over
the length of the forward rate curve. We can approximate this by taking the
sum of the squared second differences of the (up to) 360 monthly forward
rates on each of the 12,395 business days in the data set.

Z½t� ¼
X360
i¼2

�
ðf ðiÞ � f ði� 1ÞÞ � ðf ði� 1Þ � f ði� 2ÞÞ

�2

The lowest values of Z[t] are those days with the smoothest forward rate
curves. The highest values of Z[t] are those days on which the forward rate curve
is least smooth. Not surprisingly, Dickler, Jarrow, and van Deventer find that
the least smooth forward rate curve comes about on September 17, 2008, two
days after the formal filing of bankruptcy by Lehman Brothers. The Federal
Reserve’s efforts to provide liquidity via the Treasury market and direct lending
result in dramatic variation of the forward rate curve. This volatility was inev-
itable because of the short-term rates reported by the Federal Reserve on its H15
statistical release for September 17, 2008: 3 months ¼ 0.03 percent, 6
months ¼ 1.03 percent, and 1 year ¼ 1.50 percent. Exhibit 3.10 shows how the
Fed’s attempts to supply liquidity caused dramatic movements in the forward
rate curve. Note that, due to limitations in the graphics routine used, forward
rates are plotted for every third month.
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Fact 8:Nominal interest rates can indeed turn negative. This is not obvious in the
Federal Reserve’s H15 data for a simple reason: the Federal Reserve has
acknowledged that it will not publish negative interest rates because the U.S.
Treasury “will not issue” bonds with a negative coupon. Academics have
argued that nominal interest rates cannot be negative “because it is costless
to store cash.” In fact, it is not costless to store cash and the proof of that is
the August 5, 2011, announcement by the Bank of New York Mellon that it
would charge a fee to clients who supplied zero interest demand deposits to
the bank with balances of more than $50 million. The Wall Street Journal
report on the fee noted that 1-month U.S. Treasury bill rates were trading at
negative yields on that day. Negative nominal rates have been reported on
the website of the Hong Kong Monetary Authority and observed in
Switzerland and Japan as well.

With this data as background, we now turn to the mechanics of how a financial
institution can and should manage interest rate risk.

A STEP-BY-STEP APPROACH TO ANALYZING INTEREST RATE RISK

Besides reviewing historical experience, our goal in this chapter is to address the big
picture of determining the optimal degree of interest rate risk for a major financial
institution. We start with a very fundamental question: What number is interest rate
risk management all about?

In Chapter 1, we noted how Merton and Jarrow have both proposed that a
properly described “put option” is the single number that best describes the total risk
of a financial institution in most situations. If we are thinking only about the firm’s
current portfolio, this put option is a European put option exercised only on one
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specific date on the value of the portfolio we hold now. If we are thinking about a
multiperiod analysis of the firm’s balance sheet going forward, this put option can be
a American put option exercisable at many dates in the future.

We can describe almost all common risk management risk measures using the
Merton and Jarrow analysis of the put option. When one thinks about it, the put
option is a much more precise summary of the risk than other terms that are more
commonly used to describe risk.

For example

n Instead of the 10-day VaR of a trading portfolio, what is the value of a 10-day
put on the firm’s current portfolio with an exercise price equal to the portfolio’s
current market value? The price of the put will increase sharply with the risk of
the firm’s portfolio, and the put’s price will reflect all possible losses and their
probability, not just the ninety-ninth percentile loss as is traditional in value at
risk analysis.

n Instead of stress testing the 12-month net income of the financial institution to
see if net income will go below $100 million for the year, what is the price of a
put option in month 12 that will produce a gain in net income exactly equal to
the shortfall of net income versus the $100 million target? The more interest rate
risk in the balance sheet of the financial institution, the more expensive this put
will be. The put will reflect all levels of net income shortfall and their probability,
not just the shortfalls detected by specific stress tests.

n Instead of the Basel II or Basel III risk-weighted capital ratio for the bank, what
is the price of the put option that insures solvency of the bank in one year’s time?
This put option measures all potential losses embedded in the financial institu-
tion’s balance sheet and their probability of occurrence, including both interest
rate risk and credit risk, as we discuss at the end of this chapter.

n Instead of expected losses on a collateralized debt obligation tranche’s B tranche,
what is the price of a put option on the value of the tranche at par at maturity?
This put option reflects all losses on the tranche, not just the average loss, along
with their probability of occurrence.

n Instead of expected losses on the Bank Insurance Fund in the United States, the
Federal Deposit Insurance Corporation has valued the put option of retail bank
deposits at their par value as discussed in the FDIC’s loss distribution model
announced on December 10, 2003.

The market values of put options on bank total risk are visible in the market-
place. Exhibit 3.11 shows put option prices at the close of trading on April 20, 2011,
for JPMorgan Chase. The closing stock price for JPMorgan Chase was $42.72.

With this key Merton-Jarrow insight in mind, a lot of the debate about the
proper focus of interest rate risk management fades away. Three different dimensions
of a financial institution’s risk have dominated past arguments about how much
interest rate risk is the right amount:

n Net interest income (or net income), a measure that by definition is multiperiod
in nature and includes instruments that the financial institution owns today and
those that it will own in the future. Net interest income as the focus of risk
analysis is unheard of on the trading floor but is much discussed by senior
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management of many financial institutions. Many of the required outputs of the
Federal Reserve’s “Comprehensive Capital Analysis and Review 2012” stress
tests are surprisingly expressed in net income terms.

n Market value of portfolio equity, which is “bank-speak” for the market value of
the assets a financial institution owns today, less the market value of its liabil-
ities. This is the common trading floor choice, aided by the luxury of having
market prices for almost every asset and liability in full view. It is also increas-
ingly popular among sophisticated total balance sheet risk managers, even when
the balance sheet is dominated by assets and liabilities with no observable
market price.

n Market-based equity ratio, which is the ratio of the mark-to-market value of
the equity of the portfolio (“market value of portfolio equity” in bank-speak)
divided by the market value of assets. This is most closely related to the capital
ratio formulas of the primary capital era, Basel I, Basel II, Basel III, and Sol-
vency II.

n Default probability of the institution, which is another strong candidate as a
single measure of risk. The complexity here is over which time period the default
probability should be for.

EXHIBIT 3.11 Put Options on JPMorgan Chase Common Stock
Source: www.yahoo.com, April 20, 2011.
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While these measures can move in conflicting directions under specific scenarios,
the put option proposed by Merton and Jarrow behaves in a consistent way, which is
why Jarrow labels the put option a “coherent risk measure” as noted in Chapter 1.

THE INTEREST RATE RISK SAFETY ZONE

The complex interaction between interest rate risk and credit risk shouldn’t be
allowed to obscure a key conclusion about interest rate risk. Assuming away the
potential default of the assets that a financial institution may hold:

No matter which maturity of investment we make with the capital of the
financial institution, this firm will never go bankrupt from interest rate risk
as long as the remaining assets are financed on a matched maturity basis.
This firm is in the “safety zone” and shareholders are indifferent to the
choice of maturity on the investment of these equity funds. The reason they
are indifferent is because, even at the retail investor level, the investor can
form a model portfolio with the investor’s desired risk. For example, what if
management invested the equity in 10 year bonds and the retail investor
wanted the funds invested in a one year maturity. The investor achieves that
by buying x% of the firm’s common stock, selling short x% of the 10-year
bonds, and buying x% of the one-year bonds.1

Once the firm begins to mismatch on the loan funding, the probability of
bankruptcy creeps up from zero. For any mismatch, there is an interest rate scenario
(often an incredibly unlikely but theoretically possible scenario), which can cause
bankruptcy. Once this bankruptcy probability becomes significant from a practical
point of view, shareholders begin to bear the expected cost of bankruptcy, which is
the unhedgable loss of the perpetual ability of the financial institution to generate
profitable assets that earn an excess above the return on traded securities of equiv-
alent risk available in the market. It is this expected bankruptcy loss that causes the
firm’s stock price to decline when the firm moves out of the safety zone. As long as
the firm is within the safety zone, the firm’s stock price will always be indifferent to
the level of interest rate risk,2 all other things being equal, because the interest rate
risk is hedgable even by retail investors for their own account.3

As we plunge into the interest rate analytics first and then credit risk analytics
second, we should not lose sight of this simple truth about interest rate risk.

NOTES

1. More practically, the investor would short government bond futures.
2. This doesn’t mean that the firm’s stock price won’t decline if Firm A has taken more risk

than Firm B. It means only that Firm A and Firm B, all other things being equal, will have
the same initial stock prices if both differ only in the degree of interest rate risk taken in the
safety zone.

3. Lot sizes for financial futures are so small that the argument that this hedging can be done
at the retail level is a practical one. At the institutional investor level, of course, this
hedging could be much easier.
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CHAPTER 4
Fixed Income Mathematics

The Basic Tools

In the first three chapters, we discussed measures of risk and return in a general way.
We have discussed the Jarrow-Merton put option as a measure of risk along with

more traditional measures of risk, such as the sensitivity of net income to changes in
risk factors and the sensitivity of the net market value of a portfolio (i.e., the value of
equity in the portfolio) to changes in risk factors.

In the rest of this book, we discuss implementation of these concepts in a detailed
and practical way. Implementation requires accurate and efficient modeling of
market values of every transaction in the portfolio both at the current time and at
any date in the future. Valuation and multiperiod simulation also require exact
knowledge of cash flow dates and amounts, recognizing that these amounts may be
random, such as an interest rate on a floating-rate mortgage, early prepayment on a
callable bond, or payment on a first to default swap. We turn to that task now.

MODERN IMPLICATIONS OF PRESENT VALUE

The concept of present value is at the very heart of finance, and yet it can seem
like the most mysterious and difficult element of risk management analytics even
eight decades after the introduction of Macaulay’s duration in 1938. It is safe to say,
though, that no self-respecting finance person in a large financial institution should
look forward to a pleasant stay in the finance area if he or she is uncomfortable with
the present value concept and the basics of traditional fixed income mathematics. At
the same time, the basic principles of present value have so many applications that a
good understanding of them would be very beneficial to a wide variety of finance
professionals. In this chapter, we present an overview of present value and fixed
income mathematics. We touch on a wide variety of topics and leave a few to
be covered in more detail in later chapters. Yield curve smoothing is covered in
Chapter 5, and modern simulation of random interest rates is covered in Chapters 6
to 11. Finally, we cover “legacy” approaches to interest rate risk management and
contrast them to more modern approaches in Chapters 12 and 14. We integrate this
pure interest rate risk-focused section with credit modeling in Chapters 15 to 17.

The present value concept and related issues like yield-to-maturity and
forward interest rates provide the building blocks for these more complex issues.
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These concepts will be old hat to many readers, but they have great implications for
the measurement of risk and return we’ve discussed in Chapters 1 to 3.

PRICE, ACCRUED INTEREST, AND VALUE

The accounting and economics professions have engaged in many wars during their
history. Occasionally, there have been periods of peaceful coexistence and general
agreement on what’s important in life. That seems to be happening now with
the implementation of the market value-based Financial Accounting Standards
(FAS) 133, FAS 157, and similar International Financial Reporting Standards (IFRS)
pronouncements.

There was one important battle lost by the economics profession that still causes
finance professionals pain, however. That battle was fought over three concepts:
price, accrued interest, and value.

In this chapter, we focus consistently on the concept of value—what a security is
truly worth in the marketplace. In a rational world, a security’s value and the risk-
adjusted present value of future cash flows had better well be close to the same thing
or the reader is wasting a lot of valuable time reading this book when he could be
arbitraging the market. For the purposes of this book, when we say value, we really
mean present value; that is, what a rational person would pay today for the risk-
adjusted cash flows to be received in the future.

Unfortunately, this simple concept has been complicated by the noble idea that
one “earns” interest on a bond even if you buy it just after the most recent coupon
payment was paid and sell it before the next coupon payment is paid. This idea isn’t
harmful in and of itself, but, in the form the idea has been implemented in many
markets, nothing could be farther from economic reality. The person who receives
the interest on a bond is the person who is the owner of record on the record date that
determines who receives the interest. For accounting (not economic) purposes, the
accounting profession has decided that the value of a bond has to be split into two
pieces: the “price,” which is intended by the accountants to be relatively stable, and
“accrued interest,” which is an arbitrary calculation that determines who “earned”
interest on the bond even if they received no cash from the issuer of the bond.

The basic accounting rule for splitting value isn’t harmful on the surface:

Value ¼ Price plus accrued interest

What causes the harm is the formula for accrued interest. In a calculation left
over from the “BC (before calculators) era,” accrued interest is calculated as a
proportion of the next coupon on a bond. While there are many variations on the
calculation of this proportion, the simplest one divides the actual number of days
between the settlement date and the last bond coupon payment date by the total
number of days between coupon payments.

CALCULATION OF ACCRUED INTEREST

ABC Bank sells a 10-year, 10 percent coupon bond for an amount of money equal
to 102 percent of par value, or $1,020.00 per bond. The next semiannual coupon
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of $50.00 will be paid in 122 days, and it has been 60 days since the last coupon
payment.

Value ¼ $1,020:00

Accrued interest ¼ 60 ð$50Þ=½60þ 122� ¼ $16:48

Price ¼ Value� Accrued interest ¼ $1,020:00� 16:48

¼ $1,003:52

or 100.352 percent of par value.
There is one fundamental flaw in these simple rules. In economic terms, the

amount of accrued interest is an arbitrary calculation that has no economic mean-
ing.1 Why? The amount of accrued interest bears no relationship to the current level
of interest rates. The accrued interest on the bond above is calculated to be the same
in an environment when interest rates are 3 percent as one where interest rates
are 30 percent. The amount of accrued interest depends solely on the coupon on the
bond, which reflects interest rate levels at the time of issue, not interest rates today.
Since price is calculated as value minus an economically meaningless number, then
price is an economically meaningless number as well. Unfortunately, the number
referred to most often on a day-to-day basis in the financial industry is “price,” so
those of us who focus on good numbers have to work backward to remain focused
on what’s important: the value of the transaction, $1,020.00.2 Market slang labels
true present value as the dirty price, meaning price plus accrued interest. Clean price
means true present value minus accrued interest; that is, the price quoted in the market.
In our minds, the market has applied the words “dirty” and “clean” to the wrong
definitions of price.

From now on, when we say “value” we mean true present value, dirty price,
and price plus accrued interest. To avoid confusion, we will always specify the concept
of price intended between “clean price” and “dirty price.”

PRESENT VALUE

A dollar received in the future is almost always worth less than a dollar received
today.3 This is more than just a reflection of inflation; it’s a recognition that market
requires someone using the resources of others to pay “rent” until those resources
are returned. The implications of this simple fact are very important but
straightforward.

THE BASIC PRESENT VALUE CALCULATION

If the value of one dollar received at time ti is written P(ti), then the present value
of an investment that generates n varying cash flows C(ti) at n times ti in the future
(for i equal to 1 through n) can be written as follows:

Present value ¼
Xn
i¼1

PðtiÞCðtiÞ
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Example

Cash Flow 1: $100.00
Date Received: 1 year from now
Cash Flow 2: $200.00
Date Received: 10 years from now
Value of $1 dollar received in the future
Received in 1 year: $0.90
Received in 10 years: $0.50
Value ¼ 100(.9) þ 200(.5) ¼ 190.00

This simple formula is completely general. It is the heart of most banking
calculations and much of finance. Note that the present value formula has the
following features:

n It is independent of the number of cash flows.
n It is independent of the method of interest compounding.
n It assumes that cash flows are known with certainty.

The P(ti) values, the value of one dollar received at time ti, are called discount
factors. They provide the basis for all yield curve calculations: bond valuation, for-
ward rates, yield-to-maturity, forward bond prices, and so on. How they are deter-
mined and how they link with other concepts is the topic that makes up the heart
of the rest of the book, and, in particular, we focus on them in Chapters 5 and 17. For
the time being, we assume that these discount factors are known. That allows us to
write down immediately a number of other formulas for valuation of securities where
the contractual cash flows are known with certainty.

CALCULATING THE VALUE OF A FIXED COUPON BOND WITH
PRINCIPAL PAID AT MATURITY

If the actual dollar amount of the coupon payment on a fixed coupon bond is C and
principal is repaid at time tn, the value (price plus accrued interest) of the bond is:

Value of fixed coupon bond ¼ C
Xn
i¼1

PðtiÞ þ PðtnÞPrincipal

Note that this formula applies regardless of how often coupon payments are
made and regardless of whether the first coupon period is a full period in length. The
calculation is nearly identical to the example given above.

CALCULATING THE COUPON OF A FIXED COUPON BOND WITH
PRINCIPAL PAID AT MATURITY WHEN THE VALUE IS KNOWN

If the value (price plus accrued interest) of a fixed coupon bond is known and the
discount factors are known, the dollar coupon payment that leads a bond to have
such a value is calculated by rearranging the previous formulas:
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Dollar coupon amount of fixed coupon bond ¼ Value� PðtnÞPrincipalPn
i¼1

PðtiÞ

Example

Principal amount: $1,000.00
Interest paid: Semiannually
Value: $1,150.00
Periods to maturity: 4 semiannual periods
Days to next coupon: 40 days
Value of $1 dollar received in the future
Received in 40 days: $0.99
Received in 6 months plus 40 days: $0.94
Received in 1 year plus 40 days: $0.89
Received in 1.5 years plus 40 days: $0.83

Coupon amount ¼ ð1,150� :833 1,000Þ=ð:99þ :94þ :89þ :83Þ
¼ 87:67

Coupon rate ¼ ½2 payments3Amount�=1,000:00
¼ 17:53%

THE VALUE OF AN AMORTIZING LOAN

The value of an amortizing loan is the same calculation as that for a fixed coupon
bond except that the variable C represents the constant level payment received in
each period. There is no explicit principal amount at the end since all principal is
retired in period-by-period payments included in the amount C. When the periodic
payment dollar amount is known, the value of the loan is

Value of amortizing bond ¼ C
Xn
i¼1

PðtiÞ
" #

Note again that this formula holds even for a short first period and for any
frequency of payments, be they daily, weekly, monthly, quarterly, semiannually,
annually, or on odd calendar dates.

CALCULATING THE PAYMENT AMOUNT OF AN AMORTIZING BOND
WHEN THE VALUE IS KNOWN

Like the fixed coupon bond case, the payment amount on an amortizing loan can be
calculated using the known amount for value (principal plus accrued interest) and
rearranging the equation above for amortizing loans.
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C ¼ Payment amount on amortizing bond ¼ ValuePn
i¼1

PðtiÞ

Risk Management Implications

In Chapter 3, we stated that the interest rate risk of a financial institution is simply
the sum of the present value of its assets less the present value of its liabilities. We also
noted that the width of the interest rate risk safety zone is at least consistent with the
capital of the organization being invested in any maturity from one day to infinitely
long, provided all other assets are match funded. We now turn to the use of basic
present value concepts for valuation of floating-rate securities.

CALCULATING THE VALUE OF A FLOATING-RATE BOND OR LOAN
WITH PRINCIPAL PAID AT MATURITY

The calculation of the value of a floating-rate bond is more complicated than the
valuation of a fixed rate bond because future coupon payments are unknown. In
order to value floating-rate bonds, we divide the formula for determining the
coupon on the bond into two pieces: an index plus a fixed dollar spread over
the index. We assume the index is set at a level such that the value of a bond with
one period (equal in length to 1/m years) to maturity and an interest rate equal to
the index would be par value. This is equivalent to assuming that the yield curve
(and its movements), which determine future values of the index, is the same as
the yield curve we should use for valuing the floating-rate security. For example, we
assume that the right yield curve for valuing all securities whose rate is reset based
on the London interbank offered rate should be valued at the LIBOR yield curve.
We relax this assumption below and in later chapters when we have more powerful
tools to analyze more realistic assumptions about the value of a bond whose rate
floats at the index plus zero spread. Using our simple assumptions for the time
being, the present value of a floating-rate bond priced at the index level plus a fixed
dollar amount (the spread) per period is equal to par value (the value of all future
payments at an interest rate equal to the floating index plus the return of principal)
plus the present value of the stream of payments equal to the spread received each
period. The value of the stream of payments equal to the spread can be valued using
the equation above for the value of an amortizing bond. Therefore, the value of a
floating-rate bond is

Value of floating-rate bond ¼ Pðt1Þ 1þ Index

m

0
@

1
APrincipal

2
4

3
5

þ Spread
Xn
i¼1

PðtiÞ
" #

Note that the first term will be equal to the principal value, given our definition
of the index, if the time to the first payment t1 is equal to the normal length of the
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period between coupons. The first term will generally not be equal to the principal
value if the length of the first period is shorter that its normal length, such as 17
days when the interval between interest rate resets is six months. Note also that the
index may not be the same as the interest rate (which we will call the formula rate
from here on) used as the formula for setting the coupon on the bond. See
the examples for valuation of bonds where the index rate and the formula rate are
different.

Example

In this example, the coupon formula is based on LIBOR, which is a yield curve that
was intended to be consistent with the credit risk of major international banks. Lately,
this consistency has eroded, but we ignore that fact in this chapter. In this example, our
counterparty has a higher level of credit risk than a major international bank because
the index value that would cause a floating-rate note to have a present value equal to
par value is LIBOR plus 1 percent, so the difference between the coupon rate on the
floating-rate note and “par pricing” is 2.00 percent � 1.00 percent.

Coupon formula: 6-month LIBOR (adjusted) þ 2.00 percent4

Index value: 6-month LIBOR þ 1.00 percent
Principal amount: 2,000.00
Spread in dollar terms over and
above par pricing:

(.02 �.01) 3 2,000/2 ¼ 10.00
Maturity: 2 years
Time to next coupon Exactly 6 months
Value of $1 received in the future
Received in 6 months: 0.96
Received in 1 year: 0.92
Received in 1.5 years: 0.87
Received in 2.0 years: 0.82

Value ¼ :96 1þ Liborþ :01

2

� �
Principal

� �
þ 10:00½0:96þ 0:92þ 0:87þ 0:83�

¼ 2,035:8

Risk Management Implications

We now have enough tools to analyze the interest rate risk embedded in a simple
financial institution. Armed with these simple tools and the right set of present value
factors, we can:

1. Mark the assets and liabilities to market
2. Calculate the implied value of the equity of the financial institution
3. Change the discount factors to stress test the calculations in 1 and 2 with respect

to interest rate risk
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We will illustrate how to do this in more detail in subsequent chapters. We now
turn to another set of basic tools that will help us do this for a broad range of assets
and liabilities.

COMPOUND INTEREST CONVENTIONS AND FORMULAS

No one who has been in the financial world for long expects interest rates to remain
constant. Still, when financial analysts perform traditional yield-to-maturity calcu-
lations, the constancy of interest rates is the standard assumption simply because of
the difficulty of making any other choice. Particularly when discussing compound
interest, the assumption that interest rates are constant is a very common assumption.
This section discusses those conventions as preparation for the yield-to-maturity
discussion later in this chapter. Using the techniques in Chapter 5, we can relax these
simple but inaccurate assumptions.

Future Value of an Invested Amount Earning at a Simple Interest Rate
of y Compounded m Times per Year for n Periods

Almost all discussions of compound interest and future value depend on four factors:

n The constancy of interest rates
n The nominal annual rate of interest
n The number of times per year interest is paid
n The number of periods for which interest is compounded

Future value of invested amount ¼ ðInvested amountÞ 1þ y

m

� �n

Future Value of an Invested Amount Earning at a Simple Interest Rate
of y Compounded Continuously for n Years

What happens if the compounding period shrinks smaller and smaller, so that
interest is compounded every instant, not every second or every day or every month?
If one assumes a simple interest rate of y invested for n years, the corresponding
formula to the equation above is

Future amount ¼ Invested amountðeynÞ

Many financial institutions actually use a continuously compounded interest
rate formula for consumer deposits. The continuous compounding assumption is a
very convenient mathematical shorthand for compound interest because deriva-
tives of the constant e ¼ 2.7128 . . . to a power are much simpler (once one gets
used to them) than the derivatives of a discrete compounding formula. The con-
tinuous time assumption also allows the use of the powerful mathematical tools
called stochastic processes. (We use these in Chapter 6 through 11 and discuss
explicitly in Chapter 13.)
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Example

Invested amount: 100.00
Continuously compounded interest rate: 12.00%
Investment period: 2 years and 180 days

Future value ¼ 100:00e
:123

�
2þ

180

365

�
¼ 134:88

Present Value of a Future Amount If Funds Are Invested at a Simple
Interest Rate of y Compounded m Times per Year for n Periods

A parallel question to the compound interest investment question is this: If one seeks
to have 100 dollars n periods in the future and funds had been invested at a constant
rate y compounded m periods per year, how much needs to be invested initially? The
answer is a rearrangement of our original formula for compounding of interest:

Invested amount ¼ Future value of invested amount

1þ y
m

� 	n

Present Value of a Future Amount If Funds Are Invested at a Simple
Interest Rate of y Compounded Continuously for n Years

When interest is assumed to be paid continuously, the investment amount can be
calculated by rearranging the equation for continuous compounding of interest:

Invested amount ¼ Future amount

eyn

¼ Future amountðe�ynÞ

COMPOUNDING FORMULAS AND PRESENT VALUE FACTORS P (t)

In these sections, we focus on the calculation of present value factors on the
assumption that interest rates are constant but compound at various frequencies.
We could use this approach to calculate the present value factors that we used in all
of the examples in the first part of this chapter, but, as President Richard M. Nixon
famously said, “That would be wrong.”Why? Because the yield curve is almost never
absolutely flat. We deal with this issue in Chapter 5. With these compounding
formulas behind us, the yield-to-maturity calculations can be discussed using a
combination of the formulas in the second and third section of this chapter. The
yield-to-maturity formula no longer plays an important role in modern interest rate
risk management, but it is an important piece of market slang and is a concept that is
essential to communicating the “present value” of a wide array of financial instru-
ments. Besides that usage, the yield-to-maturity concept and the related duration and

Fixed Income Mathematics 67



convexity formulas are legacy concepts that are now outmoded except as a means to
communicate interest rate risk concepts in a conventional, albeit, dated way.

YIELDS AND YIELD-TO-MATURITY CALCULATIONS

The concept of yield to maturity is one of the most useful and one of the most
deceptive calculations in finance. Take the example of a five-year bond with a
current value equal to its par value and with coupons paid semiannually. The
market is forecasting 10 different semiannual forward interest rates (which we
discuss in the next section) that have an impact on the valuation of this bond.
There are an infinite number of forward rate combinations that are consistent with
the bond having a current value equal to its par value. What is the probability that
the market is implicitly forecasting all 10 semiannual forward rates to be exactly
equal? Except by extraordinary coincidence, the probability is a number only the
slightest bit greater than zero. Nonetheless, this is the assumption implied when
one asks “What’s the yield to maturity on ABC Company’s bond?” It’s an
assumption that is no worse than any other—but no better either, in the absence of
any other information.

What if ABC Company has two bonds outstanding—one of 10 years in maturity
and another of five years of maturity? When an analyst calculates the yield to
maturity on both bonds, the result is the implicit assumption that rates are constant
at one level when analyzing the first bond and constant at a different level when
analyzing the second bond. The implications of this are discussed in detail in
Chapter 5. In later chapters, we discuss a number of ways to derive more useful
information from a collection of outstanding value information on bonds of a
comparable type. As an example, if ABC Company has bonds outstanding at all
10 semiannual maturities, it is both possible and very easy to calculate the implied
forward rates, zero coupon bond prices (discount factors P[t]), and pricing on all
possible combinations of forward bond issues by ABC Company. The calculation of
yield to maturity is more complex than these calculations, and it yields less infor-
mation. Nonetheless, it’s still the most often-quoted bond statistic other than clean
price (present value less accrued interest).

THE FORMULA FOR YIELD TO MATURITY

For a settlement date (for either a secondary market bond purchase or a new bond
issue) that falls exactly one period from the next coupon date, the formula for yield to
maturity can be written as follows for a bond that matures in n periods and pays a
fixed coupon amount C m times per year:

Value ¼ C

"Xn
i¼1

PðtiÞ
#
þ PðtnÞ½Principal�

with PðtiÞ ¼ 1�
1þ y

m

�i
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Yield to maturity is the value of y that makes this equation true. This relationship
is the present value equation for a fixed coupon bond, with the addition that the
discount factors are all calculated by dividing one dollar by the future value of one
dollar invested at a constant rate y for i periods with interest compounded m times
per year. In terms of the present value concept, y is the internal rate of return on this
bond. As recently as three decades ago, dedicated calculators were necessary to
estimate y. Now it’s easy to solve for y using the “solver” function or other functions
in common spreadsheet software.

YIELD TO MATURITY FOR LONG OR SHORT FIRST COUPON
PAYMENT PERIODS

For most outstanding bonds or securities, there is almost always a short (or occa-
sionally a long) interest payment period remaining until the first coupon payment is
received. The length of the short first period is equal to the number of days from
settlement to the next coupon, divided by the total number of days from the last
coupon (or hypothetical last coupon, if the bond is a new issue with a short coupon
date) to the next coupon. The method for counting days is specified precisely by the
interest accrual method appropriate for that bond.We call this ratio of remaining days
to days between coupons the fraction x.5 Then the yield to maturity can be written as

Value ¼ C
hXn
i¼1

PðtiÞ
i
þ PðtnÞ½Principal�

with PðtiÞ ¼ 1�
1þ y

m

�i�1þx

where, as above, y is the value that makes this equation true.

CALCULATING FORWARD INTEREST RATES AND BOND PRICES

What is the six-month interest rate that the market expects to prevail two years in
the future?6 Straightforward questions like this are the key to funding strategy or
investment strategy at many financial institutions. Once discount factors (or, equiv-
alently, zero coupon bond prices) are known, making these calculations is simple.

IMPLIED FORWARD INTEREST RATES ON ZERO-COUPON BONDS

The forward simple interest rate ti years in the future on a security that pays interest
and principal at time ti þ 1 is

Forward interest rate ¼ 100

tiþ1 � ti

PðtiÞ
Pðtiþ1Þ � 1

� �
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This forward rate is the simple interest rate consistent with 1/(tiþ1 � ti)
interest payments per year. For example, if ti is two years and tiþ1 is 2.5 years,
then the forward interest rate is expressed on the basis of semiannual interest
payments.

Example

Value of $1 dollar received in the future
Received in 350 days: $0.88
Received in 1 year plus 350 days: $0.80

Forward rate ¼ 100

1

:88

:80
� 1

2
4

3
5

¼ 10:00

This is the forward rate the market expects to prevail 350 days in the future on a
one-year bond. The forward rate is expressed on the basis of annual compounding
of interest.

IMPLIED FORWARD ZERO-COUPON BOND PRICES

A parallel question to the question of the level of forward interest rates is this
query: What is the forward price of a six-month, zero-coupon bond two years in
the future? The answer is a simple ratio. From the perspective of time 0 (the
current time), the forward price at time ti of a zero coupon bond with maturity at
time tiþ1 is

Implied forward zero-coupon bond price ¼ Pðtiþ1Þ
PðtiÞ

PRESENT VALUE OF FORWARD FIXED COUPON BOND

What is the present value of a bond to be issued on known terms some time in the
future? The answer is a straightforward application of the basic present value
formula. If the actual dollar amount of the coupon payment on a fixed coupon
bond is C and principal is repaid at time tn, the value (price plus accrued interest) of
the bond is

Present value of forward fixed coupon bond ¼ C
hXn

i¼1
PðtiÞ
i
þ PðtnÞ½Principal�

This is exactly the same present value formula used earlier in the chapter.
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IMPLIED FORWARD PRICE ON A FIXED COUPON BOND

There is another logical question to ask about a bond to be issued in the future on
known terms. What would be the forward price, as of today, of the “when issued
bond,” if we know its offering date? The answer is again a straightforward appli-
cation of the basic present value equation. If the actual dollar amount of the coupon
payment on a fixed coupon bond is C and principal is repaid at time tn, the forward
value (price plus accrued interest) of the bond at the issuance date t0 is

Forward value of fixed coupon bond ¼
C
hPn
i¼1

PðtiÞ
i
þ PðtnÞ½Principal�
Pðt0Þ

IMPLIED FORWARD COUPON ON A FIXED COUPON BOND

Finally, a treasurer may often be asked the implied forward issue costs (i.e., forward
coupon rates) for a bond to be issued at par (or any other value). This question can be
answered using a minor modification of another basic present value equation. For a
bond to be issued at time t0 with n interest payments and principal repaid at time tn,
the dollar amount of the coupon is given by the formula

Dollar coupon amount of fixed coupon bond

¼ Pðt0ÞðValue at issueÞ � PðtnÞPrincipalPn
i¼1

PðtiÞ

OTHER FORWARD CALCULATIONS

The same types of calculations can be performed for a very wide variety of other
instruments and statistics. For instance, the forward yield-to-maturity can be calcu-
lated on a fixed coupon bond. Forward amortizing bond prices and payment
amounts can be calculated as well. The present values and forward prices for literally
any form of cash flow can be analyzed using the formulas presented above.

SUMMARY

This chapter has summarized the building blocks of all financial market calculations:
the concepts of present value, compound interest, yield to maturity, and forward
bond yields and prices. All of these concepts can be expressed using algebra and
nothing else. There are no mysteries here, yet the power of these simple concepts is
great. Risk managers who make full use of present value and its implications truly do
have a leg up on the competition. Those who don’t bear a heavy burden in a very
competitive world. As simple as these concepts are compared to the fixed income
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derivatives calculations we tackle in later chapters, they are still widely misunder-
stood and their powerful implications are ignored by many financial institutions
managers.

At this point, there are probably more than a few readers thinking “yes, these
concepts aren’t so difficult as long as someone gives you the discount factors—but
where am I supposed to get them?” We give the answers to that question in the next
chapter and (on a credit-adjusted basis) in Chapter 17. There are so many potential
ways to calculate the “correct” discount factors that we purposely have chosen to
speak about them generally in this chapter so that no one technique would obscure
the importance of the present value calculations.

NOTES

1. One exception to this comment is the differential tax impact of accrued interest and price.
2. There are exceptions to this concept of accrued interest. Australia and South Korea are two

markets where there is no artificial division of value into accrued interest and price.
3. There have been a number of transactions in Japan at negative nominal interest rates in the

late 1990s and early part of this decade, and the credit crisis of 2006–2011 has generated
numerous examples of negative nominal and real interest rates. We return to this topic in
later chapters.

4. Whenever LIBOR (the London interbank offered rate) is mentioned in the text that fol-
lows, we assume the rate has been converted from the market convention of actual days/
360 days per year to actual days/365 days per year by multiplying nominal LIBOR by 365/
360.

5. We reemphasize that the calculation of remaining days to days between coupons will vary
depending on which of the common interest accrual methods are used to count the days.

6. In later chapters, we will discuss risk-neutral interest rates and their relationship to the true
expected value of future interest rates.
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CHAPTER 5
Yield Curve Smoothing

In this chapter, we have two objectives. The first objective is to supply realistic zero-
coupon bond prices, like those in Chapter 4, to a sophisticated user for analysis.

The second objective for this chapter is to illustrate how to build a yield curve that
meets the criteria for “best” that are defined by the user. Given a specific set of
criteria, what yield curve results? By the criteria defined, how do we measure best
and compare the best yield curve we derive with alternatives? There is a most
important set of comparisons we need to make—among n different sets of criteria for
best yield curve, which set of criteria is in fact best, and what does “best” mean in
this context? The vast majority of literature on yield curve smoothing omits the
definition of “best” and the related derivation of what yield curve–smoothing
technique is consistent with the selected definition of best.

In this chapter, we report on the strengths and merits of this list of potential yield
curve–smoothing techniques:1

Example A Yield step function
Example B Linear yield function
Example C Linear forward rate function
Example D Quadratic yield function
Example E Quadratic forward rate function
Example F Cubic yield function
Example G Cubic forward rate function
Example H Quartic forward rate function

In this chapter, space permits us to focus only on selected techniques, examples
A, D, F, and H. These examples include a yield step function, quadratic yield splines,
cubic yield splines, and quartic forward rate (maximum smoothness) splines.
(Readers interested in a more detailed treatment of these topics are referred to the
original blogs listed in the notes to this chapter.)

For each of the techniques, we compare them with the well-known Nelson-Siegel
(1987) yield curve approximation technique to show the stark contrasts between the
results given the definition of “best” and what is produced by Nelson and Siegel.

In this section, we discuss how the definition of “best” yield curve or forward
rate curve and the constraints one imposes on the resulting yield curve implies the
mathematical function that is best. This is the right way to approach smoothing.
The wrong way to approach smoothing is the exact opposite: Choose a mathematical
function from the infinite number of functions one could draw and argue
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qualitatively why your choice is the right one. We discuss the definition of best yield
curve and the constraints commonly placed on the smoothing process.

The list of potential yield curve–smoothing methodologies given previously is
not arbitrary. Instead, the mathematical yield curve or forward rate smoothing
formulation can be derived as best after going through the following steps to define
what “best” means and what constraints should be imposed upon the yield curve
function (s) in deriving the best curve subject to those constraints:

Step 1: Should the smoothed curves fit the observable data exactly?
1a. Yes
1b. No

Except in the case where the data is known from the outset to be bad,
there is no reason for yes not to be the standard choice here. If one does
choose yes, the Nelson-Siegel approach to yield curve smoothing will be
eliminated as a candidate because it is not flexible enough to fit five or
more data points perfectly except by accident. We discuss the problems of
the commonly used but flawed Nelson-Siegel approach at the end of this
chapter.

Step 2: Select the element of the yield curve and related curves for analysis
2a. Zero coupon yields
2b. Forward rates
2c. Continuous credit spreads
2d. Forward continuous credit spreads

Smoothing choices 2a and 2b, smoothing with respect to either yields
or forward rates, should only be selected when smoothing a curve with no
credit risk. If the issuer of the securities being analyzed has a nonzero
default probability, smoothing should only be done with respect to credit
spreads (the risky zero-coupon yield minus the risk-free, zero-coupon
yield of the same maturity) or forward credit spreads (the risky forward
curve less the risk-free forward curve). (See Chapter 17 on why this dis-
tinction is important.)

Step 3: Define “best curve” in explicit mathematical terms
3a. Maximum smoothness
3b. Minimum length of curve
3c. Hybrid approach

The real objective of yield curve smoothing, broadly defined, is to
estimate those points on the curve that are not visible in the marketplace
with the maximum amount of realism. “Realism” in the original Adams
and van Deventer (1994) paper on maximum smoothness forward rates
(summarized later in this chapter) was defined as “maximum smooth-
ness” for two reasons. First, it was a lack of smoothness in the forward
rate curves produced by other techniques that was the criterion for their
rejection by many analysts. Second, maximum smoothness was viewed as
consistent with the feeling that economic conditions rarely change in a
nonsmooth way and, even when they do (i.e., if the Central Bank man-
ages short-term rates in such a way that they jump in 0.125 percent
increments or multiples of that amount), the uncertainty about the timing
of the jump makes future rate expectations smooth. The maximum
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smoothness yield curve or forward rate curve g(s) (where s is the years to
maturity for the continuous yield or forward) is the one that minimizes
this function Z:

Z ¼
Zt2
t1

½g00ðsÞ�2ds

There is another criterion that can be used for best curve, the curve
that is the shortest in length. This again can be argued to be most realistic
in the sense that one would not expect big swings in the yield, even if the
swings are smooth. The length s of a yield curve or forward rate curve
described by function f(x) between maturities a and b is

s ¼
Z b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½f 0ðxÞ�2
q

dx

where f 0(x) is the first derivative of the yield curve or forward rate curve.
Some analysts, such as Andersen (2007), have suggested using tension
splines that take a hybrid approach to these two criteria for best. Once the
mathematical criterion for best is selected, we move on to specifications
on curve fitting that will add to the realism of the fitted curves.

Step 4: Is the curve constrained to be continuous?
4a. Yes
4b. No

Why is this question being asked? It can be shown that the smoothest
way to connect n points on the yield curve is not to fit a single function,
like the Nelson-Siegel function following, to the data.

This was proven in an appendix contributed by Oldrich Vasicek in
the Adams and van Deventer paper, corrected in van Deventer and Imai
Financial Risk Analytics, 1996, and reproduced in the appendix that
follows this chapter. The nature of the functional form that is consistent
with the criterion for best and the constraints imposed can be derived
using the calculus of variations, as Vasicek does in his proof. Any other
functional form will not be best by the method selected by the analyst.

Given this, we now need to decide whether or not we should con-
strain the yield curve or forward rate curve to “connect” in a continuous
fashion where each of the line segments meet. It is not obvious that yes is
the only answer to this question. As an example, Jarrow and Yildirim
(2003) use a four-step piecewise constant function for forward rates to
model Treasury Inflation Protected Securities. Such a forward rate curve
would not be continuous, but it is both perfectly smooth (except where
the four segments join) and shorter in length than any nonconstant
function. Most analysts, however, would answer yes in this step.

Step 5: Is the curve differentiable?
5a. Yes
5b. No
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If one answers yes to this question, the first derivatives of the two line
segments that join at “knot point” n have to be equal at that point in time.
If one answers “no,” that allows the first derivatives to be different and the
resulting curve will have kinks or elbows at each knot point, like youwould
get with linear yield curve smoothing—where each segment is linear and
continuous over the full length of the curve but not differentiable at the
points where the linear segments join. Most analysts would answer yes to
this question.

Step 6: Is the curve twice differentiable?
6a. Yes
6b. No

This constraint means that the second derivatives of the line segments
that join at maturity n have to be equal. If the answer to this question is
yes, the segments will be neither linear nor quadratic.

Step 7: Is the curve thrice differentiable?
7a. Yes
7b. No

One can still further constrain the curve so that, even for the third
derivative, the line segments paste together smoothly.

Step 8: At the spot date, time 0, is the curve constrained?
8a. Yes, the first derivative of the curve is set to zero or a nonzero value x.
8b. Yes, the second derivative of the curve is set to zero or a nonzero value y.
8c. No

This constraint is typically imposed in order to allow an explicit
solution for the parameters of the curve for each line segment. See
Appendix A as an example of how this assumption is used. The choice of
nonzero values in 8a or 8b was suggested by Janosi and Jarrow (2002).

Step 9: At the longest maturity for which the curve is derived, time T, is the curve
constrained?
9a. Yes, the first derivative of the curve is set to zero or a nonzero value j at

time T.
9b. Yes, the second derivative of the curve is set to zero or a nonzero value

k at time T.
9c. No

Step 9 is taken for two reasons. First, it is often necessary for an
explicit, unique set of parameters to be derived for each segment as in step
8. Second and more importantly, it may be important for realistic curve
fitting. If the longest maturity is 100 years, for instance, most analysts
would expect the yield curve to be flat (choice 9a ¼ 0), rather than rising
or falling rapidly, at the 100 year point. If the longest maturity is only two
years, this constraint would not be appropriate and one would probably
make choice 9b. Again, the suggestion of nonzero values in 9a and 9b is
useful in this case.

Once all of these choices have been made, both the functional form of the line
segments and the parameters that are consistent with the data can be explicitly
derived. The resulting forward rate curve or yield curve that is produced by this
method has these attributes:
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n Given the constraints imposed on the curve and the raw data, the curve is the
best that can be draw consistent with the analyst’s definition of best.

n The data will be fit perfectly.
n All constraints will be adhered to exactly.

EXAMPLE A: STEPWISE CONSTANT YIELDS AND FORWARDS VS.
NELSON-SIEGEL

In this section, we choose a common definition of best yield curve or forward rate
curve and a simple set of constraints. We derive from our definition of best and the
related constraints the fact that the best yield curve in this case is stepwise constant
yields and forward rates. We then show that even this simplest of specifications is
more accurate and “better” by our definition than the popular but flawed Nelson-
Siegel approach.

For each of our smoothing techniques to be comparable, we will use the same set
of data throughout the series. We will limit the number of data points to six points
and smooth the five intervals between them. In order to best demonstrate how the
definition of best affects the quality of the answer, we choose a simple set of sample
data with two “humps” in the yield data shown in Exhibit 5.1.

Choosing a pattern of yields that falls on a perfectly straight line, for example,
would lead a naïve analyst to the logical but naïve conclusion that a straight line is
always the most accurate and best way to fit a yield curve. Such a conclusion would
be nonsense. Similarly, restricting oneself to a yield curve functional form that allows
only one “hump” would also lead one to simplistic conclusions about what is best.

We recently reviewed 4,435 days of “on the run” U.S. Treasury yields reported
by the Federal Reserve in its H15 statistical release at maturities (in years) of 0.25,
0.5, 1, 2, 3, 5, 7, 10, and 30 years. In comparing same-day yield differences between
maturities (i.e., the difference between yields at 0.25 and 0.5 years, 0.5 and one year,
etc.), there were 813 days where there were at least two decreases in yields as
maturities lengthened. For example, using the smoothing embedded in common
spreadsheet software, Exhibit 5.2 is the yield curve for December 18, 1989.

EXHIBIT 5.1 Actual Input Data

Maturity in Years
Continuously Compounded

Zero-Coupon Yield Zero-Coupon Bond Price

0.000 4.000% 1.000000
0.250 4.750% 0.988195
1.000 4.500% 0.955997
3.000 5.500% 0.847894
5.000 5.250% 0.769126
10.000 6.500% 0.522046
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Therefore, it is very important that our sample data have a similarly realistic
complexity to it or we will avoid challenging the various yield curve–smoothing tech-
niques sufficiently to see the difference in accuracy among them. It is important to note
that the yields in these pictures are the simple yields to maturity on instruments that
predominately are coupon-bearing instruments. These yields should never be smoothed
directly as part of a risk management process. The graphs previously mentioned
are included only as an introduction to how complex yield curve shapes can be. When
we want to do accurate smoothing, we are very careful to do it in the following way:

1. We work with raw bond net present values (price plus accrued interest), not
yields, because the standard yield-to-maturity calculation is riddled with inac-
curate and inconsistent assumptions about interest rates over the life of the
underlying bond.

2. We only apply smoothing to prices in the risk-free bond and money markets.
If the underlying issuer of fixed income securities has a nonzero default proba-
bility, we apply our smoothing to credit spreads or forward credit spreads in
such a way that bond mispricing is minimized. We never smooth yields or prices
of a risky issuer directly, because this ignores the underlying risk-free yield curve.

We will illustrate these points later in this chapter and in Chapter 17. We now
start with Example A, the simplest approach to yield curve smoothing.

From this point on in this chapter, unless otherwise noted, yields are always meant
to be continuously compounded zero-coupon bond yields and forwards are the con-
tinuous forward rates that are consistent with the yield curve. The first step in exploring
a yield curve–smoothing technique is to define our criterion for best and to specify what
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EXHIBIT 5.2 U.S. Treasury Yield Data, December 18, 1989
Source: Federal Reserve H15 Statistical Release.
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constraints we impose on the best technique to fit our desired trade-off between sim-
plicity and realism. We answer the nine questions posed earlier in this chapter.

Step 1: Should the smoothed curves fit the observable data exactly?
1a. Yes. With only six data points at six different maturities, it would be a

poor exercise in smoothing if we could not fit this data exactly. We note
later that the flawed Nelson-Siegel function is unable to fit this data and
fails our first test.

Step 2: Select the element of the yield curve and related curves for analysis
2a. Zero-coupon yields is our choice. We find in the end that 2a and 2b

are equivalent given our other answers to the following questions. If
we were dealing with a credit-risky issuer of securities, we would
have chosen 2c or 2d, but we have assumed our sample data is free of
credit risk.

Step 3: Define “best curve” in explicit mathematical terms
3b. Minimum length of curve. This is the easiest definition of “best” to

start with. We’ll try it and show its implications. We now move on
to specifications on curve fitting that represent our desired trade-off
between realism and ease of calculation.

Step 4: Is the curve constrained to be continuous?
4b. No. By choosing no, we are allowing discontinuities in the yield curve.

Step 5: Is the curve differentiable?
5b. No. Since the answer we have chosen above, 4b, does not require the

curve to be continuous, it will not be differentiable at every point along
its length.

Step 6: Is the curve twice differentiable?
6b. No. For the same reason, the curve will not be twice differentiable at

some points on the full length of the curve.
Step 7: Is the curve thrice differentiable?

7b. No. Again, the reason is due to our choice of 4b.
Step 8: At the spot date, time 0, is the curve constrained?

8c. No. For simplicity, we answer no to this question. We relax this
assumption in later posts in this series.

Step 9: At the longest maturity for which the curve is derived, time T, is the curve
constrained?
9c. No. Again, we choose no for simplicity and relax this assumption later

in the blog.

Now that all of these choices have been made, both the functional form of the
line segments and the parameters that are consistent with the data can be explicitly
derived from our sample data.

DERIVING THE FORM OF THE YIELD CURVE IMPLIED BY EXAMPLE A

The key question in the list of nine questions in the previous section is question 4.
By our choice of 4b, we allow the “pieces” of the yield curve to be discontinuous. By
virtue of our choices in questions 5 to 9, these yield curve pieces are also not subject
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to any constraints. All we have to do to get the best yield curve is to apply our
criterion for best—the curve that produces the yield curve with shortest length.

The length of a straight line between two points on the yield curve has a length
that is known, thanks to Pythagoras, who rarely gets the credit he deserves in the
finance literature. The length of a straight segment of the yield curve, which goes
from maturity t1 and yield y1 to maturity t2 and yield y2, is the square root of the
square of [t2 � t1] plus the square of [y2 � y1]. As we noted above, the general
formula for the length of any segment of the yield curve between maturity a and
maturity b is given by this formula, which is the function one derives as the difference
between t2 and t1 becomes infinitely small:

s ¼
Z b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½f 0ðxÞ�2
q

dx

where f 0(x) is the first derivative of the line segment at each maturity point, say x.
If the line segment happens to be straight, the segment can be described as

y ¼ f 0ðtÞ ¼ mt þ k

and the first derivative f 0(t) is, of course,m. How canwemake this line segment as short
as possible? By making f 0(t) ¼ m as small as possible in absolute value, that ism ¼ 0.
Very simply, we have derived the fact that the yield curve segments that are best (have
the shortest length) are flat line segments.We are allowed to use flat line segments to fit
the yield curve because our answer 4b does not require the segments to join each other
in continuous fashion. The functional form of the best yield curve given our definition
and constraints can be derived more elegantly using the calculus of variations as
Vasicek did in the proof of themaximum smoothness forward rate approach in Adams
and van Deventer (1994), reproduced in the appendix at the end of this chapter.

Given that we have six data points, there are five intervals between points.
We have taken advantage of our answer in 4b to treat the sixth interval from 0 years
to maturity to 0 years to maturity as a separate segment. Given our original data, we
know by inspection that our sixth segment has as a value the given value 4.000
percent for a maturity of zero.

In the rest of this book, we repeatedly use these four relationships between zero-
coupon bond yields y, zero-coupon bond prices p, and continuous forward rates f.
The relationship between forward rates and zero-coupon bond yields is given by the
fourth relationship:

yðtÞ ¼ �1
t

ln½pðtÞ�
pðtÞ ¼ exp½� R t0 f ðsÞds�
pðtÞ ¼ exp½�yðtÞt�
f ðtÞ ¼ yðtÞ þ ty0ðtÞ

Since the first derivative of the yield curve in each case is zero in this Example A,
the forward rates are identical to the zero yields.

How did we do in terms of minimizing the length of the yield curve over its 10-
year span? We know the length of a flat line segment from t1 to t2 is just t2 � t1, so
the total length of our discontinuous yield curve is
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Length ¼ ð0� 0Þ þ ð0:25� 0Þ þ ð0:5� 0:25Þ þ ð1� 0:5Þ þ ð3� 1Þ
þ ð5� 3Þ þ ð7� 5Þ þ ð10� 7Þ

¼ 10:000

We now compare our results for our best Example A yield curve and constraints
to the popular but flawed Nelson-Siegel approach.

FITTING THE NELSON-SIEGEL APPROACH TO SAMPLE DATA

We now want to compare Example A, the model we derived from our definition of
best and related constraints, to the Nelson-Siegel approach. The table in Exhibit 5.3
emphasizes the stark differences between even the basic Example A model and
Nelson-Siegel.

As we can see in Exhibit 5.3 even before we start this exercise, the Nelson-Siegel
function will not fit the actual market data we have assumed because there are more
data points than there are Nelson-Siegel parameters and the functional form of
Nelson-Siegel is not flexible enough to handle the kind of actual U.S. Treasury data
we reviewed earlier in this blog. The other thing that is important to note is that
Nelson-Siegel will never be superior to a function that has the same constraints and is
derived from either (1) the minimum length criterion for best or (2) the maximum
smoothness criterion.

We have explicitly chosen to answer no to questions 4 to 9 in Example A,
while the answers for Nelson-Siegel are yes. This is not a virtue of Nelson-Siegel; it
is just a difference in modeling assumptions. In fitting Nelson-Siegel to our actual
data, we have to make a choice of the function we are optimizing:

1. Minimize the sum of squared errors versus the actual zero-coupon yields.
2. Minimize the sum of squared errors versus the actual zero-coupon bond prices.

If we were using coupon bond price data, we would always optimize on the sum
of squared pricing errors versus true net present value (price plus accrued interest),

EXHIBIT 5.3 Yield Curve–Smoothing Methodology

Example A
Name Nelson-Siegel Yield Step Function

1. Fit observed data exactly? No Yes
2. Element of analysis (yields or forwards) Yields Yields
3. Max smoothness or minimum length? Neither Minimum length
4. Continuous? Yes No
5. Differentiable? Yes No
6. Twice differentiable? Yes No
7. Thrice differentiable? Yes No
8. Time zero constraint? No No
9. Longest maturity time T constraint? No No
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because legacy yield quotations are distorted by inaccurate embedded forward rate
assumptions. In this case, however, all of the assumed inputs are on a zero-coupon
basis, and we have another issue to deal with. The zero-coupon bond price at a
maturity ¼ 0 is 1 for all yield values, so using the zero price at a maturity of zero for
optimization is problematic. This means that we need to optimize in such a way that
we minimize the sum of squared errors versus the zero-coupon yields at all of the
input maturities, including the zero point. We need to make two other adjustments
before we can do this optimization using common spreadsheet software:

n We optimize versus the sum of squared errors in yields times 1 million in order to
minimize the effect of rounding error and tolerance settings embedded in the
optimization routine.

n We note that, at maturity zero, the Nelson-Siegel function “blows up” because
of a division by zero. Since y(0) is equal to the forward rate function at time zero
f(0), we make that substitution to avoid dividing by zero.

That is, at the zero maturity point, instead of using the Nelson-Siegel yield
function:

yðtÞ ¼ αþ ðβþ γÞ δ
t

1� exp
�t
δ

� �� �
� γexp

�t
δ

� �

we use the forward rate function:

f ðtÞ ¼ αþ exp
�t
δ

h i
βþ γ

δ
t

h i

We now choose the values of alpha, beta, delta, and gamma that minimize the
sum of squared errors (times 1 million) in the actual and fitted zero yields. The results
of that optimization are summarized in the table in Exhibit 5.4.

After two successive iterations, we reach the best fitting parameter values for
alpha, beta, delta, and gamma. To those who have not used the Nelson-Siegel
function before, the appallingly bad fit might come as a surprise. Even after the
optimization, the errors in fitting zero yields are 32 basis points at the zero maturity,
36 basis points at 0.25, almost 12 basis points at 1 year, 36 basis points at 3 years, 33
basis points at 5 years, and 6 basis points at 10 years. The Nelson-Siegel formulation
fails to meet the necessary condition for the consideration of a yield curve technique
in this series: the technique must fit the observable data. Given this, why do people
use the Nelson-Siegel technique? The only people who would use Nelson-Siegel are
people who are willing to assume that the model is true and the market data is false.
That is not a group likely to have a long career in risk management.

The graph in Exhibit 5.5 shows that our naïve model Example A, which has
stepwise constant (and identical) forward rates and yields, fits the observable yields
perfectly. The observable yields are plotted as black dots. The horizontal gray dots
represent the stepwise constant forwards and yields of Example A. The lower smooth
line is the Nelson-Siegel zero-coupon yield curve and the higher smooth line is the
Nelson-Siegel forward rate curve as shown in Exhibit 5.5.
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EXHIBIT 5.4 Nelson-Siegel Results

Maturity
Instantaneous

Yield
Zero
Price

NS
Yield

NS Zero
Price

NS Squared
Price Error

NS Squared
Yield Error

0 4.000% 1.000000 4.323% 1.000000 na 0.0000104
0.25 4.750% 0.988195 4.399% 0.989062 0.0000008 0.0000123
1 4.500% 0.955997 4.618% 0.954872 0.0000013 0.0000014
3 5.500% 0.847894 5.140% 0.857110 0.0000849 0.0000130
5 5.250% 0.769126 5.584% 0.756384 0.0001624 0.0000112
10 6.500% 0.522046 6.436% 0.525396 0.0000112 0.0000004

Sum of Squared Errors times 1 Million 260.5679209 48.70567767

Nelson Siegel Segment Length (After Optimization) 10.23137293
Nelson Siegel Parameters (After Optimization)
Alpha 0.0926906
Beta �0.0494584
Gamma 0.0000039
Delta 8.0575982
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EXHIBIT 5.5 Example A: Continuous Yields and Forward Rates for Stepwise Constant Yields
vs. Nelson-Siegel Smoothing
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Now we pose a different question: Given that we have defined the “best” yield
curve as the one with the shortest length, how does the length of the Nelson-
Siegel curve compare with Example A’s length of 10 units?

There are two ways to answer this question. First, we could evaluate this integral
using the first derivative of the Nelson-Siegel yield formula to evaluate the length of
the curve, substituting y0 for f 0 below:

s ¼
Z b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½f 0ðxÞ�2
q

dx

The second alternative is suggested by the link on length of an arc (given earlier):
We can approximate the Nelson-Siegel length calculation by using a series of straight
line segments and the insights of Pythagoras to evaluate length numerically. When we
do this at monthly time intervals, the first 12 months’ contributions to length are as
follows:

Zero Yield Curve

Maturity NS Yield 3 100 NS Segment Length

0.000 4.323222 0.000000
0.083 4.348709 0.087134
0.167 4.374023 0.087093
0.250 4.399164 0.087043
0.333 4.424133 0.086994
0.417 4.448931 0.086945
0.500 4.473558 0.086896
0.583 4.498018 0.086849
0.667 4.522311 0.086802
0.750 4.546437 0.086756
0.833 4.570399 0.086710
0.917 4.594198 0.086665
1.000 4.617835 0.086621

We sum up the lengths of each segment, 120 months in total, to get a total line
length of 10.2314, compared to a length of 10.0000 for Example A’s derived “best”
curve, a step function of forward rates and yields. Note that the length of the curve,
when the segments are not flat, depends on whether yields are displayed in percent
(4.00) or decimal (0.04). To make the differences in length more obvious, our length
calculations are based on yields in percent.

In this section, we have accomplished three things:

1. We have shown that the functional form used for yield curve fitting can and
should be derived from a mathematical definition of “best” rather than being
asserted for qualitative reasons.

2. We have shown that the Nelson-Siegel yield curve fitting technique fails to fit
yield data with characteristics often found in the U.S. Treasury bond market.
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3. We have shown that the Nelson-Siegel technique is inferior to the step-wise
constant forward rates and yields that were derived from Example A’s specifi-
cations: that “best”means the shortest length and that a continuous yield function
is not required, consistent with the Jarrow and Yildirim paper cited earlier.

EXAMPLE D: QUADRATIC YIELD SPLINES AND RELATED
FORWARD RATES

In this section, we turn to Example D, in which we seek to create smoother yield and
forward rate functions by requiring that the yield curve be continuous and where
the first derivatives of the curve segments we fit be equal at the knot points where the
segments are joined together. We use a quadratic spline of yields to achieve this
objective, and we optimize to produce the maximum tension/minimum length yields
and forwards consistent with the quadratic splines. Finally, we compare the results
to the popular but flawed Nelson-Siegel approach and gain still more insights on
how to further improve the realism of our smoothing techniques.

In this section, we make two more modifications in our answers to the previous
nine questions and derive, not assert, the best yield curve consistent with the defi-
nition of “best” given the constraints we impose.

Step 1: Should the smoothed curves fit the observable data exactly?
1a. Yes. Our answer is unchanged. With only six data points at six dif-

ferent maturities, a technique that cannot fit this simple data (like
Nelson-Siegel cannot) is too simplistic for practical use.

Step 2: Select the element of the yield curve and related curves for analysis
2a. Zero-coupon yields is our choice for Example D.We continue to observe

that we would never choose 2a or 2b to smooth a curve where
the underlying securities issuer is subject to default risk. In that case, we
would make the choices of either 2c or 2d.We do that later in this series.

Step 3: Define “best curve” in explicit mathematical terms
3b. Minimum length of curve. We continue with this criterion for best.

Step 4: Is the curve constrained to be continuous?
4b. Yes. We now insist on continuous yields and see what this implies for

forward rates.
Step 5: Is the curve differentiable?

5a. Yes. This is another major change in Example D. We seek to create
smoother yields and forward rates by requiring that the first derivatives
of two curve segments be equal at the knot point where they meet.

Step 6: Is the curve twice differentiable?
6b. No. The curve will not be twice differentiable at some points on the full

length of the curve given this answer, and we evaluate whether this
assumption should be changed given the results we find.

Step 7: Is the curve thrice differentiable?
7b. No. The reason is due to our choice of 6b.

Step 8: At the spot date, time 0, is the curve constrained?
8c. No. For simplicity, we again answer no to this question. We wait until

later in this chapter to explore this option.
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Step 9: At the longest maturity for which the curve is derived, time T, is the curve
constrained?
9a. Yes. This is the third major change in Example D. As we explain below,

our other constraints and our definition of “best” put us in a position
where the parameters of the best yield curve are not unique without one
more constraint. We impose this constraint to obtain unique coefficients
and then optimize the parameter used in this constraint to achieve the
best yield curve.

Now that all of these choices have been made, both the functional form of the
line segments for forward rates and the parameters that are consistent with the data
can be explicitly derived from our sample data.

DERIVING THE FORM OF THE YIELD CURVE IMPLIED BY EXAMPLE D

Our data set has observable yield data at maturities of 0, 0.25 years, 1, 3, 5, and 10 years.
For each segment of the yield curve, we have two constraints per segment (that the segment
produces the market yields at the left side and right side of the segment). In addition to this,
our imposition of the requirement that the full curve be differentiable means that there are
other constraints. We have six knot points in total and four interior knot points (0.25, 1, 3,
and 5) where we require the adjacent yield curve segments to produce the same first
derivative of yields at a given knot point. That means we have 14 constraints (not including
the constraint in step 9), but a linear yield spline would only have two parameters per
segment and 10 parameters in total.

That means that we need to step up to a functional form for each segment that
has more parameters. Our objective is not to reproduce the intellectual history of
splines, because it is too voluminous, not to mention too hard. Indeed, a Google
search on “quadratic splines” on one occasion produced applications to automotive
design (where much of the original work on splines was done), rocket science (really),
engineering, computer graphics, and astronomy. Instead, we want to focus on the
unique aspect of using splines and other smoothing techniques in finance, where both
yields and related forwards are important. The considerations for “best” in finance
are dramatically different than they would be for the designer of the hood for a new
model of the Maserati.

In the current Example D, we are still defining the best yield curve as the one with
the shortest possible length or maximum tension. When we turn to cubic splines, we
will discuss the proof that cubic splines produce the smoothest curve. In this example,
we numerically force the quadratic splines we derive to be the shortest possible
quadratic splines that are consistent with the constraints we impose in our continuing
search for greater financial realism.

We can derive the shortest possible quadratic spline implementation in two ways.
First, we could evaluate the function s given in Step 3, since for the first time the full
yield curve will be continuously differentiable, even at the knot points. Alternatively,
we can again measure the length of the curve by approximating the curve with a
series of line segments, thanks to Pythagoras, whom we credited in Example A.
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We chose the latter approach for consistency with our earlier examples. We
break the 10-year yield curve into 120 monthly segments to numerically measure
length. We now derive the set of five quadratic spline coefficients that are consistent
with the constraints we have imposed.

Each yield curve segment has the quadratic form

yiðtÞ ¼ ai þ bi1t þ bi2t
2

The subscript i refers to the segment number. The segment from 0 to 0.25 years
is segment 1, the segment from 0.25 years to 1 year is segment 2, and so on. As
mentioned previously, we have 10 constraints that require the left-hand side and the
right hand of each segment to equal the actual yield at that maturity, which we call
y*. For the jth line segment, we have two constraints, one at the left-hand side of
the segment, where the years to maturity are tj, and one at the right-hand side of the
segment tj þ 1.

y*ðtjÞ ¼ aj þ bj1tj þ bj2t
2
j

y*ðtjþ1Þ ¼ aj þ bj1tjþ1 þ bj2t
2
jþ1

In addition we have four constraints at the interior knot points. At each of these
knot points, the first derivatives of the two segments that join at that point must
be equal:

bj1 þ 2bj2tjþ1 ¼ bjþ1, 1 þ 2bjþ1, 2tjþ1

When we solve for the coefficients, we rearrange these four constraints in this
manner:

bj1 þ 2bj2tjþ1 � bjþ1, 1 � 2bjþ1, 2tjþ1 ¼ 0

Our last constraint is imposed at the right-hand side of the yield curve, time
T ¼ 10 years. We will discuss alternative specifications later, but for now we assume
that we want to constrain the first derivative of the yield curve at T ¼ 10 to take a
specific value x:

bj1 þ 2bj2T ¼ x

In the equation above, j ¼ 5, the fifth line segment, and T ¼ 10. The most
commonly used value for x is zero, the constraint that the yield curve be flat where
T ¼ 10. Our initial implementation will use x ¼ 0.

In matrix form, our constraints look like the one in Exhibit 5.6.
Note that it is the last element of the y vector matrix where we have set the

constraint that the first derivative of the yield curve be zero at 10 years. When we
invert the coefficient matrix, we get the result shown in Exhibit 5.7.
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EXHIBIT 5.6 Coefficient Matrix for Quadratic Yield Curve Line Segments

Equation
Number a1 b11 b12 a2 b21 b22 a3 b31 b32 a4 b41 b42 a5 b51 b52

Coefficient
Vector

y
Vector

1 1 0.000 0.000 0 0 0 0 0 0 0 0 0 0 0 0 a1 4.000%
2 1 0.25 0.0625 0 0 0 0 0 0 0 0 0 0 0 0 b11 4.750%
3 0 0 0 1 0.250 0.063 0 0 0 0 0 0 0 0 0 b12 4.750%
4 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 a2 4.500%
5 0 0 0 0 0 0 1 1.000 1.000 0 0 0 0 0 0 b21 4.500%
6 0 0 0 0 0 0 1 3 9 0 0 0 0 0 0 b22 5.500%
7 0 0 0 0 0 0 0 0 0 1 3.000 9.000 0 0 0 a3 5.500%
8 0 0 0 0 0 0 0 0 0 1 5 25 0 0 0 b31 = 5.250%
9 0 0 0 0 0 0 0 0 0 0 0 0 1 5.000 25.000 b32 5.250%
10 0 0 0 0 0 0 0 0 0 0 0 0 1 10 100 a4 6.500%
11 0 1 0.5 0 �1 �0.5 0 0 0 0 0 0 0 0 0.000 b41 0.000%
12 0 0 0 0 1 2 0 �1 �2 0 0 0 0 0 0.000 b42 0.000%
13 0 0 0 0 0 0 0 1 6 0 �1 �6 0 0 0.000 a5 0.000%
14 0 0 0 0 0 0 0 0 0 0 1 10 0 �1 �10 b51 0.000%
15 0 0 0 0 0 0 0 0 0 0 0 0 0 1 20.000 b52 0.000%
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EXHIBIT 5.7 Inverted Coefficient Matrix

Row a1 b11 b12 a2 b21 b22 a3 b31 b32 a4 b41 b42 a5 b51 b52

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 �8 8 2.666666667 �2.666666667 �1 1 1 �1 �0.4 0.4 �1 1 �1 1 �1
3 16 �16 �10.66666667 10.66666667 4 �4 �4 4 1.6 �1.6 4 �4 4 �4 4
4 0 0 1.777777778 �0.777777778 �0.333333333 0.333333333 0.333333333 �0.333333333 �0.133333333 0.133333333 0 0.333333333 �0.333333333 0.333333333 �0.333333333
5 0 0 �3.555555556 3.555555556 1.666666667 �1.666666667 �1.666666667 1.666666667 0.666666667 �0.666666667 0 �1.666666667 1.666666667 �1.666666667 1.666666667
6 0 0 1.777777778 �1.777777778 �1.333333333 1.333333333 1.333333333 �1.333333333 �0.533333333 0.533333333 0 1.333333333 �1.333333333 1.333333333 �1.333333333
7 0 0 0 0 2.25 �1.25 �1.5 1.5 0.6 �0.6 0 0 1.5 �1.5 1.5
8 0 0 0 0 �1.5 1.5 2 �2 �0.8 0.8 0 0 �2 2 �2
9 0 0 0 0 0.25 �0.25 �0.5 0.5 0.2 �0.2 0 0 0.5 �0.5 0.5
10 0 0 0 0 0 0 6.25 �5.25 �3 3 0 0 0 7.5 �7.5
11 0 0 0 0 0 0 �2.5 2.5 1.6 �1.6 0 0 0 �4 4
12 0 0 0 0 0 0 0.25 �0.25 �0.2 0.2 0 0 0 0.5 �0.5
13 0 0 0 0 0 0 0 0 4 �3 0 0 0 0 10
14 0 0 0 0 0 0 0 0 �0.8 0.8 0 0 0 0 �3
15 0 0 0 0 0 0 0 0 0.04 �0.04 0 0 0 0 0.2



We solve for the following coefficient values:

Coefficient Vector Values

a1 0.04
b11 0.08416667
b12 �0.21666667
a2 0.05527778
b21 �0.03805556
b22 0.02777778
a3 0.02125
b31 0.03
b32 �0.00625
a4 0.105625
b41 �0.02625
b42 0.003125
a5 0.015
b51 0.01
b52 �0.0005

These coefficients give us the five quadratic functions that make up the yield
curve. We use the fourth relationship below to derive the forward rate curve:

yðtÞ ¼ �1
t

ln½pðtÞ�

pðtÞ � exp½� R t0 f ðsÞds�
pðtÞ � exp½�yðtÞt�
f ðtÞ ¼ yðtÞ þ ty0ðtÞ

The forward rate function for any segment j is

fjðtÞ ¼ aj þ 2bj1t þ 3bj2t
2

We then plot the yield and forward rate curves to see whether or not our defi-
nition of “best yield curve” and the related constraints we imposed produced a
realistic yield curve and forward rate curve as shown in Exhibit 5.8.

The answer for Example D so far is mixed. The yield curve itself fits the data
perfectly, our standard necessary condition. The yield curve is also reasonably
smooth and looks quite plausible given where the observable yields (solid black dots)
are. The bad news, as usual, relates to forward rates. As in prior examples, it is much
easier to spot flaws in the assumptions when looking at forward rates than it is when
looking at yields alone. This is one of the reasons why best practice in the financial
application of splines is so different than it is in computer graphics or automotive
design, where there is no equivalent of the forward rate curve.

90 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



The lack of realism in the forward rates can be summarized as follows:

n The forward curve segments do not have first derivatives that are equal at the
knot points where the forward segments meet; the forward curve has serious
“kinks” in it at the knot point

n The movements of the forward curve are not smooth by any definition

It’s possible that our fifteenth constraint, y 0(10) ¼ 0, should be changed to some
other value y0(10) ¼ x. We explore that below. Before doing so, however, we overlay
the yield and forward curves on the best fitting (but not perfectly fitting) Nelson-
Siegel curve (see Exhibit 5.9).

The graph makes two key points. First of all, the Nelson-Siegel curves are simply
wrong and do not pass through the actual data points (in black). We know that
already. Why, then, does anyone use Nelson-Siegel? For some, the smoothness of the
forward curves is so seductive that the fact that valuation using the curve is wrong
seems not to concern these analysts.

We clearly need to do better than a quadratic yield spline to get the smooth
forward rates that we want. Let’s first ask the question: “Can we improve the
quadratic spline approach by optimizing the value of x in the fifteenth constraint, y0

(10) ¼ x?” This insight comes from a working paper by Janosi and Jarrow (2002),
who noted that this constraint and others like it could have important implications
for the best curve. Our first implementation was x ¼ 0, a flat yield curve on the long
end of the curve. We now look at alternative values for x.
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EXHIBIT 5.8 Example D: Quadratic Y with Y0(T) ¼ 0 and Related Forwards
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There are two criteria for best that we could use given our previous statement
that the best curve is the one that is the shortest, the one with maximum tension.
We could choose the value of x that produces the shortest yield curve or the value of
x that produces the shortest forward rate curve. We do both.

If we use common spreadsheet software and iterate x so that the length (calcu-
lated numerically at 120 monthly intervals) of the yield curve is minimized, we get
this set of coefficients:

Coefficient Vector Values

a1 0.04
b11 0.07776339
b12 –0.19105355
a2 0.05314335
b21 –0.02738342
b22 0.01924007
a3 0.03085492
b31 0.01719344
b32 –0.00304836
a4 0.05760041
b41 –0.00063689
b42 –7.6639E-05
a5 0.073903279
b51 –0.00920984
b52 0.00078066
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EXHIBIT 5.9 Example D: Quadratic Y with Y0(T) ¼ 0 and Related Forwards vs. Nelson-
Siegel Smoothing
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If we iterate x so that the length of the forward rate curve is minimized, we get
still another set of coefficients:

Coefficient Vector Values

a1 0.04
b11 0.080529
b12 –0.20211601
a2 0.05406522
b21 –0.03199278
b22 0.02292756
a3 0.0267065
b31 0.02272467
b32 –0.00443117
a4 0.07834252
b41 –0.01169935
b42 0.00130617
a5 0.05137664
b51 –0.00091299
b52 0.00022753

The value of x that produces the shortest yield curve is 0.00640. The value of x
that produces the shortest forward rate curve is 0.00364. We can compare these
three variations on the yield curve produced by the quadratic spline approach (see
Exhibit 5.10).
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EXHIBIT 5.10 Example D: Yields for Quadratic Y with Y0(T) ¼ 0, Y0(T) to Minimize Yield
Length, and Y0(T) to Minimize Forward Length
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Our base case is the one that is highest on the right-hand side of the graph, and
the flatness of the yield curve on the right-hand side of the curve is readily apparent.
Relaxing that constraint to produce the shortest yield curve produces the curve that is
lowest on the right-hand side of the graph, where the yield curve is rising sharply at
the 10-year point. The shortest forward rate curve produces the yield curve in the
middle. When we look at forward rates associated with these yield curves, we get an
improvement. Nonetheless, it is clear that we can remove the kinks in the forward
rate curves like those seen previously and generate more realistic movements. For
that reason we move on to the next example.

EXAMPLE F: CUBIC YIELD SPLINES AND RELATED FORWARDS

In this section, we make an important change in our definition of the best yield curve.
Here we change the definition of “best” to be the yield curve with “maximum
smoothness,” which we define mathematically. Given the other constraints we
impose for realism, we find that this definition of best implies that yield curve should
be formed from a series of cubic polynomials. We then turn to Example F, in which
we apply cubic splines to yields and derive the related forward rates.

We make a number of changes in our answers to the nine questions we have
posed in each example so far.

Step 1: Should the smoothed curves fit the observable data exactly?
1a. Yes. Our answer is unchanged.

Step 2: Select the element of the yield curve and related curves for analysis
2a. Zero-coupon yields are our choice for Example F. We continue to

observe that we would never choose 2a or 2b to smooth a curve where
the underlying securities issuer is subject to default risk. In that case,
we would make the choices in either 2c or 2d. We do that later in
this book.

Step 3: Define “best curve” in explicit mathematical terms
3a. Maximum smoothness. For the first time, we choose maximum

smoothness as an intuitive criterion for best, since in past installments
we have critiqued the results from some assumptions because of the
lack of smoothness in either yields, forward rates, or both. Smoothness
is defined as the variable z such that

z ¼
ZT
0

g00ðsÞ2ds

In this case, the function g(s) is defined as the yield curve. In order
to evaluate z over the full maturity spectrum of the yield curve, the
yield segments must be twice differentiable at each point, including
the knot points. We want to minimize z over the full length of the yield
curve. Our answers in Steps 4 to 6 make the analytical valuation of s
possible just as when we evaluated length in Example D.
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Step 4: Is the curve constrained to be continuous?
4b. Yes. We insist on continuous yields and see what this implies for for-

ward rates.
Step 5: Is the curve differentiable?

5a. Yes. This is a major change imposed in Example D. We seek to take the
spikes out of yields and forward rates by requiring that the first
derivatives of two yield curve segments be equal at the knot point
where they meet. This constraint also means that a linear “curve”
isn’t sufficiently rich to satisfy the constraints we’ve imposed.

Step 6: Is the curve twice differentiable?
6a. Yes. For the first time, we insist that the yield curve be twice differ-

entiable everywhere along the curve, including the knot points. This
would allow us to evaluate smoothness analytically if we wished to do
so, and it insures that the yield curve segments will join in a visibly
smooth way at the knot points.

Step 7: Is the curve thrice differentiable?
7b. No. We do not need to specify this constraint as yet.

Step 8: At the spot date, time 0, is the curve constrained?
8b. Yes. For the first time, we find it necessary to constrain the yield curve

at its left-hand side in order to derive a unique set of coefficients for
each segment of the yield curve.

Step 9: At the longest maturity for which the curve is derived, time T, is the curve
constrained?
9a. Yes. As in question 8, our other constraints and our definition of best

put us in a position where the parameters of the best yield curve are not
unique without one more constraint. We impose this constraint to
obtain unique coefficients and then optimize the parameter used in this
constraint to achieve the best yield curve. We explore choice 9b later in
this chapter. The constraint here is imposed on the yield curve, not the
forward rate curve.

Now that all of these choices have been made, both the functional form of the
line segments for yields and the parameters that are consistent with the data can be
explicitly derived from our sample data.

DERIVING THE FORM OF THE YIELD CURVE IMPLIED BY
EXAMPLE F ASSUMPTIONS

Our data set has observable yield data at maturities of 0, 0.25 years, 1, 3, 5, and 10
years. We have six knot points in total and four interior knot points (0.25, 1, 3, and
5) where we require (1) the adjacent yield curve segments to produce the same yield
values; (2) the same first derivatives of yields; and (3) the same second derivatives
of yields.

That means that we need to step up to a functional form for each yield curve
segment that has more parameters than the quadratic segments we used in Examples
D and E.2
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From our definition of best, maximum smoothness, there is no question what
mathematical function is the best: it is a spline of cubic polynomials. This can be
proven using the calculus of variations, as was done in the case of maximum
smoothness forward rates in the proof contributed by Oldrich Vasicek, reproduced in
the appendix at the end of this chapter. As is the case throughout the series, we are
not asserting that a functional form is best like advocates of the Nelson-Siegel
approach. Instead, we are defining “best” mathematically, imposing constraints that
are essential to realism in financial applications and deriving the fact that, in Example
F, it is the cubic spline that is best.

As in prior examples where we measured tension or length, we can measure
the smoothness of a yield curve in two ways. First, we could explicitly evaluate the
integral that defines the smoothness statistic z since our constraints for Example F
will result in a yield curve that is twice differentiable over its full length. The other
alternative is to use a discrete approximation to evaluation of the integral. This is
attractive because it allows us to calculate smoothness for the other examples in this
series for which the relevant functions are not twice differentiable. For that reason,
we use a discrete measure of smoothness at 1/12-year maturity intervals over the 120
months of the yield curve we derive.

For any function x, the first difference between points i and i � 1 is

xðiÞ � xði� 1Þ

The first derivative can be approximated by

xðiÞ � xði� 1Þ
Δi

The second derivative is

x 0ðiÞ � x0ði� 1Þ
Δi

¼ xðiÞ � 2xði� 1Þ þ xði� 2Þ
ðΔiÞ2

To evaluate smoothness numerically, we calculate the second derivative at 1/12-
year intervals, square it, and sum over the full length of the yield curve. With this
background out of the way, we now derive the maximum smoothness yield curve.

Each yield curve segment has the cubic form

yiðtÞ ¼ ai þ bi1t þ bi2t
2 þ bi3t

3

The subscript i refers to the segment number. The segment from 0 to 0.25
years is segment 1, the segment from 0.25 years to one year is segment 2, and so
on. The first 10 constraints require the yield curve to be equal to the observable
values of y at either the left-hand or right-hand side of that segment of the yield

96 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



curve, so for each of the five segments there are two constraints like this where y*
denotes observable data:

y*ðtjÞ ¼ yðtjÞ ¼ aj þ bj1tj þ bj2t
2
j þ bj3t

3
j

In addition we have four constraints that require the first derivatives of the yield
curve segments to be equal at the four interior knot points:

y0jðtjþ1Þ ¼ bj1 þ 2bj2tjþ1 þ 3bj3t
2
jþ1 ¼ yjþ10ðtjþ1Þ ¼ bjþ1, 1 þ 2bjþ1, 2tjþ1 þ 3bjþ1, 3t2jþ1

at the interior knot points. We rearrange these four constraints so that there is zero
on the right hand side of the equation:

bj1 þ 2bj2tjþ1 þ 3bj3t
2
jþ1 � bjþ1, 1 � 2bjþ1, 2tjþ1 � 3bjþ1, 3t2jþ1 ¼ 0

At each of these knot points, the second derivatives must also be equal:

2bj2 þ 6bj3tjþ1 ¼ 2bjþ1, 2 þ 6bjþ1, 3tjþ1

When we solve for the coefficients, we will rearrange these four constraints in this
manner:

2bj2 þ 6bj3tjþ1 � 2bjþ1, 2 � 6bjþ1, 3tjþ1 ¼ 0

So far, we have 18 constraints to solve for 5 3 4 ¼ 20 coefficients. Our nine-
teenth constraint was imposed in our answer to question 8, where we required that
the second derivative of the yield curve was zero when maturity tj is zero or some
other value x1:

2bj2 þ 6bj3tj ¼ x1

Our last constraint is imposed by our answer to question 9 at the right-hand side of
the forward rate curve, time T ¼ 10 years. We discuss the alternative specifications
later in the chapter, but for now assume we want to constrain the first derivative of
the yield curve at tj þ 1 ¼ 10 to take a specific value x2, a value commonly selected to
be zero:

y0jðtjþ1Þ ¼ bj1 þ 2bj2tjþ1 þ 3bj3t
2
jþ1 ¼ x2

Our initial implementation will use x1 and x2 ¼ 0.
In matrix form, our constraints look Exhibit 5.11.
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Note that it is the last two elements of the y vector matrix where we have set the
constraints that the second derivative at time zero and the first derivative of the
yield curve at 10 years be zero. We then invert the coefficient matrix and solve for
the coefficients, which are shown here:

Coefficient Values

a1 0.04
b11 0.03462
b12 –5.6E-19
b13 –0.07392
b2 0.038359
b21 0.054307
b22 –0.07875
b23 0.031082
a3 0.072955
b31 –0.04948
b32 0.025037
b33 –0.00351
a4 –0.06253
b41 0.086005
b42 –0.02012
b43 0.001505
a5 0.162438
b51 –0.04898
b52 0.006872
b53 –0.00029

EXHIBIT 5.11 Coefficient Matrix for Cubic Yield Curve Line Segments

Equation
Number a1 b11 b12 b13 a2 b21 b22 b23 a3 b31 b32

1 1.00000 0 0 0 0 0 0 0 0 0 0
2 1.00000 0.25000 0.06250 0.01563 0 0 0 0 0 0 0
3 0 0 0 0 1.00000 0.25000 0.06250 0.01563 0 0 0
4 0 0 0 0 1.00000 1.00000 1.00000 1.00000 0 0 0
5 0 0 0 0 0 0 0 0 1.00000 1.00000 1.00000
6 0 0 0 0 0 0 0 0 1.00000 3.00000 9.00000
7 0 0 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 0
11 0 1.00000 0.50000 0.18750 0 �1.00000 �0.50000 �0.18750 0 0 0
12 0 0 0 0 0 1.00000 2.00000 3.00000 0 �1.00000 �2.00000
13 0 0 0 0 0 0 0 0 0 1.00000 6.00000
14 0 0 0 0 0 0 0 0 0 0 0
15 0 0.00000 2.00000 1.50000 0.00000 0.00000 �2.00000 �1.50000 0 0 0
16 0 0 0 0 0 0 2.00000 6.00000 0 0 �2.00000
17 0 0 0 0 0 0 0 0 0 0 2.00000
18 0 0 0 0 0 0 0 0 0 0 0
19 0 0 2.00000 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0 0 0

98 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



These coefficients give us the five cubic functions that make up the yield curve.
We use the fourth relationship below to derive the forward rate curve implied by the
derived coefficients for the yield curve:

yðtÞ ¼ �1
t

ln½pðtÞ�

pðtÞ ¼ exp½� R t0 f ðsÞds�
pðtÞ ¼ exp½�yðtÞt�
f ðtÞ ¼ yðtÞ þ ty0ðtÞ

We can now plot the yield and forward rate curves to see whether or not our
definition of “best yield curve” and the related constraints we imposed have pro-
duced a realistic yield curve and forward rate curve (see Exhibit 5.12).

Here in Example F, the yield curve itself fits the data perfectly, our standard
necessary condition. The yield curve is extremely smooth given the variations in
it that are required by observable yields, noted as solid black dots. The forward
rate curve, the more volatile line, is also reasonably smooth but it shows some more
dramatic movements than expected. Is it possible to do even better by optimizing the
discrete smoothness statistic by changing x1 and x2 in our nineteenth and twentieth
constraints? Yes. There are two criteria for best that we could use given our previous
statement that the best curve is the one that is the smoothest. We could choose the
values of x1 and x2 that produce the smoothest yield curve or the values of x1 and x2
that produce the smoothest forward rate curve. We do both, as before.

b33 a4 b41 b42 b43 a5 b51 b52 b53
Coefficient
Vector

y
Vector

0 0 0 0 0 0 0 0 0 a1 4.000%
0 0 0 0 0 0 0 0 0 b11 4.750%
0 0 0 0 0 0 0 0 0 b12 4.750%
0 0 0 0 0 0 0 0 0 b13 4.500%
1.00000 0 0 0 0 0 0 0 0 a2 4.500%
27.00000 0 0 0 0 0 0 0 0 b21 5.500%
0 1.00000 3.00000 9.00000 27.00000 0 0 0 0 b22 5.500%
0 1.00000 5.00000 25.00000 125.00000 0 0 0 0 b23 ¼ 5.250%
0 0 0 0 0 1.00000 5.00000 25.00000 125.00000 a3 5.250%
0 0 0 0 0 1.00000 10.00000 100.00000 1000.00000 b31 6.500%
0 0 0 0 0 0 0 0 0 b32 0.000%
�3.00000 0 0 0 0 0 0 0 0 b33 0.000%
27.00000 0 �1.00000 �6.00000 �27.00000 0.00000 0.00000 0.00000 0.00000 a4 0.000%
0 0 1.00000 10.00000 75.00000 0.00000 �1.00000 �10.00000 �75.00000 b41 0.000%
0 0 0 0 0 0 0 0 0 b42 0.000%
�6.00000 0 0 0 0 0 0 0 0 b43 0.000%
18.00000 0 0 �2.00000 �18.00000 0 0 0 0 a5 0.000%
0 0 0 2.00000 30.00000 0 0 �2.00000 �30.00000 b51 0.000%
0 0 0 0 0 0 0 0 0 b52 0.000%
0 0 0 0 0 0 1.00000 20.00000 300.00000 b53 0.000%
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If we use common spreadsheet software and iterate x1 and x2 so that the
smoothness statistic z (calculated numerically at 120 monthly intervals) of the yield
curve is minimized, we get the following set of coefficients.

Coefficient Vector Values

a1 0.04
b11 0.034517
b12 0.000644
B13 –0.07485
a2 0.038345
b21 0.054379
b22 –0.0788
b23 0.031078
a3 0.072892
b31 –0.04926
b32 0.024841
b33 –0.00347
a4 –0.05723
b41 0.080857
b42 –0.01853
b43 0.00135
a5 0.125941
b51 –0.02904
b52 0.003448
b53 –0.00012
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EXHIBIT 5.12 Example F: Cubic Yields with y0(T) ¼ 0 and y00(0) ¼ 0 and Related Forwards
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If we iterate x1 and x2 so that the smoothness statistic z of the forward rate curve
is minimized, we get still another set of coefficients:

Coefficient Vector Values

a1 0.04
b11 0.041167
b12 –0.04209
B13 –0.0103
a2 0.039399
b21 0.048377
b22 –0.07093
b23 0.028158
a3 0.070823
b31 –0.04589
b32 0.023337
b33 –0.00327
a4 –0.05044
b41 0.075366
b42 –0.01708
b43 0.001226
a5 0.104982
b51 –0.01789
b52 0.001567
b53 –1.8E-05

The smoothest yield curve is produced by x1 ¼ 0.00129 and x2 ¼ 0.00533. The
smoothest forward rate curve is produced by x1 ¼ �0.08419 and x2 ¼ 0.00811.
We graph the differences that result when we review Example H, the maximum
smoothness forward rate approach.

EXAMPLE H: MAXIMUM SMOOTHNESS FORWARD RATES AND
RELATED YIELDS3

We present the final installment in yield curve and forward rate smoothing techni-
ques before later moving on to smoothing credit spreads in Chapter 17. We introduce
the maximum smoothness forward rate technique introduced by Adams and van
Deventer (1994) and corrected in van Deventer and Imai (1996), which we call
Example H. We explain why a quartic function is needed to maximize smoothness
of the forward rate function over the full length of the forward rate curve. Finally, we
compare 23 different techniques for smoothing yields and forward rates that
have been discussed in this series and show why the maximum smoothness forward
rate approach is the best technique by multiple criteria.

Here are the answers to our normal nine questions for Example H, quartic
splines of forward rates:

Step 1: Should the smoothed curves fit the observable data exactly?
1a. Yes. Our answer is unchanged. Since the Nelson-Siegel specification

cannot meet this minimum standard, it is not included in the
following comparisons.
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Step 2: Select the element of the yield curve and related curves for analysis
2b. Forward rates are the choice for Example H. In addition to making

this choice for empirically improving smoothness by changing param-
eter values, we add other constraints that improve our ability to max-
imize smoothness over the full length of the curve. We continue to
observe that we would never choose 2a or 2b to smooth a curve where
the underlying securities issuer is subject to default risk. In that case, we
would make the choices in either 2c or 2d. (We do that in Chapter 17.)

Step 3: Define “best curve” in explicit mathematical terms
3a. Maximum smoothness. We unambiguously choose maximum

smoothness as the primary criterion for best. Within that class of
functions that are maximum smoothness, we also take the opportunity
to iterate parameter values to show which of the infinite number of
maximum smoothness forward curves have minimum length and
maximum smoothness for each set of constraints we impose. The two
measures are very consistent.

As noted earlier in this chapter, we have critiqued the results from
some yield curve–smoothing techniques because of the lack of
smoothness in either yields, forward rates, or both. Smoothness is
defined as the variable z such that

z ¼
ZT
0

g00ðsÞ2ds

The smoothest possible function has the minimum z value. Since a
straight line has a second derivative of zero, z is zero in that case and a
straight line is perfectly smooth. In this case, the function g(s) is defined as
the forward rate curve. In order to evaluate z over the full maturity
spectrumof the forward curve, the forward rate segmentsmust be at least
twice differentiable at each point, including the knot points. We want to
minimize z over the full length of the yield curve. Our answers in Steps 4
to 6make the analytical valuation of zpossible just aswhenwe evaluated
length in example D.

Recall that forward rates are related to zero-coupon yields and
bond prices by the same four relationships that we have been using
throughout this book:

yðtÞ ¼ �1
t

ln½pðtÞ�

pðtÞ ¼ exp½�
Z t
0

f ðsÞds�

pðtÞ ¼ exp½�yðtÞt�
f ðtÞ ¼ yðtÞ þ ty 0ðtÞ

Given that forward rates are in effect a derivative of zero yields
and zero prices, Oldrich Vasicek uses the calculus of variations to
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prove that the smoothest forward rate function that can be derived is a
thrice differentiable function, the quartic spline of forward rates. This
proof, reproduced in the appendix to this chapter, was corrected in van
Deventer and Imai (1996) from the original version in Adams and van
Deventer (1994) thanks to helpful comments from Volf Frishling of the
Commonwealth Bank of Australia and further improved by the
insights of Kamakura’s Robert A. Jarrow. The choice of the quartic
form is a derivation shown in the proof. Similarly, in order to achieve
maximum smoothness, the same proof shows that the curves fitted
together must be thrice differentiable over the entire length of the
curve, which obviously includes the knot points. For that reason, we
impose this constraint below.

Step 4: Is the curve constrained to be continuous?
4b. Yes. We insist on continuous forwards and see what this implies for

yields.
Step 5: Is the curve differentiable?

5a. Yes. Again, this is the change first imposed in Example D.
Step 6: Is the curve twice differentiable?

6a. Yes. We insist that the forward rate curve be twice differentiable
everywhere along the curve, including the knot points. This would
allow us to evaluate smoothness analytically if we wished to do so, and
it insures that the forward rate curve segments will join in a visibly
smooth way at the knot points.

Step 7: Is the curve thrice differentiable?
7b. Yes. For the first time, we impose this constraint because we have a

mathematical proof that we will not obtain a unique maximum
smoothness forward curve unless we do impose it.

Step 8: At the spot date, time 0, is the curve constrained?
8a and 8b. Both approaches will be used and compared. Like Example F,

we find it necessary to constrain the forward rate curve at its
left-hand side and right-hand side in order to derive a unique
set of coefficients for each segment of the forward rate curve.
We compare results using both answers 8a and 8b and reach
conclusions about which is best for the sample data we are
analyzing. The answers to question 8 can have a critical impact
on the reasonableness of splines for forward rates in a financial
context. In fact, in this example, we need to use 3 of the four
constraints listed in questions 8 and 9.

Step 9: At the longest maturity for which the curve is derived, time T, is the curve
constrained?
9a and 9b. Both approaches will be used and compared. For uniqueness of

the parameters of the quartic forward rate segment coefficients,
we again have to choose three of the four constraints in
questions 8 and 9. We then optimize the parameters used in
these constraints to achieve the best forward rate curve as
suggested by Janosi and Jarrow (2002). The constraints here
are again imposed on the forward rate curve, not the yield
curve. We will use both maximum smoothness and minimum
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length as criterion for best, conditional on our choice of
quartic forward curve segments and the other constraints we
impose. We are reassured to see that the maximum smoothness
forward rate technique produces results that are both the
smoothest of any twice differentiable functions and the short-
est length/maximum tension over the full length of the curve.

DERIVING THE PARAMETERS OF THE QUARTIC FORWARD RATE
CURVES IMPLIED BY EXAMPLE H ASSUMPTIONS

Our data set has observable yield data at maturities of 0, 0.25 years, 1, 3, 5, and 10
years. We have six knot points in total and four interior knot points (0.25, 1, 3, and 5
years) where the curves that join must have equal first, second, and third derivatives.

As in Example F, we can measure the smoothness of a forward rate curve in two
ways. First, we could explicitly evaluate the integral that defines the smoothness
statistic z since our constraints for Example H will result in a forward rate curve that
is twice differentiable over its full length. The other alternative is to use a discrete
approximation to evaluation of the integral, like we did in Example F. This is
attractive because it allows us to calculate smoothness for the other examples in this
series for which the relevant functions are not twice differentiable. For that reason,
we use the same discrete measure of smoothness at 1/12-year maturity intervals over
the 120 months of the forward curve and yield curves that we derive here.

Each forward rate curve segment has the quartic form

fiðtÞ ¼ ci þ di1t þ di2t
2 þ di3t

3 þ di4t
4

The subscript i refers to the segment number. The segment from 0 to 0.25 years is
segment 1, the segment from 0.25 years to one year is segment 2, and so on. The first
constraint requires the first forward rate curve segment to be equal to the observable
value of y at time zero since y(0) ¼ f(0).

y � ðtjÞ ¼ f � ðtjÞ ¼ cj þ dj1tj þ dj2t
2
j þ dj3t

3
j þ dj4t

4
j

where for this first constraint tj ¼ 0. In addition we have four constraints that require
the forward rate curves to be equal at the four interior knot points:

fjðtjþ1Þ ¼ cj þ dj1tjþ1 þ dj2t
2
jþ1 þ dj3t

3
jþ1 þ dj4t

4
jþ1 ¼ fjþ1ðtjþ1Þ

¼ cjþ1 þ djþ1, 1tjþ1 þ djþ1, 2t2jþ1 þ djþ1, 3t3jþ1 þ djþ1, 4t4jþ1

at the interior knot points. We rearrange these four constraints, for j ¼ 1, 4 like this:

cj þ dj1tjþ1 þ dj2t
2
jþ1 þ dj3t

3
jþ1 þ dj4t

4
jþ1 � cjþ1 � djþ1, 1tjþ1

� djþ1, 2t2jþ1 � djþ1, 3t3jþ1 � djþ1, 4t4jþ1 ¼ 0
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At each of these interior knot points, the first derivatives of the two forward rate
segments that join at that point must also be equal:

dj1 þ 2dj2tjþ1 þ 3dj3t
2
jþ1 þ 4dj4t

3
jþ1 ¼ djþ1, 1 þ 2djþ1, 2tjþ1 þ 3djþ1, 3t2jþ1 þ 4djþ1, 4t3jþ1

When we solve for the coefficients, we will rearrange these four constraints in
this manner:

dj1þ2dj2tjþ1þ3dj3t
2
jþ1þ4dj4t

3
jþ1�djþ1, 1�2djþ1, 2tjþ1�3djþ1, 3t2jþ1�4djþ1t3jþ1 ¼ 0

Next, we need to impose the constraint that the second derivatives of the joining
forward rate curve segments are equal at each of the four interior knot points. This
requires

2dj2 þ 6dj3tjþ1 þ 12dj4t
2
jþ1 ¼ 2djþ1, 2 þ 6djþ1, 3tjþ1 þ 12djþ1, 4t2jþ1

As usual, we rearrange this as follows:

2dj2 þ 6dj3tjþ1 þ 12dj4t
2
jþ1 � 2djþ1, 2 � 6djþ1, 3tjþ1 � 12djþ1, 4t2jþ1 ¼ 0

Finally, the new constraint that the third derivatives be equal at each knot point
requires that

6dj3 þ 24dj4tjþ1 ¼ 6djþ1, 3 � 24djþ1, 4tjþ1

We arrange this constraint to read as follows:

6dj3 þ 24dj4tjþ1 � 6djþ1, 3 � 24djþ1, 4tjþ1 ¼ 0

So far, we have 1 þ 4 þ 4 þ 4 þ 4 ¼ 17 constraints to solve for 5 3 5 ¼ 25
coefficients. We have five more constraints that require that the forward curve seg-
ments produce observable zero-coupon bond prices:

�ln pðtkÞ
pðtjÞ
� �

¼
Ztk
tj

fjðsÞds

2
64

3
75 ¼ cjðtk � tjÞ þ 1

2
dj1ðt2k � t2j Þ þ

1

3
dj2ðt3k � t3j Þ

þ 1

4
dj3ðt4k � t4j Þ þ

1

5
dj4ðt5k � t5j Þ

For our twenty-third, twenty-fourth, and twenty-fifth constraints, we can choose
any three of the constraints in 8a, 8b, 9a, and 9b. We choose three combinations that
are very common in financial applications where it is logical and realistic to expect
the forward rate curve to be flat at the right-hand side of the yield curve, f 0(10) ¼ 0 in
this example, where tj þ 1 ¼ 10.
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f 0j ðtjþ1Þ ¼ cj1 þ 2dj2tjþ1 þ 3dj3t
2
jþ1 þ 4dj4t

3
jþ1 ¼ 0

Our twenty-fourth and twenty-fifth constraints come from setting the second
derivatives at time tjþ1 ¼ 0 to x1 on the left-hand side of the curve and x2 on the
right-hand side of the curve where tjþ1 ¼ 10:

f 00j ðtjþ1Þ ¼ 2dj2 þ 6dj3tjþ1 þ 12dj4t
2
jþ1 ¼ xk

Our initial implementation, which we label Example H-Qf1a (quadratic for-
wards 1a), will use x1 and x2 ¼ 0. Our second implementation Example H-Qf1b uses
the insights of Janosi and Jarrow (2002) to optimize x1 and x2 to minimize the length
of the forward curve. The third implementation optimizes x1 and x2 to maximize the
smoothness of the curve by minimizing the function z given above on a discrete 1/12
of a year basis.

In matrix form, with apologies to those readers with less than perfect vision, our
constraints for example H-Qf1a look like Exhibit 5.13.

Note that it is the last three elements of the “y Vector” matrix where we have set
the constraints that the second derivatives at time zero and 10 and the first derivative
of the yield curve at 10 years be zero. Then invert the matrix and solve for these
coefficients:

EXHIBIT 5.13 Coefficient Matrix for Quartic Forward Curve Line Segments

Equation
Number c1 d11 d12 d13 d14 c2 d21 d22 d23 d24 c3

1 1 0.000 0.000 0.000 0 0 0 0 0 0 0
2 1 0.25 0.0625 0.015625 0.00390625 �1 �0.25 �0.0625 �0.015625 �0.00390625 0
3 0 0 0 0 0 1 1 1 1 1 �1
4 0 0 0 0 0 0 0 0 0 0 1
5 0 0 0 0 0 0 0 0 0 0 0
6 0 1 0.5 0.1875 0.0625 0 �1 �0.5 �0.1875 �0.0625 0
7 0 0 0 0 0 0 1 2 3 4 0
8 0 0 0 0 0 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0
10 0 0 2 1.5 0.75 0 0 �2 �1.5 �0.75 0
11 0 0 0 0 0 0 0 2 6 12 0
12 0 0 0 0 0 0 0 0 0 0 0
13 0 0 0 0 0 0 0 0 0 0 0
14 0 0 0 6 6 0 0 0 �6 �6 0
15 0 0 0 0 0 0 0 0 6 24 0
16 0 0 0 0 0 0 0 0 0 0 0
17 0 0 0 0 0 0 0 0 0 0 0
18 0.25 0.03125 0.005208333 0.000976563 0.000195313 0 0 0 0 0 0
19 0 0 0 0 0 0.75 0.46875 0.328125 0.249023438 0.199804688 0
20 0 0 0 0 0 0 0 0 0 0 2
21 0 0 0 0 0 0 0 0 0 0 0
22 0 0 0 0 0 0 0 0 0 0 0
23 0 0 2 0 0 0 0 0 0 0 0
24 0 0 0 0 0 0 0 0 0 0 0
25 0 0 0 0 0 0 0 0 0 0 0
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Coefficient Vector Values

C1 0.0400000000
D11 0.0744582074
D12 0.0000000000
D13 –0.6332723810
D14 0.8530487205
C2 0.0363357405
D21 0.1330863589
D22 –0.3517689090
D23 0.3047780430
D24 –0.0850017035
C3 0.1272995768
D31 –0.2307689862
D32 0.1940141086
D33 –0.0590773021
D34 0.0059621327
C4 –0.5156595261
D41 0.6265098177
D42 –0.2346252934

(Continued)

d31 d32 d33 d34 c4 d41 d42 d43 d44 c5 d51 d52 d53 d54
Coefficient
Vector

y
Vector

0 0 0 0 0 0 0 0 0 0 0 0 0 0 c1 4.000%
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d11 0
�1 �1 �1 �1 0 0 0 0 0 0 0 0 0 0 d12 0
3 9 27 81 �1 �3 �9 �27 �81 0 0 0 0 0 d13 0
0 0 0 0 1 5 25 125 625 �1 �5 �25 �125 �625 d14 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 c2 0
�1 �2 �3 �4 0 0 0 0 0 0 0 0 0 0 d21 0
1 6 27 108 0 �1 �6 �27 �108 0 0 0 0 0 d22 ¼ 0
0 0 0 0 0 1 10 75 500 0 �1 �10 �75 �500 d23 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d24 0
0 �2 �6 �12 0 0 0 0 0 0 0 0 0 0 c3 0
0 2 18 108 0 0 �2 �18 �108 0 0 0 0 0 d31 0
0 0 0 0 0 0 2 30 300 0 0 �2 �30 �300 d32 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d33 0
0 0 �6 �24 0 0 0 0 0 0 0 0 0 0 d34 0
0 0 6 72 0 0 0 �6 �72 0 0 0 0 0 c4 0
0 0 0 0 0 0 0 6 120 0 0 0 �6 �120 d41 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d42 0.01188
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d43 0.03313
4 8.666666667 20 48.4 0 0 0 0 0 0 0 0 0 0 d44 0.12000
0 0 0 0 2 8 32.66666667 136 576.4 0 0 0 0 0 c5 0.09750
0 0 0 0 0 0 0 0 0 5 37.5 291.6666667 2343.75 19375 d51 0.38750
0 0 0 0 0 0 0 0 0 0 0 0 0 0 d52 0.00000
0 0 0 0 0 0 0 0 0 0 1 20 300 4000 d53 0.00000
0 0 0 0 0 0 0 0 0 0 0 2 60 1200 d54 0.00000
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Coefficient Vector Values

D43 0.0361758984
D44 –0.0019756340
C5 0.8790434876
D51 –0.4892525933
D52 0.1001034299
D53 –0.0084545981
D54 0.0002558909

These coefficients give us the five quartic functions that make up the forward rate
curve. We use the second and third relationships listed above to solve for the derived
coefficients for the zero-coupon yield curve. The yield function for any segment j is

yjðtÞ ¼ 1

t
y*ðtjÞtj þ cjðt � tjÞ þ 1

2
dj1ðt2 � t2j Þ þ

1

3
dj2ðt3 � t3j Þ

�

þ 1

4
dj3ðt4 � t4j Þ þ

1

5
dj4ðt5 � t5j Þ

�

We note that y* denotes the observable value of y at the left-hand side of the line
segment where the maturity is tj. Within the segment, y is a quintic function of t,
divided by t.

We can now plot the yield and forward rate curves to see the realism of our
assumptions about maximum smoothness and the related constraints we have
imposed. The results show something very interesting. When the infinite number of
forward rate curves that are maximum smoothness subject to constraints 23, 24, and
25 are compared, it is seen that the real trade-off comes from sacrificing smoothness
at the left-hand side of the curve in order to get shorter length overall, with a smaller
rise in the forward curve at the 10-year point. Example H-Qf1a, where we have set all
three assumptions 23, 24, and 25 to zero falls between the two optimized results at
the 10-year point (see Exhibit 5.14).

The results for all three examples are far superior to what we saw in earlier
examples. When we compare the three yield curves from our three Example H
alternatives, again the results are very reasonable (see Exhibit 5.15).

Next we compare our base case, with assumptions 23, 24, and 25 all set to zero,
with the arbitrary Nelson-Siegel formulation. The Nelson-Siegel functions (the two
lines in the middle, with the forward rates above the zero yields) are simply two lines
drawn on a page with no validity because they don’t match the observable data,
which are the solid black dots on the yield curve derived from our base case (see
Exhibit 5.16).

We continue to be surprised that the Nelson-Siegel technique is used in academia
given the fact that it is both inaccurate and more complex in calculation: the Nelson-
Siegel formulation is incapable of fitting an arbitrary set of data and requires a
nonlinear optimization. The maximum smoothness forward rate approach, by con-
trast, fits the data perfectly in every case and requires (in our base case) just a matrix
inversion.
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EXHIBIT 5.14 Example H Comparison of Alternative Forward Rates
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EXHIBIT 5.15 Example H Comparison of Alternative Yields
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For example H-Qf1b, when we use simple spreadsheet optimize to iterate on x1
and x2 to derive the maximum smoothness forward rate curve of shortest length, we
get these coefficients:

Coefficient Vector Values

C1 0.04
D11 0.232654282
D12 –1.80184349
D13 5.124447912
D14 –5.19776484
C2 0.060389164
D21 –0.09357235
D22 0.155516289
D23 –0.09517817
D24 0.021861242
C3 0.040261445
D31 –0.01306147
D32 0.034749971
D33 –0.01466729
D34 0.001733522
C4 –0.18940957
D41 0.293166555
D42 –0.011836404
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EXHIBIT 5.16 Example H-1: Quartic Forwards with f00(0) ¼ 0 and f’(T) ¼ 0 Related Yields
vs. Nelson-Siegel Smoothing
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Coefficient Vector Values

D43 0.019358042
D44 –0.00110192
C5 0.653581615
D51 –0.3812264
D52 0.083953844
D53 –0.00761768
D54 0.000246863

When we iterate using the Example H-Qf1c objective, maximum smoothness, we
get the following set of coefficients for our five quartic forward rate segments:

Coefficient Vector Values

C1 0.04
D11 0.077396762
D12 –0.03383111
D13 –0.52363325
D14 0.736847176
C2 0.036799797
D21 0.128600013
D22 –0.34105061
D23 0.295618762
D24 –0.08240483
C3 0.124892139
D31 –0.22376935
D32 0.187503439
D33 –0.05675061
D34 0.005687509
C4 –0.4755168
D41 0.576775895
D42 –0.21276919
D43 0.032198867
D44 –0.00172495
C5 0.672902511
D51 –0.34195955
D52 0.062851448
D53 –0.00455055
D54 0.000112524

COMPARING YIELD CURVE AND FORWARD RATE
SMOOTHING TECHNIQUES

As we have discussed throughout this chapter, the standard process for evaluating
yield curve and forward rate curves should involve the mathematical statement of the
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objective of smoothing, the imposition of constraints that are believed to generate
realistic results, and then the testing of the results to establish whether they are
reasonable or not. In the last section of this chapter, we discuss the Shimko test used
in Adams and van Deventer (1994) for measuring the accuracy of yield curve and
forward rate smoothing techniques on large amounts of data. For expositional
purposes in this section, we analyze only one case, our base case, and reach some
tentative conclusions whose validity can be confirmed or denied on huge masses of
data using the Shimko test.

Ranking 23 Smoothing Techniques by Smoothness of the Forward
Rate Curve

The chart in Exhibit 5.17 ranks 23 smoothing techniques on their effectiveness in
lowering the discrete smoothing statistic as much as possible as explained above.

As we would expect, the best result was the maximum smoothness forward rate
approach where the optimization of the twenty-fourth and twenty-fifth constraints
was done with respect to smoothness. The second-best approach was maximum
smoothness base case, Example H-Qf1a, where we set the derivatives with respect to
constraints 23, 24, and 25 to zero. The technique ranked 17th was also one of the
maximum smoothness alternatives, where we intentionally sacrificed the smoothness
of the curve (most notably on the short end of the curve) to minimize length. Linear
yield smoothing produced the worst results when smoothness is the criterion for best.

Ranking 23 Smoothing Techniques by Length of the Forward Curve

Next we report on the discrete approximation for length of the forward curve if its
length is the sole criterion. The results for 23 techniques are shown in Exhibit 5.18.

Not surprisingly, if one does not insist on continuity or smoothness at all, one
gets a short forward curve. Ranks 1 to 4 are taken by a yield/forward step function
and quadratic curve fitting. Among all of the techniques that are at least twice dif-
ferentiable, the maximum smoothness forward rate technique, optimized to minimize
length, was the winner. There is no need to sacrifice one attribute (length) for another
(smoothness). In this example, the same functional form (quartic forward rates) can
produce the winner by either criterion.

If we look at both attributes, which techniques best balance the trade-offs
between smoothness and length? We turn to that question next.

TRADING OFF SMOOTHNESS VS. THE LENGTH OF THE FORWARD
RATE CURVE

In the graph shown in Exhibit 5.19, we plot the 23 smoothing techniques on an XY
graph where both length and smoothness of the forward curve are relevant. We
truncated the graph to eliminate some extreme outliers as shown in Exhibit 5.19.

A reasonable person would argue that the best techniques by some balance of
smoothness and length would fall in the lower left-hand corner of the graph. There
are five techniques with a forward rate curve with smoothness below 7,000 and
length below 30.00 (see Exhibit 5.20).
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EXHIBIT 5.17 Ranking by Smoothness of Forward Rate Curve

Rank Example Smoothing Technique

Length of
Yield Curve

Fitted

Length of
Forward
Curve
Fitted

Smoothness
of Yield

Curve Fitted

Smoothness
of Forward
Curve Fitted

1 Example H-Qf1c Quartic Forward Rate with f 00(0)5x1, f 00(T)5x2 and f 0(T)50 to Max f Smoothness 11.58 21.01 505.76 4,287.35
2 Example H-Qf1a Quartic Forward Rate with f 00(0)50, f 00(T)50 and f 0(T)50 11.51 19.91 495.93 4,309.97
3 Example F Cubic y, Max f Smoothness 11.75 24.94 510.10 4,564.23
4 Example F Cubic y, Max y Smoothness 11.73 22.62 473.48 4,811.18
5 Example F Cubic y, y 0(T)¼0 and y 00(0)¼0 11.64 23.14 475.92 5,038.87
6 Example G-4Cfb Cubic Forward Rate with f 0(0)¼x1 and f 0(T)¼x2 to Max f Smoothness 14.15 48.89 687.21 5,931.25
7 Example G-3Cfb Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼x2 to Max f Smoothness 14.15 48.89 687.21 5,931.25
8 Example G-3Cfe Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼0 to Max f Smoothness 13.59 40.52 690.46 6,179.14
9 Example E Quadratic f, f 0(T)¼0 11.07 15.28 1,061.01 7,767.53
10 Example E Quadratic f, Min f Length 11.07 15.26 1,061.76 7,779.04
11 Example E Quadratic f, Min y Length 11.07 15.28 1,062.55 7,791.63
12 Example G-3Cfa Cubic Forward Rate with f 00(0)¼0 and f 0(T)¼0 15.36 52.23 597.41 8,118.72
13 Example G-4Cfc Cubic Forward Rate with f 0(0)¼x1 and f 0(T)¼x2 to Min f Length 11.38 15.79 4,111.96 24,073.20
14 Example G-3Cfc Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼x2 to Min f Length 11.38 15.79 4,111.96 24,073.23
15 Example G-3Cfd Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼0 to Min f Length 11.40 15.87 4,200.81 24,615.22
16 Example G-4Cfa Cubic Forward Rate with f 0(0)¼0 and f 0(T)¼0 19.83 78.05 2,128.84 25,398.14
17 Example H-Qf1b Quartic Forward Rate with f 00(0)5x1, f 00(T)5x2 and f 0(T)50 to Min Length of f 11.23 15.52 5,267.60 25,629.13
18 Example C Linear forwards 12.15 31.59 619.35 27,834.72
19 Example D Quadratic y, Min y Length 11.46 18.70 3,346.49 35,901.19
20 Example D Quadratic y, Min f Length 11.56 17.21 3,780.67 43,108.27
21 Example D Quadratic y, y0(T)¼0 12.00 20.48 4,409.57 56,443.05
22 Example A Yield step function 13.12 13.12 123,120.00 123,120.00
23 Example B Linear yields 10.99 16.87 1,776.50 319,346.00
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EXHIBIT 5.18 Ranking by Length of Forward Rate Curve

Rank
Example
Description Smoothing Technique

Length of
Yield Curve

Fitted

Length of
Forward
Curve
Fitted

Smoothness
of Yield

Curve Fitted

Smoothness
of Forward
Curve Fitted

1 Example A Yield step function 13.12 13.12 123,120.00 123,120.00
2 Example E Quadratic f, Min f Length 11.07 15.26 1,061.76 7,779.04
3 Example E Quadratic f, f 0(T)¼0 11.07 15.28 1,061.01 7,767.53
4 Example E Quadratic f, Min y Length 11.07 15.28 1,062.55 7,791.63
5 Example H-Qf1b Quartic Forward Rate with f 00(0)5x1, f 00(T)5x2 and f 0(T)50 to Min Length of f 11.23 15.52 5,267.60 25,629.13
6 Example G-3Cfc Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼x2 to Min f Length 11.38 15.79 4,111.96 24,073.23
7 Example G-4Cfc Cubic Forward Rate with f 0(0)¼x1 and f 0(T)¼x2 to Min f Length 11.38 15.79 4,111.96 24,073.20
8 Example G-3Cfd Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼0 to Min f Length 11.40 15.87 4,200.81 24,615.22
9 Example B Linear yields 10.99 16.87 1,776.50 319,346.00
10 Example D Quadratic y, Min f Length 11.56 17.21 3,780.67 43,108.27
11 Example D Quadratic y, Min y Length 11.46 18.70 3,346.49 35,901.19
12 Example H-Qf1a Quartic Forward Rate with f 00(0)50, f 00(T)50 and f 0(T)50 11.51 19.91 495.93 4,309.97
13 Example D Quadratic y, y0(T)¼0 12.00 20.48 4,409.57 56,443.05
14 Example H-Qf1c Quartic Forward Rate with f 00(0)5x1, f 00(T)5x2 and f 0(T)50 to Max f Smoothness 11.58 21.01 505.76 4,287.35
15 Example F Cubic y, Max y Smoothness 11.73 22.62 473.48 4,811.18
16 Example F Cubic y, y0(T)¼0 and y00(0)¼0 11.64 23.14 475.92 5,038.87
17 Example F Cubic y, Max f Smoothness 11.75 24.94 510.10 4,564.23
18 Example C Linear forwards 12.15 31.59 619.35 27,834.72
19 Example G-3Cfe Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼0 to Max f Smoothness 13.59 40.52 690.46 6,179.14
20 Example G-3Cfb Cubic Forward Rate with f 00(0)¼x1 and f 0(T)¼x2 to Max f Smoothness 14.15 48.89 687.21 5,931.25
21 Example G-4Cfb Cubic Forward Rate with f 0(0)¼x1 and f 0(T)¼x2 to Max f Smoothness 14.15 48.89 687.21 5,931.25
22 Example G-3Cfa Cubic Forward Rate with f 00(0)¼0 and f 0(T)¼0 15.36 52.23 597.41 8,118.72
23 Example G-4Cfa Cubic Forward Rate with f 0(0)¼0 and f 0(T)¼0 19.83 78.05 2,128.84 25,398.14
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It is interesting to see that the best five consist of two quartic forward rate
smoothing approaches, ranked first and second by smoothness, and three cubic yield
spline approaches. Of this best five group, the quartic forward rate approach, opti-
mized for smoothness, was the smoothest. The quartic forward rate approach, with all
derivatives in constraints 23 to 25 set to zero, was the shortest. We now turn to a more
comprehensive approach to performance measurement of smoothing techniques.
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EXHIBIT 5.19 Trade-Off between Smoothness and Length of Forward Rate Curve for
Various Smoothing Techniques

EXHIBIT 5.20 Best Techniques: Smoothness Under 7,000, Length Under 30, Ranked by
Length of Forward Curve

Example
Description Smoothing Technique

Length of
Yield Curve

Fitted

Length of
Forward

Curve Fitted

Smoothness of
Yield Curve

Fitted

Smoothness of
Forward Curve

Fitted

Example H-Qf1a Quartic Forward Rate
with f 00(0)¼0, f 00(T)¼0
and f 0(T)¼0 11.51 19.91 495.93 4,309.97

Example H-Qf1c Quartic Forward Rate
with f 00(0)¼x1, f 00(T)¼
x2 and f 0(T)¼0 toMax
f Smoothness 11.58 21.01 505.76 4,287.35

Example F Cubic y, Max y
Smoothness 11.73 22.62 473.48 4,811.18

Example F Cubic y, y0(T)¼0 and
y00(0)¼0 11.64 23.14 475.92 5,038.87

Example F Cubic y, Max f
Smoothness 11.75 24.94 510.10 4,564.23
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THE SHIMKO TEST FOR MEASURING ACCURACY
OF SMOOTHING TECHNIQUES

In 1994, Adams and van Deventer (1994) published “Fitting Yield Curves and
Forward Rate Curves with Maximum Smoothness.” In 1993, our thoughtful friend
David Shimko responded to an early draft of the Adams and van Deventer paper by
saying, “I don’t care about a mathematical proof of ‘best,’ I want something that
would have best estimated a data point that I intentionally leave out of the smoothing
process—this to me is proof of which technique is most realistic.” A statistician
would add, “And I want something that is most realistic on a very large sample of
data.” We agreed that Shimko’s suggestion was the ultimate proof of the accuracy
and realism of any smoothing technique. The common academic practice of using
one set of fake data and then judging which technique “looks good” or “looks bad”
is as ridiculous as it is common. Therefore, we atone for the same sin, which we have
used in the first 10 installments of this series, by explaining how to perform the
Shimko test as in Adams and van Deventer (1994).

The Shimko test works as follows. First, we assemble a large data set, which
in the Adams and van Deventer case was 660 days of swap data. Next, we select one
of the maturities in that data set and leave it out of the smoothing process. For
purposes of this example, say we leave out the seven-year maturity because that
leaves a wide five-year gap in the swap data to be filled by the smoothing technique.
We smooth the 660 yield curves one by one. Using the smoothing results and the
zero-coupon bond yields associated with the 14 semiannual payment dates of the
seven-year interest rate swap, we calculate the seven-year swap rate implied by the
smoothing process. We have 660 observations of this estimated seven-year swap rate,
and we compare it to the actual seven-year swap rates that we left out of the
smoothing process. The best smoothing technique is the one that most accurately
estimates the omitted data point over the full sample.

This test can be performed on any of the maturities that were inputs to the
smoothing process, and we strongly recommend that all maturities be used one at a
time. Because this test suggested by Shimko is a powerful test applicable to any con-
tending smoothing techniques, we strongly recommend that no assertion of superior
performance bemadewithout applying the Shimko test on a large amount of real data.4

SMOOTHING YIELD CURVES USING COUPON-BEARING BOND PRICES
AS INPUTS

For expositional purposes, we have assumed in this chapter that the raw inputs to
this process are zero-coupon bond yields. When, instead, the inputs are the prices and
terms on coupon-bearing bonds, the analysis changes in a minor way, which we
illustrate in Chapter 17. The initial zero-coupon bond yields are guessed, and an
iteration of zero-coupon bond yields is performed that minimizes the sum of squared
bond–pricing errors. The Dickler, Jarrow, and van Deventer analysis discussed in
Chapter 3 was done in that manner using Kamakura Risk Manager version 8.0.
Kamakura Corporation produces a weekly forecast of implied forward rates derived
in this manner. The implied forward U.S. Treasury yields as of May 3, 2012, are
shown in the graph in Exhibit 5.21.
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We now turn to interest rate simulation using the smoothed yield curves that we
have generated in this chapter.

APPENDIX: PROOF OF THE MAXIMUM SMOOTHNESS FORWARD
RATE THEOREM

Schwartz (1989) demonstrates that cubic splines produce the maximum smoothness
discount functions or yield curves if the spline is applied to discount bond prices or
yields respectively. In this appendix, we derive by a similar argument the functional
form that produces the forward rate curve with maximum smoothness. Let f(t) be the
current forward rate function, so that

PðtÞ ¼ exp �
Z t
0

f ðsÞds
0
@

1
A ð5:A1Þ

is the price of a discount bond maturing at time t. The maximum smoothness term
structure is a function f with a continuous derivative that satisfies the optimization
problem
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EXHIBIT 5.21 Kamakura Corporation, 10-Year Forecast of U.S. Treasury Yield Curve
Implied by Forward Rates Using Maximum Smoothness Forward Rate Smoothing
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min

ZT
0

f 002ðsÞds ð5:A2Þ

subject to the constraints

Zti
0

f ðsÞds ¼ �log Pi, for i ¼ 1, 2, : : : , m: ð5:A3Þ

Here the Pi ¼ P(ti), for i ¼ 1, 2, . . . , m are given prices of discount bonds with
maturities 0 , t1 , t2 , . . . , tm , T.

Integrating twice by parts we get the following identity:

Zt
0

f ðsÞds ¼ 1

2

Z t
0

ðt � sÞ2f 00ðsÞdsþ tf ð0Þ þ 1

2
t2f 0ð0Þ ð5:A4Þ

Put

gðtÞ ¼ f 00ðtÞ, 0 # t # T ð5:A5Þ

and define the step function

uðtÞ ¼ 1 for t $ 0

¼ 0 for t , 0:

The optimization problem can then be written as

min

ZT
0

g2ðsÞds ð5:A6Þ

subject to

1

2

ZT
0

ðti � sÞ2uðti � sÞgðsÞds ¼ �log Pi � tif ð0Þ � 1

2
t2i f

0ð0Þ ð5:A7Þ

for I ¼ 1, 2, . . . , m. Let λi for i ¼ 1, 2, . . . , m be the Lagrange multipliers cor-
responding to the constraints (5.A7). The objective then becomes

min Z½g� ¼
ZT
0

g2ðsÞds

þ
Xm
i¼1

λi
1

2

ZT
0

ðti� sÞ2uðti� sÞgðsÞdsþ logPiþ tif ð0Þþ1

2
t2i f

0ð0Þ
0
@

1
A ð5:A8Þ
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According to the calculus of variations, if the function g is a solution to equation
(5.A8), then

d

dε
Z½gþ εh�ε¼0 ¼ 0 ð5:A9Þ

for any function h(t) identically equal to w00(t) where w(t) is any twice differentiable
function defined on [0, T] with w0(0) ¼ w(0) ¼ 02. We get

d

dε
Z½gþ εh�ε¼0 ¼ 2

ZT
0

gðsÞ þ 1

4

Xm
i¼1

λiðti � sÞ2uðti � sÞ
" #

hðsÞds

In order that this integral is zero for any function h, we must have

gðtÞ þ 1

4

Xm
i¼1

λiðti � tÞ2uðti � tÞ ¼ 0 ð5:A10Þ

for all t between 0 and T. This means that

gðtÞ ¼ 12eit
2 þ 6dit þ 2ci for ti�1 , t # ti, i ¼ 1, 2, : : : , mþ 1, ð5:A11Þ

where

ei ¼ � 1

48

Xm
j¼1

λj

di ¼ 1

12

Xm
j¼1

λjtj

ci ¼ �1

8

Xm
j¼i

λjt
2
j

ð5:A12Þ

and we define t0 ¼ 0, tm þ 1 ¼ T. Moreover, equation (5.A10) implies that g and g0

(and therefore f 00 and f000) are continuous. From equation (5.A4) we get

f ðtÞ ¼ eit
4 þ dit

3 þ cit
2 þ bit þ ai, ti�1 , t # ti, i ¼ 1, 2, : : : , mþ 1 ð5:A13Þ

Continuity of f, f 0, f 00 and f 000 then implies that

eit
4
i þ dit

3 þ cit
2
i þ biti þ ai ¼ eiþ1t

4
i þ diþ1t3i þ ciþ1t2i þ biþ1ti þ aiþ1, i

¼ 1, 2, : : : , m ð5:A14Þ

4eit
3
i þ3dit

2
i þ2citiþbi ¼4eiþ1t3i þ3diþ1t2i þ2ciþ1tiþbiþ1, i¼1, 2, : : : ,m

12eit
2
i þ6ditiþ2ci ¼12eiþ1t2i þ6diþ1tiþ2ciþ1
24eitiþ6di ¼24eiþ1tiþ6diþ1

ð5:A15Þ
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The constraints (5.A3) become

1

5
eiðt5i � t5i�1Þþ

1

4
diðt4i � t4i�1Þþ

1

3
ciðt3i � t3i�1Þþ

1

2
biðt2i � t2i�1Þþaiðti� ti�1Þ

¼�log Pi

Pi�1

� �
, i¼1, 2, : : : ,m ð5:A16Þ

where we define P0 ¼ 1. This proves the theorem.

NOTES

1. These techniques are reviewed in great detail, with worked examples, in a series of blogs on
the Kamakura Corporation website at www.kamakuraco.com:

Basic Building Blocks of Yield Curve Smoothing, Part 1, November 2, 2009.
www.kamakuraco.com/Blog/tabid/231/EntryId/150/Basic-Building-Blocks-of-Yield-
Curve-Smoothing-Part-1.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 2: A Menu of Alternatives,
November 17, 2009. www.kamakuraco.com/Blog/tabid/231/EntryId/152/Basic-
Building-Blocks-of-Yield-Curve-Smoothing-Part-2-A-Menu-of-Alternatives.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 3: Stepwise Constant Yields and
Forwards versus Nelson-Siegel,” November 18, 2009. www.kamakuraco.com
/Blog/tabid/231/EntryId/156/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-3-
Stepwise-Constant-Yields-and-Forwards-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 4: Linear Yields and Forwards
versus Nelson-Siegel, November 20, 2009. www.kamakuraco.com/Blog/tabid/231
/EntryId/157/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-4-Linear-Yields-
and-Forwards-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 5: Linear Forward Rates and Related
Yields versus Nelson-Siegel, November 30, 2009. www.kamakuraco.com/Blog
/tabid/231/EntryId/158/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-5-Linear-
Forward-Rates-and-Related-Yields-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 6: Quadratic Yield Splines and
Related Forwards versus Nelson-Siegel, December 3, 2009. www.kamakuraco.com
/Blog/tabid/231/EntryId/159/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-6
-Quadratic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 7: Quadratic Forward Rate Splines
and Related Yields versus Nelson-Siegel,” December 8, 2009. www.kamakuraco
.com/Blog/tabid/231/EntryId/161/Basic-Building-Blocks-of-Yield-Curve-Smoothing
-Part-7-Quadratic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 8: Cubic Yield Splines and Related
Forwards versus Nelson-Siegel, December 10, 2009. www.kamakuraco.com/Blog
/tabid/231/EntryId/162/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-8-Cubic-
Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 9: Cubic Forward Rate Splines and
Related Yields versus Nelson-Siegel, December 30, 2009. www.kamakuraco.com
/Blog/tabid/231/EntryId/167/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part
-9-Cubic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel-Updated
-January-6-2010.aspx.
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http://www.kamakuraco.com
http://www.kamakuraco.com/Blog/tabid/231/EntryId/150/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-1.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/150/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-1.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/152/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-2-A-Menu-of-Alternatives.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/152/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-2-A-Menu-of-Alternatives.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/156/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-3-Stepwise-Constant-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/156/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-3-Stepwise-Constant-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/156/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-3-Stepwise-Constant-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/157/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-4-Linear-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/157/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-4-Linear-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/157/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-4-Linear-Yields-and-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/158/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-5-Linear-Forward-Rates-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/158/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-5-Linear-Forward-Rates-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/158/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-5-Linear-Forward-Rates-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/159/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-6-Quadratic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/159/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-6-Quadratic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/159/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-6-Quadratic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/161/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-7-Quadratic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/161/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-7-Quadratic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/161/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-7-Quadratic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/162/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-8-Cubic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/162/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-8-Cubic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/162/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-8-Cubic-Yield-Splines-and-Related-Forwards-versus-Nelson-Siegel.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/167/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-9-Cubic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel-Updated-January-6-2010.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/167/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-9-Cubic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel-Updated-January-6-2010.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/167/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-9-Cubic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel-Updated-January-6-2010.aspx
http://www.kamakuraco.com/Blog/tabid/231/EntryId/167/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-9-Cubic-Forward-Rate-Splines-and-Related-Yields-versus-Nelson-Siegel-Updated-January-6-2010.aspx


Basic Building Blocks of Yield Curve Smoothing, Part 10: Maximum Smoothness
Forward Rates and Related Yields versus Nelson-Siegel, January 5, 2010. www
.kamakuraco.com/Blog/tabid/231/EntryId/168/Basic-Building-Blocks-of-Yield-Curve-
Smoothing-Part-10-Maximum-Smoothness-Forward-Rates-and-Related-Yields-versus-
Nelson-Siegel-Revised-May-8-2012.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 11: The Shimko Test for Measuring
Accuracy of Smoothing Techniques,” January 13, 2010. www.kamakuraco.com/
Blog/tabid/231/EntryId/170/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-
11-The-Shimko-Test-for-Measuring-Accuracy-of-Smoothing-Techniques.aspx.

Basic Building Blocks of Yield Curve Smoothing, Part 12: Smoothing with Bond Prices as
Inputs,” January 20, 2010. www.kamakuraco.com/Blog/tabid/231/EntryId/172
/Basic-Building-Blocks-of-Yield-Curve-Smoothing-Part-12-Smoothing-with-Bond-Prices
-as-Inputs.aspx.

2. www.wikipedia.com has generally been a very useful reference for the topics “spline
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An Analysis of 50 Years of Daily U.S. Par Coupon Bond Yields,” Kamakura blog,
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5. This proof was kindly provided by Oldrich Vasicek. We also appreciate the comments of
Volf Frishling, who pointed out an error in the proof in Adams and van Deventer (1994).
Robert Jarrow also made important contributions to this proof.

6. We are grateful to Robert Jarrow for his assistance on this point.
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CHAPTER 6
Introduction to Heath, Jarrow, and

Morton Interest Rate Modeling

In Chapter 5, we mentioned the review by Dickler, Jarrow, and van Deventer of
50 years of daily U.S. Treasury interest rate movements. They concluded that U.S.

interest rates are driven by 5 to 10 random factors, a much larger number of factors
than major financial institutions typically use for interest rate risk management. In
a series of three papers, David Heath, Robert A. Jarrow, and Andrew Morton
(1990a, 1990b, 1992) introduced the Heath, Jarrow, and Morton (HJM) frame-
work for modeling interest rates driven by a large number of random factors while
preserving the standard “no arbitrage” assumptions of modern finance. The HJM
framework is a very powerful general solution for modeling interest rates driven by
a large number of factors and for the valuation and simulation of cash flows on
securities of all types. The authors believe that an understanding of the HJM
approach is a fundamental requirement for a risk manager. In this chapter and the
following three chapters, we lay out four worked examples of the use of the HJM
approach with increasing realism. A full enterprise-wide risk management infra-
structure relies on a sophisticated implementation of the HJM framework with the
5 to 10 driving risk factors and a very large number of time steps. Such an
implementation should make use of both the HJM implications for Monte Carlo
simulation and the “bushy tree” approach for valuing securities like callable bonds
and home mortgages. For expositional purposes, this and the following chapters
focus on the bushy tree approach, but we explain why an HJM Monte Carlo
simulation is essential for the simulation of cash flows, net income, and liquidity
risk in Chapter 10.

The authors wish to thank Robert A. Jarrow for his encouragement and advice
on this series of worked examples of the HJM approach. What follows is based
heavily on Jarrow’s classic book,Modeling Fixed Income Securities and Interest Rate
Options, 2nd ed. (2002), particularly Chapters 4, 6, 8, 9, and 15. In our Chapter 9,
we incorporate some modifications of Chapter 15 in Jarrow’s book that would have
been impossible without Jarrow’s advice and support.

In Chapters 6 through 9, we use data from the Federal Reserve statistical release
H15, published on April 1, 2011. U.S. Treasury yield curve data was smoothed using
Kamakura Corporation’s Kamakura Risk Manager version 7.3 to create zero-coupon
bonds via the maximum smoothness technique of Adams and van Deventer as
described in Chapter 5. Most of the applications of the HJM approach by financial
market participants have come in the form of the LIBOR market model and
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applications related to the interest rate swap market and deposits issued at the
London interbank offered rate. In light of recent lawsuits alleging manipulation of
LIBOR rates, this application of HJM is a complex special case that we will defer to
Chapter 17. In this chapter, we assume away such complexities and assume away the
potential default of the U.S. government. In this chapter, as in the original HJM
publications, it is assumed that the underlying yield curve is “risk free” from a credit
risk perspective.

The smoothed U.S. Treasury yield curve and the implied forward yield curve
monthly for 10 years looked like the one in Exhibit 6.1 as of the March 31, 2011,
data reported by the Federal Reserve on April 1, 2011.

The continuous forward rate curve and zero-coupon bond yield curve that pre-
vailed as of the close of business on March 31, 2011, were as shown in Exhibit 6.2,
with the forward rate curve being the higher of the two lines.

OBJECTIVES OF THE EXAMPLE AND KEY INPUT DATA

Following Jarrow (2002), we want to show how to use the HJM framework to model
random interest rates and value fixed income securities and other securities using the
simulated random rates. For all of the examples in Chapters 6 through 9, we assume
the following:
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EXHIBIT 6.1 Kamakura Corporation 10-Year Forecast of U.S. Treasury Yield Curve Implied
by Forward Rates Using Maximum Smoothness Forward Rate Smoothing
Sources: Kamakura Corporation; Federal Reserve.
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n Zero-coupon bond prices for the U.S. Treasury curve on March 31, 2011, are
the basic inputs.

n Interest rate volatility assumptions are based on the Dickler, Jarrow, and van
Deventer papers cited previously on daily U.S. Treasury yields and forward rates
from 1962 to 2011.

n The modeling period is four equal length periods of one year each.
n The HJM implementation is that of a “bushy tree,” which we describe below.

The HJM framework is usually implemented using Monte Carlo simulation or a
bushy tree approach where a lattice of interest rates and forward rates is constructed.
This lattice, in the general case, does not recombine like the popular binomial or
trinomial trees used to replicate Black-Scholes options valuation or simple legacy
one-factor term structure models that we discuss in Chapter 13. In general, the bushy
tree does not recombine because the interest rate volatility assumptions imply a path-
dependent interest rate model, not one that is path independent like the simplest one-
factor term structure model implementations. Instead, the bushy tree of upshifts and
downshifts in interest rates looks like Exhibit 6.3.

At each of the points in time on the lattice (times 0, 1, 2, 3, and 4), there are sets
of zero-coupon bond prices and forward rates. At time 0, there is one set of data. At
time one, there are two sets of data, the “up-set” and “down-set.” At time two, there
are four sets of data (up up, up down, down up, and down down), and at time
three there are 8 ¼ 23 sets of data.

In order to build a bushy tree like this, we need to specify how many factors we
are modeling and what the interest volatility assumptions are. The number of ending
nodes on a bushy tree for n periods is 2n for a 1 factor model, 3n for a 2 factor model,
and 4n for a 3 factor model. For this example, we build a one-factor bushy tree.
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EXHIBIT 6.2 U.S. Treasury Forward Rates and Zero-Coupon Yields Derived from the Federal
Reserve H15 Statistical Release Using Maximum Smoothness Forward Rate Smoothing
Sources: Kamakura Corporation; Federal Reserve.
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“One factor” implies some important unrealistic restrictions on simulated yield curve
movements, which we discuss below and in Chapters 7 through 9 and 13.

The simplest interest rate volatility function one can assume is that the one-year
spot U.S. Treasury rate and the three one-year forward rates (the one-year forwards
maturing at times 2, 3, and 4) all have an identical interest rate volatility σ. This is the
discrete time equivalent of the Ho and Lee model (1986). We start by examining
the actual standard deviations of the daily changes from 1962 to 2011 for 10 interest
rates: The continuously compounded one-year, zero-coupon bond yield, the con-
tinuously compounded one-year forward rate maturing in year 2, the continuously
compounded one-year forward rate maturity in year 3, and so on for each one-year
forward rate out to the one maturing in year 10. The daily volatilities are as shown in
Exhibit 6.4.

The one-year spot rate’s volatility was 0.0832 percent over this period. The vola-
tilities for the forward rates maturing in years 2, 3, and 4 were 0.0911 percent, 0.0981
percent, and 0.0912 percent, respectively. We can reach two conclusions immediately:

1. Interest rate volatility is not constant over the maturity horizon (contrary to the
Ho and Lee 1986 assumptions).

2. Interest rate volatility is not declining over the maturity horizon (contrary to the
Vasicek 1977 assumptions).

Scenario Scenario Description

UpUpUp1Time 2

Time 3

DownUpUp2Time 1

3 Up Down Up

DownDownUp4Time 0

5 Down Up Up

6 Down Up Down

7 Down Down Up

8 Down Down Down

EXHIBIT 6.3 Example of Bush Tree for HJM Modeling of No-Arbitrage, Zero-Coupon Bond
Price Movements
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EXHIBIT 6.4 Analysis of Daily Changes in Spot and One-Year Forward Rates

Maturity in Years

1 2 3 4 5 6 7 8 9 10

Standard Deviation 0.0832% 0.0911% 0.0981% 0.0912% 0.1065% 0.0989% 0.1160% 0.0954% 0.1018% 0.1524%
Maximum Daily Change 1.0124% 1.0011% 1.0470% 0.7269% 0.8183% 1.0634% 1.6645% 1.0765% 1.0964% 1.7287%
Maximum Daily Change �1.0012% �0.9360% �0.9856% �0.9428% �1.2709% �1.3032% �1.0771% �0.8747% �1.0972% �2.3316%
Width of Range 2.0135% 1.9371% 2.0325% 1.6696% 2.1092% 2.3665% 2.7416% 1.9512% 2.1936% 4.0603%

127



The HJM approach is so general that the Ho and Lee and Vasicek models can be
replicated as special cases. We discuss that replication in Chapter 13. There is no need
to limit ourselves to such unrealistic volatility assumptions, however, because of the
power of the HJM approach.

Instead, we assume that forward rates have their actual volatilities over the period
from 1962–2011, but we need to adjust for the fact that we have measured volatility
over a time period of one day (which we assume is 1/250 of a year based on 250
business days per year) and we need a period for which the length of the periodΔ is 1,
not 1/250. We know that the variance changes as the length of the time period:

Measured variance ¼ Δσ2

and, therefore,

½Measured volatility� 1ffiffiffiffiffi
Δ

p ¼ σ

Therefore, the one-year forward rate, which has a volatility of 0.00091149 over a
one-day period has an estimated annual volatility of 0.00091149/[(1/250)1/2]
¼ 0.01441187. We revisit this method of adjustment for changes in the time period
repeatedly in this book. It’s an adjustment that should be avoided whenever possible.

For convenience, we use the annual volatilities from this chart in our HJM
implementation:

Interest Rate Volatility Assumptions for an Annual Period Model

Daily Annual

1-year forward rate maturing in year 2 0.00091149 0.01441187
1-year forward rate maturing in year 3 0.00098070 0.01550626
1-year forward rate maturing in year 4 0.00091243 0.01442681

We will use the zero-coupon bond prices prevailing on March 31, 2011, as our
other inputs:

Number of periods: 4
Length of periods (years) 1
Number of risk factors: 1
Volatility term structure: Empirical

Parameter Inputs
Period Start Period End Zero-Coupon Bond Prices Forward Rate Volatility

0 1 0.99700579
1 2 0.98411015 0.01441187
2 3 0.96189224 0.01550626
3 4 0.93085510 0.01442681
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Our final assumption is that there is one random factor driving the forward rate
curve. This implies (since all of our volatilities are positive) that all forward rates
move up or down together. This implication of the model, as we will see in Chapters
7 through 9, is grossly unrealistic. We relax this assumption when we move to two-
and three-factor examples.

KEY IMPLICATIONS AND NOTATION OF THE HJM APPROACH

The HJM conclusions are very complex to derive but their implications are very
straightforward. Once the zero-coupon bond prices and volatility assumptions are
made, the mean of the distribution of forward rates (in a Monte Carlo simulation)
and the structure of a bushy tree are completely determined by the constraints that
there be no arbitrage in the economy. Modelers who are unaware of this insight
would choose means of the distributions for forward rates such that Monte Carlo or
bushy tree valuation would provide different prices for the zero-coupon bonds on
March 31, 2011, than those used as input. This would create the appearance of an
arbitrage opportunity, but it is in fact a big error that calls into question the validity
of the calculation, as it should. Even more than two decades after the publication of
the HJM conclusions, financial market participants perform risk analysis that con-
tains such errors.

We show in this example that the zero-coupon bond valuations using a bushy
tree are 100 percent consistent with the inputs. We now introduce our notation:

Δ ¼ length of time period, which is 1 in this example
r(t,st) ¼ the simple one-period, uncompounded risk-free interest rate as of

current time t in state st
R(t,st) ¼ 1 þ r(t, st), the total return, the value of $1 dollar invested at the

risk-free rate for one period with no compounding
σ (t,T,st) ¼ forward rate volatility at time t for forward maturing at T in state

s (a sequence of ups and downs)
P(t,T,st) ¼ zero-coupon bond price at time t maturing at time T in state st

(i.e., up or down)
Index ¼ 1 if the state is up and ¼ �1 if the state is down
U(t,T,st) ¼ the total return that leads to bond price P(t þ Δ, T, st ¼ up)

on a T maturity bond in an upshift state one period from current
time t

D(t,T,st) ¼ the total return that leads to bond price P(t þ Δ, T, st ¼ down)
on a T maturity bond in a downshift state one period from
current time t

K(t,T,st) ¼ the sum of the forward volatilities for the one-period forward
rates from t þ Δ to T � Δ, as shown here:

Kðt,T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
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We also see the rare appearance of a trigonometric function in finance, one found in
common spreadsheet software:

CoshðxÞ ¼ 1

2
½ex þ e�x�

Note that the current times that will be relevant in building a bushy tree of zero-
coupon bond prices are current times t ¼ 0, 1, 2, and 3. We’ll be interested in
maturity dates T ¼ 2, 3, and 4. We know that at time zero, there are four zero-
coupon bonds outstanding. At time 1, only the bonds maturity at T ¼ 2, 3, and 4 will
remain outstanding. At time 2, only the bonds maturing at times T ¼ 3 and 4
will remain, and at time 3 only the bond maturing at time 4 will remain. For each of
the boxes below, we need to fill in the relevant bushy tree (one for each of the four
zero-coupon bonds) with each upshift and downshift of the zero-coupon bond price
as we step forward one more period (by Δ ¼ 1) on the tree. In the interests of saving
space, we arrange the tree to look like a table by stretching the bushy tree as shown in
Exhibit 6.5.

A completely populated zero-coupon bond price tree, in this case for the zero
coupon bond maturing at time T ¼ 4, would then be summarized like the one in
Exhibit 6.6, where the final shift in price is shaded for up- or downshifts.

The mapping of the sequence of up- and downshifts is shown in Exhibit 6.7,
consistent with the stretched tree in Exhibit 6.6.

In order to populate the trees with zero-coupon bond prices and forward rates,
there is one more piece of information that we need to supply.

Time 0 Time 1 Time 2 Time 3 Scenario Scenario Description

1 Up Up Up

2 Up Up Down

3 Up Down Up

4 Up Down Down

5 Down Up Up

6 Down Up Down

7 Down Down Up

8 Down Down Down

EXHIBIT 6.5 Example of Bushy Tree for HJM Modeling of No-Arbitrage, Zero-Coupon
Bond Price Movements
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PSEUDO-PROBABILITIES

In Chapter 7 of Jarrow (2002), he shows that a necessary and sufficient condition for
no arbitrage is that, at every node in the tree, the one-period return on a zero-coupon
bond neither dominates nor is dominated by a one-period investment in the risk-free
rate. Written as the total return on a $1 investment, an upshift U must be greater
than the risk-free total return and the downshift D must be less than the risk-free
total return R:

Uðt, T, stÞ.Rðt, stÞ.Dðt, T, stÞ

for all points in time t and, states st.
Jarrow adds (Jarrow, 2002, p. 126) “This condition is equivalent to the following

statement: There exists a unique number π(t, st) strictly between 0 and 1 such that

Rðt, stÞ ¼ πðt, stÞUðt, T, stÞ þ ð1� πðt, stÞÞDðt, T, stÞ

EXHIBIT 6.7 Map of Sequence of States

Current Time

Row Number 0 1 2 3

1 Time 0 up up-up up-up-up
2 dn up-dn up-up-dn
3 dn-up up-dn-up
4 dn-dn up-dn-dn
5 dn-up-up
6 dn-up-dn
7 dn-dn-up
8 dn-dn-dn

EXHIBIT 6.6 Four-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.930855 0.975026 1.002895 1.010619
2 0.892275 0.944645 0.981905
3 0.944617 0.979758
4 0.889752 0.951921
5 0.981876
6 0.953979
7 0.951893
8 0.924847
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Solving for π(t,st) gives us the relationship

πðt, stÞ ¼ ½Rðt, stÞ �Dðt, T, stÞ�
½Uðt, T, stÞ �Dðt, T, stÞ�

If the computed π(t, st) values are between 0 and 1 everywhere on the bushy tree, then
the tree is arbitrage free.”

Jarrow continues as follows (Jarrow, p. 127):

Note that each π(t, st) can be interpreted as a pseudo-probability of the up
state occurring over the time interval (t, t þ Δ) . . . We call these π(t, st)s
pseudo-probabilities because they are “false” probabilities. They are not the
actual probabilities generating the evolution of the money market account
and the [T] period zero-coupon bond prices. Nonetheless, these pseudo-
probabilities have an important use [in valuation].

Jarrow goes on to explain that risk-neutral valuation is computed by “taking the
expected cash flow, using the pseudo-probabilities, and discounting at the spot rate
of interest.” He adds “this is called risk-neutral valuation because it is the value that
the random cash flow ‘x’ would have in an economy populated by risk-neutral
investors, having the pseudo-probabilities as their beliefs”(Jarrow, p. 129).

We now demonstrate how to construct the bushy tree and use it for risk-neutral
valuation.

THE FORMULA FOR ZERO-COUPON BOND PRICE SHIFTS

Jarrow demonstrates that the values for the risk-neutral probability of an upshift π(t,
st) are determined by a set of mathematical limit conditions for an assumed evolution
of interest rates. These limit conditions allow multiple solutions. Without loss of
generality, one can always construct a tree whose limit is the assumed interest rate
evolution with π(t, st) ¼ 1/2 for all points in current time t and all up and down states
st. Then, using our notation above and remembering that the variable “Index” is 1 in
an upshift and�1 in a downshift, the shifts in zero-coupon bond prices can be written
as follows:

Pðt þΔ, T, stþΔÞ ¼ ½Pðt, T, stÞRðt, stÞe
Kðt, T, stÞΔðIndexÞ�

½cosh ðKðt, T, stÞΔÞ� ð6:1Þ

where for notational convenience cosh[K(t, T, st)Δ] � 1 when T � Δ , t þ Δ. This
is equation 15.17 in Jarrow (2002, 286). We now put this formula to use.

BUILDING THE BUSHY TREE FOR ZERO-COUPON BONDS MATURING
AT TIME T ¼ 2

We now populate the bushy tree for the two-year, zero-coupon bond. We calculate
each element of equation (6.1). When t ¼ 0 and T ¼ 2, we know Δ ¼ 1 and
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Pð0, 2, stÞ ¼ 0:98411015

The one-period, risk-free return (remember, this is one plus the risk-free rate) is

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206

The scaled sum of sigmas K(t, T, st) for t ¼ 0 and T ¼ 2 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X1
j¼1

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore, K(0, T, st) ¼ (O1)(0.01441187) ¼ 0.01441187
Using equation (6.1) with these inputs and the fact that the variable Index ¼ 1

for an upshift gives

Pð1, 2, st ¼ upÞ ¼ 1:001290

For a downshift we set Index ¼ �1 and recalculate equation (6.1) to get

Pð1, 2, st ¼ downÞ ¼ 0:972841

We have fully populated the bushy tree for the zero-coupon bond maturing at
T ¼ 2 (note values have been rounded to six decimal places for display only), since
all of the up and down states at time t ¼ 2 result in a riskless payoff of the zero-
coupon bond at its face value of 1 (Exhibit 6.8). Note also that, as a result of our
volatility assumptions, the price of the bond maturing at time T ¼ 2 after an upshift
to time t ¼ 1 has resulted in a value higher than the par value of 1. This implies
negative interest rates. Negative nominal interest rates have appeared in Switzerland,
Japan, Hong Kong, and (selectively) in the United States. The academic argument is
that this cannot occur, because one could “costlessly” store cash in order to avoid a
negative interest rate. The assumption that cash can be stored costlessly is an

EXHIBIT 6.8 Two-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.98411 1.00129 1
2 0.972841 1
3 1
4 1
5
6
7
8

Introduction to Heath, Jarrow, and Morton Interest Rate Modeling 133



assumption that is not true. In fact, on August 5, 2011, Bank of New York Mellon
announced that it would charge a fee (i.e., creating a negative return) on demand
deposit balances in excess of $50 million), according to the Wall Street Journal. We
will return to this issue in later chapters.

BUILDING THE BUSHY TREE FOR ZERO-COUPON BONDS MATURING AT
TIME T ¼ 4

We now populate the bushy tree for the four-year, zero-coupon bond (see
Exhibit 6.9). We calculate each element of equation (6.1). When t ¼ 0 and T ¼ 4, we
know Δ ¼ 1 and

Pð0, 4, stÞ ¼ 0:930855099

The one-period, risk-free return (one plus the risk-free rate) is

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206

The scaled sum of sigmas K(t, T, st) for t ¼ 0 and T ¼ 4 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X3
j¼1

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð0, T, stÞ ¼ ð
ffiffiffi
1

p
Þð0:01441187þ 0:015506259þ 0:01442681Þ ¼ 0:044344939:

Using equation (6.1) with these inputs and the fact that the variable Index¼ 1 for
an upshift gives

EXHIBIT 6.9 Four-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.930855 0.975026 1.002895 1.010619
2 0.892275 0.944645 0.981905
3 0.944617 0.979758
4 0.889752 0.951921
5 0.981876
6 0.953979
7 0.951893
8 0.924847
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Pð1, 4, st ¼ upÞ ¼ 0:975026

For a downshift, we set Index ¼ �1 and recalculate equation (6.1) to get

Pð1, 4, st ¼ downÞ ¼ 0:892275

We have correctly populated the first two columns of the bushy tree for the zero-
coupon bond maturing at T ¼ 4 (note values have been rounded to six decimal
places for display only).

Now we move to the third column, which displays the outcome of the T ¼ 4
zero-coupon bond price after four scenarios: up-up, up-down, down-up, and down-
down. We calculate P(2, 4, st ¼ up) and P(2, 4, st ¼ down) after the initial downstate
as follows. When t ¼ 1, T ¼ 4, and Δ ¼ 1 then

Pð1, 4, st ¼ downÞ ¼ 0:892275

as shown in the second row of the second column.
The one-period risk-free return (one plus the risk-free rate) is

Rð1, st ¼ downÞ ¼ 1=Pð1, 2, st ¼ downÞ ¼ 1=0:972841 ¼ 1:027917

The scaled sum of sigmas K(t, T, st) for t ¼ 1 and T ¼ 4 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X3
j¼2

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð1, 4, stÞ ¼ ð
ffiffiffi
1

p
Þð0:01441187 þ 0:015506259Þ ¼ 0:029918

Using equation (6.1) with these inputs and the fact that the variable Index ¼ 1
for an upshift gives

Pð2, 4, st ¼ upÞ ¼ 0:944617

For a downshift, we set Index ¼ �1 and recalculate equation (6.1) to get

Pð2, 4, st ¼ downÞ ¼ 0:889752

We have correctly populated the third and fourth rows of column 3 (t ¼ 2) of the
bushy tree for the zero-coupon bond maturing at T ¼ 4 (note values have been
rounded to six decimal places for display only) shown previously in Exhibit 6.9. The
remaining calculations are left to the reader.

In a similar way, the bushy tree for the zero-coupon bond price maturing at time
T ¼ 3 can be calculated as shown in Exhibit 6.10.
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If we combine all of these tables, we can create a table of the term structure of
zero-coupon bond prices in each scenario as in Exhibit 6.11.

At any point in time t, the continuously compounded yield tomaturity at timeT can
be calculated as y(T � t) ¼ �ln[P(t, T)]/(T � t). When we display the term structure
of zero-coupon yields in each scenario, we can see that our volatility assumptions
have indeed produced some implied negative yields in this particular simulation
(Exhibit 6.12). We discuss how to remedy that problem in the next chapter.

Finally, in Exhibit 6.13 we can display the one-year U.S. Treasury spot rates and
the associated term structure of one-year forward rates in each scenario.

EXHIBIT 6.10 Three-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.961892 0.993637 1.006657 1
2 0.935925 0.978056 1
3 0.975917 1
4 0.948189 1
5 1
6 1
7 1
8 1

EXHIBIT 6.11 Zero-Coupon Bond Prices

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.997006 0.98411 0.961892 0.930855
Time 1 up 1 1.00129 0.993637 0.975026
Time 1 down 2 0.972841 0.935925 0.892275
Time 2 up-up 3 1.006657 1.002895
Time 2 up-down 4 0.978056 0.944645
Time 2 down-up 5 0.975917 0.944617
Time 2 down-down 6 0.948189 0.889752
Time 3 up-up-up 7 1.010619
Time 3 up-up-down 8 0.981905
Time 3 up-down-up 9 0.979758
Time 3 up-down-down 10 0.951921
Time 3 down-up-up 11 0.981876
Time 3 down-up-down 12 0.953979
Time 3 down-down-up 13 0.951893
Time 3 down-down-down 14 0.924847
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VALUATION IN THE HJM FRAMEWORK

Jarrow in a previous quote described valuation as the expected value of cash flows
using the risk-neutral probabilities. Note that column 1 in the exhibit above denotes
the riskless one-period interest rate in each scenario. For the scenario number 14

EXHIBIT 6.12 Continuously Compounded Zero Yields

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.2999% 0.8009% 1.2951% 1.7913%
Time 1 up 1 �0.1289% 0.3192% 0.8430%
Time 1 down 2 2.7534% 3.3110% 3.7994%
Time 2 up-up 3 �0.6635% �0.1445%
Time 2 up-down 4 2.2188% 2.8473%
Time 2 down-up 5 2.4377% 2.8488%
Time 2 down-down 6 5.3201% 5.8406%
Time 3 up-up-up 7 �1.0563%
Time 3 up-up-down 8 1.8261%
Time 3 up-down-up 9 2.0449%
Time 3 up-down-down 10 4.9273%
Time 3 down-up-up 11 1.8290%
Time 3 down-up-down 12 4.7114%
Time 3 down-down-up 13 4.9303%
Time 3 down-down-down 14 7.8127%

EXHIBIT 6.13 One-Year Forward Rates, Simple Interest

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.3003% 1.3104% 2.3098% 3.3343%
Time 1 up 1 �0.1288% 0.7702% 1.9087%
Time 1 down 2 2.7917% 3.9443% 4.8920%
Time 2 up-up 3 �0.6613% 0.3752%
Time 2 up-down 4 2.2436% 3.5368%
Time 2 down-up 5 2.4677% 3.3136%
Time 2 down-down 6 5.4642% 6.5678%
Time 3 up-up-up 7 �1.0508%
Time 3 up-up-down 8 1.8428%
Time 3 up-down-up 9 2.0660%
Time 3 up-down-down 10 5.0507%
Time 3 down-up-up 11 1.8459%
Time 3 down-up-down 12 4.8242%
Time 3 down-down-up 13 5.0539%
Time 3 down-down-down 14 8.1260%
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(three consecutive downshifts in zero-coupon bond prices), cash flows at time T ¼ 4
would be discounted by the one-year spot rates at time t ¼ 0, by the one-year spot
rate at time t ¼ 1 in scenario 2 (“down”), by the one-year spot rate in scenario
6 (down down) at time t ¼ 2, and by the one-year spot rate at time t ¼ 3 in scenario
14 (down down down). The discount factor is

Discount Factorð0, 4, down down downÞ ¼ 1=ð1:003003Þð1:027917Þð1:054642Þ
3 ð1:081260Þ

These discount factors are displayed in Exhibit 6.14 for each potential cash
flow date.

When taking expected values, we can calculate the probability of each scenario
coming about since the probability of an upshift is one-half (see Exhibit 6.15).

It is convenient to calculate the probability-weighted discount factors for use in
calculating the expected present value of cash flows (Exhibit 6.16).

We now use the HJM bushy trees we have generated to value representative
securities.

EXHIBIT 6.15 Probability of Each State

Current Time

Row Number 0 1 2 3 4

1 100.00% 50.00% 25.00% 12.50% 12.50%
2 50.00% 25.00% 12.50% 12.50%
3 25.00% 12.50% 12.50%
4 25.00% 12.50% 12.50%
5 12.50% 12.50%
6 12.50% 12.50%
7 12.50% 12.50%
8 12.50% 12.50%

EXHIBIT 6.14 Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1 0.997006 0.998292 1.004938 1.01561
2 0.997006 0.998292 1.004938 0.986754
3 0.969928 0.976385 0.956622
4 0.969928 0.976385 0.929442
5 0.94657 0.929414
6 0.94657 0.903007
7 0.919676 0.875433
8 0.919676 0.85056
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VALUATION OF A ZERO-COUPON BOND MATURING AT TIME T ¼ 4

A riskless zero-coupon bond pays $1 in each of the eight nodes of the bushy tree that
prevail at time T ¼ 4 (Exhibit 6.17).

When we multiply this vector of 1s times the probability-weighted discount
factors in the time T ¼ 4 column in the previous table and add them, we get a zero-
coupon bond price of 0.93085510, which is the value we should get in a no-arbitrage
economy, the value observable in the market and used as an input to create the tree.
While this is a very important confirmation of the accuracy of our interest rate
simulation, very few interest rate analysts take this important step in the “model
audit” process. The valuation of security whose net present value (price plus accrued
interest) is used as an input should replicate the input value. If this is not the case, the
calculation is wrong.

EXHIBIT 6.17 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0 0 0 0 1
2 0 0 0 1
3 0 0 1
4 0 0 1
5 0 1
6 0 1
7 0 1
8 0 1

Risk-Neutral Value 5 0.93085510

EXHIBIT 6.16 Probability-Weighted Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1 0.498503 0.249573 0.125617 0.126951
2 0.498503 0.249573 0.125617 0.123344
3 0.242482 0.122048 0.119578
4 0.242482 0.122048 0.11618
5 0.118321 0.116177
6 0.118321 0.112876
7 0.114959 0.109429
8 0.114959 0.10632

Introduction to Heath, Jarrow, and Morton Interest Rate Modeling 139



VALUATION OF A COUPON-BEARING BOND PAYING ANNUAL INTEREST

Next we value a bond with no credit risk that pays $3 in interest at every scenario at
times T ¼ 1, 2, 3, and 4 plus principal of 100 at time T ¼ 4. The valuation is cal-
culated by multiplying each cash flow by the matching probability weighted discount
factor, to get a net present value (which is price plus accrued interest) of
104.70709974 (Exhibit 6.18).

VALUATION OF A DIGITAL OPTION ON THE ONE-YEAR
U.S. TREASURY RATE

Now we value a digital option that pays $1 at time T ¼ 3 if (at that time) the one-
year U.S. Treasury rate (for maturity at T ¼ 4) is over 8 percent. If we look at the
table of the term structure of one-year spot and forward rates above, this happens in
only one scenario, scenario 14 (down down down). The cash flow can be input in the
table in Exhibit 6.19 and multiplied by the probability-weighted discount factors to
find that this option has a value of 0.11495946:

CONCLUSION

The Dickler, Jarrow, and van Deventer studies of movements in U.S. Treasury yields
and forward rates from 1962 to 2011 confirm that 5 to 10 factors are needed to
accurately model interest rate movements. Popular one-factor models (Ho and Lee;
Vasicek; Hull and White; Black, Derman, and Toy) cannot replicate the actual
movements in yields that have occurred. The interest rate volatility assumptions in
these models (constant, constant proportion, declining, etc.) are also inconsistent
with observed volatility.

EXHIBIT 6.18 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0 3 3 3 103
2 3 3 3 103
3 3 3 103
4 3 3 103
5 3 103
6 3 103
7 3 103
8 3 103

Risk-Neutral Value 5 104.70709974
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In order to handle a large number of driving factors and complex interest rate
volatility structures, the HJM framework is necessary. This chapter shows how to
simulate zero-coupon bond prices, forward rates, and zero-coupon bond yields in an
HJM framework with maturity-dependent interest rate volatility. Monte Carlo
simulation, an alternative to the bushy tree framework, can be done in a fully con-
sistent way.

In the next chapter, we enrich the realism of the simulation by allowing for
interest rate volatility that is also a function of the level of interest rates.

EXHIBIT 6.19 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0 0 0 0 0
2 0 0 0 0
3 0 0 0
4 0 0 0
5 0 0
6 0 0
7 0 0
8 1 0

Risk-Neutral Value 5 0.11495946
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CHAPTER 7
HJM Interest Rate Modeling with Rate

and Maturity-Dependent Volatility

In Chapter 6, we provided a worked example of interest rate modeling and valu-
ation using the Heath, Jarrow, and Morton (HJM) framework and the assumption

that forward rate volatility was dependent on years to maturity using actual U.S.
Treasury yields prevailing on March 31, 2011, and historical volatility from 1962 to
2011. In this chapter, we increase the realism of the forward rate volatility
assumption. Actual data makes it very clear that forward rate volatility depends not
just on the time to maturity of the forward rate but also on the level of spot interest
rates. This chapter shows how to incorporate that assumption into the analysis for
enhanced accuracy and realism. This is a much more general assumption than that
used by Ho and Lee (1986) for constant volatility or by Vasicek (1977) and Hull and
White (1990b) for declining volatility.

We again use data from the Federal Reserve statistical release H15 published on
April 1, 2011, for yields prevailing on March 31, 2011. U.S. Treasury yield curve
data was smoothed using Kamakura Risk Manager version 7.3 to create zero-
coupon bonds via the maximum smoothness forward rate technique of Adams and
van Deventer discussed in Chapter 5.

OBJECTIVES OF THE EXAMPLE AND KEY INPUT DATA

Following Jarrow (2002), we make the same modeling assumptions for our worked
example here as in Chapter 6:

n Zero-coupon bond prices for the U.S. Treasury curve on March 31, 2011 are
the basic inputs.

n Interest rate volatility assumptions are based on the Dickler, Jarrow, and van
Deventer series on daily U.S. Treasury yields and forward rates from 1962 to
2011. In this chapter, we make the volatility assumptions more accurate than in
Chapter 6.

n The modeling period is four equal length periods of one year each.
n The HJM implementation is that of a bushy tree, which we describe below.

The bushy tree looks the same as in Chapter 6, but the modification we make in
volatility assumptions will change the “height” of the branches in the tree (Exhibit 7.1).
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At each of the points in time on the lattice (time 0, 1, 2, 3 and 4), there are again
sets of zero-coupon bond prices and forward rates. At time 0, there is one set of data.
At time one, there are two sets of data, the “up-set” and “down-set.” At time two,
there are four sets of data (up up, up down, down up, and down down), and at time
three there are 8 ¼ 23 data sets.

In Chapter 6, we calculated the standard deviation of the daily changes in three
one-year forward rates (the one-year U.S. Treasury rates maturing at time T ¼ 2, 3,
and 4) over the period from 1962–2011. We then adjusted for the fact that we have
measured volatility over a time period of one day (which we assume is 1/250 of a year
based on 250 business days per year) and we need a volatility for which the length of
the period Δ is 1, not 1/250. The resulting yield curve shifts implied by the HJM
approach resulted in negative interest rates in three of the scenarios. In this chapter,
we reexamine our volatility assumptions to see whether volatility is dependent on the
level of interest rates as well as on maturity. We hypothesize that interest rate vol-
atility is dependent on the starting level of the spot one-year U.S. Treasury yield
(continuously compounded) and the maturity of the forward rate (the first one-year
forward rate matures at time t þ 2, the second one-year forward rate matures at time
t þ 3, and so on). We categorize the data by interest rate levels, grouping data for
spot one-year rates under 0.09 percent, between 0.09 percent and 0.25 per-
cent, between 0.25 percent and 0.50 percent, between 0.50 percent and 0.75 percent,
between 0.75 percent and 1.00 percent, and then in one percent intervals to 10

Scenario Scenario Description

UpUpUp1Time 2

Time 3

DownUpUp2Time 1

3 Up Down Up

DownDownUp4Time 0

5 Down Up Up

6 Down Up Down

7 Down Down Up

8 Down Down Down

EXHIBIT 7.1 Example of Bushy Tree for HJM Modeling of No-Arbitrage, Zero-Coupon
Bond Price Movements
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percent. The final group of data includes all of those observations in which the
starting spot one-year U.S. Treasury yield was over 10 percent.

The graph in Exhibit 7.2 shows the need for incorporating the level of interest
rates in our selection of forward rate volatility. We plot the actual daily volatility of
one-year forward rates maturing in years 2, 3, and 4 by interest rate groups, which are
determined by the highest level of starting one-year U.S. Treasury yields in that group.

The graph makes it obvious that interest rate volatility depends, in a complex but
smooth way, on both forward rate maturity and the starting level of the one-year U.S.
Treasury yield.

As suggested by Kamakura Senior Research Fellow Sean Patrick Klein, we then
annualized thesedaily volatilities aswedid inChapter6 and compared them to volatilities
of the same forward rates calculated based on one-year changes (not annualized daily
changes) in the forward rate from 1963 to 2011. The results will surprise many.We start
by plotting the forward rate volatilities using annual time intervals and find a striking
difference in how volatilities change as rates rise (Exhibit 7.3).

Forward rate volatility rises in a smooth but complex way as the level of interest
rates rises. When we plot the volatilities calculated based on annual time intervals
against the annualized volatilities derived from daily time intervals, the results are
very surprising (Exhibit 7.4).

We used a very standard financial methodology for annualizing the daily vola-
tilities, but the result substantially overestimated the actual forward rate annual
volatilities for forward rates when the one-year U.S. Treasury was 3.00 percent or
below. We conclude that this contributed strongly to the fact that our first worked
example produced negative interest rates. The results also confirm that the level of
interest rates does impact the level of forward rate volatility, but in a more complex
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EXHIBIT 7.2 Standard Deviation of Daily Changes in One-Year U.S. Treasury Forward Rates
Maturing in Years 2, 3, and 4, 1962–2011
Sources: Kamakura Corporation; Federal Reserve.
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Rates Maturing in Years 2, 3, and 4, 1962–2011
Sources: Kamakura Corporation; Federal Reserve.
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Spot and Forward Rates with Standard Deviation of Annual Changes U.S. Treasury Con-
tinuously Compounded Spot and Forward Rates, 1962–2011
Sources: Kamakura Corporation; Federal Reserve.
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way than the lognormal interest rate movements assumed by Fischer Black with
Derman and Toy (1990) and with Karasinski (1991).

In this chapter, we use the exact volatilities for the one-year changes in continuously
compounded forward rates as shown in this table. There were no observations at the
time this data was compiled for starting one-year U.S. Treasury yields below 0.002499
percent, so we have set those volatilities by assumption. With the passage of time, these
assumptions can be replaced with facts or with data from other low-rate countries like
Japan. The volatilities used were selected in lookup table fashion based on U.S. Treasury
spot rate levels at that node on the bushy tree from this table (Exhibit 7.5):

We will continue to use the zero-coupon bond prices prevailing on March 31,
2011, as our other inputs:

Number of periods: 4
Length of periods (years) 1
Number of risk factors: 1
Volatility term structure: Empirical

Parameter Inputs
Period Start Period End Zero-Coupon Bond Prices

0 1 0.99700579
1 2 0.98411015
2 3 0.96189224
3 4 0.93085510

Our final assumption is that there is one random factor driving the forward rate
curve. This implies (since all of our volatilities are positive) that all forward rates
move up or down together. We relax this assumption when we move to two- and
three-factor examples.

KEY IMPLICATIONS AND NOTATION OF THE HJM APPROACH

We now reintroduce the same notation used in Chapter 6:

Δ ¼ length of time period, which is 1 in this example
r(t, st) ¼ the simple one-period, uncompounded risk-free interest rate as of

current time t in state st
R(t, st) ¼ 1 þ r(t,st), the total return, the value of $1 dollar invested at the risk-

free rate for one period with no compounding
σ (t, T, st) ¼ forward rate volatility at time t for forward maturing at T in state s

(a sequence of ups and downs). Because σ is now dependent on the
spot U.S. Treasury rate, the state st is very important in determining
its level.
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P(t, T, st) ¼ zero-coupon bond price at time t maturing at time T in state st (i.e.,
up or down)

Index ¼ 1 if the state is up and ¼ �1 if the state is down
U(t,T,st) ¼ the total return that leads to bond price P(t þ Δ, T, st ¼ up) on a T

maturity bond in an upshift
D(t,T,st) ¼ the total return that leads to bond price P(t þ Δ, T, st ¼ down) on a

T maturity bond in a downshift
K(t,T,st) ¼ the sum of the forward volatilities as of time t for the one-period

forward rates from t þ Δ to T � Δ, as shown here

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p

We again use this trigonometric function, which is found in common spreadsheet
software:

CoshðxÞ ¼ 1

2
½ex þ e�x�

In the interests of saving space, we again arrange the bushy tree to look like a
table by stretching it in the same way shown in Chapter 6.

A completely populated zero-coupon bond price tree would then be summarized
like the one in Exhibit 7.6 for the zero coupon bond maturing at time T ¼ 4 where
the final shift in price is shaded for up- or downshifts.

The mapping of the sequence of up and down states is shown in Exhibit 7.7,
consistent with the previous stretched tree and with Chapter 6.

PSEUDO-PROBABILITIES

We use the same pseudo-probabilities, consistent with no arbitrage, as in Chapter 6.
There is an upshift probability in each state of 1/2 and a downshift probability in
each state of 1/2. We now demonstrate how to construct the bushy tree with our new
volatility assumptions and how to use it for risk-neutral valuation.

THE FORMULA FOR ZERO-COUPON BOND PRICE SHIFTS

The formula for the shift in the array of zero-coupon bond prices is unchanged from
Chapter 6:

Pðt þΔ, T, stþΔÞ ¼ ½Pðt, T, stÞRðt, stÞe
Kðt, T, stÞΔðIndexÞ�

½cosh
�
Kðt, T, stÞΔ

�
�

ð7:1Þ
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EXHIBIT 7.5 Standard Deviation of Annual Changes in One-Year Rate

1-Year Rate in Data
Group

Data Group
Minimum
Spot Rate

Maximum
Spot Rate

Number
of Observations 1 Year 2 Years 3 Years 4 Years

1 0.00% 0.09% Assumed 0.01000000% 0.02000000% 0.10000000% 0.20000000%
2 0.09% 0.25% Assumed 0.04000000% 0.10000000% 0.20000000% 0.30000000%
3 0.25% 0.50% 346 0.06363856% 0.38419072% 0.67017474% 0.86385093%
4 0.50% 0.75% 86 0.08298899% 0.46375394% 0.61813347% 0.80963400%
5 0.75% 1.00% 20 0.94371413% 1.08296308% 0.96789760% 0.74672896%
6 1.00% 2.00% 580 1.01658509% 0.84549720% 0.63127387% 0.66276260%
7 2.00% 3.00% 614 1.30986113% 1.28856305% 1.07279248% 0.80122998%
8 3.00% 4.00% 1492 1.22296401% 1.11359303% 1.02810902% 0.90449832%
9 4.00% 5.00% 1672 1.53223304% 1.21409679% 1.00407389% 0.83492621%
10 5.00% 6.00% 2411 1.22653783% 1.09067681% 0.97034198% 0.91785966%
11 6.00% 7.00% 1482 1.67496041% 1.40755286% 1.20035444% 1.04528208%
12 7.00% 8.00% 1218 1.70521091% 1.34675823% 1.30359062% 1.29177866%
13 8.00% 9.00% 765 2.16438588% 1.77497758% 1.72454046% 1.69404480%
14 9.00% 10.00% 500 2.28886301% 2.14441843% 2.02862693% 2.02690844%
15 10.00% 16.60% 959 2.86758369% 2.64068702% 2.55664943% 2.32042833%
Grand Total 12145 1.73030695% 1.49119219% 1.37014684% 1.26364341%
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where for notational convenience cosh[K(t, T, st)Δ] � 1 when T � Δ , t þ Δ. This
is equation 15.17 in Jarrow (2002, 286). We now put this formula to use.

BUILDING THE BUSHY TREE FOR ZERO-COUPON BONDS MATURING AT
TIME T ¼ 2

We now populate the bushy tree for the two-year, zero-coupon bond. We calculate
each element of equation (7.1). When t ¼ 0 and T ¼ 2, we know Δ ¼ 1 and

Pð0, 2, stÞ ¼ 0:98411015

The one-period, risk-free rate is again

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206

EXHIBIT 7.6 Four-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.930855099 0.951557892 0.980029882 0.989916622
2 0.915743405 0.940645037 0.980777516
3 0.945073689 0.97890891
4 0.917568724 0.954003494
5 0.977728127
6 0.952852752
7 0.963793904
8 0.942565694

EXHIBIT 7.7 Map of Sequence of States

Current Time

Row Number 0 1 2 3

1 Time 0 up up-up up-up-up
2 dn up-dn up-up-dn
3 dn-up up-dn-up
4 dn-dn up-dn-dn
5 dn-up-up
6 dn-up-dn
7 dn-dn-up
8 dn-dn-dn

HJM Interest Rate Modeling with Rate and Maturity-Dependent Volatility 149



The one-period spot rate for U.S. Treasuries is r(0, st) ¼ R(0, st) �1 ¼
0.3003206 percent. At this level of the spot rate for U.S. Treasuries, volatilities are
selected from data group 3 in the previous look-up table. The volatilities for the
one-year forward rates maturing in years 2, 3, and 4 are 0.003841907,
0.006701747, and 0.008638509.

The scaled sum of sigmas K(t, T, st) for t ¼ 0 and T ¼ 2 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X1
j¼1

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð0, T, stÞ ¼ ð
ffiffiffi
1

p
Þð0:003841907Þ ¼ 0:003841907

Using equation (7.1) with these inputs and the fact that the variable Index ¼ 1
for an upshift gives

Pð1, 2, st ¼ upÞ ¼ 0:990858

For a downshift we set Index ¼ �1 and recalculate equation (7.1) to get

Pð1, 2, st ¼ downÞ ¼ 0:983273

We have fully populated the bushy tree for the zero-coupon bond maturing at
T ¼ 2 (note values have been rounded to six decimal places for display only), since
all of the up and down states at time t ¼ 2 result in a riskless pay-off of the zero-
coupon bond at its face value of one. Note also that, as a result of our volatility
assumptions, the price of the bond maturing at time T ¼ 2 after an upshift to time
t ¼ 1 no longer results in a value higher than the par value of 1. The change in our
volatility assumptions has eliminated the negative rates found in example one, since
all zero coupon bond prices in Exhibit 7.8 are less than one.

BUILDING THE BUSHY TREE FOR ZERO-COUPON BONDS MATURING
AT TIME T ¼ 4

We now populate the bushy tree for the four-year, zero-coupon bond. We calculate
each element of equation (7.1). When t ¼ 0 and T ¼ 4, we know Δ ¼ 1 and

Pð0, 4, stÞ ¼ 0:930855099

The one-period, risk-free rate is

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206
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The spot U.S. Treasury rate r(0, st) is still 0.003003206 and the same volatilities
from data group 3 are relevant. The scaled sum of sigmas K(t, T, st) for t ¼ 0 and
T ¼ 4 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X3
j¼1

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð0, T, stÞ ¼ ð
ffiffiffi
1

p
Þð0:003841907þ 0:006701747þ 0:008638509Þ ¼ 0:019182164

Using equation (7.1) with these inputs and the fact that the variable Index ¼ 1
for an upshift gives

Pð1, 4, st ¼ upÞ ¼ 0:951558

For a downshift we set Index ¼ �1 and recalculate equation (7.1) to get

Pð1, 4, st ¼ downÞ ¼ 0:915743

We have correctly populated the first two columns of the bushy tree for the zero-
coupon bond maturing at T ¼ 4 (note values have been rounded to six decimal
places for display only) as shown in Exhibit 7.9.

Now we move to the third column, which displays the outcome of the T ¼ 4
zero-coupon bond price after four scenarios: up up, up down, down up, and down
down. We calculate P(2, 4, st ¼ up) and P(2, 4, st ¼ down) after the initial downstate
as follows. When t ¼ 1, T ¼ 4, and Δ ¼ 1 then the one-period, risk-free rate is

Rð1, st ¼ downÞ ¼ 1=Pð1, 2, st ¼ downÞ ¼ 1=0:983273 ¼ 1:017011098

EXHIBIT 7.8 Two-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.98411015 0.990857831 1
2 0.983273439 1
3 1
4 1
5
6
7
8
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The U.S. Treasury spot rate is r(1, st ¼ down) ¼ R(1,st ¼ down) �1 ¼
1.7011098 percent, which is in data group 6. The volatilities for the two remaining
one-period forward rates that are relevant are taken from the lookup table for data
group 6: 0.008454972 and 0.006312739.

The scaled sum of sigmas K(t, T, st) for t ¼ 1 and T ¼ 4 becomes

Kðt, T, stÞ ¼
XT�Δ
j¼tþΔ

σðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X3
j¼2

σð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð1, 4, stÞ ¼ ð
ffiffiffi
1

p
Þð0:008454972þ 0:006312739Þ ¼ 0:014767711

Using equation (7.1) with these inputs and the fact that the variable Index ¼ 1
for an upshift gives

Pð2, 4, st ¼ upÞ ¼ 0:945074

For a downshift, we set Index ¼ �1 and recalculate equation (7.1) to get

Pð2, 4, st ¼ downÞ ¼ 0:917569

We have correctly populated the third and fourth rows of column 3 (t ¼ 2) of the
bushy tree for the zero-coupon bond maturing at T ¼ 4 (note values have been
rounded to six decimal places for display only) in Exhibit 7.10. The remaining cal-
culations are left to the reader.

In a similar way, the bushy tree for the price of the zero-coupon bond maturing
at time T ¼ 3 can be calculated as shown in Exhibit 7.11.

If we combine all of these tables, we can create a table of the term structure of
zero-coupon bond prices in each scenario as in Exhibit 7.12.

EXHIBIT 7.9 Four-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.930855099 0.951557892 0.980029882 0.989916622
2 0.915743405 0.940645037 0.980777516
3 0.945073689 0.97890891
4 0.917568724 0.954003494
5 0.977728127
6 0.952852752
7 0.963793904
8 0.942565694
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At any point in time t, the continuously compounded yield to maturity at time T
can be calculated as y(T � t) ¼ �ln[P(t, T)]/(T � t). Unlike Chapter 6, no negative
rates appear in the bushy tree because of the revised approach to interest rate vol-
atility (Exhibit 7.13).

We can graph yield curve movements as shown in Exhibit 7.14. Note that at time
T ¼ 3, only the bond maturing in time T ¼ 4 remains, so there is only one data point
observable on the yield curve.

Finally, we can display the simple interest one-year U.S. Treasury spot rates
and the associated term structure of one-year forward rates in each scenario
(Exhibit 7.15).

VALUATION IN THE HJM FRAMEWORK

Valuation using our revised volatility assumptions is identical in methodology to
Chapter 6. Note that column 1 denotes the riskless one-period interest rate in each
scenario. For the scenario number 14 (three consecutive downshifts in zero-coupon

EXHIBIT 7.10 Four-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.930855099 0.951557892 0.980029882 0.989916622
2 0.915743405 0.940645037 0.980777516
3 0.945073689 0.97890891
4 0.917568724 0.954003494
5 0.977728127
6 0.952852752
7 0.963793904
8 0.942565694

EXHIBIT 7.11 Three-Year, Zero-Coupon Bond

Current Time

Row Number 0 1 2 3

1 0.961892238 0.974952939 0.994603742 1
2 0.954609057 0.97329298 1
3 0.979056303 1
4 0.962639708 1
5 1
6 1
7 1
8 1
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bond prices), cash flows at time T ¼ 4 would be discounted by the one-year spot
rates at time t ¼ 0, by the one-year spot rate at time t ¼ 1 in scenario 2 (down), by
the one-year spot rate in scenario 6 (down down) at time t ¼ 2, and by the one-year
spot rate at time t ¼ 3 in scenario 14 (down down down). The discount factor is

Discount factorð0, 4, down down downÞ
¼ 1=ð1:003003Þð1:017011Þð1:038810Þð1:060934Þ

These discount factors are displayed in Exhibit 7.16 for each potential cash
flow date.

When taking expected values, we can calculate the probability of each scenario
coming about since the probability of an upshift is one-half (Exhibit 7.17).

As in Chapter 6, it is convenient to calculate the probability-weighted discount
factors for use in calculating the expected present value of cash flows (Exhibit 7.18).

We now use the HJM bushy trees we have generated to value representative
types of securities.

EXHIBIT 7.12 Zero-Coupon Bond Prices

Periods to Maturity

State Name
State

Number 1 2 3 4

Time 0 0 0.997005786 0.98411015 0.961892238 0.930855099
Time 1 up 1 0.990857831 0.974952939 0.951557892
Time 1 down 2 0.983273439 0.954609057 0.915743405
Time 2 up-up 3 0.994603742 0.980029882
Time 2 up-down 4 0.97329298 0.940645037
Time 2 down-up 5 0.979056303 0.945073689
Time 2 down-

down 6 0.962639708 0.917568724
Time 3 up-up-up 7 0.989916622
Time 3 up-up-

down 8 0.980777516
Time 3 up-

down-up 9 0.97890891
Time 3 up-

down-down 10 0.954003494
Time 3 down-

up-up 11 0.977728127
Time 3 down-

up-down 12 0.952852752
Time 3 down-

down-up 13 0.963793904
Time 3 down-

down-down 14 0.942565694
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VALUATION OF A ZERO-COUPON BOND MATURING AT TIME T ¼ 4

A riskless zero-coupon bond pays $1 in each of the 8 nodes of the bushy tree that
prevail at time T ¼ 4 (Exhibit 7.19).

Whenwemultiply this vector of 1s times the probability-weighted discount factors
in the time T ¼ 4 column in the previous table and add them, we get a zero-coupon

1 2 3 4
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7.0000%

6.0000%
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4.0000%

3.0000%

2.0000%

1.0000%

0.0000%

Years to Maturity

Time 0
Time 1 up
Time 1 down
Time 2 up-up

Time 3 up-up-up

Time 3 up-up-down
Time 3 up-down-up
Time 3 up-down-down
Time 3 down-up-up
Time 3 down-up-down

Time 3 down-down-up
Time 3 down-down-down

Time 2 up-down

Time 2 down-up
Time 2 down-down

EXHIBIT 7.14 Kamakura Corporation, HJM Zero-Coupon Yield Curve Movements

EXHIBIT 7.13 Continuously Compounded Zero-Coupon Yields

Periods to Maturity

State Name State Number 1 2 3 4

Time 0 0 0.2999% 0.8009% 1.2951% 1.7913%
Time 1 up 1 0.9184% 1.2683% 1.6552%
Time 1 down 2 1.6868% 2.3227% 2.9340%
Time 2 up-up 3 0.5411% 1.0086%
Time 2 up-down 4 2.7070% 3.0595%
Time 2 down-up 5 2.1166% 2.8246%
Time 2 down-down 6 3.8076% 4.3014%
Time 3 up-up-up 7 1.0135%
Time 3 up-up-down 8 1.9410%
Time 3 up-down-up 9 2.1317%
Time 3 up-down-down 10 4.7088%
Time 3 down-up-up 11 2.2524%
Time 3 down-up-down 12 4.8295%
Time 3 down-down-up 13 3.6878%
Time 3 down-down-down 14 5.9150%
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bond price of 0.93085510,which is the valuewe should get in a no-arbitrage economy,
the value observable in the market and used as an input to create the tree.

VALUATION OF A COUPON-BEARING BOND PAYING ANNUAL INTEREST

Next we value a bond with no credit risk that pays $3 in interest at every scenario at
times T ¼ 1, 2, 3, and 4 plus principal of 100 at time T ¼ 4. The valuation is cal-
culated by multiplying each cash flow by the matching probability weighted discount

EXHIBIT 7.15 One-Year Forward Rates Simple Interest

Periods to Maturity

State Name State Number 1 2 3 4

Time 0 0 0.3003% 1.3104% 2.3098% 3.3343%
Time 1 up 1 0.9227% 1.6313% 2.4586%
Time 1 down 2 1.7011% 3.0027% 4.2442%
Time 2 up-up 3 0.5426% 1.4871%
Time 2 up-down 4 2.7440% 3.4708%
Time 2 down-up 5 2.1392% 3.5958%
Time 2 down-down 6 3.8810% 4.9120%
Time 3 up-up-up 7 1.0186%
Time 3 up-up-down 8 1.9599%
Time 3 up-down-up 9 2.1546%
Time 3 up-down-down 10 4.8214%
Time 3 down-up-up 11 2.2779%
Time 3 down-up-down 12 4.9480%
Time 3 down-down-up 13 3.7566%
Time 3 down-down-down 14 6.0934%

EXHIBIT 7.16 Discount Factors

Current Time

Row
Number 0 1 2 3 4

1 1 0.997005786 0.987890991 0.982560076 0.972652552
2 0.997005786 0.987890991 0.982560076 0.963672831
3 0.980329308 0.961507367 0.941228129
4 0.980329308 0.961507367 0.917281387
5 0.959797588 0.938421098
6 0.959797588 0.914545773
7 0.94370392 0.909536085
8 0.94370392 0.88950294
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EXHIBIT 7.17 Probability of Each State

Current Time

Row Number 0 1 2 3 4

1 100.00% 50.00% 25.00% 12.50% 12.50%
2 50.00% 25.00% 12.50% 12.50%
3 25.00% 12.50% 12.50%
4 25.00% 12.50% 12.50%
5 12.50% 12.50%
6 12.50% 12.50%
7 12.50% 12.50%
8 12.50% 12.50%

EXHIBIT 7.18 Probability-Weighted Discount Factors

Current Time

Row
Number 0 1 2 3 4

1 1 0.498502893 0.246972748 0.12282001 0.121581569
2 0.498502893 0.246972748 0.12282001 0.120459104
3 0.245082327 0.120188421 0.117653516
4 0.245082327 0.120188421 0.114660173
5 0.119974699 0.117302637
6 0.119974699 0.114318222
7 0.11796299 0.113692011
8 0.11796299 0.111187867

EXHIBIT 7.19 Maturity of Cash Flow Received

Current Time

Row
Number 0 1 2 3 4

1 0 0 0 0 1
2 0 0 0 1
3 0 0 1
4 0 0 1
5 0 1
6 0 1
7 0 1
8 0 1

Risk-Neutral Value 5 0.93085510
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factor, to get a value of 104.70709974. It will surprise many that this is the same
value that we arrived at in Chapter 6, even though the volatilities used are different.
The values are the same because, by construction, our valuations for the zero-coupon
bond prices at time zero for maturities at T ¼ 1, 2, 3, and 4 continue to match the
inputs. Multiplying these zero-coupon bond prices times 3, 3, 3, and 103 also leads to
a value of 104.70709974 as it should (Exhibit 7.20).

VALUATION OF A DIGITAL OPTION ON THE ONE-YEAR
U.S. TREASURY RATE

Now we value a digital option that pays $1 at time T ¼ 3 if (at that time) the one-
year U.S. Treasury rate (for maturity at T ¼ 4) is over 4 percent. If we look at the
previous table of the term structure of one-year spot and forward rates, this happens
in three scenarios: scenarios 10 (up down down), 12 (down up down), and 14 (down
down down). The cash flow can be input in the table in Exhibit 7.21 and multiplied
by the probability-weighted discount factors to find that this option has a value of
0.35812611.

CONCLUSION

This chapter, an extension of Chapter 6, shows how to simulate zero-coupon bond
prices, forward rates, and zero-coupon bond yields in an HJM framework with rate-
dependent and maturity-dependent interest rate volatility. Monte Carlo simulation,
an alternative to the bushy tree framework, can be done in a fully consistent way. We
discuss HJM Monte Carlo simulation in Chapter 10.

In Chapter 8, we enrich the realism of the simulation by recognizing one very
important flaw in the current example. In the current example, because all of the
sigmas are positive, when the single risk factor shocks forward rates, they will all

EXHIBIT 7.20 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0 3 3 3 103
2 3 3 3 103
3 3 3 103
4 3 3 103
5 3 103
6 3 103
7 3 103
8 3 103

Risk-Neutral Value 5 104.70709974
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move up together, move down together, or remain unchanged together. This means
that rates are 100 percent correlated with each other. If one examines the actual
correlation of one-year changes in forward rates, however, correlations fall well
below 100 percent (see Exhibit 7.22).

In the next two chapters, we introduce a second and third risk factor in order to
match both observed volatilities and correlations.

EXHIBIT 7.21 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0 0 0 0 0
2 0 0 0 0
3 0 0 0
4 0 1 0
5 0 0
6 1 0
7 0 0
8 1 0

Risk-Neutral Value 5 0.35812611
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EXHIBIT 7.22 Correlation of One-Year U.S. Treasury Spot and One-Year U.S. Treasury Forward Rates, 1963–2011

U.S. Treasury 1-Year Spot or 1-Year Forward Rate Maturing in Year

Maturity 1 2 3 4 5 6 7 8 9 10

1 1
2 0.898446916 1
3 0.803276999 0.962340885 1
4 0.73912125 0.912764405 0.969297407 1
5 0.632113264 0.842699969 0.888021718 0.959258921 1
6 0.538514767 0.776475154 0.838137715 0.895129164 0.960934857 1
7 0.487825492 0.726944387 0.809716383 0.842848126 0.889793518 0.973990896 1
8 0.504654811 0.733078076 0.820332916 0.857470216 0.880224306 0.934078276 0.970495319 1
9 0.512063356 0.715579552 0.790776168 0.846345826 0.854053003 0.845015972 0.862326831 0.954766006 1
10 0.491523904 0.67310992 0.734644592 0.804337673 0.809254708 0.758401192 0.755353037 0.878460628 0.979528635 1
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CHAPTER 8
HJM Interest Rate Modeling with

Two Risk Factors

In Chapters 6 and 7, we provided worked examples of how to use the yield curve
simulation framework of Heath, Jarrow, and Morton (HJM) with two different

assumptions about the volatility of forward rates. The first assumption was that
volatility was dependent on the maturity of the forward rate and nothing else. The
second assumption was that volatility of forward rates was dependent on both
the level of rates and the maturity of forward rates being modeled. Both of these
models were one-factor models, implying that random rate shifts are either all
positive, all negative, or zero. This kind of yield curve movement is not consistent
with the yield curve twists that are extremely common in the U.S. Treasury market
and most other fixed income markets. In this chapter, we generalize the model to
include two risk factors in order to increase the realism of the simulated yield curve.

PROBABILITY OF YIELD CURVE TWISTS IN THE U.S.
TREASURY MARKET

In this chapter, we use the same data as inputs to the yield curve simulation process
that we used in Chapters 6 and 7. A critical change in this chapter is to enhance our
ability to model twists in the yield curve as shown in Exhibit 8.1.

EXHIBIT 8.1 Summary of U.S. Treasury Yield Curve Shifts Percentage Distribution of Daily
Rate Shifts January 2, 1962, to August 22, 2011

Type of Shift
U.S. Treasury
Input Data

Monthly Zero-
Coupon Bond Yields

Monthly
Forward Rates

Negative shift 18.4% 12.0% 2.4%
Positive shift 18.6% 12.1% 2.6%
Zero shift 0.7% 0.7% 0.7%
Subtotal 37.7% 24.8% 5.7%
Twist 62.3% 75.2% 94.3%
Grand Total 100.0% 100.0% 100.0%
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It shows that, for 12,386 days of movements in U.S. Treasury forward rates,
yield curve twists occurred on 94.3 percent of the observations.

In order to incorporate yield curve twists in interest rate simulations under
the Heath, Jarrow, and Morton (HJM) framework, we introduce a second risk
factor driving interest rates in this chapter. The single-factor yield curve models
of Ho and Lee (1986), Vasicek (1977), Hull and White (1990b), Black, Derman,
and Toy (1990), and Black and Karasinski(1991) cannot model yield curve
twists and, therefore, they do not provide a sufficient basis for interest rate risk
management.

OBJECTIVES OF THE EXAMPLE AND KEY INPUT DATA

Following Jarrow (2002), we again make the same modeling assumptions for our
worked example as in Chapters 6 and 7:

n Zero-coupon bond prices for the U.S. Treasury curve on March 31, 2011, are
the basic inputs.

n Interest rate volatility assumptions are based on the Dickler, Jarrow, and van
Deventer papers on daily U.S. Treasury yields and forward rates from 1962 to
2011. In this chapter, we retain the volatility assumptions used in Chapter 7
but expand the number of random risk factors driving interest rates to two
factors.

n The modeling period is four equal length periods of one year each.
n The HJM implementation is that of a “bushy tree” that we describe below.

In Chapters 6 and 7, the HJM bushy tree that we constructed consisted solely
of upshifts and downshifts because we were modeling as if only one random
factor was driving interest rates. In this chapter, with two random factors, we
move to a bushy tree that has upshifts, midshifts, and downshifts at each node
in the tree, as shown in Exhibit 8.2. Please consider these terms as labels only,
since forward rates and zero-coupon bond prices, of course, move in opposite
directions.

At each of the points in time on the lattice (time 0, 1, 2, 3, and 4) there are sets
of zero-coupon bond prices and forward rates. At time 0, there is one set of data.
At time one, there are three sets of data, the up-set, mid-set, and down-set. At time
two, there are nine sets of data (up up, up mid, up down, mid up, mid mid, mid
down, down up, down mid, and down down), and at time three there are 27 ¼ 33

sets of data.
The table in Exhibit 8.3 shows the actual volatilities, resulting from all risk

factors, for the one-year changes in continuously compounded forward rates from
1963 to 2011. This is the same data we used in Chapter 7. We use this table later to
divide total volatility between two uncorrelated risk factors.

We will again use the zero-coupon bond prices prevailing on March 31, 2011, as
our other inputs.
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Number of periods: 4
Length of periods (years) 1
Number of risk factors: 1
Volatility term structure: Empirical, two factor

Parameter Inputs
Period Start Period End Zero-Coupon Bond Prices

0 1 0.99700579
1 2 0.98411015
2 3 0.96189224
3 4 0.93085510

INTRODUCING A SECOND RISK FACTOR DRIVING INTEREST RATES

In the first two worked examples of the HJM approach in Chapters 6 and 7, the
nature of the single factor that shocks one-year spot and forward rates was not
specified. In this chapter, we take a cue from the popular academic models of the
term structure of interest rates and postulate that one of the two factors driving
changes in forward rates is the change in the short-run rate of interest. In the
context of our annual model, the short rate is the one-year spot U.S. Treasury yield.
For each of the one-year U.S. Treasury forward rates fk(t), we run the regression

½Change in fkðiÞ�
¼ a

þ b½Change in one-year U:S: Treasury spot rate ðiÞ�
þ eðiÞ

where the change in continuously compounded yields is measured over annual
intervals from 1963 to 2011. The coefficients of the regressions for the one-year
forward rates maturing in years 2, 3, . . . , 10 are as shown in Exhibit 8.4.

Graphically, it is easy to see that the historical response of forward rates to the
spot rate of interest is neither constant—as assumed by Ho and Lee (1986)—nor
declining, as assumed by Vasicek (1977) and Hull and White (1990b). Indeed, the
response of the one-year forwards maturing in years 8, 9, and 10 years to changes in
the one-year spot rate is larger than the response of the one-year forward maturing
in year 7 as shown in Exhibit 8.5).

We use these regression coefficients to separate the total volatility (shown in the
previous table) of each forward rate between two risk factors. The first risk factor is
changes in the one-year spot U.S. Treasury. The second factor represents all other
sources of shocks to forward rates.

Because of the nature of the linear regression of changes in one-year forward rates
on the first risk factor, changes in theone-year spotU.S.Treasury rate,weknowthat risk
factor1and risk factor2areuncorrelated.Therefore, total volatility for the forward rate
maturing in T � t ¼ k years can be divided as follows between the two risk factors:

σ2
k, total ¼ σ2

k, 1 þ σ2
k, 2
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Time 3
Scenario Scenario Description

Time 2
1 Up Up Up

2 Up Up Mid

3 Up Up Down

4 Up Mid Up
Time 1

5 Up Mid Mid

6 Up Mid Down

7 Up Down Up

8 Up Down Mid

9 Up Down Down

Time 2
10 Mid Up Up

11 Mid Up Mid

12 Mid Up Down

Time 0
13 Mid Mid Up

14 Mid Mid Mid

15 Mid Mid Down

16 Mid Down Up

17 Mid Down Mid

18 Mid Down Down

Time 2 19 Down Up Up

20 Down Up Mid

21 Down Up Down

22 Down Mid Up

23 Down Mid Mid
Time 1

24 Down Mid Down

25 Down Down Up

26 Down Down Mid

Time 2
27 Down Down Down

Time 3

EXHIBIT 8.2 Example of Bushy Tree with Two Risk Factors for HJM Modeling of No-
Arbitrage, Zero-Coupon Bond Price Movements
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EXHIBIT 8.3 Standard Deviation of Annual Changes in One-Year Rate

1-Year Rate in Data Group

Data Group
Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 1-Year 2-Years 3-Years 4-Years

1 0.0000% 0.0900% Assumed 0.01000000% 0.02000000% 0.10000000% 0.20000000%
2 0.0900% 0.2500% Assumed 0.04000000% 0.10000000% 0.20000000% 0.30000000%
3 0.2500% 0.5000% 346 0.06363856% 0.38419072% 0.67017474% 0.86385093%
4 0.5000% 0.7500% 86 0.08298899% 0.46375394% 0.61813347% 0.80963400%
5 0.7500% 1.0000% 20 0.94371413% 1.08296308% 0.96789760% 0.74672896%
6 1.0000% 2.0000% 580 1.01658509% 0.84549720% 0.63127387% 0.66276260%
7 2.0000% 3.0000% 614 1.30986113% 1.28856305% 1.07279248% 0.80122998%
8 3.0000% 4.0000% 1492 1.22296401% 1.11359303% 1.02810902% 0.90449832%
9 4.0000% 5.0000% 1672 1.53223304% 1.21409679% 1.00407389% 0.83492621%
10 5.0000% 6.0000% 2411 1.22653783% 1.09067681% 0.97034198% 0.91785966%
11 6.0000% 7.0000% 1482 1.67496041% 1.40755286% 1.20035444% 1.04528208%
12 7.0000% 8.0000% 1218 1.70521091% 1.34675823% 1.30359062% 1.29177866%
13 8.0000% 9.0000% 765 2.16438588% 1.77497758% 1.72454046% 1.69404480%
14 9.0000% 10.0000% 500 2.28886301% 2.14441843% 2.02862693% 2.02690844%
15 10.0000% 16.6000% 959 2.86758369% 2.64068702% 2.55664943% 2.32042833%

Grand Total 12145 1.73030695% 1.49119219% 1.37014684% 1.26364341%
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Wealso know that the risk contributionof the first risk factor, the change in the spot
one-yearU.S. Treasury rate, is proportional to the regression coefficientαk of changes in
forward ratematuring in yearkon changes in the one-year spot rate.Wedenote the total
volatility of the one-year U.S. Treasury spot rate by the subscript1, total:

σ2
k, 1 ¼ α2

kσ
2
1, total

This allows us to solve for the volatility of risk factor 2 using this equation:

σk, 2 ¼ ½σ2
k, total � α2

kσ
2
1, total�1=2

EXHIBIT 8.4 Regression Coefficients

Dependent Variable
Coefficient b on 1-Year Change in

1-Year U.S. Treasury Rate
Standard Error of

Regression

Forward 2 0.774288643 0.006547828
Forward 3 0.636076417 0.008161008
Forward 4 0.539780355 0.008511904
Forward 5 0.439882997 0.009330728
Forward 6 0.353383944 0.009567974
Forward 7 0.309579768 0.009585926
Forward 8 0.309049192 0.009148432
Forward 9 0.322513079 0.009361197
Forward 10 0.327367707 0.010036507

Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 8.5 Percent Response by U.S. Treasury One-Year Forward Rates to 1 Percent Shift
in One-Year U.S. Treasury Spot Rate, 1962–2011
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Because the total volatility for each forward rate varies by the level of the
one-year U.S. Treasury spot rate, so will the values of σk,1 and σk,2. In one case
(data group 6 for the forward rate maturing at time T ¼ 3), we set the sigma for
the second risk factor to zero and ascribed all of the total volatility to risk factor
1 because the calculated contribution of risk factor 1 was greater than the total
volatility. In the worked example, we select the volatilities from lookup tables for
the appropriate risk factor volatility. Using the previous equations, the look-up
table for risk factor 1 (changes in the one-year spot rate) volatility is given in
Exhibit 8.6.

The lookup table for the general “all other” risk factor 2 is as shown in Exhibit 8.7.

KEY IMPLICATIONS AND NOTATION OF THE HJM APPROACH

We now reintroduce a slightly modified version of the notation used in Chapters
6 and 7:

Δ ¼ length of time period, which is 1 in this example
r(t, st) ¼ the simple one-period, risk-free interest rate as of current time t in

state st
R(t, st) ¼ 1 þ r(t, st), the total return, the value of $1 dollar invested at the

risk-free rate for 1 period
f(t, T, st) ¼ the simple one-period forward rate maturing at time T in state st as

of time t
F(t, T, st) ¼ 1 þ f(t, T, st), the return on $1 invested at the forward rate for one

period
σ1 (t, T, st) ¼ forward rate volatility due to risk factor 1 at time t for the one-

period forward rate maturing at T in state st (a sequence of ups and
downs). Because σ1 is dependent on the spot U.S. Treasury rate, the
state st is very important in determining its level.

σ2 (t, T, st) ¼ forward rate volatility due to risk factor 2 at time t for the one-
period forward rate maturing at T in state st (a sequence of ups and
downs). Because σ2 is dependent on the spot U.S. Treasury rate, the
state st is very important in determining its level.

P(t, T, st) ¼ zero-coupon bond price at time t maturing at time T in state st (i.e.,
up or down)

Index(1) An indicator of the state for risk factor 1, defined below
Index(2) An indicator of the state for risk factor 2, defined below
K(i, t, T, st) ¼ the sum of the forward volatilities for risk factor i (either 1 or 2) as

of time t for the 1-period forward rates from t þ Δ to T, as
shown here:

Kði, t, T, stÞ ¼
XT
j¼tþΔ

σiðt, j, stÞ
ffiffiffiffiffi
Δ

p
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EXHIBIT 8.6 Look-Up Table for Risk Factor 1

1-Year Rate in Data Group Standard Deviation of Risk Factor 1, Sigma 1

Data Group
Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 1-Year 2-Years 3-Years 4-Years

1 0.00% 0.09% Assumed 0.01000000% 0.00774289% 0.00492507% 0.00265845%
2 0.09% 0.25% Assumed 0.04000000% 0.03097155% 0.01970027% 0.01063382%
3 0.25% 0.50% 346 0.06363856% 0.04927462% 0.03134242% 0.01691802%
4 0.50% 0.75% 86 0.08298899% 0.06425743% 0.04087264% 0.02206225%
5 0.75% 1.00% 20 0.94371413% 0.73070713% 0.46478558% 0.25088212%
6 1.00% 2.00% 580 1.01658509% 0.78713029% 0.63127387% 0.34074924%
7 2.00% 3.00% 614 1.30986113% 1.01421060% 0.64511544% 0.34822064%
8 3.00% 4.00% 1492 1.22296401% 0.94692714% 0.60231802% 0.32511944%
9 4.00% 5.00% 1672 1.53223304% 1.18639064% 0.75463511% 0.40733721%
10 5.00% 6.00% 2411 1.22653783% 0.94969431% 0.60407816% 0.32606952%
11 6.00% 7.00% 1482 1.67496041% 1.29690282% 0.82492930% 0.44528063%
12 7.00% 8.00% 1218 1.70521091% 1.32032544% 0.83982788% 0.45332259%
13 8.00% 9.00% 765 2.16438588% 1.67585941% 1.06597465% 0.57539217%
14 9.00% 10.00% 500 2.28886301% 1.77224063% 1.12728047% 0.60848385%
15 10.00% 16.60% 959 2.86758369% 2.22033748% 1.41230431% 0.76233412%

Grand Total 12145 1.73030695% 1.33975702% 0.85218784% 0.45999426%
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EXHIBIT 8.7 Look-Up Table for General Risk Factor 2

1-Year Rate in Data Group Standard Deviation of Risk Factor 2, Sigma 2

Data Group
Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 1-Year 2-Years 3-Years 4-Years

1 0.00% 0.09% Assumed 0.00000000% 0.01844038% 0.09987864% 0.19998233%
2 0.09% 0.25% Assumed 0.00000000% 0.09508293% 0.19902738% 0.29981148%
3 0.25% 0.50% 346 0.00000000% 0.38101775% 0.66944144% 0.86368524%
4 0.50% 0.75% 86 0.00000000% 0.45928064% 0.61678068% 0.80933335%
5 0.75% 1.00% 20 0.00000000% 0.79929726% 0.84899949% 0.70332233%
6 1.00% 2.00% 580 0.00000000% 0.30869310% 0.00000000% 0.56845776%
7 2.00% 3.00% 614 0.00000000% 0.79484061% 0.85715213% 0.72160368%
8 3.00% 4.00% 1492 0.00000000% 0.58601914% 0.83319934% 0.84404654%
9 4.00% 5.00% 1672 0.00000000% 0.25789196% 0.66233695% 0.72881971%
10 5.00% 6.00% 2411 0.00000000% 0.53633630% 0.75937680% 0.85798894%
11 6.00% 7.00% 1482 0.00000000% 0.54703576% 0.87197617% 0.94569540%
12 7.00% 8.00% 1218 0.00000000% 0.26551545% 0.99701437% 1.20962421%
13 8.00% 9.00% 765 0.00000000% 0.58484243% 1.35563190% 1.59333350%
14 9.00% 10.00% 500 0.00000000% 1.20734981% 1.68658411% 1.93341801%
15 10.00% 16.60% 959 0.00000000% 1.42945073% 2.13116232% 2.19162824%

Grand Total 12145 0.00000000% 0.65475588% 1.07288315% 1.17694518%
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Note that this is a slightly different definition of K than we used in Chapters 6
and 7.

We again use the trigonometric function cosh(x):

CoshðxÞ ¼ 1

2
½ex þ e�x�

We again arrange the tree to look like a table by stretching the bushy tree as in
Exhibit 8.8.

A completely populated zero-coupon bond price tree would then be summarized
like this; prices shown are for the zero-coupon bond price maturing at time T ¼ 4 at
times 0, 1, 2, and 3 as shown in Exhibit 8.9.

The mapping of the sequence of up and down states is shown in Exhibit 8.10,
consistent with the stretched tree in Exhibit 8.8.

In order to populate the trees with zero-coupon bond prices and forward rates,
we again need to select the relevant pseudo-probabilities.

Time 0 Time 1 Time 2 Time 3 Scenario Scenario Description

1 Up Up Up

2 Up Up Mid

3 Up Up Down

Time 1 4 Up Mid Up

5 Up Mid Mid

6 Up Mid Down

7 Up Down Up

8 Up Down Mid

9 Up Down Down

Time 2 10 Mid Up Up

11 Mid Up Mid

12 Mid Up Down

13 Mid Mid Up

14 Mid Mid Mid

15 Mid Mid Down

16 Mid Down Up

17 Mid Down Mid

18 Mid Down Down

19 Down Up Up

20 Down Up Mid

21 Down Up Down

22 Down Mid Up

23 Down Mid Mid

24 Down Mid Down

25 Down Down Up

26 Down Down Mid

27 Down Down Down

Time 3

EXHIBIT 8.8 Example of Bushy Tree with Two Risk Factors for HJM Modeling of No-
Arbitrage, Zero-Coupon Bond Price Movements
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PSEUDO-PROBABILITIES

Consistent with Chapter 7 of Jarrow (2002), and without loss of generality, we set
the probability of an upshift to one-fourth, the probability of a midshift to one-
fourth, and the probability of a downshift to one-half. The no-arbitrage restrictions
that stem from this set of pseudo-probabilities are given next.

The Formula for Zero-Coupon Bond Price Shifts with Two Risk Factors

In Chapters 6 and 7, we used equation 15.17 in Jarrow (2002, 286) to calculate the
no-arbitrage shifts in zero-coupon bond prices. Alternatively, when there is one risk
factor, we could have used equation 15.19 in Jarrow (2002, 287) to shift forward
rates and derive zero-coupon bond prices from the forward rates. Now that we have

EXHIBIT 8.9 Four-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.93085510 0.96002942 0.98271534 0.99567640
2 0.90943520 0.95325638 0.98282580
3 0.93256899 0.96584087 0.98795974
4 0.94311642 0.98343465
5 0.93491776 0.97488551
6 0.91274456 0.96385706
7 0.96285825 0.99123966
8 0.95448798 0.98262266
9 0.93185064 0.97150669
10 0.98272135
11 0.96087480
12 0.95222434
13 0.98272135
14 0.96087480
15 0.95222434
16 0.96472003
17 0.95770868
18 0.93866906
19 0.98545473
20 0.97688802
21 0.96583693
22 0.98545473
23 0.97688802
24 0.96583693
25 0.97845156
26 0.96236727
27 0.95217151
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two risk factors, it is convenient to calculate the forward rates first. We do this using
equations 15.32, 15.39a, and 15.39b in Jarrow (2002, 293–296). We use this
equation for the shift in forward rates:

Fðt þΔ, T, stþΔÞ ¼ Fðt, T, stÞe½μðt, T, stÞΔ�Δe½Indexð1Þσ1ðt, T, stÞ
ffiffiffi
Δ

p
þIndexð2Þ ffiffi2p σ2ðt, T, stÞ

ffiffiffi
Δ

p
�Δ

ð8:1Þ

Where when T ¼ t þ Δ, the expression μ becomes

½μðt, TÞΔ�Δ ¼ log
1

2
e½Kð1, t, tþΔÞ�Δcosh

�
ΔKð2, t, t þΔÞ

ffiffiffi
2

p �
þ 1

2
e�½Kð1, t, tþΔÞ�Δ

� �

EXHIBIT 8.10 Map of Sequence of States

Current Time

Row Number 0 1 2 3

1 Time 0 Up Up Up Up Up Up
2 Mid Up Mid Up Up Mid
3 Down Up Down Up Up Down
4 Mid Up Up Mid Up
5 Mid Mid Up Mid Mid
6 Mid Down Up Mid Down
7 Down Up Up Down Up
8 Down Mid Up Down Mid
9 Down Down Up Down Down
10 Mid Up Up
11 Mid Up Mid
12 Mid Up Down
13 Mid Mid Up
14 Mid Mid Mid
15 Mid Mid Down
16 Mid Down Up
17 Mid Down Mid
18 Mid Down Down
19 Down Up Up
20 Down Up Mid
21 Down Up Down
22 Down Mid Up
23 Down Mid Mid
24 Down Mid Down
25 Down Down Up
26 Down Down Mid
27 Down Down Down
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We use this expression to evaluate equation (8.1) when T . t þ Δ:

½μðt, TÞΔ�Δ ¼ log
1

2
e½Kð1, t, TÞ�Δcosh

�
ΔKð2, t, TÞ

ffiffiffi
2

p �
þ 1

2
e�½Kð1, t, TÞ�Δ

� �

�
XT�Δ
j¼tþΔ

½μðt, jÞΔ�Δ

The values for the pseudo-probabilities and Index (1) and Index (2) are set as
follows:

Type of Shift Pseudo-Probability Index (1) Index (2)

Upshift 1/4 –1 –1
Midshift 1/4 –1 1
Downshift 1/2 1 0

Building the Bushy Tree for Zero-Coupon Bonds Maturing at Time
T ¼ 2

We now populate the bushy tree for the two-year, zero-coupon bond. We calculate
each element of equation (8.1). When t ¼ 0 and T ¼ 2, we know Δ ¼ 1 and

Pð0, 2, stÞ ¼ 0:98411015

The one-period risk-free return (1 plus the risk-free rate) is again

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206

The one-period spot rate for U.S. Treasuries is r(0, st) ¼ R(0, st) �1 ¼ 0.3003206
percent. At this level of the spot rate for U.S. Treasuries, volatilities for risk factor 1 are
selected from data group 3 in the look-up table above. The volatilities for risk factor 1
for the one-year forward rates maturing in years 2, 3, and 4 are 0.000492746,
0.000313424, and 0.00016918. The volatilities for risk factor 2 for the one-year
forward rates maturing in years 2, 3, and 4 are 0.003810177, 0.006694414, and
0.008636852.

The scaled sum of sigmas K(1, t, T, st) for t ¼ 0 and T ¼ 2 becomes

Kð1, t, T, stÞ ¼
XT�Δ
j¼tþΔ

σ1ðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼
X1
j¼1

σ1ð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð1, 0, T, stÞ ¼ ð
ffiffiffi
1

p
Þð0:000492746Þ ¼ 0:000492746
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Similarly,

Kð2, 0, T, stÞ ¼ 0:00381077

We also can calculate that

½μðt, t þΔÞΔ�Δ ¼ 0:00000738

Using formula (8.1) with these inputs and the fact that the variable Index
(1) ¼ �1 and Index (2) ¼ �1 for an upshift gives us the forward returns for an
upshift, midshift, and downshift as follows: 1.007170561, 1.018083343, and
1.013610665. From these we calculate the zero-coupon bond prices:

Pð1, 2, st ¼ upÞ ¼ 0:992880 ¼ 1=Fð1, 2, st ¼ upÞ

For a midshift, we set Index (1) ¼ �1 and Index (2) ¼ þ1 and calculate

Pð1, 2, st ¼ midÞ ¼ 0:992238 ¼ 1=Fð1, 2, st ¼ midÞ

For a downshift, we set Index (1) ¼ 1 and Index (2) ¼ 0 and recalculate formula
1 to get

Pð1, 2, st ¼ downÞ ¼ 0:986572 ¼ 1=Fð1, 2, st ¼ downÞ

We have fully populated the bushy tree for the zero-coupon bond maturing at
T ¼ 2 (note values have been rounded for display only), since all the up-, mid- and
downstates at time t ¼ 2 result in a riskless payoff of the zero-coupon bond at its face
value of 1 as shown in Exhibit 8.11.

Building the Bushy Tree for Zero-Coupon Bonds
Maturing at Time T ¼ 3

For the zero-coupon bonds and one-period forward returns (¼ 1 þ forward rate)
maturing at time T ¼ 3, we use the same volatilities listed above for risk factors 1 and
2 to calculate

Kð1, 0, 3, stÞ ¼ 0:00080617

Kð2, 0, 3, stÞ ¼ 0:010504592

½μðt, TÞΔ�Δ ¼ 0:00004816

The resulting forward returns for an upshift, midshift, and downshift are
1.013189027, 1.032556197, and 1.023468132. Zero-coupon bond prices are cal-
culated from the one-period forward returns, so

Pð1, 3, st ¼ upÞ ¼ 1=½Fð1, 2, st ¼ upÞFð1, 3, st ¼ upÞ�

The zero-coupon bond prices for an upshift, midshift, and downshift are
0.979956, 0.951268, and 0.963950. To eight decimal places, we have populated the
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second column of the zero-coupon bond price table for the zero-coupon bond
maturing at T ¼ 3 as shown in Exhibit 8.12.

Building the Bushy Tree for Zero-Coupon Bonds
Maturing at Time T ¼ 4

We now populate the bushy tree for the zero-coupon bond maturing at T ¼ 4. Using
the same volatilities as before for both risk factors 1 and 2, we find that

Kð1, 0, 4, stÞ ¼ 0:000975351

Kð2, 0, 4, stÞ ¼ 0:019141444

½μðt, TÞΔ�Δ ¼ 0:00012830

Using formula (8.1) with the correct values for Index (1) and Index (2) leads to
the following forward returns for an upshift, midshift, and downshift: 1.020756042,
1.045998862, and 1.033650059. The zero-coupon bond price is calculated as
follows:

Pð1, 4, st ¼ upÞ ¼ 1=½Fð1, 2, st ¼ upÞFð1, 3, st ¼ upÞFð1, 4, st ¼ upÞ�

This gives us the three zero-coupon bond prices of the column labeled 1 in this
table for up-, mid-, and downshifts: 0.96002942, 0.90943520, and 0.93256899 as
shown in Exhibit 8.13.

Now, we move to the third column, which displays the outcome of the T ¼ 4
zero-coupon bond price after nine scenarios: up up, up mid, up down, mid up, mid
mid, mid down, down up, down mid, and down down. We calculate P(2, 4, st ¼ up),
P(2, 4, st ¼ mid), and P(2, 4, st ¼ down) after the initial down state as follows. When
t ¼ 1, T ¼ 4, and Δ ¼ 1 then the volatilities for the two remaining one-period
forward rates that are relevant are taken from the look-up table for data group 6 for
risk factor 1: 0.007871303 and 0.006312739. For risk factor 2, the volatilities

EXHIBIT 8.11 Two-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.98411015 0.99288049 1
2 0.98223786 1
3 0.98657210 1
4 1
5 1
6 1
7 1
8 1
9 1
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for the two remaining one-period forward rates are also chosen from data group 6:
0.003086931 and 0. The zero value was described previously; the implied volatility
for risk factor 1 was greater than measured total volatility for the forward rate
maturing at T ¼ 3 in data group 6, so the risk factor 1 volatility was set to total
volatility and risk factor 2 volatility was set to zero.

At time 1 in the downstate, the zero-coupon bond prices for maturities at T ¼ 2,
3, and 4 are 0.986572, 0.963950, and 0.932569. We make the intermediate calcu-
lations as previously for the zero-coupon bond maturing at T ¼ 4:

Kð1, 1, 4, stÞ ¼ 0:014184042

Kð2, 1, 4, stÞ ¼ 0:003086931

½μðt, TÞΔ�Δ ¼ 0:00006964

EXHIBIT 8.12 Three-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.96189224 0.97995583 0.99404203 1
2 0.95126818 0.98121252 1
3 0.96394999 0.98633804 1
4 0.98035908 1
5 0.97183666 1
6 0.96084271 1
7 0.98906435 1
8 0.98046626 1
9 0.96937468 1
10 1
11 1
12 1
13 1
14 1
15 1
16 1
17 1
18 1
19 1
20 1
21 1
22 1
23 1
24 1
25 1
26 1
27 1
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We can calculate the values of the one-period forward return maturing at time
T ¼ 4 in the upstate, midstate, and downstate as follows: 1.027216983,
1.027216983, and 1.040268304. Similarly, using the appropriate intermediate cal-
culations, we can calculate the forward returns for maturity at T ¼ 3: 1.011056564,
1.01992291, and 1.031592858. Since

Pð2, 4, st ¼ down upÞ ¼ 1=½Fð1, 3, st ¼ down upÞFð1, 4, st ¼ down upÞ�
the zero-coupon bond prices for maturity at T ¼ 4 in the down up, down mid, and
down down states are as follows:

0.962858

0.954488

0.931851

EXHIBIT 8.13 Four-Year, Zero-Coupon Bond Price

Row
Number

Current Time

0 1 2 3

1 0.93085510 0.96002942 0.98271534 0.99567640
2 0.90943520 0.95325638 0.98282580
3 0.93256899 0.96584087 0.98795974
4 0.94311642 0.98343465
5 0.93491776 0.97488551
6 0.91274456 0.96385706
7 0.96285825 0.99123966
8 0.95448798 0.98262266
9 0.93185064 0.97150669
10 0.98272135
11 0.96087480
12 0.95222434
13 0.98272135
14 0.96087480
15 0.95222434
16 0.96472003
17 0.95770868
18 0.93866906
19 0.98545473
20 0.97688802
21 0.96583693
22 0.98545473
23 0.97688802
24 0.96583693
25 0.97845156
26 0.96236727
27 0.95217151
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We have correctly populated the seventh, eighth, and ninth rows of column 3
(t ¼ 2) of the previous bushy tree for the zero-coupon bond maturing at T ¼ 4 (note
values have been rounded to six decimal places for display only). The remaining
calculations are left to the reader.

If we combine all of these tables, we can create a table of the term structure
of zero-coupon bond prices in each scenario as in examples one and two.
The shading highlights two nodes of the bushy tree where values are identical
because of the occurrence of σ2 ¼ 0 at one point on the bushy tree as shown in
Exhibit 8.14.

At any point in time t, the continuously compounded yield to maturity at time T
can be calculated as y(T � t) ¼ �ln[P(t,T)]/(T � t). Note that we have no negative
rates on this bushy tree and that yield curve shifts are much more complex than in the
two prior examples using one risk factor as shown in Exhibit 8.15.

We can graph yield curve movements as shown in Exhibit 8.16 at time t ¼ 1. We
plot yield curves for the up-, mid-, and downshifts. These shifts are relative to the
one-period forward rates prevailing at time zero for maturity at time T ¼ 2 and
T ¼ 3. Because these one-period forward rates were much higher than yields as of
time t ¼ 0, all three shifts produce yields higher than time-zero yields.

When we add nine yield curves prevailing at time t ¼ 3 and 27 single-point
yield curves prevailing at time t ¼ 4, two things are very clear. First, yield curve
movements in a two-factor model are much more complex and much more realistic
than what we saw in the two one-factor examples. Second, in the low-yield envi-
ronment prevailing as of March 31, 2011, no arbitrage yield curve simulation
shows “there is nowhere to go but up” from a yield curve perspective as shown in
Exhibit 8.17.

Finally, we can display the one-year U.S. Treasury spot rates and the associated
term structure of one-year forward rates in each scenario as shown in Exhibit 8.18.

VALUATION IN THE HJM FRAMEWORK

Jarrow, as quoted in Chapter 6, described valuation as the expected value of cash
flows using the risk-neutral probabilities. Note that column 1 denotes the riskless
one-period interest rate in each scenario. For the scenario number 39 (three conse-
cutive downshifts in zero-coupon bond prices), cash flows at time T ¼ 4 would be
discounted by the one-year spot rates at time t ¼ 0, by the one-year spot rate at time
t ¼ 1 in scenario 3 (down), by the one-year spot rate in scenario 12 (down down) at
time t ¼ 2, and by the one-year spot rate at time t ¼ 3 in scenario 39 (down down
down). The discount factor is

Discount factorð0:4, down down downÞ ¼ 1=ð1:003003Þð1:013611Þð1:031593Þ
ð1:050231Þ

These discount factors are displayed in Exhibit 8.19 for each potential cash
flow date.
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EXHIBIT 8.14 Zero-Coupon Bond Prices

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.99700579 0.98411015 0.96189224 0.93085510
Time 1 Up 1 0.99288049 0.97995583 0.96002942
Time 1 Mid 2 0.98223786 0.95126818 0.90943520
Time 1 Down 3 0.98657210 0.96394999 0.93256899
Time 2 Up Up 4 0.99404203 0.98271534
Time 2 Up Mid 5 0.98121252 0.95325638
Time 2 Up Down 6 0.98633804 0.96584087
Time 2 Mid Up 7 0.98035908 0.94311642
Time 2 Mid Mid 8 0.97183666 0.93491776
Time 2 Mid Down 9 0.96084271 0.91274456
Time 2 Down Up 10 0.98906435 0.96285825
Time 2 Down Mid 11 0.98046626 0.95448798
Time 2 Down Down 12 0.96937468 0.93185064
Time 3 Up Up Up 13 0.99567640
Time 3 Up Up Mid 14 0.98282580
Time 3 Up Up Down 15 0.98795974
Time 3 Up Mid Up 16 0.98343465
Time 3 Up Mid Mid 17 0.97488551
Time 3 Up Mid Down 18 0.96385706
Time 3 Up Down Up 19 0.99123966
Time 3 Up Down Mid 20 0.98262266
Time 3 Up Down Down 21 0.97150669
Time 3 Mid Up Up 22 0.98272135
Time 3 Mid Up Mid 23 0.96087480
Time 3 Mid Up Down 24 0.95222434
Time 3 Mid Mid Up 25 0.98272135
Time 3 Mid Mid Mid 26 0.96087480
Time 3 Mid Mid Down 27 0.95222434
Time 3 Mid Down Up 28 0.96472003
Time 3 Mid Down Mid 29 0.95770868
Time 3 Mid Down Down 30 0.93866906
Time 3 Down Up Up 31 0.98545473
Time 3 Down Up Mid 32 0.97688802
Time 3 Down Up Down 33 0.96583693
Time 3 Down Mid Up 34 0.98545473
Time 3 Down Mid Mid 35 0.97688802
Time 3 Down Mid Down 36 0.96583693
Time 3 Down Down Up 37 0.97845156
Time 3 Down Down Mid 38 0.96236727
Time 3 Down Down Down 39 0.95217151
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EXHIBIT 8.15 Continuously Compounded Zero-Coupon Yields

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.2999% 0.8009% 1.2951% 1.7913%
Time 1 Up 1 0.7145% 1.0124% 1.3597%
Time 1 Mid 2 1.7922% 2.4980% 3.1644%
Time 1 Down 3 1.3519% 1.8358% 2.3271%
Time 2 Up Up 4 0.5976% 0.8718%
Time 2 Up Mid 5 1.8966% 2.3936%
Time 2 Up Down 6 1.3756% 1.7378%
Time 2 Mid Up 7 1.9836% 2.9283%
Time 2 Mid Mid 8 2.8568% 3.3648%
Time 2 Mid Down 9 3.9945% 4.5650%
Time 2 Down Up 10 1.0996% 1.8925%
Time 2 Down Mid 11 1.9727% 2.3290%
Time 2 Down Down 12 3.1104% 3.5291%
Time 3 Up Up Up 13 0.4333%
Time 3 Up Up Mid 14 1.7323%
Time 3 Up Up Down 15 1.2113%
Time 3 Up Mid Up 16 1.6704%
Time 3 Up Mid Mid 17 2.5435%
Time 3 Up Mid Down 18 3.6812%
Time 3 Up Down Up 19 0.8799%
Time 3 Up Down Mid 20 1.7530%
Time 3 Up Down Down 21 2.8907%
Time 3 Mid Up Up 22 1.7430%
Time 3 Mid Up Mid 23 3.9911%
Time 3 Mid Up Down 24 4.8955%
Time 3 Mid Mid Up 25 1.7430%
Time 3 Mid Mid Mid 26 3.9911%
Time 3 Mid Mid Down 27 4.8955%
Time 3 Mid Down Up 28 3.5917%
Time 3 Mid Down Mid 29 4.3212%
Time 3 Mid Down Down 30 6.3292%
Time 3 Down Up Up 31 1.4652%
Time 3 Down Up Mid 32 2.3383%
Time 3 Down Up Down 33 3.4760%
Time 3 Down Mid Up 34 1.4652%
Time 3 Down Mid Mid 35 2.3383%
Time 3 Down Mid Down 36 3.4760%
Time 3 Down Down Up 37 2.1784%
Time 3 Down Down Mid 38 3.8359%
Time 3 Down Down

Down 39 4.9010%
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When taking expected values, we can calculate the probability of each scenario
coming about since the probabilities of an upshift, midshift, and downshift are 1/4,
1/4, and 1/2 as shown in Exhibit 8.20.

It is again convenient to calculate the probability-weighted discount factors for
use in calculating the expected present value of cash flows as shown in Exhibit 8.21.

Wenowuse theHJMbushy treeswehavegenerated tovalue representative securities.
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EXHIBIT 8.18 One-Year Forward Rates, Simple Interest

State Name
State

Number

Periods to Maturity

1 2 3 4

Time 0 0 0.3003% 1.3104% 2.3098% 3.3343%
Time 1 Up 1 0.7171% 1.3189% 2.0756%
Time 1 Mid 2 1.8083% 3.2556% 4.5999%
Time 1 Down 3 1.3611% 2.3468% 3.3650%
Time 2 Up Up 4 0.5994% 1.1526%
Time 2 Up Mid 5 1.9147% 2.9327%
Time 2 Up Down 6 1.3851% 2.1222%
Time 2 Mid Up 7 2.0034% 3.9489%
Time 2 Mid Mid 8 2.8979% 3.9489%
Time 2 Mid Down 9 4.0753% 5.2696%
Time 2 Down Up 10 1.1057% 2.7217%
Time 2 Down Mid 11 1.9923% 2.7217%
Time 2 Down Down 12 3.1593% 4.0268%
Time 3 Up Up Up 13 0.4342%
Time 3 Up Up Mid 14 1.7474%
Time 3 Up Up Down 15 1.2187%
Time 3 Up Mid Up 16 1.6844%
Time 3 Up Mid Mid 17 2.5761%
Time 3 Up Mid Down 18 3.7498%
Time 3 Up Down Up 19 0.8838%
Time 3 Up Down Mid 20 1.7685%
Time 3 Up Down Down 21 2.9329%
Time 3 Mid Up Up 22 1.7582%
Time 3 Mid Up Mid 23 4.0718%
Time 3 Mid Up Down 24 5.0173%
Time 3 Mid Mid Up 25 1.7582%
Time 3 Mid Mid Mid 26 4.0718%
Time 3 Mid Mid Down 27 5.0173%
Time 3 Mid Down Up 28 3.6570%
Time 3 Mid Down Mid 29 4.4159%
Time 3 Mid Down Down 30 6.5338%
Time 3 Down Up Up 31 1.4760%
Time 3 Down Up Mid 32 2.3659%
Time 3 Down Up Down 33 3.5371%
Time 3 Down Mid Up 34 1.4760%
Time 3 Down Mid Mid 35 2.3659%
Time 3 Down Mid Down 36 3.5371%
Time 3 Down Down Up 37 2.2023%
Time 3 Down Down Mid 38 3.9104%
Time 3 Down Down

Down 39 5.0231%
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VALUATION OF A ZERO-COUPON BOND MATURING AT TIME T ¼ 4

A riskless zero-coupon bond pays $1 in each of the 27 nodes of the bushy tree that
prevail at time T ¼ 4 as shown in Exhibit 8.22.

When we multiply this vector of 1s times the probability-weighted discount
factors in the time T ¼ 4 column in the previous table in Exhibit 8.22 and add them,
we get a zero-coupon bond price of 0.93085510, which is the value we should get in
a no-arbitrage economy, the value observable in the market and used as an input to
create the tree.

EXHIBIT 8.19 Discount Factors

Row
Number

Current Time

0 1 2 3 4

1 1 0.997005786 0.989907593 0.984009757 0.979755294
2 0.997005786 0.989907593 0.984009757 0.967110174
3 0.997005786 0.989907593 0.984009757 0.972162025
4 0.979296826 0.971309727 0.955219645
5 0.979296826 0.971309727 0.946915774
6 0.979296826 0.971309727 0.93620374
7 0.98361809 0.976383515 0.967830059
8 0.98361809 0.976383515 0.959416563
9 0.98361809 0.976383515 0.948563113
10 0.960062532 0.943473945
11 0.960062532 0.922499895
12 0.960062532 0.914194906
13 0.951716561 0.935272181
14 0.951716561 0.914480461
15 0.951716561 0.906247669
16 0.940950217 0.907753518
17 0.940950217 0.901156195
18 0.940950217 0.883240853
19 0.972861584 0.958711053
20 0.972861584 0.950376831
21 0.972861584 0.939625643
22 0.964404349 0.950376831
23 0.964404349 0.942115059
24 0.964404349 0.931457333
25 0.953494474 0.932948155
26 0.953494474 0.917611875
27 0.953494474 0.907890273
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VALUATION OF A COUPON-BEARING BOND PAYING ANNUAL INTEREST

Next we value a bond with no credit risk that pays $3 in interest at every scenario at
times T ¼ 1, 2, 3, and 4 plus principal of 100 at time T ¼ 4. The valuation is cal-
culated by multiplying each cash flow by the matching probability-weighted discount
factor, to get a value of 104.70709974. It will again surprise many that this is the
same value that we arrived at in Chapters 6 and 7, even though the volatilities used
and the number of risk factors used are different. The values are the same because, by
construction, our valuations for the zero-coupon bond prices at time zero for
maturities at T ¼ 1, 2, 3, and 4 continue to match the inputs. Multiplying these zero-
coupon bond prices times 3, 3, 3, and 103 also leads to a value of 104.70709974 as it
should as shown in Exhibit 8.23.

EXHIBIT 8.20 Probability of Each State

Row
Number

Current Time

0 1 2 3 4

1 100.0000% 25.0000% 6.2500% 1.5625% 1.5625%
2 25.0000% 6.2500% 1.5625% 1.5625%
3 50.0000% 12.5000% 3.1250% 3.1250%
4 6.2500% 1.5625% 1.5625%
5 6.2500% 1.5625% 1.5625%
6 12.5000% 3.1250% 3.1250%
7 12.5000% 3.1250% 3.1250%
8 12.5000% 3.1250% 3.1250%
9 25.0000% 6.2500% 6.2500%
10 1.5625% 1.5625%
11 1.5625% 1.5625%
12 3.1250% 3.1250%
13 1.5625% 1.5625%
14 1.5625% 1.5625%
15 3.1250% 3.1250%
16 3.1250% 3.1250%
17 3.1250% 3.1250%
18 6.2500% 6.2500%
19 3.1250% 3.1250%
20 3.1250% 3.1250%
21 6.2500% 6.2500%
22 3.1250% 3.1250%
23 3.1250% 3.1250%
24 6.2500% 6.2500%
25 6.2500% 6.2500%
26 6.2500% 6.2500%
27 12.5000% 12.5000%
Total 100.0000% 100.0000% 100.0000% 100.0000% 100.0000%
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VALUATION OF A DIGITAL OPTION ON THE ONE-YEAR U.S.
TREASURY RATE

Now, we value a digital option that pays $1 at time T ¼ 3 if (at that time) the one-
year U.S. Treasury rate (for maturity at T ¼ 4) is over 4 percent. If we look at the
table of the term structure of one-year spot rates over time, this happens at the seven
shaded scenarios out of 27 possibilities at time t ¼ 3 as shown in Exhibit 8.24.

The evolution of the spot rate can be displayed graphically as in Exhibit 8.25.
The cash flow payoffs in the seven relevant scenarios can be input in Exhibit 8.26

and multiplied by the probability weighted discount factors to find that this option
has a value of 0.29701554 as shown in the exhibit.

EXHIBIT 8.21 Probability-Weighted Discount Factors

Row
Number

Current Time

0 1 2 3 4

1 1 0.249251447 0.061869225 0.015375152 0.015308676
2 0.249251447 0.061869225 0.015375152 0.015111096
3 0.498502893 0.123738449 0.030750305 0.030380063
4 0.061206052 0.015176714 0.014925307
5 0.061206052 0.015176714 0.014795559
6 0.122412103 0.030353429 0.029256367
7 0.122952261 0.030511985 0.030244689
8 0.122952261 0.030511985 0.029981768
9 0.245904522 0.06102397 0.059285195
10 0.015000977 0.01474178
11 0.015000977 0.014414061
12 0.030001954 0.028568591
13 0.014870571 0.014613628
14 0.014870571 0.014288757
15 0.029741143 0.02832024
16 0.029404694 0.028367297
17 0.029404694 0.028161131
18 0.058809389 0.055202553
19 0.030401924 0.02995972
20 0.030401924 0.029699276
21 0.060803849 0.058726603
22 0.030137636 0.029699276
23 0.030137636 0.029441096
24 0.060275272 0.058216083
25 0.059593405 0.05830926
26 0.059593405 0.057350742
27 0.119186809 0.113486284
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REPLICATION OF HJM EXAMPLE 3 IN COMMON
SPREADSHEET SOFTWARE

The readers of this book are almost certain to be proficient in the use of common
spreadsheet software. In replicating the examples in this and other chapters, any
discrepancy in values within the first 10 decimal places is most likely an error by
the analyst or, heaven forbid, the authors. In the construction of the examples in this
book, every discrepancy in the first 10 decimal places has been an error, not
the normal computer science rounding error that the authors would typically blame
first as the cause.

EXHIBIT 8.22 Maturity of Cash Flow Received

Row
Number

Current Time

0 1 2 3 4

1 0.00 0.00 0.00 0.00 1.00
2 0.00 0.00 0.00 1.00
3 0.00 0.00 0.00 1.00
4 0.00 0.00 1.00
5 0.00 0.00 1.00
6 0.00 0.00 1.00
7 0.00 0.00 1.00
8 0.00 0.00 1.00
9 0.00 0.00 1.00
10 0.00 1.00
11 0.00 1.00
12 0.00 1.00
13 0.00 1.00
14 0.00 1.00
15 0.00 1.00
16 0.00 1.00
17 0.00 1.00
18 0.00 1.00
19 0.00 1.00
20 0.00 1.00
21 0.00 1.00
22 0.00 1.00
23 0.00 1.00
24 0.00 1.00
25 0.00 1.00
26 0.00 1.00
27 0.00 1.00

Risk-Neutral Value 5 0.93085510
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EXHIBIT 8.23 Maturity of Cash Flow Received

Row
Number

Current Time

0 1 2 3 4

1 0.00 3.00 3.00 3.00 103.00
2 3.00 3.00 3.00 103.00
3 3.00 3.00 3.00 103.00
4 3.00 3.00 103.00
5 3.00 3.00 103.00
6 3.00 3.00 103.00
7 3.00 3.00 103.00
8 3.00 3.00 103.00
9 3.00 3.00 103.00
10 3.00 103.00
11 3.00 103.00
12 3.00 103.00
13 3.00 103.00
14 3.00 103.00
15 3.00 103.00
16 3.00 103.00
17 3.00 103.00
18 3.00 103.00
19 3.00 103.00
20 3.00 103.00
21 3.00 103.00
22 3.00 103.00
23 3.00 103.00
24 3.00 103.00
25 3.00 103.00
26 3.00 103.00
27 3.00 103.00

Risk-Neutral Value 5 104.70709974

EXHIBIT 8.24 Spot Rate Process

State
Row

Number 0 1 2 3

Up Up Up 1 0.3003% 0.7145% 0.5994% 0.4342%
Up Up Mid 2 1.7922% 1.9147% 1.7474%
Up Up Down 3 1.3519% 1.3851% 1.2187%
Up Mid Up 4 2.0034% 1.6844%
Up Mid Mid 5 2.8979% 2.5761%
Up Mid Down 6 4.0753% 3.7498%

(Continued)
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EXHIBIT 8.24 (Continued)

State
Row

Number 0 1 2 3

Up Down Up 7 1.1057% 0.8838%
Up Down Mid 8 1.9923% 1.7685%
Up Down Down 9 3.1593% 2.9329%
Mid Up Up 10 1.7582%
Mid Up Mid 11 4.0718%
Mid Up Down 12 5.0173%
Mid Mid Up 13 1.7582%
Mid Mid Mid 14 4.0718%
Mid Mid Down 15 5.0173%
Mid Down Up 16 3.6570%
Mid Down Mid 17 4.4159%
Mid Down Down 18 6.5338%
Down Up Up 19 1.4760%
Down Up Mid 20 2.3659%
Down Up Down 21 3.5371%
Down Mid Up 22 1.4760%
Down Mid Mid 23 2.3659%
Down Mid Down 24 3.5371%
Down Down Up 25 2.2023%
Down Down Mid 26 3.9104%
Down Down Down 27 5.0231%
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EXHIBIT 8.25 Evolution of One-Year U.S. Treasury Spot Rate Two-Factor HJM Model with
Rate and Maturity Dependent Volatility
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CONCLUSION

This chapter, continuing the examples of Chapters 6 and 7, shows how to simulate
zero-coupon bond prices, forward rates, and zero-coupon bond yields in an HJM
framework with two risk factors and rate-dependent and maturity-dependent interest
rate volatility. The results show a rich twist in simulated yield curves and a pull of
rates upward from a very low rate environment. Monte Carlo simulation, an alter-
native to the bushy tree framework, can be done in a fully consistent way. We discuss
that in detail in Chapter 10.

In the next chapter, we introduce a third risk factor to further advance the
realism of the model.

EXHIBIT 8.26 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.00 0.00 0.00 0.00 0.00
2 0.00 0.00 0.00 0.00
3 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00
5 0.00 0.00 0.00
6 0.00 0.00 0.00
7 0.00 0.00 0.00
8 0.00 0.00 0.00
9 0.00 0.00 0.00
10 0.00 0.00
11 1.00 0.00
12 1.00 0.00
13 0.00 0.00
14 1.00 0.00
15 1.00 0.00
16 0.00 0.00
17 1.00 0.00
18 1.00 0.00
19 0.00 0.00
20 0.00 0.00
21 0.00 0.00
22 0.00 0.00
23 0.00 0.00
24 0.00 0.00
25 0.00 0.00
26 0.00 0.00
27 1.00 0.00

Risk-Neutral Value 5 0.29701554
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CHAPTER 9
HJM Interest Rate Modeling with

Three Risk Factors1

In Chapters 6 through 8, we provided worked examples of how to use the yield curve
simulation framework of Heath, Jarrow, and Morton (HJM) using two different

assumptions about the volatility of forward rates and one or two independent risk
factors. The first volatility assumption was that volatility was dependent on the
maturity of the forward rate and nothing else. The second volatility assumption was
that the volatility of forward rates was dependent on both the level of rates and the
maturity of the forward rates being modeled. The first two models were one-factor
models, implying that random rate shifts are either all positive, all negative, or zero.
Our third example postulated that the change in one-year spot rates, along with an
unspecified second risk factor, was in fact driving interest rate movements. In this
chapter, we generalize the model to include three risk factors in order to increase further
the realism of the simulated yield curve. Consistent with the research of Dickler, Jarrow,
and van Deventer cited in Chapters 6, 7, and 8, we explain why even three risk factors
understate the number of risk factors driving the U.S. Treasury yield curve.

PROBABILITY OF YIELD CURVE TWISTS IN THE
U.S. TREASURY MARKET

In Chapter 8, we explained that one-factor models imply no twists in the yield curve.
Random yield shocks drive yields either all up or all down together. Yield curve
twists, where some rates rise and others fall, are assumed never to occur. Yet during
12,386 days of movements in U.S. Treasury forward rates, yield curve twists
occurred on 94.3 percent of the observations (see Chapter 8). We now ask a simple
question. To what extent did the two-factor model of Chapter 8 succeed in
explaining the correlations between changes in forward rates? We answer that
question by analyzing the correlation between the residuals of the regression we used
to determine the impact of our first risk factor, the annual change in the one-year spot
U.S. Treasury rate, on changes in forward rates at various maturities:

½Change in fkðiÞ�
¼ a

þ b½Change in one-year U:S: Treasury spot rateðiÞ�
þ ekðiÞ
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If the two-factor model is correct, all forward rate movements would be
explained by our two factors: the one-year change in the one-year spot rate and the
unnamed second factor. What would the correlations remaining after use of the first
risk factor show if our hypothesis was correct? The correlation of the residuals at
any two maturities would show a 100 percent correlation, with all residuals either
moving up together or down together after eliminating the common impact of
changes in the one-year spot rate. Unfortunately, the correlation of the residuals
shows that the two-factor model is not rich enough to achieve that objective
(Exhibit 9.1).

The correlations are positive and far from 100 percent, which leads to an
immediate conclusion. We need at least one more risk factor to realistically mimic
real yield curve movements. We incorporate a third factor in this chapter for that
reason.

OBJECTIVES OF THE EXAMPLE AND KEY INPUT DATA

Following Jarrow (2002), we make the same modeling assumptions for our worked
example as in Chapters 6 through 8:

n Zero-coupon bond prices for the U.S. Treasury curve on March 31, 2011, are
the basic inputs.

n Interest rate volatility assumptions are based on the Dickler, Jarrow, and van
Deventer papers on daily U.S. Treasury yields and forward rates from 1962 to
2011. In this chapter, we again retain the volatility assumptions used in Chapter
8 but expand the number of random risk factors driving interest rates to three
factors.

n The modeling period is four equal length periods of one year each.
n The HJM implementation is that of a “bushy tree,” which we describe next.

EXHIBIT 9.1 Correlation of Residuals from Regression 1 on U.S. Treasury Spot and Forward
Rates, 1962 to 2011

U.S. Treasury Forward Rate Maturing in Year

Maturity
in Year 2 3 4 5 6 7 8 9

2 1
3 0.920156 1
4 0.840913 0.936176 1
5 0.807619 0.823928 0.942743 1
6 0.790989 0.808105 0.875853 0.950392 1
7 0.753103 0.803682 0.820229 0.859572 0.967012 1
8 0.737788 0.806994 0.833124 0.838943 0.910462 0.961099 1
9 0.677499 0.741696 0.808673 0.796858 0.786531 0.816912 0.93905 1
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With two factors, the bushy tree has upshifts, midshifts, and downshifts at each
node in the tree. With three risk factors, there are four branches at each node of the
tree. For simplicity and consistency with an n-factor HJM implementation, we
abandon the terms up and down and instead label the shifts Shift 1, Shift 2, Shift 3,
and Shift 4. The bushy tree starts with one branch at time zero and moves to 4 at time
1, 16 at time 2, and 64 at time 3. We split the tree into its upper and lower halves for
better visibility (Exhibit 9.2 and Exhibit 9.3).

At each of the points in time on the lattice (time 0, 1, 2, 3, and 4) there are sets of
zero-coupon bond prices and forward rates. At time 0, there is one set of data. At
time one, there are four sets of data: the Shift 1 set, Shift 2 set, Shift 3 set, and Shift 4
set. At time two, there are 16 sets of data, and at time three there are 64 ¼ 43 sets
of data.

As shown in Chapters 6 through 8, volatilities of the U.S. Treasury one-year spot
rate and one-year forward rates with maturities in years 2, 3, . . . , 10 depend dra-
matically on the starting level of the one-year U.S. Treasury spot rate. As before, we
use the same volatility table as in Chapter 8 to measure total volatility, measured as
the standard deviation of one-year changes in continuously compounded spot and
forward rates from 1963 to 2011. We use this table later to divide total volatility
between three uncorrelated risk factors.

We will again use the zero-coupon bond prices prevailing on March 31, 2011, as
our other inputs, as we have done beginning in Chapter 6. We now partition total
interest rate volatility among the three risk factors.

RISK FACTOR 1: ANNUAL CHANGES IN THE ONE-YEAR U.S. TREASURY
SPOT RATE

In Chapters 6 and 7, the nature of the single-factor shocking one-year spot and
forward rates was not specified. In Chapter 8, we postulate that the first of the three
factors driving changes in forward rates is the change in the one-year spot rate of
interest. For each of the one-year U.S. Treasury forward rates fk(t), we run the
regression

½Change in fkðiÞ�
¼ a

þ b½Change in one-year U:S: Treasury spot rate ðiÞ�
þ ekðiÞ

where the change in continuously compounded yields is measured over annual
intervals from 1963 to 2011. We add an additional assumption that the second risk
factor is the one-year change in the one-year forward rate maturing in year 10. To be
consistent with the HJM assumptions that the individual risk factors are uncorre-
lated, we estimate the incremental explanatory power of this factor by adding the
one-year change in the one-year forward rate maturing in year 10 as an explanatory
variable in a regression where the dependent variable is the appropriate series of
residuals from the first set of regressions, which we label the Regression 1 set.
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Scenario Scenario Description
Time 3

1 Shift 1 Shift 1 Shift 1

Time 2 2 Shift 1 Shift 1 Shift 2

3 Shift 1 Shift 1 Shift 3

4 Shift 1 Shift 1 Shift 4

5 Shift 1 Shift 2 Shift 1

6 Shift 1 Shift 2 Shift 2

7 Shift 1 Shift 2 Shift 3

Time 1 8 Shift 1 Shift 2 Shift 4

9 Shift 1 Shift 3 Shift 1

10 Shift 1 Shift 3 Shift 2

11 Shift 1 Shift 3 Shift 3

12 Shift 1 Shift 3 Shift 4

13 Shift 1 Shift 4 Shift 1

14 Shift 1 Shift 4 Shift 2

Time 2 15 Shift 1 Shift 4 Shift 3

16 Shift 1 Shift 4 Shift 4

17 Shift 2 Shift 1 Shift 1

18 Shift 2 Shift 1 Shift 2

19 Shift 2 Shift 1 Shift 3

20 Shift 2 Shift 1 Shift 4

21 Shift 2 Shift 2 Shift 1

22 Shift 2 Shift 2 Shift 2

23 Shift 2 Shift 2 Shift 3

24 Shift 2 Shift 2 Shift 4

25 Shift 2 Shift 3 Shift 1

26 Shift 2 Shift 3 Shift 2

27 Shift 2 Shift 3 Shift 3

28 Shift 2 Shift 3 Shift 4

29 Shift 2 Shift 4 Shift 1

30 Shift 2 Shift 4 Shift 2

Time 2 31 Shift 2 Shift 4 Shift 3

32 Shift 2 Shift 4 Shift 4

Time 0 33 Shift 3 Shift 1 Shift 1

EXHIBIT 9.2 Example of Bushy Tree with Three Risk Factors for HJM Modeling of No-
Arbitrage Forward Rate Movements
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34 Shift 3 Shift 1 Shift 2

35 Shift 3 Shift 1 Shift 3

36 Shift 3 Shift 1 Shift 4

37 Shift 3 Shift 2 Shift 1

38 Shift 3 Shift 2 Shift 2

39 Shift 3 Shift 2 Shift 3

40 Shift 3 Shift 2 Shift 4

41 Shift 3 Shift 3 Shift 1

42 Shift 3 Shift 3 Shift 2

43 Shift 3 Shift 3 Shift 3

44 Shift 3 Shift 3 Shift 4

45 Shift 3 Shift 4 Shift 1

46 Shift 3 Shift 4 Shift 2

Time 2 47 Shift 3 Shift 4 Shift 3

48 Shift 3 Shift 4 Shift 4

49 Shift 4 Shift 1 Shift 1

50 Shift 4 Shift 1 Shift 2

51 Shift 4 Shift 1 Shift 3

52 Shift 4 Shift 1 Shift 4

53 Shift 4 Shift 2 Shift 1

54 Shift 4 Shift 2 Shift 2

55 Shift 4 Shift 2 Shift 3

56 Shift 4 Shift 2 Shift 4

Time 1 57 Shift 4 Shift 3 Shift 1

58 Shift 4 Shift 3 Shift 2

59 Shift 4 Shift 3 Shift 3

60 Shift 4 Shift 3 Shift 4

61 Shift 4 Shift 4 Shift 1

62 Shift 4 Shift 4 Shift 2

Time 2 63 Shift 4 Shift 4 Shift 3

64 Shift 4 Shift 4 Shift 4
Time 3

32 Shift 2 Shift 4 Shift 4

Time 0 33 Shift 3 Shift 1 Shift 1

EXHIBIT 9.3 Example of Bushy Tree with Three Risk Factors for HJM Modeling of No-
Arbitrage Forward Rate Movements
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ekðiÞ ¼ aþ b½change in forward maturing in year 10 ðiÞ� þ e2kðiÞ

Because of the nature of the linear regression of changes in one-year forward
rates on the first risk factor (changes in the one-year spot U.S. Treasury rate), we
know that risk factor 1 and the residuals ek(i) are uncorrelated. The regression above
will pick up the residual influence of the one-year changes in the one-year forward
rate maturing in year 10. There are many econometric approaches to this process that
are more elegant, but we use this simple approach for clarity of exposition.

Our hypothesis that the one-year change in the one-year forward rate maturing
in year 10 was important was right on the mark. The coefficients, shown in Exhibit
9.4, are very statistically significant with t-statistics ranging from 68 to 175. This
graph shows that the impact of the change of the one-year forward rate maturing in
year 10 generally increases for rates maturing closest to year 10, as one would expect.

The third risk factor is “everything else” not explained by the changes in the one-
year spot rate or the changes in the one-year forward rate maturing in year 10.
Because of the sequential nature of the Regression 1 set and the Regression 2 set
(which means correlation among the risk factors is zero), total volatility for the
forward rate maturing in T � t ¼ k years can be divided as follows between the three
risk factors:

σ2
k, total ¼ σ2k,1 þ σ2k,2 þ σ2k,3

We also know that the risk contribution of the first risk factor, the change in the
spot one-year U.S. treasury rate, is proportional to the regression coefficient αk of
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EXHIBIT 9.4 Percent Response by U.S. Treasury One-Year Forward Rates to 1 Percent Shift
in One-Year U.S. Treasury Forward Rate Maturing in Year 10, 1962–2011
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changes in forward rate maturing in year k on changes in the one-year spot rate.
Because Regression 2 set is done on the residuals of Regression 1 set, the risk con-
tribution of risk factor 2 (the change in the one-year forward rate maturing in year
10) is also proportional to the relevant regression coefficient. Note again that, by
construction, risk factor 2 is not correlated with risk factor 1. We denote the total
volatility of the one-year U.S. Treasury spot rate by the subscript 1,total and the
total volatility of the one-year forward rate maturing in year 10 by 10,total. Then
the contribution of risk factors 1 and 2 to the volatility of the one-year forward rate
maturing in year k is

σ2k,1 ¼ α2
1kσ

2
1, total

σ2k,2 ¼ α2
10kσ

2
10, total

This allows us to solve for the volatility of risk factor 3 using this equation:

σk,3 ¼ ½σ2k, total � α2
1kσ

2
1, total � α2

10kσ
2
10, total�1=2

If ever the quantity in brackets is negative, σk,3 is set to zero and σk,2 is set to the
value, which makes the quantity in brackets exactly zero. Because the total volatility
for each forward rate varies by the level of the one-year spot U.S. Treasury spot rate,
so will the values of σk,1, σk,2, and σk,3. The regression coefficients used in this process
are summarized in Exhibit 9.5.

Using the equations above, the look-up table for risk factor 1 (changes in the one-
year spot rate) volatility is given in Exhibit 9.6.

The look-up table for risk factor 2 (changes in the one-year forward rate
maturing in year 10) is given in Exhibit 9.7.

The look-up table for the general “all other” risk factor 3 is shown in Exhibit
9.8.

EXHIBIT 9.5 Regression Coefficients

Dependent
Variable

Coefficient b1 on
Change in

U.S.
Treasury Rate

Standard
Error of

Regression 1

Coefficient b2 of
Residuals in Regression 1
on Change in 10-Year
U.S. Treasury Rate

Standard Error
of Regression 2

Forward 2 0.77428864 0.654783% 0.29955296 0.556380%
Forward 3 0.63607642 0.816101% 0.40401267 0.670241%
Forward 4 0.53978035 0.851190% 0.48360419 0.643346%
Forward 5 0.43988300 0.933073% 0.52091272 0.714295%
Forward 6 0.35338394 0.956797% 0.48643906 0.775357%
Forward 7 0.30957977 0.958593% 0.49125712 0.773537%
Forward 8 0.30904919 0.914843% 0.57964967 0.625036%
Forward 9 0.32251308 0.936120% 0.68828249 0.497098%
Forward 10 0.32736771 1.003651%
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EXHIBIT 9.6 Standard Deviation of Risk Factor 1, Sigma 1

Rate in Data Group Standard Deviation of Risk Factor 1, Sigma 1

Data
Group

Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 1-Year 2-Years 3-Years 4-Years

1 0.00% 0.09% Assumed 0.01000000% 0.00774289% 0.00492507% 0.00265845%
2 0.09% 0.25% Assumed 0.04000000% 0.03097155% 0.01970027% 0.01063382%
3 0.25% 0.50% 346 0.06363856% 0.04927462% 0.03134242% 0.01691802%
4 0.50% 0.75% 86 0.08298899% 0.06425743% 0.04087264% 0.02206225%
5 0.75% 1.00% 20 0.94371413% 0.73070713% 0.46478558% 0.25088212%
6 1.00% 2.00% 580 1.01658509% 0.78713029% 0.63127387% 0.34074924%
7 2.00% 3.00% 614 1.30986113% 1.01421060% 0.64511544% 0.34822064%
8 3.00% 4.00% 1492 1.22296401% 0.94692714% 0.60231802% 0.32511944%
9 4.00% 5.00% 1672 1.53223304% 1.18639064% 0.75463511% 0.40733721%
10 5.00% 6.00% 2411 1.22653783% 0.94969431% 0.60407816% 0.32606952%
11 6.00% 7.00% 1482 1.67496041% 1.29690282% 0.82492930% 0.44528063%
12 7.00% 8.00% 1218 1.70521091% 1.32032544% 0.83982788% 0.45332259%
13 8.00% 9.00% 765 2.16438588% 1.67585941% 1.06597465% 0.57539217%
14 9.00% 10.00% 500 2.28886301% 1.77224063% 1.12728047% 0.60848385%
15 10.00% 16.60% 959 2.86758369% 2.22033748% 1.41230431% 0.76233412%
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EXHIBIT 9.7 Standard Deviation of Risk Factor 2, Sigma 2

Rate in Data Group Standard Deviation of Risk Factor 2, Sigma 2

Data
Group

Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 2-Years 3-Years 4-Years

1 0.00% 0.09% Assumed 0.01844038% 0.09987864% 0.14508126%
2 0.09% 0.25% Assumed 0.09508293% 0.14140444% 0.16926147%
3 0.25% 0.50% 346 0.11460958% 0.15457608% 0.18502795%
4 0.50% 0.75% 86 0.21277322% 0.28697122% 0.34350527%
5 0.75% 1.00% 20 0.30003119% 0.40465767% 0.48437625%
6 1.00% 2.00% 580 0.28241222% 0.00000000% 0.45593183%
7 2.00% 3.00% 614 0.13927096% 0.18783734% 0.22484177%
8 3.00% 4.00% 1492 0.22509440% 0.30358902% 0.36339682%
9 4.00% 5.00% 1672 0.22361237% 0.30159018% 0.36100420%
10 5.00% 6.00% 2411 0.28294579% 0.38161427% 0.45679324%
11 6.00% 7.00% 1482 0.29059766% 0.39193450% 0.46914658%
12 7.00% 8.00% 1218 0.26551545% 0.47400436% 0.56738441%
13 8.00% 9.00% 765 0.46585233% 0.62830374% 0.75208116%
14 9.00% 10.00% 500 0.58305515% 0.78637737% 0.94129569%
15 10.00% 16.60% 959 0.58088433% 0.78344955% 0.93779108%
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EXHIBIT 9.8 Standard Deviation of Risk Factor 3, Sigma 3

Rate in Data Group Standard Deviation of Risk Factor 3, Sigma 3

Data
Group

Minimum
Spot Rate

Maximum
Spot Rate

Number of
Observations 1-Year 2-Years 3-Years 4-Years

1 0.00% 0.09% Assumed 0.00000000% 0.00000000% 0.00000000% 0.13763852%
2 0.09% 0.25% Assumed 0.00000000% 0.00000000% 0.14005958% 0.24746207%
3 0.25% 0.50% 346 0.00000000% 0.36337194% 0.65135096% 0.84363313%
4 0.50% 0.75% 86 0.00000000% 0.40702120% 0.54595415% 0.73281962%
5 0.75% 1.00% 20 0.00000000% 0.74084910% 0.74635937% 0.50994308%
6 1.00% 2.00% 580 0.00000000% 0.12463857% 0.00000000% 0.33951493%
7 2.00% 3.00% 614 0.00000000% 0.78254406% 0.83631746% 0.68568072%
8 3.00% 4.00% 1492 0.00000000% 0.54106464% 0.77592194% 0.76181187%
9 4.00% 5.00% 1672 0.00000000% 0.12847478% 0.58968940% 0.63313043%
10 5.00% 6.00% 2411 0.00000000% 0.45562957% 0.65652394% 0.72628160%
11 6.00% 7.00% 1482 0.00000000% 0.46346642% 0.77892862% 0.82112196%
12 7.00% 8.00% 1218 0.00000000% 0.00000000% 0.87713028% 1.06830036%
13 8.00% 9.00% 765 0.00000000% 0.35358489% 1.20123780% 1.40466564%
14 9.00% 10.00% 500 0.00000000% 1.05723235% 1.49203773% 1.68880657%
15 10.00% 16.60% 959 0.00000000% 1.30610213% 1.98193330% 1.98085391%
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When we graph the relative contributions of each risk factor to the volatility of
the forward rate maturing in year 2, we see an interesting pattern as the level of the
one-year spot Treasury rate rises (Exhibit 9.9).

The contribution of risk factor 1(the second-highest line) rises steadily as the level
of interest rates rises. The impact of risk factor 2 (the smoother line near the bottom of
the graph) rises more gradually as the level interest rates rises. The “all other risk
factor,” risk factor 3, is volatile and spikes a number of times near the bottom of the
graph, due in part to the spike in total volatility when the one-year spot U.S. Treasury
rate is between 75 and 100 basis points. We see in the next section that this has an
impact on our simulations and that this is a value for total volatility that one may
want to override as a matter of professional judgment.

ALTERNATIVE SPECIFICATIONS OF THE INTEREST RATE
VOLATILITY SURFACE

In Chapters 6 through 9, we have used a look-up table to specify the relevant levels of
interest rate volatility. A common practice, sometimes used wisely and sometimes
not, is to use the multivariate equivalent of Chapter 5’s yield curve smoothing
techniques to create a smooth “interest rate volatility surface” for each of the three
risk factors. Risk factor values would be chosen from this smoothed surface instead
of the look-up table. This is a modest extension of the approach taken in these
examples and we leave such an extension to the reader.
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EXHIBIT 9.9 Total Volatility and Volatility for Each Risk Factor, One-Year Forward
Maturing in Year 2
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KEY IMPLICATIONS AND NOTATION OF THE HJM APPROACH

As in prior chapters, we confirm in this example that the zero-coupon bond valua-
tions are 100 percent consistent with the zero-coupon bond price inputs, ensuring
that there are no arbitrage opportunities. We now introduce the same notation first
used in Chapter 6 with slight modifications:

Δ ¼ length of time period, which is 1 in this example
r(t,st) ¼ the simple one-period risk-free interest rate as of current time t in state

st
R(t,st) ¼ 1 þ r(t,st), the total return, the value of $1 dollar invested at the risk-

free rate for 1 period
f(t,T,st) ¼ the simple one-period forward rate maturing at time T in state st as of

time t
F(t,T,st) ¼ 1 þ f(t,T,st), the return on $1 invested at the forward rate for one

period
σ1 (t,T,st) ¼ forward rate volatility due to risk factor 1, the change in the spot one-

year U.S. Treasury rate, at time t for the one-period forward rate
maturing at T in state st (a sequence of ups and downs). Because σ1 is
dependent on the spot one-year U.S. Treasury rate, the state st is very
important in determining its level.

σ2 (t,T,st) ¼ forward rate volatility due to risk factor 2, the change in the one-year
forward rate maturing in 10 years, at time t for the one-period forward
rate maturing at T in state st (a sequence of ups and downs). Because σ2
is dependent on the spot one-year U.S. Treasury rate and its volatility,
the state st is very important in determining its level.

σ3 (t,T,st) ¼ forward rate volatility due to risk factor 3, all volatility remaining after
the impacts of risk factors 1 and 2. Because σ3 is dependent on the spot
one-year U.S. Treasury rate and its volatility, the state st is very
important in determining its level.

P(t,T,st) ¼ zero-coupon bond price at time t maturing at time T in state st (i.e., up
or down).

Index(1) An indicator of the state for risk factor 1, defined later.
Index(2) An indicator of the state for risk factor 2, defined later.
Index(3) An indicator of the state for risk factor 3, defined later.
K(i,t,T,st) ¼ the weighted sum of the forward volatilities for risk factor i (either 1, 2

or 3) as of time t for the one-period forward rates from t þ Δ to T, as
shown here for i ¼ 1:

Kð1, t,T, stÞ ¼ Δ
XT�t
j¼tþΔ

σ1ðt, j, stÞ
ffiffiffiffiffi
Δ

p

For i ¼ 2 or 3, this expression has a negative sign:

Kði, t,T, stÞ ¼ �Δ
XT�t
j¼tþΔ

σiðt, j, stÞ
ffiffiffiffiffi
Δ

p
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Note that this is a slightly different definition of K than we used in Chapters 6
through 8. Note also that in Chapter 8, for i ¼ 2, we could have added a negative
sign without changing the results of our analysis. For more than three factors, the
positive sign on K for the first factor and negative signs for subsequent factors can
be confirmed using the formulas that we discuss in Chapter 10, where we use the
HJM framework for Monte Carlo simulation. As in Chapters 6 through 8, we again
use the cosh(x) expression:

CoshðxÞ ¼ 1

2
½ex þ e�x�

In the interests of saving space, we again arrange the bushy tree to look like a
table by stretching the bushy tree as follows. Note that S-1 means shift 1, S-2 means
shift 2, and so on. The “stretched” bushy tree is rearranged from the previous graph
as shown in Exhibit 9.10.

A completely populated zero-coupon bond price tree would then be summarized
like this; prices shown are for the zero-coupon bond price maturing at time T ¼ 4 at
times 0, 1, 2, and 3 (Exhibit 9.11).

EXHIBIT 9.10 Map of Sequence of States

Current Time

Row Number 0 1 2 3

1 Time 0 S-1 S-1, S-1 S-1, S-1, S-1
2 S-2 S-1, S-2 S-1, S-1, S-2
3 S-3 S-1, S-3 S-1, S-1, S-3
4 S-4 S-1, S-4 S-1, S-1, S-4
5 S-2, S-1 S-1, S-2, S-1
6 S-2, S-2 S-1, S-2, S-2
7 S-2, S-3 S-1, S-2, S-3
8 S-2, S-4 S-1, S-2, S-4
9 S-3, S-1 S-1, S-3, S-1
10 S-3, S-2 S-1, S-3, S-2
11 S-3, S-3 S-1, S-3, S-3
12 S-3, S-4 S-1, S-3, S-4
13 S-4, S-1 S-1, S-4, S-1
14 S-4, S-2 S-1, S-4, S-2
15 S-4, S-3 S-1, S-4, S-3
16 S-4, S-4 S-1, S-4, S-4
17 S-2, S-1, S-1
18 S-2, S-1, S-2
19 S-2, S-1, S-3
20 S-2, S-1, S-4
21 S-2, S-2, S-1
22 S-2, S-2, S-2
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EXHIBIT 9.10 (Continued)

Current Time

Row Number 0 1 2 3

23 S-2, S-2, S-3
24 S-2, S-2, S-4
25 S-2, S-3, S-1
26 S-2, S-3, S-2
27 S-2, S-3, S-3
28 S-2, S-3, S-4
29 S-2, S-4, S-1
30 S-2, S-4, S-2
31 S-2, S-4, S-3
32 S-2, S-4, S-4
33 S-3, S-1, S-1
34 S-3, S-1, S-2
35 S-3, S-1, S-3
36 S-3, S-1, S-4
37 S-3, S-2, S-1
38 S-3, S-2, S-2
39 S-3, S-2, S-3
40 S-3, S-2, S-4
41 S-3, S-3, S-1
42 S-3, S-3, S-2
43 S-3, S-3, S-3
44 S-3, S-3, S-4
45 S-3, S-4, S-1
46 S-3, S-4, S-2
47 S-3, S-4, S-3
48 S-3, S-4, S-4
49 S-4, S-1, S-1
50 S-4, S-1, S-2
51 S-4, S-1, S-3
52 S-4, S-1, S-4
53 S-4, S-2, S-1
54 S-4, S-2, S-2
55 S-4, S-2, S-3
56 S-4, S-2, S-4
57 S-4, S-3, S-1
58 S-4, S-3, S-2
59 S-4, S-3, S-3
60 S-4, S-3, S-4
61 S-4, S-4, S-1
62 S-4, S-4, S-2
63 S-4, S-4, S-3
64 S-4, S-4, S-4
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EXHIBIT 9.11 Four-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.9308550992 0.8945353929 0.8951939726 0.9424127368
2 0.9635638078 0.9550797882 0.9472682532
3 0.9404125772 0.9332467863 0.9508321387
4 0.9325702085 0.8986172056 0.9256048053
5 0.9461410097 0.9698937713
6 0.9829031898 0.9747412918
7 0.9780746840 0.9801122898
8 0.9691466829 0.9609579282
9 0.9579764308 0.9503806226
10 0.9627643885 0.9805996987
11 0.9680693916 0.9691821954
12 0.9372422391 0.9478524225
13 0.9524667898 0.9485398381
14 0.9572272104 0.9534269227
15 0.9625017026 0.9570139788
16 0.9318518473 0.9316226298
17 0.9601375282
18 0.9906668429
19 0.9791321239
20 0.9575833729
21 0.9784392385
22 0.9944994413
23 0.9923910646
24 0.9881386595
25 0.9744393509
26 1.0037479721
27 0.9974134983
28 0.9787812762
29 0.9825458738
30 0.9874566295
31 0.9928976912
32 0.9734934642
33 0.9777040612
34 0.9825906175
35 0.9880048666
36 0.9686962602
37 0.9777040612
38 0.9825906175
39 0.9880048666
40 0.9686962602
41 0.9649211970
42 0.9939435367
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In order to populate the trees with zero-coupon bond prices and forward rates,
we again need to select the pseudo-probabilities.

PSEUDO-PROBABILITIES

We set the pseudo-probabilities in a manner consistent with Jarrow (2002), Chapter
7. Without loss of generality, we set the probability of shift 1 to one-eighth, the
probability of shift 2 to one-eighth, the probability of shift 3 to one-fourth, and
the probability of shift 4 to one-half. The no-arbitrage restrictions that stem from this
set of pseudo-probabilities are given in a later section. We now demonstrate how to
construct the bushy tree and use it for risk-neutral valuation.

The Formula for Zero-Coupon Bond Price Shifts
with Three Risk Factors

Like the two-risk factor case, with three risk factors it is convenient to calculate the
forward rates first and then derive zero-coupon bond prices from them. We do this

EXHIBIT 9.11 (Continued)

Current Time

Row Number 0 1 2 3

43 0.9876709370
44 0.9692207112
45 0.9568733730
46 0.9872988979
47 0.9758033932
48 0.9543279009
49 0.9661716333
50 0.9968928133
51 0.9852856029
52 0.9636014261
53 0.9748191606
54 0.9796912981
55 0.9850895715
56 0.9658379388
57 0.9748191606
58 0.9796912981
59 0.9850895715
60 0.9658379388
61 0.9568821144
62 0.9778172454
63 0.9734710878
64 0.9521725485
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using slightly modified versions (developed with Jarrow) of equations 15.40 and
15.42 in Jarrow (2002, 297). We use this equation for the shift in forward rates:

Fðt þΔ,T, stþΔÞ ¼ Fðt,T, stÞe½μðt,T, stÞ�Δ2

3 eΔ½Indexð1Þσ1ðt,T, stÞ
ffiffiffi
Δ

p
þIndexð2Þ ffiffi2p σ2ðt,T, stÞ

ffiffiffi
Δ

p
þIndexð3Þ2σ3ðt,T, stÞ

ffiffiffi
Δ

p
�

ð9:1Þ

where when T ¼ t þ Δ, the expression μ becomes

μðt,TÞ ¼ 1

Δ2
log

1

2
e½Kð1, t, tþΔÞ�

�
1

2
e½Kð2, t, tþΔÞ

ffiffi
2

p �cosh
�
2Kð3, t, t þΔÞ

��

þ 1

2
e�½Kð2, t, tþΔÞ

ffiffi
2

p
�
�
þ 1

2
e�½Kð1, t, tþΔÞ�

�

We use this expression to evaluate equation (9.1) when T . t þ Δ:

μðt,TÞ ¼ 1

Δ2
log

1

2
e½Kð1, t, tþΔÞ�

�
1

2
e½Kð2, t, tþΔÞ

ffiffi
2

p
�cosh
�
2Kð3, t, t þΔÞ

��

þ 1

2
e�½Kð2, t, tþΔÞ

ffiffi
2

p
�
�
þ 1

2
e�½Kð1, t, tþΔÞ�

�
�
XT�Δ
j¼tþΔ

μðt, jÞ

The values for the pseudo-probabilities plus Index(1), Index(2), and Index(3)
are set as follows:

Type of Shift Pseudo-Probability Index(1) Index(2) Index(3)

Shift 1 12.50% –1 1 1
Shift 2 12.50% –1 1 –1
Shift 3 23.00% –1 –1 0
Shift 4 50.00% 1 0 0

Building the Bushy Tree for Zero-Coupon Bonds Maturing
at Time T ¼ 2

We now populate the bushy tree for the two-year, zero-coupon bond. We calculate
each element of equation (9.1). Note that, even as the bushy tree grows more com-
plex, accuracy of valuation to 10 decimal places in common spreadsheet software is
maintained. When t ¼ 0 and T ¼ 2, we know Δ ¼ 1 and

Pð0, 2, stÞ ¼ 0:9841101497
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The one-period risk-free rate is again

Rð0, stÞ ¼ 1=Pð0, 1, stÞ ¼ 1=0:997005786 ¼ 1:003003206

The one-period spot rate for U.S. Treasuries is r(0,st) ¼ R(0,st) � 1 ¼ 0.3003206
percent. At this level of the spot rate for U.S. Treasuries, volatilities for risk factors 1, 2,
and 3 are selected from data group 3 in the previous look-up table. The volatilities for
risk factor 1 for the one-year forward rates maturing in years 2, 3, and 4 are
0.000492746, 0.000313424, and 0.00016918. The volatilities for risk factor 2 for the
one-year forward rates maturing in years 2, 3, and 4 are 0.001146096, 0.001545761,
and 0.00185028. Finally, the volatilities for risk factor 3 are also taken from the
appropriate risk factor table for data group 3: 0.003633719, 0.00651351, and
0.008436331.

The scaled sum of sigmas K(1,t,T,st) for t ¼ 0 and T ¼ 2 becomes

Kð1, t, T, stÞ ¼ Δ
XT�Δ
j¼tþΔ

σ1ðt, j, stÞ
ffiffiffiffiffi
Δ

p
¼ Δ
X1
j¼1

σ1ð0, j, stÞ
ffiffiffiffiffi
Δ

p

and, therefore,

Kð1, 0,T, stÞ ¼ ð
ffiffiffi
1

p
Þð0:000492746Þ ¼ 0:000492746

Similarly, remembering the minus sign,

Kð2, 0,T, stÞ ¼ �0:001146096

and

Kð3, 0,T, stÞ ¼ �0:003633719
We also can calculate that

μðt, t þΔÞ ¼ 0:0000073730

Using equation (9.1) with these inputs and the fact that the variable Index(1) ¼ �1,
Index(2) ¼ 1, and Index(3) ¼ 1 for shift 1 gives us the forward returns for shift 1 of
1.021652722. For shifts 2, 3, and 4, the values of the three index variables change.
Using these new index values, the forward returns in shifts 2, 3, and 4 are 1.006910523,
1.010972304, and 1.013610654. Note that the forward rates (as opposed to forward
returns) are equal to these values minus 1. From the forward returns, we calculate the
zero-coupon bond prices:

Pð1, 2, st ¼ shift 1Þ ¼ 0:9788061814 ¼ 1=Fð1, 2, st ¼ shift 1Þ
Pð1, 2, st ¼ shift 2Þ ¼ 0:9931369048 ¼ 1=Fð1, 2, st ¼ shift 2Þ
Pð1, 2, st ¼ shift 3Þ ¼ 0:9891467808 ¼ 1=Fð1, 2, st ¼ shift 3Þ
Pð1, 2, st ¼ shift 4Þ ¼ 0:9865721079 ¼ 1=Fð1, 2, st ¼ shift 4Þ
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We have fully populated the bushy tree for the zero-coupon bond maturing at
T ¼ 2), since all of the four shifts at time t ¼ 2 result in a riskless payoff of the zero-
coupon bond at its face value of 1.

Two-Year, Zero-Coupon Bond Price

Row Number 0 1 2

1 0.9841101497 0.9788061814 1
2 0.9931369048 1
3 0.9891467808 1
4 0.9865721079 1

Building the Bushy Tree for Zero-Coupon Bonds Maturing
at Time T ¼ 3

For the zero-coupon bonds and one-period forward returns (which equal 1 plus the
forward rate) maturing at time T ¼ 3, we use the same volatilities listed above for
risk factors 1, 2, and 3 to calculate:

Kð1, 0, 3, stÞ ¼ 0:000806170

Remembering the minus sign for risk factors 2 and 3 gives us

Kð2, 0, 3, stÞ ¼ �0:002691857
Kð3, 0, 3, stÞ ¼ �0:01047229

μðt,TÞ ¼ 0:0000479070

The resulting forward returns for shifts 1, 2, 3, and 4 are 1.038505795,
1.011797959, 1.020593023, and 1.023467874. Zero-coupon bond prices are cal-
culated from the one-period forward returns, so

Pð1, 3, st ¼ shift 1 shift 1Þ ¼ 1=½Fð1, 2, st ¼ shift 1ÞFð1, 3, st ¼ shift 1Þ�

The zero-coupon bond prices for maturity in time T ¼ 3 for the four shifts are
0.9425139335, 0.9815565410, 0.9691882649, and 0.9639502449. We have now
populated the second column of the zero-coupon bond price table for the zero-
coupon bond maturing at T ¼ 3 (Exhibit 9.12).

Building the Bushy Tree for Zero-Coupon Bonds Maturing
at Time T ¼ 4

We now populate the bushy tree for the zero-coupon bond maturing at T ¼ 4. Using
the same volatilities as before, we find that

Kð1, 0, 4, stÞ ¼ 0:000975351
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Again, remembering the minus sign, we calculate

Kð2, 0, 4, stÞ ¼ �0:004542136
Kð3, 0, 4, stÞ ¼ �0:018583560

μðt,TÞ ¼ 0:0001272605

Using equation (9.1) with the correct values for Index(1), Index(2), and Index(3)
leads to the following forward returns for shifts 1, 2, 3, and 4: 1.0536351507,
1.0186731103, 1.0305990034, and 1.0336489801. The zero-coupon bond price for
shift 1 is calculated as follows:

Pð1, 4, st ¼ shift 1Þ ¼ 1=½Fð1, 2, st ¼ shift 1ÞFð1, 3, st ¼ shift 1ÞFð1, 4, st ¼ shift 1Þ�

A similar calculation gives us the zero-coupon bond prices for all four shifts 1, 2,
3, and 4: 0.8945353929, 0.9635638078, 0.9404125772, and 0.9325702085.

We have now populated the column labeled 1 for T ¼ 1 for the zero-coupon
bond price maturing at time T ¼ 4 (Exhibit 9.13).

Now we move to the third column, which displays the outcome of the T ¼ 4
zero-coupon bond price after 16 scenarios: shift 1 followed by shifts 1, 2, 3, or 4; shift
2 followed by shifts 1, 2, 3, or 4 and so on. We calculate P(2,4,st ¼ shift 1), P(2,4,
st ¼ shift 2), P(2,4,st ¼ shift 3), and P(2,4,st ¼ shift 4) after the initial state of shift 2

EXHIBIT 9.12 Three-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.9618922376 0.9425139335 0.9556681147 1
2 0.9815565410 0.9860553163 1
3 0.9691882649 0.9745742911 1
4 0.9639502449 0.9531258489 1
5 0.9779990715 1
6 0.9940520493 1
7 0.9919446211 1
8 0.9876941290 1
9 0.9811450109 1
10 0.9860487650 1
11 0.9914820691 1
12 0.9721055077 1
13 0.9783890415 1
14 0.9832790213 1
15 0.9886970636 1
16 0.9693749296 1
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EXHIBIT 9.13 Four-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2 3

1 0.9308550992 0.8945353929 0.8951939726 0.9424127368
2 0.9635638078 0.9550797882 0.9472682532
3 0.9404125772 0.9332467863 0.9508321387
4 0.9325702085 0.8986172056 0.9256048053
5 0.9461410097 0.9698937713
6 0.9829031898 0.9747412918
7 0.9780746840 0.9801122898
8 0.9691466829 0.9609579282
9 0.9579764308 0.9503806226
10 0.9627643885 0.9805996987
11 0.9680693916 0.9691821954
12 0.9372422391 0.9478524225
13 0.9524667898 0.9485398381
14 0.9572272104 0.9534269227
15 0.9625017026 0.9570139788
16 0.9318518473 0.9316226298
17 0.9601375282
18 0.9906668429
19 0.9791321239
20 0.9575833729
21 0.9784392385
22 0.9944994413
23 0.9923910646
24 0.9881386595
25 0.9744393509
26 1.0037479721
27 0.9974134983
28 0.9787812762
29 0.9825458738
30 0.9874566295
31 0.9928976912
32 0.9734934642
33 0.9777040612
34 0.9825906175
35 0.9880048666
36 0.9686962602
37 0.9777040612
38 0.9825906175
39 0.9880048666
40 0.9686962602
41 0.9649211970
42 0.9939435367
43 0.9876709370
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as follows. After a shift ¼ shift 2, the prevailing one-period, zero-coupon bond price
at time t ¼ 1 is 0.9931369048, which implies a one-period (one-year) U.S. Treasury
spot rate of 0.0069105228 (i.e., 69 basis points). This is data group 4. When t ¼ 1,
T ¼ 4, and Δ ¼ 1 then the volatilities for the two remaining one-period forward
rates that are relevant are taken from the look-up table for data group 4 for risk
factor 1: 0.0006425743 and 0.0004087264. For risk factor 2, the volatilities for the
two remaining one-period forward rates are also chosen from data group 4:
0.0021277322, and 0.0028697122. Finally, the volatilities for risk factor 3 are also
taken from data group 4: 0.0040702120 and 0.0054595415.

At time 1 in the shift 2 state, the zero-coupon bond prices for maturities at T ¼ 2,
3, and 4 are 0.9931369048, 0.9815565410, and 0.9635638078. We make the
intermediate calculations as above for the zero-coupon bond maturing at T ¼ 4:

Kð1, 1, 4, stÞ ¼ 0:0010573007

As before, remembering the minus sign,

Kð2, 1, 4, stÞ ¼ �0:0049974444
Kð3, 1, 4, stÞ ¼ �0:0095297535

μðt,TÞ ¼ 0:0000474532

EXHIBIT 9.13 (Continued)

Current Time

Row Number 0 1 2 3

44 0.9692207112
45 0.9568733730
46 0.9872988979
47 0.9758033932
48 0.9543279009
49 0.9661716333
50 0.9968928133
51 0.9852856029
52 0.9636014261
53 0.9748191606
54 0.9796912981
55 0.9850895715
56 0.9658379388
57 0.9748191606
58 0.9796912981
59 0.9850895715
60 0.9658379388
61 0.9568821144
62 0.9778172454
63 0.9734710878
64 0.9521725485
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We can calculate the values of the one-period forward return maturing at time
T ¼ 4 in shifts 1, 2, 3, and 4 as follows: 1.0336715790, 1.0113427849,
1.0141808568, and 1.0191379141. Similarly, using the appropriate intermediate
calculations, we can calculate the forward returns for maturity at T ¼ 3:
1.0224958583, 1.0059835405, 1.0081207950, and 1.0124591923. Since

Pð2,4, st ¼ shift 2 shift 1Þ
¼ 1=½Fð1,3, st ¼ shift 2 shift 1ÞFð1,4, st ¼ shift 2 shift 1Þ�

the zero-coupon bond prices for maturity at T ¼ 4 after an initial shift 2 for sub-
sequent shifts 1, 2, 3, and 4 are as follows:

0:9461410097

0:9829031898

0:9780746840

0:9691466829

We have correctly populated the fifth, sixth, seventh, and eighth rows of column
3 (t ¼ 2) of the bushy tree above for the zero-coupon bond maturing at T ¼ 4 (note
values have been rounded for display only). The remaining calculations are left to the
reader.

If we combine all of these tables, we can create a consolidated table of the term
structure of zero-coupon bond prices in each scenario as in examples one, two, and
three (Exhibit 9.14).

At any point in time t, the continuously compounded yield to maturity at time T
can be calculated as y(T � t)¼ �ln[P(t,T)]/(T � t). Note that we have one incidence
of negative rates (in state 46, shaded) on this bushy tree. This can be corrected by
overriding the spike in volatility we discussed above in the data group for the one-
year spot U.S. Treasury rate levels between 0.75 percent and 1.00 percent. Note that
yield curve shifts are much more complex than in the three prior examples using one
and two risk factors (Exhibit 9.15).

We can graph yield curve movements as shown next at time t ¼ 1. We plot
the original spot Treasury yield curve and then shifted yield curves for shifts 1, 2,
3, and 4. These shifts are relative to the one-period forward rates prevailing at
time zero for maturity at times T ¼ 2, 3, and 4. Because these one-period forward
rates were much higher than yields as of time t ¼ 0, all four shifts produce yields
higher than time zero yields with the exception of one yield for maturity at T ¼ 4
(Exhibit 9.16).

When we add 16 yield curves prevailing at time t ¼ 3 and 64 single-point yield
curves prevailing at time t ¼ 4, two things are very clear. First, yield curve move-
ments in a three-factor model are much more complex and much more realistic than
what we saw in the one-factor and two-factor examples. Second, in the low-yield
environment prevailing as of March 31, 2011, no arbitrage yield curve simulation
shows “there is nowhere to go but up” from a yield curve perspective, with just a few
exceptions (Exhibit 9.17).

Finally, we can display the one-year U.S. Treasury spot rates and the associated
term structure of one-year forward rates in each scenario (Exhibit 9.18).
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EXHIBIT 9.14 Zero-Coupon Bond Prices

Periods to Maturity

State Name
State

Number 1 2 3 4

Time 0 0 0.9970057865 0.9841101497 0.9618922376 0.9308550992
Time 1 S-1 1 0.9788061814 0.9425139335 0.8945353929
Time 1 S-2 2 0.9931369048 0.9815565410 0.9635638078
Time 1 S-3 3 0.9891467808 0.9691882649 0.9404125772
Time 1 S-4 4 0.9865721079 0.9639502449 0.9325702085
Time 2 S-1, S-1 5 0.9556681147 0.8951939726
Time 2 S-1, S-2 6 0.9860553163 0.9550797882
Time 2 S-1, S-3 7 0.9745742911 0.9332467863
Time 2 S-1, S-4 8 0.9531258489 0.8986172056
Time 2 S-2, S-1 9 0.9779990715 0.9461410097
Time 2 S-2, S-2 10 0.9940520493 0.9829031898
Time 2 S-2, S-3 11 0.9919446211 0.9780746840
Time 2 S-2, S-4 12 0.9876941290 0.9691466829
Time 2 S-3, S-1 13 0.9811450109 0.9579764308
Time 2 S-3, S-2 14 0.9860487650 0.9627643885
Time 2 S-3, S-3 15 0.9914820691 0.9680693916
Time 2 S-3, S-4 16 0.9721055077 0.9372422391
Time 2 S-4, S-1 17 0.9783890415 0.9524667898
Time 2 S-4, S-2 18 0.9832790213 0.9572272104
Time 2 S-4, S-3 19 0.9886970636 0.9625017026
Time 2 S-4, S-4 20 0.9693749296 0.9318518473
Time 3 S-1, S-1, S-1 21 0.9424127368
Time 3 S-1, S-1, S-2 22 0.9472682532
Time 3 S-1, S-1, S-3 23 0.9508321387
Time 3 S-1, S-1, S-4 24 0.9256048053
Time 3 S-1, S-2, S-1 25 0.9698937713
Time 3 S-1, S-2, S-2 26 0.9747412918
Time 3 S-1, S-2, S-3 27 0.9801122898
Time 3 S-1, S-2, S-4 28 0.9609579282
Time 3 S-1, S-3, S-1 29 0.9503806226
Time 3 S-1, S-3, S-2 30 0.9805996987
Time 3 S-1, S-3, S-3 31 0.9691821954
Time 3 S-1, S-3, S-4 32 0.9478524225
Time 3 S-1, S-4, S-1 33 0.9485398381
Time 3 S-1, S-4, S-2 34 0.9534269227
Time 3 S-1, S-4, S-3 35 0.9570139788
Time 3 S-1, S-4, S-4 36 0.9316226298
Time 3 S-2, S-1, S-1 37 0.9601375282
Time 3 S-2, S-1, S-2 38 0.9906668429
Time 3 S-2, S-1, S-3 39 0.9791321239
Time 3 S-2, S-1, S-4 40 0.9575833729
Time 3 S-2, S-2, S-1 41 0.9784392385

(Continued)
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EXHIBIT 9.14 (Continued)

Periods to Maturity

State Name
State

Number 1 2 3 4

Time 3 S-2, S-2, S-2 42 0.9944994413
Time 3 S-2, S-2, S-3 43 0.9923910646
Time 3 S-2, S-2, S-4 44 0.9881386595
Time 3 S-2, S-3, S-1 45 0.9744393509
Time 3 S-2, S-3, S-2 46 1.0037479721
Time 3 S-2, S-3, S-3 47 0.9974134983
Time 3 S-2, S-3, S-4 48 0.9787812762
Time 3 S-2, S-4, S-1 49 0.9825458738
Time 3 S-2, S-4, S-2 50 0.9874566295
Time 3 S-2, S-4, S-3 51 0.9928976912
Time 3 S-2, S-4, S-4 52 0.9734934642
Time 3 S-3, S-1, S-1 53 0.9777040612
Time 3 S-3, S-1, S-2 54 0.9825906175
Time 3 S-3, S-1, S-3 55 0.9880048666
Time 3 S-3, S-1, S-4 56 0.9686962602
Time 3 S-3, S-2, S-1 57 0.9777040612
Time 3 S-3, S-2, S-2 58 0.9825906175
Time 3 S-3, S-2, S-3 59 0.9880048666
Time 3 S-3, S-2, S-4 60 0.9686962602
Time 3 S-3, S-3, S-1 61 0.9649211970
Time 3 S-3, S-3, S-2 62 0.9939435367
Time 3 S-3, S-3, S-3 63 0.9876709370
Time 3 S-3, S-3, S-4 64 0.9692207112
Time 3 S-3, S-4, S-1 65 0.9568733730
Time 3 S-3, S-4, S-2 66 0.9872988979
Time 3 S-3, S-4, S-3 67 0.9758033932
Time 3 S-3, S-4, S-4 68 0.9543279009
Time 3 S-4, S-1, S-1 69 0.9661716333
Time 3 S-4, S-1, S-2 70 0.9968928133
Time 3 S-4, S-1, S-3 71 0.9852856029
Time 3 S-4, S-1, S-4 72 0.9636014261
Time 3 S-4, S-2, S-1 73 0.9748191606
Time 3 S-4, S-2, S-2 74 0.9796912981
Time 3 S-4, S-2, S-3 75 0.9850895715
Time 3 S-4, S-2, S-4 76 0.9658379388
Time 3 S-4, S-3, S-1 77 0.9748191606
Time 3 S-4, S-3, S-2 78 0.9796912981
Time 3 S-4, S-3, S-3 79 0.9850895715
Time 3 S-4, S-3, S-4 80 0.9658379388
Time 3 S-4, S-4, S-1 81 0.9568821144
Time 3 S-4, S-4, S-2 82 0.9778172454
Time 3 S-4, S-4, S-3 83 0.9734710878
Time 3 S-4, S-4, S-4 84 0.9521725485
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EXHIBIT 9.15 Continuously Compounded Zero Yields

Periods to Maturity

State Name State Number 1 2 3 4

Time 0 0 0.2999% 0.8009% 1.2951% 1.7913%
Time 1 S-1 1 2.1422% 2.9602% 3.7150%
Time 1 S-2 2 0.6887% 0.9308% 1.2372%
Time 1 S-3 3 1.0913% 1.5648% 2.0479%
Time 1 S-4 4 1.3519% 1.8358% 2.3270%
Time 2 S-1, S-1 5 4.5345% 5.5357%
Time 2 S-1, S-2 6 1.4043% 2.2980%
Time 2 S-1, S-3 7 2.5755% 3.4543%
Time 2 S-1, S-4 8 4.8008% 5.3449%
Time 2 S-2, S-1 9 2.2247% 2.7682%
Time 2 S-2, S-2 10 0.5966% 0.8622%
Time 2 S-2, S-3 11 0.8088% 1.1085%
Time 2 S-2, S-4 12 1.2382% 1.5670%
Time 2 S-3, S-1 13 1.9035% 2.1466%
Time 2 S-3, S-2 14 1.4049% 1.8973%
Time 2 S-3, S-3 15 0.8554% 1.6226%
Time 2 S-3, S-4 16 2.8291% 3.2407%
Time 2 S-4, S-1 17 2.1848% 2.4350%
Time 2 S-4, S-2 18 1.6862% 2.1857%
Time 2 S-4, S-3 19 1.1367% 1.9110%
Time 2 S-4, S-4 20 3.1104% 3.5291%
Time 3 S-1, S-1, S-1 21 5.9312%
Time 3 S-1, S-1, S-2 22 5.4173%
Time 3 S-1, S-1, S-3 23 5.0418%
Time 3 S-1, S-1, S-4 24 7.7308%
Time 3 S-1, S-2, S-1 25 3.0569%
Time 3 S-1, S-2, S-2 26 2.5583%
Time 3 S-1, S-2, S-3 27 2.0088%
Time 3 S-1, S-2, S-4 28 3.9825%
Time 3 S-1, S-3, S-1 29 5.0893%
Time 3 S-1, S-3, S-2 30 1.9591%
Time 3 S-1, S-3, S-3 31 3.1303%
Time 3 S-1, S-3, S-4 32 5.3556%
Time 3 S-1, S-4, S-1 33 5.2831%
Time 3 S-1, S-4, S-2 34 4.7692%
Time 3 S-1, S-4, S-3 35 4.3937%
Time 3 S-1, S-4, S-4 36 7.0827%
Time 3 S-2, S-1, S-1 37 4.0679%
Time 3 S-2, S-1, S-2 38 0.9377%
Time 3 S-2, S-1, S-3 39 2.1089%
Time 3 S-2, S-1, S-4 40 4.3342%

(Continued)
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EXHIBIT 9.15 (Continued)

Periods to Maturity

State Name State Number 1 2 3 4

Time 3 S-2, S-2, S-1 41 2.1797%
Time 3 S-2, S-2, S-2 42 0.5516%
Time 3 S-2, S-2, S-3 43 0.7638%
Time 3 S-2, S-2, S-4 44 1.1932%
Time 3 S-2, S-3, S-1 45 2.5893%
Time 3 S-2, S-3, S-2 46 �0.3741%
Time 3 S-2, S-3, S-3 47 0.2590%
Time 3 S-2, S-3, S-4 48 2.1447%
Time 3 S-2, S-4, S-1 49 1.7608%
Time 3 S-2, S-4, S-2 50 1.2623%
Time 3 S-2, S-4, S-3 51 0.7128%
Time 3 S-2, S-4, S-4 52 2.6864%
Time 3 S-3, S-1, S-1 53 2.2548%
Time 3 S-3, S-1, S-2 54 1.7563%
Time 3 S-3, S-1, S-3 55 1.2068%
Time 3 S-3, S-1, S-4 56 3.1804%
Time 3 S-3, S-2, S-1 57 2.2548%
Time 3 S-3, S-2, S-2 58 1.7563%
Time 3 S-3, S-2, S-3 59 1.2068%
Time 3 S-3, S-2, S-4 60 3.1804%
Time 3 S-3, S-3, S-1 61 3.5709%
Time 3 S-3, S-3, S-2 62 0.6075%
Time 3 S-3, S-3, S-3 63 1.2406%
Time 3 S-3, S-3, S-4 64 3.1263%
Time 3 S-3, S-4, S-1 65 4.4084%
Time 3 S-3, S-4, S-2 66 1.2782%
Time 3 S-3, S-4, S-3 67 2.4494%
Time 3 S-3, S-4, S-4 68 4.6748%
Time 3 S-4, S-1, S-1 69 3.4414%
Time 3 S-4, S-1, S-2 70 0.3112%
Time 3 S-4, S-1, S-3 71 1.4824%
Time 3 S-4, S-1, S-4 72 3.7078%
Time 3 S-4, S-2, S-1 73 2.5503%
Time 3 S-4, S-2, S-2 74 2.0518%
Time 3 S-4, S-2, S-3 75 1.5023%
Time 3 S-4, S-2, S-4 76 3.4759%
Time 3 S-4, S-3, S-1 77 2.5503%
Time 3 S-4, S-3, S-2 78 2.0518%
Time 3 S-4, S-3, S-3 79 1.5023%
Time 3 S-4, S-3, S-4 80 3.4759%
Time 3 S-4, S-4, S-1 81 4.4075%
Time 3 S-4, S-4, S-2 82 2.2432%
Time 3 S-4, S-4, S-3 83 2.6887%
Time 3 S-4, S-4, S-4 84 4.9009%
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VALUATION IN THE HJM FRAMEWORK

Jarrow, as quoted in Chapter 6, described valuation as the expected value of cash
flows using the risk-neutral probabilities. Note that column 1 denotes the riskless 1
period interest rate in each scenario. For the state number 84 (three consecutive shift
4s), cash flows at time T ¼ 4 would be discounted by the one-year spot rates at time
t ¼ 0, by the one-year spot rate at time t ¼ 1 in state 4 (i.e., shift 4), by the one-year
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EXHIBIT 9.16 Kamakura Corporation, HJM Zero-Coupon Yield Curve Movements, Three-
Factor Empirical Volatilities, 1962–2011
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EXHIBIT 9.18 Spot Rate Process

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%
S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%
S-3, S-3, S-4 44 3.1757%
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spot rate in state 20 (shift 4 shift 4) at time t¼ 2, and by the one-year spot rate at time
t ¼ 3 in state 84 (shift 4 shift 4 shift 4). The discount factor is

Discount factorð0, 4, shift 4-shift 4-shift 4Þ
¼ 1=ð1:003003Þð1:013519Þð1:031104Þð1:049009Þ

These discount factors are displayed here for each potential cash flow date
(Exhibit 9.19).

When taking expected values, we can calculate the probability of each scenario
coming about since the probabilities of shifts 1, 2, 3, and 4 are one-eighth, one-
eighth, one-fourth, and one-half (Exhibit 9.20).

It is again convenient to calculate the probability-weighted discount factors for
use in calculating the expected present value of cash flows. The values shown are
simply the probability of occurrence of that scenario times the corresponding dis-
count factor (Exhibit 9.21).

We now use the HJM bushy trees we have generated to value representative
securities.

VALUATION OF A ZERO-COUPON BOND MATURING AT TIME T ¼ 4

A riskless zero-coupon bond pays $1 in each of the 64 nodes of the bushy tree that
prevail at time T ¼ 4. Its present value is simply the sum of the probability-weighted

EXHIBIT 9.18 (Continued)

State Row Number 0 1 2 3

S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%
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EXHIBIT 9.19 Discount Factors Process

Current Time

Row Number 0 1 2 3 4

1 1 0.9970057865 0.9758754267 0.9326130292 0.8789063973
2 0.9970057865 0.9758754267 0.9326130292 0.8834347151
3 0.9970057865 0.9758754267 0.9326130292 0.8867584412
4 0.9970057865 0.9758754267 0.9326130292 0.8632311013
5 0.9901632408 0.9622671525 0.9332969176
6 0.9901632408 0.9622671525 0.9379615274
7 0.9901632408 0.9622671525 0.9431298622
8 0.9901632408 0.9622671525 0.9246982493
9 0.9861850641 0.9510631021 0.9038719431
10 0.9861850641 0.9510631021 0.9326121914
11 0.9861850641 0.9510631021 0.9217534253
12 0.9861850641 0.9510631021 0.9014674653
13 0.9836181004 0.9301320945 0.8822673463
14 0.9836181004 0.9301320945 0.8868129805
15 0.9836181004 0.9301320945 0.8901494165
16 0.9836181004 0.9301320945 0.8665321079
17 0.9683787302 0.9297767604
18 0.9683787302 0.9593406994
19 0.9683787302 0.9481707228
20 0.9683787302 0.9273033706
21 0.9842737987 0.9630521061
22 0.9842737987 0.9788597428
23 0.9842737987 0.9767845229
24 0.9842737987 0.9725989919
25 0.9821871007 0.9570817609
26 0.9821871007 0.9858683106
27 0.9821871007 0.9796466721
28 0.9821871007 0.9613463439
29 0.9779784197 0.9609086610
30 0.9779784197 0.9657112740
31 0.9779784197 0.9710325149
32 0.9779784197 0.9520555997
33 0.9675905555 0.9460172157
34 0.9675905555 0.9507454014
35 0.9675905555 0.9559841777
36 0.9675905555 0.9373013525
37 0.9724265646 0.9507454014
38 0.9724265646 0.9554972185
39 0.9724265646 0.9607621782
40 0.9724265646 0.9419859764
41 0.9777848079 0.9434852873
42 0.9777848079 0.9718628902
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EXHIBIT 9.19 (Continued)

Current Time

Row Number 0 1 2 3 4

43 0.9777848079 0.9657296374
44 0.9777848079 0.9476892869
45 0.9586759325 0.9173314731
46 0.9586759325 0.9464996916
47 0.9586759325 0.9354792279
48 0.9586759325 0.9148911903
49 0.9623611704 0.9298060639
50 0.9623611704 0.9593709346
51 0.9623611704 0.9482006060
52 0.9623611704 0.9273325962
53 0.9671710430 0.9428168643
54 0.9671710430 0.9475290547
55 0.9671710430 0.9527501083
56 0.9671710430 0.9341304867
57 0.9725003275 0.9480119529
58 0.9725003275 0.9527501083
59 0.9725003275 0.9579999309
60 0.9725003275 0.9392777118
61 0.9534947268 0.9123820502
62 0.9534947268 0.9323435872
63 0.9534947268 0.9281995489
64 0.9534947268 0.9078915040

EXHIBIT 9.20 Probability of Each State

Current Time

Row Number 0 1 2 3 4

1 100.0000% 12.5000% 1.562500% 0.1953% 0.1953%
2 12.5000% 1.562500% 0.1953% 0.1953%
3 25.0000% 3.125000% 0.3906% 0.3906%
4 50.0000% 6.250000% 0.7813% 0.7813%
5 1.562500% 0.1953% 0.1953%
6 1.562500% 0.1953% 0.1953%
7 3.125000% 0.3906% 0.3906%
8 6.250000% 0.7813% 0.7813%
9 3.125000% 0.3906% 0.3906%
10 3.125000% 0.3906% 0.3906%
11 6.250000% 0.7813% 0.7813%

(Continued)
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EXHIBIT 9.20 (Continued)

Current Time

Row Number 0 1 2 3 4

12 12.500000% 1.5625% 1.5625%
13 6.250000% 0.7813% 0.7813%
14 6.250000% 0.7813% 0.7813%
15 12.500000% 1.5625% 1.5625%
16 25.000000% 3.1250% 3.1250%
17 0.1953% 0.1953%
18 0.1953% 0.1953%
19 0.3906% 0.3906%
20 0.7813% 0.7813%
21 0.1953% 0.1953%
22 0.1953% 0.1953%
23 0.3906% 0.3906%
24 0.7813% 0.7813%
25 0.3906% 0.3906%
26 0.3906% 0.3906%
27 0.7813% 0.7813%
28 1.5625% 1.5625%
29 0.7813% 0.7813%
30 0.7813% 0.7813%
31 1.5625% 1.5625%
32 3.1250% 3.1250%
33 0.3906% 0.3906%
34 0.3906% 0.3906%
35 0.7813% 0.7813%
36 1.5625% 1.5625%
37 0.3906% 0.3906%
38 0.3906% 0.3906%
39 0.7813% 0.7813%
40 1.5625% 1.5625%
41 0.7813% 0.7813%
42 0.7813% 0.7813%
43 1.5625% 1.5625%
44 3.1250% 3.1250%
45 1.5625% 1.5625%
46 1.5625% 1.5625%
47 3.1250% 3.1250%
48 6.2500% 6.2500%
49 0.7813% 0.7813%
50 0.7813% 0.7813%
51 1.5625% 1.5625%
52 3.1250% 3.1250%
53 0.7813% 0.7813%
54 0.7813% 0.7813%
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EXHIBIT 9.20 (Continued)

Current Time

Row Number 0 1 2 3 4

55 1.5625% 1.5625%
56 3.1250% 3.1250%
57 1.5625% 1.5625%
58 1.5625% 1.5625%
59 3.1250% 3.1250%
60 6.2500% 6.2500%
61 3.1250% 3.1250%
62 3.1250% 3.1250%
63 6.2500% 6.2500%
64 12.5000% 12.5000%
Total 100.0000% 100.0000% 100.0000% 100.0000% 100.0000%

EXHIBIT 9.21 Probability-Weighted Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1 0.1246257233 0.0152480535 0.0018215098 0.0017166141
2 0.1246257233 0.0152480535 0.0018215098 0.0017254584
3 0.2492514466 0.0304961071 0.0036430196 0.0034639002
4 0.4985028932 0.0609922142 0.0072860393 0.0067439930
5 0.0154713006 0.0018794280 0.0018228455
6 0.0154713006 0.0018794280 0.0018319561
7 0.0309426013 0.0037588561 0.0036841010
8 0.0618852026 0.0075177121 0.0072242051
9 0.0308182833 0.0037150902 0.0035307498
10 0.0308182833 0.0037150902 0.0036430164
11 0.0616365665 0.0074301805 0.0072011986
12 0.1232731330 0.0148603610 0.0140854291
13 0.0614761313 0.0072666570 0.0068927136
14 0.0614761313 0.0072666570 0.0069282264
15 0.1229522625 0.0145333140 0.0139085846
16 0.2459045251 0.0290666280 0.0270791284
17 0.0018913647 0.0018159702
18 0.0018913647 0.0018737123
19 0.0037827294 0.0037037919
20 0.0075654588 0.0072445576
21 0.0019224098 0.0018809611
22 0.0019224098 0.0019118354
23 0.0038448195 0.0038155645

(Continued)
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EXHIBIT 9.21 (Continued)

Current Time

Row Number 0 1 2 3 4

24 0.0076896391 0.0075984296
25 0.0038366684 0.0037386006
26 0.0038366684 0.0038510481
27 0.0076733367 0.0076534896
28 0.0153466734 0.0150210366
29 0.0076404564 0.0075070989
30 0.0076404564 0.0075446193
31 0.0152809128 0.0151723830
32 0.0305618256 0.0297517375
33 0.0037796506 0.0036953797
34 0.0037796506 0.0037138492
35 0.0075593012 0.0074686264
36 0.0151186024 0.0146453336
37 0.0037985413 0.0037138492
38 0.0037985413 0.0037324110
39 0.0075970825 0.0075059545
40 0.0151941651 0.0147185309
41 0.0076389438 0.0073709788
42 0.0076389438 0.0075926788
43 0.0152778876 0.0150895256
44 0.0305557752 0.0296152902
45 0.0149793114 0.0143333043
46 0.0149793114 0.0147890577
47 0.0299586229 0.0292337259
48 0.0599172458 0.0571806994
49 0.0075184466 0.0072641099
50 0.0075184466 0.0074950854
51 0.0150368933 0.0148156345
52 0.0300737866 0.0289791436
53 0.0075560238 0.0073657568
54 0.0075560238 0.0074025707
55 0.0151120475 0.0148867204
56 0.0302240951 0.0291915777
57 0.0151953176 0.0148126868
58 0.0151953176 0.0148867204
59 0.0303906352 0.0299374978
60 0.0607812705 0.0587048570
61 0.0297967102 0.0285119391
62 0.0297967102 0.0291357371
63 0.0595934204 0.0580124718
64 0.1191868409 0.1134864380
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discount factors in the last column on the right-hand side. Their sum is
0.9308550992, which is the value we should get in a no-arbitrage economy, the value
observable in the market and used as an input to create the tree.

VALUATION OF A COUPON-BEARING BOND PAYING ANNUAL INTEREST

Next, we value a bond with no credit risk that pays $3 in interest at every scenario
at times T ¼ 1, 2, 3, and 4 plus principal of 100 at time T ¼ 4. The valuation is
calculated by multiplying each cash flow by the matching probability-weighted
discount factor, to get a value of 104.7070997370. It will surprise a few (primarily
those readers who skipped Chapters 6 through 8) that this is the same value that we
arrived at in Chapters 6 through 8, even though the volatilities used and number of
risk factors used are different. The values are the same because, by construction,
our valuations for the zero-coupon bond prices at time zero for maturities at T ¼ 1,
2, 3, and 4 continue to match the inputs. Multiplying these zero-coupon bond
prices times 3, 3, 3, and 103 also leads to a value of 104.7070997370 as it should
(Exhibit 9.22).

EXHIBIT 9.22 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.00 3.00 3.00 3.00 103.00
2 3.00 3.00 3.00 103.00
3 3.00 3.00 3.00 103.00
4 3.00 3.00 3.00 103.00
5 3.00 3.00 103.00
6 3.00 3.00 103.00
7 3.00 3.00 103.00
8 3.00 3.00 103.00
9 3.00 3.00 103.00
10 3.00 3.00 103.00
11 3.00 3.00 103.00
12 3.00 3.00 103.00
13 3.00 3.00 103.00
14 3.00 3.00 103.00
15 3.00 3.00 103.00
16 3.00 3.00 103.00
17 3.00 103.00
18 3.00 103.00
19 3.00 103.00
20 3.00 103.00
21 3.00 103.00

(Continued)
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EXHIBIT 9.22 (Continued)

Current Time

Row Number 0 1 2 3 4

22 3.00 103.00
23 3.00 103.00
24 3.00 103.00
25 3.00 103.00
26 3.00 103.00
27 3.00 103.00
28 3.00 103.00
29 3.00 103.00
30 3.00 103.00
31 3.00 103.00
32 3.00 103.00
33 3.00 103.00
34 3.00 103.00
35 3.00 103.00
36 3.00 103.00
37 3.00 103.00
38 3.00 103.00
39 3.00 103.00
40 3.00 103.00
41 3.00 103.00
42 3.00 103.00
43 3.00 103.00
44 3.00 103.00
45 3.00 103.00
46 3.00 103.00
47 3.00 103.00
48 3.00 103.00
49 3.00 103.00
50 3.00 103.00
51 3.00 103.00
52 3.00 103.00
53 3.00 103.00
54 3.00 103.00
55 3.00 103.00
56 3.00 103.00
57 3.00 103.00
58 3.00 103.00
59 3.00 103.00
60 3.00 103.00
61 3.00 103.00
62 3.00 103.00
63 3.00 103.00
64 3.00 103.00

Risk-Neutral Value 5 104.7070997370
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VALUATION OF A DIGITAL OPTION ON THE ONE-YEAR U.S.
TREASURY RATE

Now we value a digital option that pays $1 at time T ¼ 3 if (at that time) the one-
year U.S. Treasury rate (for maturity at T ¼ 4) is over 8 percent. If we look at the
table of the term structure of one-year spot rates over time, this happens in only one
scenario, in row 4. Note also that we have a slightly negative spot rate in row 26.
This can be easily overridden by changing the relevant interest rate volatility
assumptions (Exhibit 9.23):

EXHIBIT 9.23 Spot Rate Process

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%

(Continued)
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The evolution of the spot rate can be displayed graphically in Exhibit 9.24.
The cash flow payoff in the one relevant scenario can be input in the table above

and multiplied by the appropriate probability-weighted discount factor to find that
this option has a value of only $0.0072860393. That is because the probability of
row 4 occurring is only 0.7813% and the payoff is discounted by the simulated spot
rates prior to time T ¼ 3.

EXHIBIT 9.23 (Continued)

State Row Number 0 1 2 3

S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%
S-3, S-3, S-4 44 3.1757%
S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%
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CONCLUSION

This chapter, the fourth example of HJM interest rate simulation, shows how to
simulate zero-coupon bond prices, forward rates, and zero-coupon bond yields in an
HJM framework with three risk factors and rate-dependent and maturity-dependent
interest rate volatility. The results show a rich twist in simulated yield curves and a
pull of rates upward from a very low rate environment. Monte Carlo simulation, an
alternative to the bushy tree framework, can be done in a fully consistent way. The
technique can be generalized to any user-specified number of risk factors, a long-
standing feature of the Kamakura Risk Manager enterprise risk management system.
We explain how to do this in Chapter 10. Also in Chapter 10, we discuss the
implications of this type of analysis for the Basel-Specified Internal Capital Adequacy
Assessment Process (ICAAP) for interest rate risk.

NOTE

1. This chapter incorporates some important revisions in previously published work by Robert
A. Jarrow (2002, Ch. 15), to whom we give special thanks for his contributions to
this revision.
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EXHIBIT 9.24 Evolution of One-Year U.S. Treasury Spot Rate with Three-Factor HJM
Model with Rate and Maturity-Dependent Volatility
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CHAPTER 10
Valuation, Liquidity, and Net Income

Chapters 6 through 9 introduced modern multifactor interest rate models of Heath,
Jarrow, and Morton (HJM). In this chapter, we introduce some of the key issues

for the practical application of the HJM concepts. We spend the rest of the book
addressing these issues in great detail, but we start here with an overview of the most
important topics.

HOW MANY RISK FACTORS ARE NECESSARY TO ACCURATELY MODEL
MOVEMENTS IN THE RISK-FREE YIELD CURVE?

In Chapters 6 and 7, we implemented a one-factor model of yield curve movements in
the HJM framework. We extended that to a two-factor model in Chapter 8 and a
three-factor model in Chapter 9. This begs the question, How many risk factors are
necessary to accurately model the movements of the forward rates (zero yields, and
zero prices) of the risk-free curve? There are two answers. The most important is the
perspective of a sophisticated analyst whose primary concern is accurately reporting
the risk that his or her institution faces. The second perspective is that of a sophis-
ticated regulator. We address these both in turn.

We start with a perspective of a sophisticated risk manager whose primary
concern is accuracy in modeling. There are two conditions for determining the risk
number of risk factors driving the yield curve:

1. Necessary condition: All securities, whose value is tied to the risk-free yield curve
and its volatility, should be priced accurately if a market price is visible

2. Sufficient condition: Providing condition one is met, the residual correlation of
changes in forward rates 1 through n should be statistically indistinguishable
from zero.

Note that the legacy Nelson-Siegel yield curve–fitting technique fails even this
necessary condition because it lacks sufficient parameterization to price all input
securities accurately, violating the no-arbitrage condition. We can illustrate these
conditions for more sophisticated yield curve–fitting techniques using data from
Chapters 8 and 9. In Chapter 9, we faced this question: Do we need to add a third
factor to the two risk factors which we used in Chapter 8? In Chapter 8, we denoted
the change in the one-year U.S. Treasury spot rate as risk factor 1 and the residual
risk factor was denoted “everything else.” We inserted the econometric relationships
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that sought to explain the movements of the one-period forward rates maturing at
times 2 through 10. We took the residuals from those relationships and analyzed
their correlation with each other (Exhibit 10.1).

The lowest correlation of the remaining variation in forward rate changes after
accounting for risk factor 1 was 67.75 percent. Even though a one-factor model
could meet the necessary condition above for no arbitrage (as we saw in Chapter 6),
it fails the second condition that the correlation of the remaining variation in forward
rate changes be indistinguishable from zero. What if we add a second variable called
“everything else”? That variable would meet the sufficient condition only if the
correlations remaining after risk factor 1 were all either 100 percent or�100 percent,
indicating all remaining random shifts were perfectly correlated with the “all other”
risk factor, either positively or negatively. That is not the case here.

For that reason, we decided to add a third factor in Chapter 9 and we formally
denoted the second risk factor as the one-period change in the 10-year forward rate.
After we take the residuals remaining after risk factor 1 and try to explain them with
our new risk factor 2, we have another correlation matrix remaining (Exhibit 10.2).

The use of the second risk factor has reduced the lowest correlation of residual
risk from 67.75 percent to 51.14 percent. That represents serious progress, but
adding a third factor “everything else” does not eliminate the risk because the
remaining correlations after the two designated risk factors are extracted are not all
either 100 percent or �100 percent. From this, a sophisticated analyst knows that we
must add more factors. How do we know how many are necessary? One method is to
keep incrementally adding risk factors until the residual correlations are either all 100
percent or �100 percent (in which case, the last factor will be “everything else”), or
we add factors until the remaining residual risk has a correlation that is statistically
indistinguishable from zero. Dickler, Jarrow, and van Deventer estimate that 6 to 10
factors are needed to realistically model forward rate movements of the U.S. Treasury
curve from 1962 to 2011. Numerous academic authors have investigated the same
issue and conclude that at least three factors, and probably more, are needed.1

What is the regulatory perspective on the problem? Perhaps the most insightful
comment comes from the Basel Committee on Banking Supervision (2010). In
its Revisions to the Basel II Market Risk Framework, the Committee states its
requirements clearly:

For material exposures to interest rate movements in the major currencies
and markets, banks must model the yield curve using a minimum of six risk
factors. (12)

REVISITING THE PHRASE “NO ARBITRAGE”

Condition 1 sets as a minimum standard for the number (and magnitude) of the risk
factors the existence of “no arbitrage.” This phrase often has a different meaning in
an academic context than it does in practical application, but the true meaning
should be the same as stated in Condition 1: All securities whose pricing is fully
determined by the risk-free yield curve and its assumed volatility should be priced
accurately if market prices are visible. If that is not the case, there is one of three types
of errors: (1) the number of risk factors is too few; (2) the magnitude and term
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EXHIBIT 10.1 Correlation of Residuals from Regression 1 on U.S. Treasury Spot and Forward Rates, 1962 to 2011

1-Year U.S. Treasury Forward Rate Maturing in Year

Maturity in Year 2 3 4 5 6 7 8 9

2 1
3 0.92016 1
4 0.84091 0.93618 1
5 0.80762 0.82393 0.94274 1
6 0.79099 0.80811 0.87585 0.95039 1
7 0.7531 0.80368 0.82023 0.85957 0.96701 1
8 0.73779 0.80699 0.83312 0.83894 0.91046 0.9611 1
9 0.6775 0.7417 0.80867 0.79686 0.78653 0.81691 0.93905 1

Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 10.2 Correlation of Residuals from Regression 2 on U.S. Treasury Spot and Forward Rates, 1962 to 2011

1-Year U.S. Treasury Forward Rate Maturing in Year

Maturity in Year 2 3 4 5 6 7 8 9

2 1.000000
3 0.887509 1.000000
4 0.771819 0.906347 1.000000
5 0.720069 0.726640 0.901236 1.000000
6 0.700086 0.711934 0.803607 0.924316 1.000000
7 0.644186 0.704231 0.710768 0.776320 0.949579 1.000000
8 0.607691 0.695730 0.687453 0.705748 0.871682 0.960999 1.000000
9 0.511367 0.592157 0.632456 0.619087 0.674017 0.738484 0.882839 1.000000

Sources: Kamakura Corporation; Federal Reserve.
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structure of at least one risk factor is not correct; or (3) there is an error in the
software implementation or market data inputs. One common market data input
“error”might be simply the bid-offered spread on a given bond, the most benign type
of value discrepancy that will not go away. A more refined statement of “priced
accurately” is “priced such that the valuation is at or between the bid and offered
prices” for the security.

In the HJM context, it was assumed that the market for zero-coupon bonds is
complete, perfectly competitive, and that one can go long or short zero-coupon bonds
in any amount costlessly. Because of this assumption, it is common but wrong for an
analyst to conclude that his HJM implementation for the U.S. Treasury curve is
complete if we accurately value the zero-coupon bonds used as input as we saw in
Chapters 6 through 9. This conclusion would be wrong if there were other securities
tied to the risk-free curve and its volatility that are mispriced after implementation.
Consider the 3 percent coupon bond that we valued in Chapters 6 through 9. What if
this bond had been callable, and the theoretical pricing were not correct, even though
another noncallable bond with the same terms is priced correctly? This means that
the number of risk factors and their magnitude remains incorrect. The solution is to
add all securities with observable prices to assure that this source of error does not
come about.

We discuss this in most detail in Chapter 14, estimating the parameters of
interest rate models. It is most complex in modeling a yield curve tied to LIBOR and
the interest rate swap curve because of many complications: (1) the large number of
instruments tied to this curve; (2) the fact that this curve is not risk free; (3) the fact
that the credit risk of Eurodollar deposits (for which LIBOR is quoted) and the credit
risk of the swap curve are not the same; and (4) the mounting evidence and legal
proceedings on the potential manipulation of LIBOR. These issues get special
attention in Chapter 17.

VALUATION, LIQUIDITY RISK, AND NET INCOME

A complete analysis of risk of a large portfolio or a large financial institution usually
includes a number of calculations, just a few of which are listed here:

1. Valuation of all assets and liabilities, both at time 0 and at user-specified dates in
the future

2. Gross and net cash received and cash paid, for liquidity risk assessment, for any
set of user-defined time intervals

3. Financial accounting—that is for generally accepted accounting principles
(GAAP) or international financial reporting standards (IFRS) basis—net income,
interest income, interest expense and (often) noninterest income and expense for
any set of user-defined time periods

What extensions of the HJM examples in Chapters 6 through 9 are needed to
achieve these objectives? Three major extensions are necessary:

1. A distinction between risk-neutral probabilities and empirical probabilities that
a given interest rate scenario will come about
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2. Monte Carlo simulation, not just bushy tree simulation, particularly to ensure
that a large number of interest rate scenarios can be generated even in near-term
time intervals

3. An implementation of GAAP and IFRS accounting accruals
4. Expansion of analysis to include “insurance events,” such as default, prepayment,

mortality, property and casualty risks, and a large array of macroeconomic risk
factors beyond the risk-free yield curve

The third extension is very important, hard to do well, and best covered in other
volumes and in the user documentation for a state-of-the-art enterprise risk man-
agement system. We do not address it in this book. The fourth extension is at the
heart of the rest of this book. We turn now, however, to the important distinction
between risk-neutral and empirical default probabilities.

RISK-NEUTRAL AND EMPIRICAL PROBABILITIES OF INTEREST
RATE MOVEMENTS

In Chapters 6 through 9, we followed Jarrow (2002) and showed that risk-neutral
valuation allows us to accurately value zero-coupon bonds (and other securities, as
we see in the following chapters) using pseudo-probabilities that, without loss of
generality, can be selected for the user’s convenience. In Chapters 6 and 7, the
probabilities of an up- and downshift were set at one-half. In Chapter 8, with two
risk factors, the probabilities of an upshift, midshift, and downshift were set at 1/4,
1/4 and 1/2. In Chapter 9, with three factors, the probabilities for shifts 1, 2, 3, and 4
were set at 1/8, 1/8, 1/4, and 1/2. All of these choices (and many others) result in
accurate valuation provided that the formulas for the shifted forward rates and zero-
coupon bond prices are adjusted correctly. We need to ensure that the expected value
and variance of the changes in forward returns fit these two constraints and that
the drift in forward rates μ (adjusted for the choice of pseudo-probabilities and the
number of risk factors) is consistent with the formula in Chapter 9:
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Δ
� logFðt, TÞ

Δ

2
4

3
5 ¼ μðt, TÞΔ

Vart
logFðt þΔ, TÞ

Δ
� logFðt, TÞ

Δ

2
4

3
5 ¼ �Xn

i¼1
σiðt, TÞ2

�
Δ

The reader can confirm that these relationships hold for the three-factor example
in Chapter 9, for example, by taking the expected value of the four shifted forward
rate values, weighted by the probabilities 1/8, 1/8, 1/4, and 1/2. The variance can be
confirmed in the same way. These are the key relationships that one uses to
parameterize a Monte Carlo simulation using the HJM approach.

What if an analyst is interested in using the actual probabilities of forward
rate shifts (also called the empirical or statistical probabilities) instead of the

Valuation, Liquidity, and Net Income 235



pseudo-probabilities (also called risk-neutral probabilities). Jarrow shows that
these empirical probabilities are straightforward shifts of the pseudo-probabilities.
The amount of the shift is a function of the risk aversion embedded in the term
structure of risk-free interest rates.2

When would the empirical probabilities be used instead of (or in addition to) the
pseudo-probabilities? Whenever the analyst is doing a simulation of actual cash flows
and probabilities, actual net income and actual probabilities, or the actual self-
assessment of the institution’s probability of default. For a one-factor interest rate
model, the previous expected value and variance would be shifted in a simple way
using the time-dependent function θ(t):

E
logFðt þΔ, TÞ

Δ
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Δ
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5 ¼ σðt, TÞ2Δ� θðtÞ2σðt, TÞ2Δ2

Instead of the pseudo-probability of an upshift, which was set at 1/2 in
Chapters 6 and 7, the empirical probability of an upshift would be set at3

qtðst ¼ upÞ ¼ 1

2
þ 1

2
θðt, stÞ

ffiffiffiffiffi
Δ

p

Within a net income simulation, the empirical probabilities would be used to
generate an empirical distribution of net income in each user-defined period. Part of
the net income calculation—under GAAP accounting, for example—might involve
the amortization of a premium or discount of a security purchased at a market
value different from par value. This amortization is required under GAAP
accounting to be updated as the security’s value changes. Valuation of this security
would be done using the pseudo probabilities that are associated with the empirical
probabilities. This is a feature one can find in a best practice enterprise-wide risk
management system.

How is the function θ(t) determined? It is done using a historical study, such as
Dickler, Jarrow, and van Deventer (2011), in which forward rates maturing at time
T*, observed at various points in time t, are compared statistically with the actual
spot interest rates, which came about for maturity at time T*. The graph in Exhibit
10.3, for example, shows the convergence of all one-year U.S. Treasury forward rates
(out to nine years forward) to the actual one-year U.S. Treasury spot rate for 24 dates
on which the one-year spot Treasury rate was 0.27 percent.

MONTE CARLO SIMULATION USING HJM MODELING

How does one use Monte Carlo simulation in the HJM framework? For reasons
outlined next, in most cases, Monte Carlo simulation is preferred to the bushy tree
approach we illustrated in Chapters 6 through 9. The process follows the pseudo
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code here for M scenarios and N periods into the future, using the example of the
three-factor model in Chapter 9:

001 Load-relevant zero-coupon bond prices
002 Load assumptions for risk factors 1, 2, and 3
003 Set ScenarioCounter ¼ 1
004 Set RemainingPeriodCounter ¼ 1
010 Get relevant zero-coupon bond prices, forward rates, and sigmas for new

current time t. Remember that in Chapters 7, 8, and 9, the sigmas chosen
were a function of the spot rate at the current time t

011 If RemainingPeriodCounter # N, take one random draw each for risk factors
1, 2, and 3 else go to 100

012 Shift all forward rates and zero-coupon bond prices based on the new shift
amounts, which will be a randomly drawn number of sigmas up or down
for all three risk factors

013 Store results for valuation and other calculations
014 RemainingPeriodCounter ¼ RemainingPeriodCounter þ 1
015 Go to 010
100 If ScenarioCounter , M, ScenarioCounter ¼ ScenarioCounter þ 1 and goto

004, else 500
500 Do valuations
501 Do net income simulations with default “turned on”
502 Do liquidity risk analysis with default “turned on”
503 Do value at risk with default “turned off”
504 Do credit adjusted value at risk with default “turned on”
998 Generate reports
999 End
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EXHIBIT 10.3 One-Year U.S. Treasury Spot and Forward Rates Out to Nine Years Forward
for All Spot Rates Equal to 0.27 Percent, 1962–2011
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This approach is a very straightforward modification of what we did in Chapters
6 through 9. That being said, many analysts “get it wrong,” even with a good
understanding of Chapters 6 through 9 and this Monte Carlo process. In the next
section, we discuss some common pitfalls.

COMMON PITFALLS IN INTEREST RATE RISK MANAGEMENT

The most common pitfalls in interest rate risk analysis are very fundamental mis-
takes, but they are surprisingly common:

1. Using a number of risk factors or volatility assumptions that are unrealistic,
violating conditions 1, 2, or both. The most common mistake is the most serious
one: using one- or two-factor interest rate models in a world where both realism
and regulators demand 6–10 factors.

2. Selecting interest rate paths from a bushy tree or interest rate lattice as a sub-
stitute for Monte Carlo, without realizing the huge errors that result from this
detour from best practice.

We discuss each of these problems in turn.

Pitfalls in the Use of One-Factor Term Structure Models

One-factor models of the term structure of interest rates were developed to provide
insights into the valuation of fixed income options. Our implementation of the one-
factor HJM model in Chapters 6 and 7 is a good example of a modern implemen-
tation. Since the one-factor model’s early development (from 1977 to 1993), they
have been consistently misapplied in asset and liability (interest rate risk) manage-
ment. Many analysts, choosing one of the common one-factor models, create random
interest rate scenarios to evaluate the interest rate risk of the firm. This section uses
50 years of Dickler, Jarrow, and van Deventer’s U.S. Treasury yield curve infor-
mation to prove that the major implications of one-factor term structure models are
inconsistent with historical data. A multifactor approach is necessary to create
realistic interest rate simulations, as we have emphasized in Chapters 8 and 9.

In this section, we take the same approach as Jarrow, van Deventer, and Wang
(2003) in their paper “ARobust Test ofMerton’s StructuralModel for Credit Risk.”
In that paper, the authors explained how, for any choice of model parameters,
the Merton model of risky debt implies that stock prices would rise and credit
spreads would fall if the assets of the firm were to rise in value. The opposite
movements would occur if the assets of the firm were to fall in value. Jarrow, van
Deventer, andWang used awide array of bond data and proved that this implication
of the Merton model was strongly rejected by the data at extremely high levels
of statistical significance.

We now take a similar approach to one-factor term structure models. Speaking
broadly, the original Macaulay (1938) duration concept can be thought of as the
first one-factor term structure model. Merton (1970) developed a similar term
structure model in a continuous time framework. Vasicek (1977) brought a greater
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realism to one-factor term structure modeling by introducing the concept of mean
reversion to create interest rate cycles. Cox, Ingersoll, and Ross (1985) pioneered
the affine term structure model, where the magnitude of random shocks to the short-
term interest rate varies with the level of interest rates. Ho and Lee (1986) and Hull
and White (1993) developed one-factor term structure models that could be fit
exactly to observable yields. Black, Derman, and Toy (1990) and Black and
Karasinski (1991) focused on term structure models based on the log of the short
rate of interest, insuring that rates would not be negative. We cover the basics of
these legacy models briefly in Chapter 13. All are special cases of the general HJM
(1990a, 1990b, 1992a) framework for N-factor term structure models that we have
illustrated in Chapters 6 through 9.4

Among one-factor term structure models, for any set of parameters, there is
almost always one characteristic in common. The majority of one-factor models
make all interest rates positively correlated (which implies the time-dependent
interest rate volatility sigma(T) is greater than 0). We impose this condition on a
one-factor model. The nonrandom, time-dependent drift(T) in rates is small and, if
risk premia are consistent and positive (for bonds) across all maturities T, then the
drift will be positive as in the HJM (1992) drift condition that we labeled μ in
Chapters 6 through 9. With more than 200 business days per year, the daily
magnitude of the interest rate drift is almost always between plus one and minus one
basis point. Hence, to remove the effect of the drift, we might want to exclude from
consideration yield curve changes that are small. However, we ignore the impact of
drift in what follows.

Given these restrictions, for a random shift upward in the single-risk factor (usually
the short rate of interest in most of the legacy one-factor models), the zero-coupon yields
at all maturities will rise. For a random shift downward in the single-factor, all zero-
coupon yields will fall. If the short rate is unchanged, there will be no random shock to
any of the other zero-coupon yields either.

Following Jarrow, van Deventer, and Wang, we ask this simple question: What
percent of the time is it true that all interest rates either rise together, fall together, or
stay unchanged? If this implication of one-factor term structure models is consistent
with actual yield curve movements, we cannot reject their use. If this implication of
one-factor term structure models is inconsistent with actual yield movements, we
reject their use in interest rate risk management and asset and liability management.

Results from the U.S. Treasury Market, 1962 to 2011 In this section, we use the same
data as Dickler, Jarrow, and van Deventer (2011): U.S. Treasury yields reported by
the Federal Reserve in its H15 statistical release from January 2, 1962, to August 22,
2011 (Exhibit 10.4). During this period, the Federal Reserve changed the maturities
on which it reported data frequently.

We calculate the daily changes in yields over this period, eliminating the first
daily change after a change in data regime, leaving 12,386 data points for analysis.
We calculate daily yield changes on three bases:

n Using the yields from the Federal Reserve with no other analysis
n Using monthly forward rates
n Using monthly zero-coupon bond yields, expressed on a continuous com-

pounding basis
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EXHIBIT 10.4 Analysis of Federal Reserve H15 Release Data Regimes

Start Date End Date Data Regime Number of Observations

1/2/1962 6/30/1969 1, 3, 5, and 10 years 1,870
7/1/1969 5/28/1976 1, 3, 5, 7, and 10 years 1,722
6/1/1976 2/14/1977 1, 2, 3, 5, 7, and 10 years 178
2/15/1977 12/31/1981 1, 2, 3, 5, 7, 10, and 30 years 1,213
1/4/1982 9/30/1993 3 and 6 months with 1, 2, 3, 5, 7, 10, and 30 years 2,935
10/1/1993 7/30/2001 3 and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 1,960
7/31/2001 2/15/2002 1, 3, and 6 months with 1, 2, 3, 5, 7, 10, 20, and 30 years 135
2/19/2002 2/8/2006 1, 3, and 6 months with 1, 2, 3, 5, 7, 10, and 20 years 994
2/9/2006 8/22/2011 Second era: 1, 3, and 6 months with 1, 2, 3, 5, 7,10, 20, and 30 years 1,388

Total 12,395
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Monthly forward rates and zero-coupon yields were calculated using the max-
imum smoothness forward rate approach that we outlined in Chapter 5. We then
asked the question posed previously: What percentage of the time were yield curve
movements consistent with the implications of one-factor term structure models?
Yield curve movements were considered consistent with one-factor term structure
models in three cases:

n Negative shift, in which interest rates at all maturities declined
n Positive shift, in which interest rates at all maturities increased
n Zero shift, in which interest rates at all maturities remained unchanged

By definition, any other yield curve movement consists of a combination of
positive, negative, and zero shifts at various maturities on that day. We label this a
yield curve “twist,” something that cannot be explained by one-factor term structure
models.

The results are striking. Using only the input data from the H15 statistical
release, with no yield curve smoothing, 7,716 of the 12,386 days of data showed
yield curve twists, 62.3 percent of all observations (Exhibit 10.5). This is a stunningly
high level of inconsistency with the assumptions of one-factor term structure models.

For monthly zero-coupon bond yields, yield curve twists occurred on 75.2 per-
cent of the 12,386 days in the sample. When forward rates were examined, yield
curve twists prevailed on 94.3 percent of the days in the sample (Exhibit 10.6). One-
factor term structure models would have produced results that are consistent with
actual forward rates only 5.7 percent of the 1962–2011 period.

Using the approach of Jarrow, van Deventer, and Wang (2003), we can now
pose this question: Is the consistency ratio we have derived different to a statistically
significant degree from the 100 percent ratio that would prevail if the hypothesis of a
one-factor term structure is true?

We use the fact that the measured consistency ratio p is a binomial variable (true
or not true, consistent or not consistent) with a standard deviation s as follows:

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

n

r

EXHIBIT 10.5 Summary of U.S. Treasury Yield Curve Shifts Type of Daily Rate Shifts,
January 2, 1962, to August 22, 2011

Type of Shift
U.S. Treasury
Input Data

Monthly Zero-Coupon
Bond Yields

Monthly
Forward Rates

Negative shift 2,276 1,486 297
Positive shift 2,306 1,496 327
Zero shift 88 88 88
Subtotal 4,670 3,070 712
Twist 7,716 9,316 11,674
Grand Total 12,386 12,386 12,386
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where p is the measured consistency ratio and n is the sample size, 12,386 obser-
vations. The chart in Exhibit 10.7 shows the standard deviations for each of the three
data classes and the number of standard deviations between the measured consis-
tency ratio p and the ratio (100 percent) that would prevail if the one-factor term
structure model hypothesis were true.

We reject the hypothesis that the consistency ratio is 100 percent, the level that
would prevail if one-factor term structure models were an accurate description of
yield curve movements. The hypothesis that one-factor term structure models are
“true” is rejected with an extremely high degree of statistical significance, by more
than 100 standard deviations in all three cases.

There are a number of very serious errors that can result from an interest rate risk
and asset and liability management process that relies solely on the assumption that
one-factor term structure models are an accurate description of potential yield
movements:

1. Measured interest rate risk will be incorrect, and the degree of the error will not
be known. Using the data above, 62.3 percent of the time actual yield curves will
show a twist, but the modeled yield curves will never show a twist.

2. Hedging using the duration or one-factor term structure model approach
assumes that interest rate risk of one position (or portfolio) can be completely
eliminated with the proper short position in an instrument with a different
maturity. The duration/one-factor term structure model approach assumes that
if interest rates on the first position rise, interest rates will rise on the second
position as well; therefore, “going short” is the right hedging direction. (We
discuss this in Chapter 11.) The data above shows that on 62.3 percent of the
days from 1962 to 2011, this “same direction” assumption was potentially
false—some maturities show the same direction changes and some the oppo-
site—and the hedge could actually add to risk, not reduce risk.

3. All estimates of prepayments and interest rate–driven defaults will be measured
inaccurately.

4. Economic capital will be measured inaccurately.
5. Liquidity risk will be measured inadequately.
6. Nonmaturity deposit levels will be projected inaccurately.

EXHIBIT 10.6 Summary of U.S. Treasury Yield Curve Shifts Percentage Distribution of Daily
Rate Shifts, January 2, 1962, to August 22, 2011

Type of Shift
U.S. Treasury
Input Data

Monthly Zero-Coupon
Bond Yields

Monthly
Forward Rates

Negative shift 18.4% 12.0% 2.4%
Positive shift 18.6% 12.1% 2.6%
Zero shift 0.7% 0.7% 0.7%
Subtotal 37.7% 24.8% 5.7%
Twist 62.3% 75.2% 94.3%
Grand Total 100.0% 100.0% 100.0%
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This is an extremely serious list of deficiencies. The remedy is to move to the
recommended 6 to 10 factors. Academic assumptions about the stochastic processes
used to model random interest rates have been too simple to be realistic. Jarrow
(2009) notes:

Which forward rate curve evolutions [HJM volatility specifications] fit
markets best? The literature, for analytic convenience, has favored the affine
class but with disappointing results. More general evolutions, but with more
complex computational demands, need to be studied. How many factors are
needed in the term structure evolution? One or two factors are commonly
used, but the evidence suggests three or four are needed to accurately price
exotic interest rate derivatives.

This view is shared by the Basel Committee of Banking Supervision, which we
quoted previously as requiring six factors for market risk analysis. A move to two
risk factors does not begin to address the problem, as we explained earlier in this
chapter. We now turn to another common pitfall in implementing interest rate risk
models.

Common Pitfalls in Asset and Liability Management5

Interpolating Monte Carlo Results, or How to Prove Waialae Golf Course in Honolulu is Not a Golf
Course With the advances in software design and computer speeds of recent years,
risk managers now have very powerful techniques for Monte Carlo simulation at
their disposal. That is the reason why the multifactor interest rate framework of
HJM is so useful and important. That said, we find many shortcuts have been
taken that can provide very misleading estimates of risk levels. This section explains
how the misuse of Monte Carlo interest rate simulation can prove that Waialae
Golf Course in Honolulu is not a golf course and that the Grand Canyon does
not exist.

A common approach to risk measurement can be described by this example,
which was explained in a public forum by one of the largest banks in the world:

EXHIBIT 10.7 Consistency of U.S. Treasury Yield Daily Shifts with One-Factor Models of the
Term Structure of Interest Rates, January 2, 1962, to August 22, 2011

Type of Shift
U.S. Treasury
Input Data

Monthly Zero-
Coupon Bond Yields

Monthly
Forward Rates

Consistency with 1-
Factor Models 37.7% 24.8% 5.7%

Standard Deviation of
Consistency % 0.4% 0.4% 0.2%

Number of Standard
Deviations from
100% 143.1 193.9 450.6
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n We have three factors driving the yield curve: level, shift, and bend.
n We chose no-arbitrage values for each of these factors and choose seven values

for each factor, the mean and plus or minus 1, 2, and 3 standard deviations from
the mean.

n We then calculate portfolio values for all 7 3 7 3 7 ¼ 343 combinations of
these risk factors.

n We calculate our nth percentile value at risk from the smoothed surface of values
that results from these 343 portfolio values, using 1 million draws from this
smoothed surface to get the 99.97th percentile of our risk.

What is wrong with this approach? At first glance, it certainly seems reasonable
and could potentially save a lot of computing time versus a large Monte Carlo
simulation like the one outlined earlier in this chapter. Let’s look at it out of the
finance context. We pose the problem in this way:

Our golf ball is placed in the location marked by the white square in the
lower left-hand corner of this aerial photo of a golf course in Honolulu,
Waialae Golf Course (Exhibit 10.8). However, we are blindfolded and
cannot see. We are told that the ball is either on a green at Waialae Golf
Course or that it is not, and our task is to determine which case is the
true one.

We calculate the standard deviation of the length of the first putt made by every
golfer on every hole at last year’s Masters Golf Tournament. From the location of our
golf ball, we then get the latitude and longitude of 49 points: our current golf ball
location plus all other locations that fall on a grid defined by 1, 2, or 3 standard
deviations (of putting length) North–South or East–West with our golf ball in the
middle. The grid looks like the one in Exhibit 10.9.

At each point where the North–South and East–West lines intersect, we are given
very precise global positioning satellite estimates of the elevation of the ground at
that point. Upon reviewing the 49 values, we smooth the surface connecting them
and we find that the 99.97th percentile difference in elevation on this smoothed
surface is only two inches. Moreover, we find that the greatest difference in elevation
among any of the points on the grid is only slightly more than two inches. We know
by the rules of golf that a golf hole must be at least four inches in depth. We reject the
hypothesis that we are on a green. But we are completely wrong!

This silly example shows the single biggest pitfall of interpolating between Monte
Carlo values using some subset of a true Monte Carlo simulation. For the same rea-
sons, using the HJM bushy tree is also not the best practice either whenMonte Carlo is
available (with the exception of selected securities valuations, which we discuss later in
this book). In the Waialae example, we have assumed that the surface connecting the
grid points is smooth, but the very nature of the problem contradicts this assumption.
The golf green is dramatically “unsmooth” where there is a hole in the green. Our
design of the Monte Carlo guaranteed a near certainty that our analysis of “on a
green”/“not on a green” would be no better than flipping a coin.

Similarly, we could have been placed blindfolded on a spot somewhere in the
United States and told either we are within 100 miles of the Grand Canyon or we
are not. We again form a grid of nine points, all of which are plus or minus 100

244 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



miles North–South or East–West of where we were placed blindfolded, as shown in
Exhibit 10.10.

Again, we take the GPS elevation at these nine grid points, smooth the surface,
and take the 99.97th percentile elevation difference on the smoothed surface. We find
that our elevation difference is only 100 meters at the 99.97th percentile. We reject
the hypothesis that we are within 100 miles of the Grand Canyon since we know the
average depth of the Grand Canyon is about 1,600 meters. Again, we are grossly
wrong in another silly example because our assumption that intervening values
between our grid points are connected by a smooth surface is wrong.

EXHIBIT 10.9 Grid

EXHIBIT 10.8 Waialae Golf Course
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SUMMARIZING THE PROBLEMS WITH INTERPOLATED MONTE CARLO
SIMULATION FOR RISK ANALYSIS

For relatively simple, low-dimensional systems that arise in physics and engineering,
where correlations are well controlled even in the tails, a reliable and believable
description of the asymptotic behavior of the global probability density function may
indeed be possible, using a phrase like “smooth” and multifactor smoothing in an
extension of Chapter 5. In high-dimensional cases, such as in the risk management of
financial institutions, things are much more complex with respect to the global
probability density function of values, cash flows, and net incomes. Nothing illus-
trates that more clearly than the $2 billion losses announced by JPMorgan Chase on
May 8, 2012. The previous simple examples illustrate two problems that can be
extremely serious problems if risk is measured by interpolating between Monte Carlo
valuations on a grid or small subset of possible outcomes (like the branches of an
HJM bushy tree or a Hull and White interest rate lattice):

n Smoothness is an assumption, not a fact, as our simple examples show. Interpo-
lating yield curves using a smoothness criterion is reasonable for good economic
reasons, but as we show next, it is highly likely that portfolio values and cash
flows in financial institutions have sharp discontinuities.

n The nth percentile “worst case” derived from the simulation is not relative to the
true “worst case,” it is relative to the worst case on the grid defined by the
analyst. In our Grand Canyon example, the “worst case” elevation differential
was 100 meters, but the true “worst case” elevation difference was the true
depth of the Grand Canyon, 1,600 meters.

EXHIBIT 10.10 Grand Canyon Grid
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Almost the entire balance sheet of financial institutions is filled with caps, floors,
prepayment risk, and defaults. In the JPMorgan Chase 2012 case, the balance sheet
was filled with huge credit default swap positions taken by the trader called the
“London Whale.” One cannot assume that the law of large numbers will make these
0/1 changes in values and cash flows vary in a smooth way as the number of
transactions rises. We can show that with a simple example. Assume it is February
2000. Three-month U.S. dollar LIBOR is 6.00 percent. The five-year monthly stan-
dard deviation of three-month U.S. dollar LIBOR from March 1995 to February
2000 was 32 basis points. We have only three transactions on our balance sheet:

n The first digital option pays us $1 if three-month LIBOR is 6.25 percent or
higher in 18 months.

n The second digital option pays us $1 if three-month Libor is 6.05% or less in 18
months

n The third digital option requires us to pay $100 if three-month LIBOR is below
4.00 percent in 18 months.

We set up our grid of seven values for three-month LIBOR in 18 months centered
around the current level of LIBOR (6.00 percent) and plus and minus 1, 2, and 3
standard deviations. We do valuations at these LIBOR levels in 18 months:

Scenario 1: 6.96 percent LIBOR

Scenario 2: 6.64 percent LIBOR

Scenario 3: 6.32 percent LIBOR

Scenario 4: 6.00 percent LIBOR

Scenario 5: 5.68 percent LIBOR

Scenario 6: 5.36 percent LIBOR

Scenario 7: 5.04 percent LIBOR

Our valuations of our portfolio are $1.00 in every scenario:

n Scenario 1: 6.96 percent LIBOR means we earn $1 on digital option 1
n Scenario 2: 6.64 percent LIBOR means we earn $1 on digital option 1
n Scenario 3: 6.32 percent LIBOR means we earn $1 on digital option 1
n Scenario 4: 6.00 percent LIBOR means we earn $1 on digital option 2
n Scenario 5: 5.68 percent LIBOR means we earn $1 on digital option 2
n Scenario 6: 5.36 percent LIBOR means we earn $1 on digital option 2
n Scenario 7: 5.04 percent LIBOR means we earn $1 on digital option 2

Typical interpolation of these Monte Carlo results would smooth these calcu-
lated values. Ardent interpolation users then draw from this smoothed surface. (We
have heard up to 1 million draws from this interpolated surface.) In this case, all
values on the grid are 1, the smoothed surface is 1 everywhere, and we announce
proudly “With 99.97% confidence, we have no risk because we earn $1 in every
scenario.”
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Wrong! We earn nothing in the range between 6.05 percent and 6.25 percent.
We completely missed this because we didn’t sample in that range and assumed cash
flows were smooth, but they weren’t! Even worse, the actual value of three-month
LIBOR in August 2001 was 3.47 percent, and we had to pay out $100 on digital
option 3!

This is a simple example of a very real problem with valuing from a small
number of grid points instead of doing a true Monte Carlo simulation. One of the
authors remembers a scary period in the mid-1980s when typical interest rate risk
simulations never simulated interest rates high enough to detect the huge balance of
adjustable rate mortgages in bank portfolios with interest rate caps at 12.75 percent
and 13.00 percent. The young analysts, with no knowledge of history and no
examination of the portfolio at a detailed level, did not detect this risk, just as our
previous simple example missed medium-sized risk within the grid and huge risk
outside the grid.

This graph of the 10-year and 5-year moving average standard deviations of
month-end three-month LIBOR in Exhibit 10.11 shows how easy it is to design “grid
widths” that end up being horribly wrong.

Take the 32 basis point standard deviation of three-month LIBOR over the five
years ended in February 2000. The standard deviation of three-month LIBOR for the
five years ended in September 1981 was 450 basis points!

Going back to our Waialae Golf Course example, if we don’t know the true
width of the hole on a golf course, we at least know that 49 grid points is not enough.
We do 1,000 or 10,000 or 100,000 random North–South/East–West coordinates
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EXHIBIT 10.11 Five-Year and Ten-Year Simple Standard Deviations of Month-End Values
for U.S. Dollar Three-Month LIBOR Rate
Source: Federal Reserve Board, H15 Statistical Release
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looking for an elevation change of at least four inches (the depth of a golf hole). The
degree of confidence we seek determines the number of random coordinates we draw.
If we know by the rules of golf that the whole is exactly 4.25 inches wide, we can be
much more refined in our search techniques. The trouble in risk management,
however, is that we don’t know if we’re looking for a golf hole (a few mortgage
defaults in 2005) or the Grand Canyon (massive mortgage defaults from the huge
drop in U.S. and UK home prices in 2007–2009).

Given the current state of risk systems technology, there is no reason not to do a
true Monte Carlo simulation that defines the amount of risk embedded in the
portfolio with any reasonable desired level of precision. The shortcut of interpo-
lating between a small subsample of scenarios is extremely dangerous. The full
power of N-factor interest rate modeling using the HJM approach deserves a full
Monte Carlo simulation.

We now turn to interest rate mismatching and hedging in a modern framework.

NOTES

1. For a video of the daily movements of the forward rate curve, see www.kamakuraco.com
or YouTube.com, searching for “Kamakura.”

2. The formulas are given in Jarrow (2002, 280).
3. See Jarrow (2002, 279) for details.
4. For two excellent summaries of the literature on term structure models, see Duffie and Kan

(1994) and Jarrow (2009).
5. The authors would like to thank colleagues Dr. Predrag Miocinovic and Dr. Alexandre

Telnov for their contributions to this section.
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CHAPTER 11
Interest Rate Mismatching and Hedging

I n Chapters 1 through 4, we introduced the concept of the interest rate risk safety
zone. The “safety zone” is that set of portfolio strategies such that it is impossible

for the institution to fail to achieve its mission. In banking, for example, a new bank
with $10 billion in capital might fund $90 billion in fixed rate loans (with no credit
risk) for five years with $90 billion in five-year fixed rate borrowings. The $10
billion remaining from the capital raise could be invested in any maturity from 1 day
to 30 years without changing the default risk of the organization, provided that the
assets concerned have no credit risk. This set of potential zero failure strategies on
the 10 billion of capital constitutes the “safety zone” for this new bank. Within this
safety zone, shareholders of the bank should be indifferent as to what degree of
interest rate risk is taken, because the shareholder can take offsetting positions for
the shareholder’s own account to achieve the interest rate the shareholder (not the
bank) prefers. The assessment of the safety zone gets more complex when we allow
for credit risk, an important topic in this book.

We return to this safety zone concept frequently as we discuss interest rate risk
and the implications of interest rate risk for the total risk, including credit risk, of the
institution. In this chapter, we focus on the strategy and tactics of changing the
interest rate risk of a financial institution from both a political and economic point of
view, keeping in mind the lessons of the interest rate simulation in Chapters 6
through 10. It is these more modern techniques that will allow actual implementation
of the Merton-Jarrow approach to risk management, using the put option concept as
a comprehensive measure of risk for the institution. We compare them to legacy
approaches to interest rate risk management in Chapters 12 and 13 after setting the
stage in this chapter. Our focus in this chapter is quite simple: When should interest
rate risk be hedged? When is it not necessary to hedge interest rate risk?

We start by reviewing the kinds of analytical issues and political issues that
frequently arise when making a decision to change the interest rate risk of
an institution. By institution, we mean any legal entity that has interest rate
risk, including (but not limited to) pension funds, mutual funds, hedge funds, banks,
insurance firms, university endowments, credit unions, special purpose vehicles
and so on.
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POLITICAL FACTIONS IN INTEREST RATE RISK MANAGEMENT

In Chapters 2 and 3, we talked about how performance measurement systems differ
by type of institution. These institutional differences have a big impact on the politics
of measuring and changing the interest rate risk of a financial institution.

Pension Fund Considerations

As we discussed in Chapters 2 and 3, a pension fund is typically divided between the
asset side of the organization and the liability side of the organization. The liability
side of a pension fund has a heavy actuarial component, and expert actuaries lay out
the most likely benefits that must be paid to the beneficiaries of the pension fund. The
Board of Directors of the organization then establishes the “best mix” of various
asset classes that the fund will invest in. Pension funds that consist solely of “defined
contribution” plans instead of “defined benefit” plans have the easiest task, because
in the former case the beneficiary of the pension selects the fund’s assets. In the
defined benefit case, however, the asset classes selected include:

n Fixed income securities, which are designed to provide a steady amount of cash
flow toward the pension obligations. The manager of this subportfolio is typically
measured against a naïve benchmark like the Barclays (pre-2008, “Lehman
Brothers”) Government Bond index.

n Equity securities, which are designed to provide (but sometimes don’t, as in the
post-bubble Japan case) a higher long-run expected return than fixed income
securities while at the same time partially capturing any benefits from an infla-
tionary environment to help offset a rise in pension obligations that inflation
would trigger. The manager of such a fund would be measured versus an index
like the DAX, Topix, or S&P 500 equity index.

n Commodities and real estate, which are almost exclusively designed to capture
returns from inflation to offset an increase in pension benefits that occur in an
inflationary environment.

The amount of risk that the fund has is analyzed on two levels. The first level is at
the macroeconomic level, where the decision is made about what the proper share
of the total portfolio is that should go to these three components. The second level is to
analyze the level of risk of the subportfolio versus the naïve benchmark that is
selected as the performance benchmark for the subportfolio. The total amount of risk
taken by the organization is largely determined by the first of these two decisions. The
Jarrow-Merton put option framework offers considerable benefits in quantifying
the many factors that can cause a mismatch in returns on the asset side and obli-
gations on the liability side (inflation, interest rate movements, changes in the life
expectancy of the pension beneficiaries, movements in home prices, building prices,
commodity prices, and so on). This is an extremely important issue that most
sophisticated pension funds are just beginning to quantify. There will be enormous
progress on this issue over the next decade that will involve simultaneous analysis of
mark-to-market technology and multiperiod simulation, techniques, which we dis-
cuss in the rest of this book. What does the Jarrow-Merton put option measure in the
pension fund case? The expected risk-neutral present value of the cost of bailing out
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the pension fund when it does not have sufficient funds to meet its promised “defined
benefit” obligations.

Things are more manageable at the subportfolio level. Consider the fixed income
subportfolio. The manager of the fixed income subportfolio will have “tracking
error” versus the Barclays government bond index in two dimensions. One contri-
bution to tracking error comes from the potential for default if the manager is buying
fixed income securities with credit risk. The second contribution to tracking error
comes from the mismatch in the maturity structure of cash flows in his actual
portfolio versus the cash flow associated with the components of the Barclays gov-
ernment bond index.

The politics of what fixed income portfolio tracking error to accept is more
straightforward in pension funds than it is in most institutions because of the rela-
tively small number of people involved. Normally, the Board of Directors will specify
the maximum tracking error versus the benchmark index and the head of fixed
income (or a small committee) will decide where the portfolio should fall within that
tracking error benchmark. This will be determined in many cases by advantages in
execution rather than by outright interest rate “bets.”

How about the risk-return trade-off at other institutions?

Life Insurance Companies and Property and Casualty
Insurance Companies

Changes in the level of interest rate risk in a life insurance company share many of the
characteristics of the pension fund decision process. The liability side is analyzed by
actuarial staff and the head of the investment department, supervised by the Board of
Directors, is given specific performance benchmarks whose performance he must
exceed while keeping tracking error within preset limits. Most of the politics of risk
taking in an insurance company is focused on the credit risk of the benchmark fixed
income portfolio and who bears credit losses—if the actuaries ask for a BBB-rated
return but the investment department suffers any related credit losses, the incentive
system is flawed.

One other complexity is found in the life insurance business, which pension funds
don’t face so directly. Insurance companies must report earnings quarterly or semi-
annually, at least to regulators and often to outside shareholders. The level of scrutiny
is much higher for life insurance firms than it is for pension funds except in the worst
of circumstances, as in the credit crisis of 2006–2011.

In that sense, the insurance company risk-return trade-off involves both a mark-
to-market orientation (“How does the value of the Jarrow-Merton put option change
if we take less risk”) and a net income orientation. We turn to that issue in our
discussion of the banking industry in the next section.

Property and casualty insurance companies have still another added complexity—
the payoffs on the liability side are much more volatile from year to year because many
important classes of property and casualty insurance losses are much more volatile
than payouts on life insurance policies. This brings into play many of the liquidity risk
considerations that we discuss in Chapter 37.

State-of-the-art risk management at insurance companies is moving rapidly
toward an enterprise-wide view of risk, in which both sides of the balance sheet are
managed jointly. This is an essential move toward best practice.
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Commercial Banks

The politics of interest rate risk-return strategy in commercial banking is the most
complex because all of the complications mentioned previously (with the exception
of property and casualty insurance losses) are present and the number of players in
the decision is very large. A partial list includes the following parties to the interest
rate risk and return strategy decision:

n Board of directors of the bank
n Chief executive officer
n Chief financial officer
n Chief risk officer
n Managing committee of the bank, for example asset and liability management

committee (ALCO)
n Heads of major business units
n Day-to-day manager of the transfer pricing book, which includes all internal

funds transfers among business units
n Manager of the trading floor
n Bank regulators

The politics is particularly complex because (unlike pension funds, for example)
many of the decision makers are decision makers not because of their expertise in
interest rate risk but because of the size of the businesses they run. Someone who is
running a network of 3,000 retail branches is too busy to be an expert in interest rate
risk strategy, but they are often still a voter in major interest rate risk decisions.

In Chapter 2, we introduced the impact that a “common practice” transfer
pricing system has on bank interest rate risk strategy. We continue that discussion
later in this book when we discuss performance measurement in more detail.

n Day-to-day interest rate risk mismatches are moved via the transfer pricing
system to a central transfer pricing book, where the manager has interest rate
risk limits consistent with his seniority and the limits he would have if he were
trading bonds for the bank.

n Huge macro mismatches are the responsibility of the ALCO and must be
approved by the Board.

n Basis risk from nonmarket sensitive pricing indexes (such as the prime rate in
many countries or the average cost of funds of the 12th district savings and loan
associations in the United States, once an extremely important pricing index for
home mortgages) is born by the heads of line units.

Within this general structure, a number of political games and tactics exist to
advance the career aspirations or personal wealth of one manager instead of the
aspirations of the shareholders. These are too numerous (and too humorous) to cover
in depth, so we just hit the highlights:

n “I can predict interest rates, why can’t you?” This strategy is the oldest in the
book. A member of senior management claims he can predict interest rates and
urges the transfer pricing book management to take on a huge interest rate risk
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position. He does. If rates move as predicted, the senior manager takes the credit.
If rates move in the opposite direction, the transfer pricing book manager takes
the blame. This is combated with the limits structure on the transfer pricing book
and a separate “book” for the ALCO committee where every position is care-
fully recorded and the advocates noted by name.

n “My assets are liquid so give me a short-term interest rate.” This is the second-
oldest ploy in the book, usually argued by the head of the trading floor or the
head of a portfolio that can be securitized. It was an argument that almost
certainly contributed to the failures of Bear Stearns and Lehman Brothers in
2008. The advocates of this position want to avoid paying a matching maturity
cost of funds, even on a floating-rate basis, as we discuss in detail in Chapter 37
on liquidity risk. This political strategy is combated by saying “no” and fol-
lowing a more modern approach to transfer pricing, which we discuss in
Chapters 36 to 41. On the argument that “my assets are liquid and we can
securitize,” we note that a sharp rise in interest rates puts the mark-to-market
value of a fixed rate loan portfolio below par value—very few institutions will
securitize if it means recognizing this mark-to-market loss. The credit crisis of
2006–2011 made it very clear that securitization markets can completely dis-
appear if the integrity of a market (like the subprime home loan market in the
United States) is suddenly called into question.

n “I want the long-run historical weighted average cost of funds, not the marginal
cost of funds.” If rates are rising, this is a common request by the asset side of the
organization. If rates are falling, the liability side of the organization wants
the long-run weighted average cost of funds. This is why the marginal cost of
funds system has to be very comprehensive or this kind of petty gaming of the
transfer pricing system is endless.

If the performance measurement system is designed correctly, politics (for
the most part) falls by the wayside and the relevant decision makers can focus on the
right risk-return trade-offs.

It is to that task we now turn.

MAKING A DECISION ON INTEREST RATE RISK AND RETURN:
THE SAFETY ZONE

There are two environments in which management has to make a decision about
whether to change the interest rate risk of the institution.

n Inside the safety zone
n Outside the safety zone

If the institution is still inside the safety zone that we discussed above, then
shareholders don’t care (as a group) what the interest rate risk position is. They don’t
care because they can form a portfolio of the institution’s common stock and fixed
income securities for their own account that exactly offsets any decisions made by the
management of the financial institution and gets the combined “pseudo-financial
institution” exactly where the individual shareholder would like it to be from an
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interest rate risk perspective. If the financial institution is inside the safety zone, we
can focus on the pure economics of changing the interest rate risk position.

If the financial institution is outside the safety zone, shareholders are being forced
to suffer some of the expected costs of the potential bankruptcy of the institution. The
interest rate risk-return estimation should include the reduction of these expected
losses from bankruptcy as part of the calculated benefits of reducing risk. As this
book was written, the legal costs and advisory costs associated with the bankruptcy
of Lehman Brothers are still being tallied, but they are certain to be in the billions of
dollars. An advocate of an interest rate risk strategy that makes the likelihood
of incurring these costs higher should include these potential bankruptcy costs in the
pros and cons of the strategy suggested.

OBVIOUS INTEREST RATE RISK DECISIONS

Some decisions about interest rate risk have obvious “yes or no” decisions, while
others are more complex. Some of the obvious decisions are listed here:

1. Is the put option that eliminates the interest rate risk of the institution in the
Jarrow-Merton sense from Chapter 1 so expensive that the financial institution
can’t afford to buy it? If that is the case, the interest rate risk of the institution is
way too large and has to be reduced by other means, like a capital issue.

2. If a change in the cash flow structure from an interest rate-related transaction
smooths net income but leaves the Jarrow-Merton put option value unchanged,
then the transaction is worth doing. This has an information benefit to share-
holders who might otherwise misperceive the risk of the institution based on
short-run changes in net income.

3. If the change in cash flow structure from an interest rate–related transaction
smooths net income but leaves the bank well within the safety zone, then it is
probably worth doing.

ASSESSING THE RISK AND RETURN TRADE-OFFS FROM A CHANGE IN
INTEREST RATE RISK

For all other changes in the financial institution’s interest rate risk and return policy,
there are a number of tools for quantifying the benefits of a change in the interest rate
risk position of the institution. The two most important components of the benefits of
a change in the interest rate risk of an institution consist of the following:

n The change in cost of the Jarrow-Merton put option, which would be necessary
to completely eliminate the financial institution’s interest rate risk. Most of the
rest of this book is devoted to valuing this put option, using the tools of Chapters
6 through 10 and the tools of later chapters on credit and market risk.

n The change in the expected costs of potential bankruptcy of the institution,
which we discussed above.
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These two issues are critical to deciding when to hedge and when not to hedge.
If the financial institution is deep inside the safety zone, we don’t need to spend much
time on this analysis. If the bank is near the boundaries of the safety zone or outside
it, this analysis becomes very important.

In the next chapter, we introduce traditional or “legacy” tools for supplementing
the Jarrow-Merton put option analysis and analysis of the expected costs of bank-
ruptcy. In the view of the authors, the worst of these legacy tools have been replaced
by the Heath, Jarrow, and Morton (HJM) techniques of Chapters 6 through 10. The
best of the legacy tools can be shown to be special cases of the HJM approach, but, in
almost every case, they are too simple to be used accurately in practice. We explain
why in the next chapter.
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CHAPTER 12
Legacy Approaches to Interest

Rate Risk Management

I n this chapter, we introduce a number of legacy interest rate risk concepts for
one purpose: to aid in the reader’s communication with his or her colleagues who

are still fond of these techniques. We believe that the time has come and gone for the
techniques discussed in this chapter: gap analysis, simple simulation methods,
duration, and convexity. As we go through this chapter, we will be liberal in adding
the heading/prompt “Model Risk Alert” when an analysis involves assumptions that
are false and potentially very harmful from a career standpoint and an accuracy
point of view. For readers who have no interest in the horse-and-buggy days of
interest rate risk management, we recommend that you skip this chapter except for
the section that compares a modern hedge using a multifactor Heath, Jarrow, and
Morton (HJM) modeling approach with the legacy duration approach.

GAP ANALYSIS AND SIMULATION MODELS

Uyemura and van Deventer (1993) discuss the “80/20 rule” in the context of risk
management. Getting 80 percent of the benefits for 20 percent of the work was the
right strategy in 1993, when most serious risk analysis on an enterprise-wide basis
was still done on mainframe computers because of the severe limitations of the 16-
bit operating systems of the personal computers of that era. This rule of thumb is
probably still a good one in some senses, but it is simply an excuse for laziness
when it involves the computer science aspects of risk management. The state of
computer science and risk management software has evolved so far in the last
decade that 98 percent of the benefits can now be achieved with 2 percent of the
effort required for a perfect answer. This is particularly true with the rapid market
penetration of advanced personal computers/servers running a 64-bit operating
system, which can address 4.3 billion times (232) more memory than the 32-bit
operating systems they replace. We keep the distinction between the 98/2 rule and
the 80/20 rule in mind through this chapter, where we review legacy interest rate
risk management tools for only two distinct purposes: communication with senior
management (essential) and exposition (not decision making) of risk issues in day-
to-day interest rate risk operations.
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MEASURING INTEREST RATE RISK: A REVIEW

In earlier chapters, we discussed how financial institutions can measure risk in a
number of ways:

n Jarrow-Merton put option: the value of a put option that would eliminate all of
the interest rate risk (the downside risk only) on the financial institution’s bal-
ance sheet for a specific time horizon. We expand this concept in later chapters
to include all risks, with a special focus on credit risk.

n Interest rate sensitivity of the market value of the financial institution’s equity:
often proxied by the mark to model valuation of the financial institution’s assets
less the value of its liabilities.

n Interest rate sensitivity of the financial institution’s net income (or cash flow)
over a specific time horizon.

Model Risk Alert

The short time horizons of this analysis truncate visibility of risk, and generally
accepted accounting principles drastically distort true cash flow and obscure risk.
The authors recommend cash flow simulation over net income simulation, with the
use of the latter recommended only if required by regulators or for communication
with an unsophisticated audience (from a risk management perspective) such as
nonfinancial executives in senior management.

In Chapters 13 through 41, we emphasize a modern approach to each of these
risk measures with respect to all risk: interest rate risk, market risk, liquidity risk, and
credit risk. Our emphasis in this chapter is solely on tools in use since the 1938
introduction of the Macaulay duration concept. A sophisticated reader should review
this chapter as if it is an exercise in archaeology, with the exception of the HJM
hedging example.

LEGACY RATE RISK TOOLS: INTEREST RATE SENSITIVITY
GAP ANALYSIS

In earlier chapters, we discussed the concept of the interest rate risk management
safety zone in which it is impossible for the financial institution to go bankrupt from
interest rate risk. Every senior officer of a financial institution needs to know the
answers to a number of questions related to the safety zone concept:

n How do we know whether the financial institution is in the safety zone or not?
n If we are out of the safety zone, how far out are we?
n How big should my interest rate risk hedge be to get back in the safety zone?
n How much of a move in interest rates would it take to cause bankruptcy from an

interest rate risk move?

Interest rate sensitivity “gap” analysis was the first attempt that most financial
institutions made to answer these questions. Today, financial institutions use this
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expository technique to communicate with senior management team members
who do not have a background in finance or risk management. Gap analysis should
not be used for decision making because its implications are too crude to be accurate.
Gap analysis is too subject to arbitrary assumptions that can literally change the
measured impact of higher interest rates on the financial institution from positive to
negative or vice versa. Gap analysis does have a 30,000-foot-level perspective, but
there is no reason in the twenty-first century to use a Sopwith Camel, the World War
I biplane fighter, to hit risk management targets when risk management cruise mis-
siles are available.

How was an interest rate sensitivity gap supposed to work? Consider a simple
example in which $1,000 is invested in a floating-rate loan with a floating interest
rate that resets semiannually. We assume the maturity of the loan is three years. The
loan is financed with $800 in a matching maturity, six-month certificate of deposit
and $200 in equity since we assume the bank was newly formed. Assume that the
interest rate on the loan is set at 2 percent over the six-month certificate of deposit
(all-in) cost and that this cost changes from 6 percent in the first period to 4 percent to
the second period. How would this balance sheet look in a standard interest rate
sensitivity gap table as shown in Exhibit 12.1?

We show the $1,000 in loans in the six-month “time zone,” not its actual
maturity because the interest rate resets in approximately six months. The $800 in
certificates of deposit goes in the same time bucket.

What about the effective maturity of equity? While some large financial insti-
tutions believe they know what the effective maturity of equity is, independent of the
actual balance sheet, most sophisticated practitioners and essentially all (if such a
thing is possible) academics believe that the effective maturity of the financial insti-
tution’s capital is derived from the net of the impact of assets less the impact of
nonequity liabilities. Therefore, the mismatch we show in month six of $200 is the
effective maturity of the common stock of this financial institution.

If the financial institution had just issued $200 in equity for cash, the financial
institution could have made $800 in loans funded with $800 in CDs and then
invested the $200 in equity at any maturity. If the proceeds were invested in overnight
funds, the interest rate mismatch would look like the one in Exhibit 12.2.

This financial institution is “asset sensitive” because it has more short-term asset
exposure than it does liabilities. Without doing any multiperiod simulation, we know
from this simple table that net income will rise sharply if interest rates rise.

What if equity instead were invested in long-term securities? Then the interest
rate sensitivity gap would look like Exhibit 12.3.

The net income of the financial institution will not change in response to short-
run changes in interest rates because the capital of the institution is invested in long-
term securities.

THE SAFETY ZONE

All of the interest rate risk positions of the financial institutions discussed so far are in
the safety zone. The financial institution can never go bankrupt from interest rate risk
alone because all short-term liabilities are invested in matched maturity assets. The
capital of the bank can be invested at any maturity. What does this imply for
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EXHIBIT 12.1 Standard Interest Rate Sensitivity Gap Analysis

Balance Sheet
Category

1
Day

2–7
Days

8–30
Days

2
Months

3
Months

4
Months

5
Months

6
Months

12
Months

2
years

3–5
years

Over
5 Other Total

Assets
Commercial Loan 1000 1000

0 0 0 0 0 0 0 1000 0 0 0 0 0 1000
Liabilities
Certificates of
Deposit 800 800

0 0 0 0 0 0 0 800 0 0 0 0 0 800
Interest Rate
Sensitivity Gap 0 0 0 0 0 0 0 200 0 0 0 0 0 200

Cumulative Rate
Sensivity Gap 0 0 0 0 0 0 0 200 200 200 200 200 200
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EXHIBIT 12.2 Standard Interest Rate Sensitivity Gap Analysis: Equity Invested in Overnight Funds

Balance Sheet Category
1

Day
2–7
Days

8–30
Days

2
Months

3
Months

4
Months

5
Months

6
Months

12
Months

2
years

3–5
years

Over
5 Other Total

Assets
Overnight Funds 200 200
Commercial Loan 800 800

200 0 0 0 0 0 0 800 0 0 0 0 0 1000
Liabilities
Certificates of Deposit 800 800

0 0 0 0 0 0 0 800 0 0 0 0 0 800
Interest Rate Sensitivity

Gap 200 0 0 0 0 0 0 0 0 0 0 0 0 200
Cumulative Rate

Sensivity Gap 200 200 200 200 200 200 200 200 200 200 200 200 200
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EXHIBIT 12.3 Standard Interest Rate Sensitivity Gap Analysis: Long-Term Bonds

Balance Sheet Category
1

Day
2–7
Days

8–30
Days

2
Months

3
Months

4
Months

5
Months

6
Months

12
Months

2
years

3–5
years

Over
5 Other Total

Assets
Long Term Bonds 200 200
Commercial Loan 800 800

0 0 0 0 0 0 0 800 0 0 0 200 1000
Liabilities
Certificates of Deposit 800 800

0 0 0 0 0 0 0 800 0 0 0 0 0 800
Interest Rate Sensitivity

Gap 0 0 0 0 0 0 0 0 0 0 0 200 0 200
Cumulative Rate

Sensivity Gap 0 0 0 0 0 0 0 0 0 0 0 200 200
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the interest rate sensitivity of the financial institution’s common stock? As we dis-
cussed in Chapter 4, it moves in three different ways for these three balance sheets:

Case 1: The common stock trades like $200 in six-month instruments, since
capital is invested in the six-month reset loan, plus the present value of the
constant spread on $800 of the loan.

Case 2: The common stock trades like $200 in overnight instruments, since
capital is invested in the overnight market, plus the present value of the
constant spread on $800 of the loan.

Case 3: The common stock trades like $200 in long-term bonds, since capital is
invested in the long-term bond market, plus the present value of the constant
spread on $800 of the loan.

Since all of these investments are “at market” at the time they are done, they
neither create nor destroy value. They are all in the safety zone, but the financial
institution’s common stock will respond differently in the three scenarios to changes
in interest rates. In no case, however, can the financial institution go bankrupt from
interest rate risk so no hedge is necessary.

What if the management thinks shareholders want stable net income? Then they
should invest in long-term bonds instead of the overnight market, but either position
is in the safety zone and shareholders should be indifferent—as discussed in Chapters
4 and 5, the shareholders can convert the $200 from overnight money to long-term
bonds or vice versa by doing transactions for their own account in combination with
their holdings of the financial institution’s common stock.

WHAT’S WRONG WITH GAP ANALYSIS?

What is wrong with gap analysis? As an expositional tool for communicating with
nonspecialists, nothing is wrong with it.

As a decision-making tool, though, it has serious flaws that led the Office of the
Comptroller of the Currency of the United States to stop requiring gap analysis to be
reported on the Quarterly Report of Condition for commercial banks in the United
States.

Model Risk Alert

We can summarize some of the problems with gap analysis briefly:

n It ignores the coupons and cash flows on all assets and liabilities.
n Gap analysis typically uses accounting values of assets and liabilities, not

market values. Two bonds with accounting values of $100 but market values
of $120 and $80 respectively are both put in the gap chart at $100.

n The time buckets typically used are very focused on short-term maturities and
tend to be very crude for the long-term interest rate risk, where the real big
risk to the institution often lies.

n Gap analysis ignores options—An 8 percent 30-year mortgage may have an
effective interest rate sensitivity of 30 years when market interest rates are 12
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percent but an effective interest rate sensitivity of 30 days when interest rates
are at 3 percent.

n Gap analysis can’t deal with other instruments where payments are random,
such as property and casualty insurance policies, savings deposits, demand
deposits, charge cards, and so on.

n Some interest rates have a lagged adjustment to changes in open market rates,
like the prime rate in the United States and Japan and home mortgage indexes
in Japan and Australia.

n Many balance sheet items (charge card balances, deposit balances) have a
strong seasonal variation—they flow out and flow back in again. Do you
classify them by the first outflow date and ignore the seasonal inflow?

n Assets with varying credit risks are mixed, and visibility on credit risk is
completely blurred across the balance sheet

Sophisticated risk managers use detailed transaction level, exact day count
interest rate risk analysis like that in the remainder of this book. They use gap charts
to communicate their conclusions to senior management, if the senior managers are
nonspecialists.

LEGACY RATE RISK TOOLS: MULTIPERIOD SIMULATION

Simulation analysis was the next tool to which major financial institutions turned
once progress in computer science allowed financial institutions to take a more
detailed look at interest rate risk. In the 1970s, most of the focus was on net income
for a one- to two-year horizon. This focus was understandable but fatal for thou-
sands of U.S. financial institutions who had interest rate risk of 30-year fixed rate
mortgages (the market standard at the time), which one-year net income simulation
ignores after the first year. Fortunately, we have much more sophisticated tools
available, which we outline in the rest of this book. Nonetheless, it is important to
review the kinds of considerations that played an important role in the simulation
exercises of major financial institutions over the past four decades. One of those
pitfalls we outlined in Chapter 10 is the predilection of some bankers to select interest
rate scenarios from an interest rate lattice or bushy tree like those studied in Chapters
6 through 9 instead of a true Monte Carlo simulation. In this section, we are focused
on other areas of model risk that stem from a focus on net income simulation.

Key Assumptions in Simulation

Simulation can be done in many ways:

1. Simulate n discrete movements in interest rates with the current balance sheet
held constant and produce market values and net income. This is a variation on
the assumption behind traditional value-at-risk (VaR), a risk calculation that
critics have assaulted with full force in the wake of the $2 billion in hedge losses
announced by VaR sponsor JPMorgan Chase on May 8, 2012.
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Model Risk Alert

Assets and liabilities mature, prepay, and default. They are not constant.

2. Simulate the current balance sheet as if it were constant and as if interest rates
remained at current levels.

Model Risk Alert

Assuming interest rates do not change implies a riskless arbitrage versus the
current yield curve.

3. Move yield curves through multiple specified changes over the forecasting
horizon with specific new assets and liabilities added.

Model Risk Alert

While specific scenario analysis is a good supplement to other risk techniques
and a frequent requirement of regulators, it is safe on a stand-alone basis only
for expositional purposes.

4. Randomly move interest rates over the forecast horizon and dynamically sim-
ulate which assets and liabilities will be added as interest rates changes.

Model Risk Alert

The simulation of interest rates that has typically been done by major financial
institutions has not been consistent with no arbitrage. The HJM no-arbitrage
constraints of Chapters 6 through 9 need to be imposed on any Monte Carlo
simulation of rates.

Most financial institutions employ some combination of these techniques, but
they do so in the more modern way that we discuss in later chapters.

Even in the more modern style, however, simulation involves a number of key
assumptions:

n Movements in balance sheet amounts: How will seasonal variation in deposit
balances and commercial loans be modeled? How will cash flow thrown off
from coupon payments be invested? Will these decisions be independent of
interest rate levels or shall they be set as a function of interest rates?

Model Risk Alert

These projections are no more accurate than any other forecast made by
humans. One needs to avoid hedging assets and liabilities that one does not have
now or that one does not have a legal obligation to originate later.

n Maturity of New Assets and Liabilities: What will be the maturity structure and
options characteristics of new assets and liabilities? For example, the mix of
home mortgage loans between fixed rate loans and floating-rate loans changes
substantially over the interest rate cycle. How should this be modeled?

n Administered Rate Analysis: How should interest rates, which respond with a
lag to changes in open market rates, be modeled?
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Model Risk Alert

Many of these open market rates have been historically tied to the LIBOR
in major currencies. We discuss lawsuits filed in 2011 and revised in 2012
alleging manipulation of LIBOR rates by market participants in Chapter 17.

n New business: How should “new business” (as opposed to cash flow from
existing assets rolling over) be modeled?

Data Aggregation in Simulation Modeling

One of the issues in traditional simulation was the degree to which individual
transactions should be aggregated for analysis. Many analysts even today think that
aggregation is normally a harmless convenience, but more thoughtful risk managers
are horrified at the thought. It is done only as a necessary evil that produces some
offsetting benefit, like allowing a larger number of Monte Carlo scenarios or faster
processing times.

Model Risk Alert

Except in the most extreme circumstances, like Chinese banks with total assets
and liabilities consisting of more than 700 million separate transactions, a systems
need for data aggregation is an indication that the relevant risk system is very out
of date.

In the twenty-first century with 64-bit operating systems, data aggregation serves
no purpose except to boost employment at the financial institution’s information
technology department. In an earlier era with limited computer speeds and limited
memory, data summarization and how to do it was a major issue. In a more modern
era, no one would average a $100,000, 4 percent coupon mortgage with a $100,000,
6 percent mortgage and say they were the effective equivalent of $200,000 in a 5
percent mortgage. The entire discipline of market risk is built around the constant
search for more accuracy (and, slightly different, higher precision), but in an earlier
era in asset and liability management this kind of approximation was necessary
under the 80/20 rule we introduced earlier in this chapter. Now that the 98/2 rule is
relevant, data stratification is a euphemism for model risk.

Constraining the Model

Assets and liabilities of a financial institution can’t be accurately modeled indepen-
dently of each other. This is a truism, but, particularly in the insurance industry, the
“Great Wall of China” between the liability side and asset side of insurance firms is
often a serious impediment to integrated risk management. If the objective of the
modeling exercise is a detailed estimate of statutory (insurance industry) or generally
accepted accounting principles net interest income, then of course assets and liabilities
plus accounting capital have to be equal. On a cash flow basis, the basis preferred by
the authors, total cash in must equal total cash out. This is not a trivial exercise in
simulation, as the amount of certificates of deposit that a bank, for example, must
issue depends on cash thrown off or consumed by every other asset and liability on the
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balance sheet. This is determined by insuring that cash in equals cash out, and cash in’s
“plug” item is the amount of new certificates of deposit or some other residual funding
source. Similar concepts apply in pension funds, endowments, mutual funds, hedge
funds, property and casualty insurance, and life insurance.

MODELING THE MATURITY STRUCTURE OF A CLASS OF ASSETS

In the early days of simulation modeling, the maturity structure of a pool of assets
(like home mortgages) was not visible to the analyst because computer systems were
too antiquated to provide that information on a timely basis to management. The
team led by Wm. Mack Terry at Bank of America (see Chapters 2 and 38) in
the 1970s, for example, was not able to get the exact maturity dates and payment
schedules of each mortgage loan at the bank. They had to estimate a “tractor” type
roll-off of old mortgages and their replacement by new mortgages.1

Fortunately, modern financial systems now should be based on exact day count
and exact maturity dates at the individual transaction level. This is actually less work
than summarizing the data in a way that does not distort the results.

Periodicity of the Analysis

In an earlier era, the periods of the simulation were often “hard coded” to be of equal
length. For example, periods could be monthly but the differences in lengths of the
month (from 28 days to 31 days) were often ignored. Now analysts specify the exact
start date and end date of each period, which can differ in length from period to
period. Modern risk analysis is firmly rooted (for the most part) in exact day count
technology. Intraday and near real-time analysis is increasingly standard.

Exceptions to the Exact Day Count Trend

An exception to the trend toward exact day count precision of simulation is the brief
risk management detour of “value-at-risk” analysis, which we discussed earlier in
this chapter and that we describe fairly harshly in Chapter 36.

Model Risk Alert

This single-period analysis effectively ignores all cash flows (and their exact day
count) between the date of the analysis and the value-at-risk horizon.

A similar set of assumptions is commonly applied to get quick (and very dirty)
answers on instruments like collateralized debt obligations. These simplistic approaches
are being rapidly replaced by more sophisticated simulation like that discussed in
Chapter 20 on collateralized debt obligations, which many claim was the “financial
instrument of mass destruction” at the heart of the 2007–2011 credit crisis.

Legacy Rate Risk Tools: Duration and Convexity

The use of the duration has gone through a curious evolution. For most of the
period since 1938, duration was underutilized, for nearly inexplicable reasons, as
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an enterprise risk management tool. For the past 15 years or so, the opposite is true.
Duration has become the conventional wisdom and now, for equally inexplicable
reasons, it is overutilized as a risk management tool in spite of enormous progress in
interest rate risk management like the HJM models of Chapters 6 through 9.

As we discussed in Chapter 1, the use of duration as a tool for total balance sheet
risk management met with more than five decades of resistance, in spite of the fact that
duration and its variants have been standard techniques on trading floors for most of
that time. The duration concepts are really the foundation upon which all further
advances in interest rate analytics are based. The main model risk now is clinging to
duration long after the progress triggered by duration has resulted in far better tech-
niques. On the other hand, from a total balance sheet management perspective, there
are still many management teams at very large financial institutions who sincerely
believe that net income simulation is a solid basis for risk management and that
interest rate risk analytics used on the trading floor either do not apply or are too hard
to understand. While many of these CEOs were fired in the aftermath of the 2006–
2011 credit crisis, this will be a persistent risk management issue for decades.

In this chapter,wediscuss theduration concepts in viewof these twoconstituencies—
one group views duration as “too simple” and has moved on to more advanced techni-
ques, and another group views duration as “too hard” to apply. As we discussed in
Chapter 1, a lot of this difference in view is due to gaps between the generations and
differences in educational experience. As one of the authors is the “older generation,” he
advocates the latter explanation!

Over 30 years ago, Ingersoll, Skelton, andWeil (1978) published an appreciation
of Frederick R. Macaulay (1938) and his work on duration. In their paper, these
authors pointed out a number of key aspects of duration and potential pitfalls of
duration that we want to emphasize in this chapter. In what follows, we introduce the
concepts of duration and convexity as they have traditionally been used for “bond
math.”We then relate them to Macaulay’s 1938 work. Standard practice in financial
markets has gradually drifted away from Macaulay’s original concept of duration.
Since Ingersoll, Skelton, and Weil published their article, the standard practice has
forked into two streams—the traditional adherents of bond math and the term
structure model school of thought, which we outlined in Chapters 6 through 10 and
that we review from a historical perspective in Chapter 13. The purpose of this
chapter is to reemphasize the points made about duration by Ingersoll, Skelton, and
Weil and to highlight the errors that can result from deviating from Macaulay’s
original formulation of duration. Most of the vocabulary of financial markets still
stems from the use of the traditional fixed income mathematics used in this chapter,
but the underlying meanings have evolved as financial instruments and financial
mathematics have become more complex.

MACAULAY’S DURATION: THE ORIGINAL FORMULA

As in Chapter 4, we use the basic valuation formulas for calculating the present value
of a bond.

We define the price of a zero-coupon bond with maturity of t years as P(t). We let
its continuously compounded yield be y(t), and we label the cash flow in period t as
X(t). As we discussed in Chapter 4, the present value of a series of n cash flows is
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Present value ¼
Xn
i¼1

PðtiÞXðtiÞ

¼
Xn
i¼1

e�yðtiÞtiXðtiÞ

The last line substitutes the relationship between y(t) and P(t) when yields y(t) are
continuously compounded. Macaulay investigated the change in present value as
each yield y(t) makes a parallel shift of amount x (lowercase), so the new yield at any
maturity y(t)* ¼ y(t) þ x. The change in present value that results is

@ Present value

@x
¼
Xn
i¼1
� tie

�yðtiÞtiXðtiÞ

¼
Xn
i¼1
� tiPðtiÞXðtiÞ

In earlier chapters, particularly Chapters 9 and 10, we reviewed the Dickler,
Jarrow, and van Deventer (2011) result that 94 percent of forward rate curve
movements are inconsistent with the parallel shift assumption in the U.S. Treasury
market on a daily basis from 1962 to 2011. For the time being, however, let’s assume
that a parallel shift assumption is good enough that we need to at least measure our
exposure to this kind of risk.

Model Risk Alert

The parallel shift assumption is not good enough for interest rate risk management,
and we use it in the remainder of this chapter to explain to a modern reader how
duration adherents think about risk.

Macaulay defined duration as the percentage change (expressed as a positive
number, which requires changing the sign in the equation above) in present value that
results from this parallel shift in rates:

Duration ¼ �

@ Present value

@x

Present value

¼

Xn
i¼1

tiPðtiÞXðtiÞ
Xn
i¼1

PðtiÞXðtiÞ

From this formula, one can see the reason that duration is often called the “present
value-weighted average time to maturity” of a given security. The time to maturity of
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each cash flow tj is weighted by the share of the present value of the cash flow at that
time in total present value.

In the case of a bond with n coupon payments of C dollars (note that C is not the
annual percentage interest payment unless payments are made only once per year)
and a principal amount of 100, this duration formula can be rewritten as

Duration ¼ �

@ Present value

@x

Present value

¼
C

�Xn
i¼1

tiPðtiÞ
�
þ tnPðtnÞ100

C

�Xn
i¼1

PðtiÞ
�
þ PðtnÞ100

This form of duration, the form its inventor intended, has come to be known as
Fisher-Weil duration. All discounting in the present value calculations is done at
different continuous yields to maturity y(ti) for each maturity. We know from
Chapter 5 that we can get these continuous yields to maturity from the various yield
curve–smoothing techniques in that chapter.

USING DURATION FOR HEDGING

How is the duration concept used for hedging? Let’s examine the case where a huge
financial institution has its entire balance sheet in one unit of a security with present
value B1. Let’s also assume that the financial institution is uncomfortable with its risk
level. One thing the financial institution could do is to try to buy the Jarrow-Merton
put option that we discussed in Chapter 1. This put option would provide the financial
institution with price insurance against the decline in value of this security. The val-
uation of this put option should be consistent with the valuation methods used for
interest rate options in Chapters 6 through 9 and reviewed in more detail in Chapter
24. Let’s assume that the financial institution wants to hedge in a more traditional
way. Let’s assume that the financial institution wants to form a no-risk portfolio that
includes the hedging security (which has present value B2). What amount of this
second security should the financial institution use to hedge? Let the zero risk amount
of the hedging security be w. Then the total value of this portfolio W is

W ¼ B1 þwB2

We want the change in the value of this hedged portfolio to be zero for infinitely
small parallel shifts in the term structure of interest rates. We can call the amount of
this shift x. For the hedge to be successful, we must have

@W

@x
¼ @B1

@x
þw

@B2

@x
¼ 0
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From this equation, we can calculate the right amount of B2 to hold for a perfect
hedge as

w ¼ �
@B1

@x
@B2

@x

Notice that this formula does not directly include duration.We can incorporate the
duration calculation by modifying the original equation for a perfect hedge as follows:

@W

@x
¼ B1

@B1

@x

B1
þwB2

@B2

@x

B2

¼ �B1 Duration½B1� �wB2 Duration½B2� ¼ 0

Therefore the hedge amount w can be rewritten

w ¼ �B1 Duration½B1�
B2 Duration½B2�

Using either formula for w, we can establish the correct hedge for the financial
institution’s portfolio. While we have talked about hedging as if the financial insti-
tution owned only one security, this traditional analysis applies equally well to a
financial institution that owns millions of transactions whose risk is captured by the
artificial “security” we have described above.

Model Risk Alert

This hedging technique has the following characteristics:
n It is correct only for infinitely small parallel shifts in interest rates.
n It has to be “rebalanced” like a Black-Scholes options delta hedge whenever:

1. Rates change
2. Time passes

The hedge will not be correct if there are large parallel jumps in interest rates, nor
will it be correct for nonparallel shifts in interest rates. In other words, the basic
theory of duration does not result in a “buy-and-hold” hedge. This insight is perhaps
the model’s greatest contribution to the world of finance. At the same time, it leaves
many management teams looking for the insurance policy against risk that they can
buy once and do not have to deal with again for many years. That insurance policy is
the Jarrow-Merton put option.

COMPARING A DURATION HEDGE WITH HEDGING IN
THE HJM FRAMEWORK

How does this traditional hedge compare with hedging in the HJM framework of
Chapters 6 and 7 (with one risk factor driving interest rates), Chapter 8 (two risk
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factors driving rates), or Chapter 9 (three risk factors driving rates)? We summarize
the differences here:

Assumption about Yield Curve Shifts

Duration: Parallel

HJM: No restrictions on nature of yield curve movements, which are implied by
the number and nature of the risk factors

Size of Yield Curve Movements

Duration: Assumed to be infinitely small

HJM: Can be implemented in either discrete form (Chapters 6 through 9) or in
continuous time form with infinitely small yield shifts

Number of Instruments for “Perfect” Hedge Implied by Model

Duration: 1 hedging instrument, and any maturity can be made into a perfect
hedge by holding in the correct amount

HJM One-Factor Model: 1 hedging instrument and “cash”

HJM Two-Factor Model: 2 hedging instruments and “cash”

HJM Three-Factor Model: 3 hedging instruments and “cash”

HJM n-Factor Model: n hedging instruments and “cash”

Size of Time Step over Which Interest Rates Change

Duration: Implicitly assumed to be zero

HJM: Equal to length of period in discrete implementation or infinitely small
in the continuous time case

In the HJM discrete implementations, the analysis is simple. Since the HJM
examples are built on the assumption of no arbitrage, a riskless hedged position will
earn the one-period risk-free rate prevailing at time zero. The return on $1 invested in
“cash,” the riskless one period bond, earns 1/P(0, 1), where P(0, 1) is the time 0 value
of a zero-coupon bond maturing at time 1. Let’s assume that the instrument being
hedged is bond B. We write the value of bond B as B(t, j), where t is the then-current
time and j is the relevant scenario that prevails. Let’s assume we are at time 0 in
Chapter 9 where three risk factors are driving interest rates. At time 1, there are four
nodes on the bushy tree, denoting scenarios 1 (shift 1), 2 (shift 2), 3 (shift 3), and 4
(shift 4). The hedging instruments are a position of w1 dollars invested in cash (the
riskless bond maturing at time 1), w2 dollars invested in the zero-coupon bond
maturing at time 2, w3 dollars invested in the zero-coupon bond maturing at time 3,
and w4 dollars invested in the zero-coupon bond maturing at time 4. We know that
the initial investment in bond B and the hedging instruments is

Time zero value Zð0Þ ¼ Bð0, *Þ þw1 þw2 þw3 þw4

If the value of a zero-coupon bond at time 1 maturing at time T in scenario j is
P(1,T, j), then the time 1 value of our hedged portfolio in scenario j will be
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Zð1, jÞ ¼ Bð1, jÞ þw1½Pð1, 1, jÞ=Pð0, 1, *Þ� þw2½Pð1, 2, jÞ=Pð0, 2, *Þ�
þw3½Pð1, 3, jÞ=Pð0, 3, *Þ� þw4½Pð1, 4, jÞ=Pð0, 4, *Þ� ¼ Zð0Þ=Pð0, 1, *Þ

The last equality is the no-arbitrage condition that insures that a hedged port-
folio earns the time zero risk-free rate. Since there are four unknowns and we
have four scenarios, we can solve for the perfect hedge in the three-factor HJM
case in Chapter 9. In the two-factor HJM case, we have three unknowns for the
three scenarios. In the one-factor HJM case, we have two unknowns for the two
scenarios.

Model Risk Alert

Note that the HJM framework allows us to measure the error in a duration hedge
precisely. Since only one instrument is used in a duration hedge, it will be a perfect
hedge in (at most) only one of the four shifts in a three-factor HJM model. We can
calculate the hedging error from a duration strategy by valuing the hedged portfolio
just as we valued simpler instruments in Chapters 6 through 9.

Note also that the HJM hedge needs to be rebalanced with each forward
movement in time. In general, the hedge amounts will be different at different nodes
on the bushy tree, even at the same current time t. This is a common phenomenon in
finance, like the continuous delta hedging that is necessary when using the Black-
Scholes options model.

DURATION: THE TRADITIONAL MARKET CONVENTION

For many years, the conventional wisdom has drifted over time from Macaulay’s
original formulation of the duration concept. With the explosion in interest rate
derivatives over the past two decades, the original formulation and its more modern
relatives dominate among younger and more analytical interest rate risk experts. The
evolved Macaulay duration is passing back out of fashion because it relies on old-
fashioned “bond math” rather than the Fisher-Weil continuous compounding and
the related concepts of Chapter 4. The reason for the change to bond math from
Macaulay’s original formulation is a simple one: until relatively recently, it has been
difficult for market participants to easily take the P(t) zero-coupon bond values
from the current yield curve using the techniques that were outlined in Chapter 5.
Now that yield curve smoothing has become easier, this problem has declined
in importance, but the market’s simpler formulation persists in many areas of major
financial institutions. The best way to explain the bond math market convention for
duration is to review the formula for yield to maturity.

The Formula for Yield to Maturity

For a settlement date (for either a secondary market bond purchase or a new bond
issue) that falls exactly one (Model Risk Alert) equal-length period from the next
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coupon date, the formula for yield to maturity can be written as follows for a bond
that matures in n periods and pays a fixed dollar coupon amount C m times per year
as shown in Chapter 4:

Priceþ Accrued interest ¼ Present value ¼ C

�Xn
i¼1

PðtiÞ
�
þ PðtnÞ * Principal

where

PðtiÞ ¼ 1

1þ y
m

� 	i
Yield to maturity is the value of y that makes this equation true. This relationship

is the present value equation for a fixed coupon bond, with the addition that the
discount factors are all calculated by dividing one dollar by the future value of one
dollar invested at y for i equal length periods with interest compounded m times per
year. In other words, y is the internal rate of return on this bond. Note also that the
present value of the bond, using these discount factors, and the price of the bond are
equal since there is no accrued interest.

Yield to Maturity for Long or Short First Coupon Payment Periods

For most outstanding bonds or securities, as we saw in Chapter 4, the number of
periods remaining usually contains a short (or occasionally a long) first period. The
length of the short first period is equal to the number of days from settlement to the
next coupon, divided by the total number of days from the last coupon (or hypo-
thetical last coupon, if the bond is a new issue with a short coupon date) to the next
coupon. The exact method of counting days for the purpose of this calculation
depends on the interest accrual method associated with the bond (examples are
actual/actual, the National Association of Securities Dealers 30/360 method in the
United States, or the Euro market implementation of the 30/360 accrual method). We
call the fraction of remaining days (as appropriately calculated) to days between
coupons (as appropriately calculated) x. Then the yield to maturity can be written

Present value ¼ C
Xn
i¼1
½PðtiÞ� þ PðtnÞ * Principal

where

PðtiÞ ¼ 1

1þ y
m

� 	i�1þx
As in the case of even first coupon periods, y is the yield to maturity that

makes this relationship true, the internal rate of return on the bond. Note that when
x is 1, this reduces to the formula above for even-length first periods. We can solve
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for y in simple spreadsheet software in a number of ways, including standard yield-
to-maturity/internal rate of return formulas in the spreadsheet, or more generally
using the solver function.

Applying the Yield-to-Maturity Formula to Duration

The conventional definition of duration is calculated by applying the implications
of the yield-to-maturity formula to the original Macaulay duration formula, which is
given below:

True duration ¼ �

@ Present value

@x

Present value

¼

Xn
i¼1

tiPðtiÞXðtiÞ
Xn
i¼1

PðtiÞXðtiÞ

We can rewrite this formula for a conventional bond by substituting directly into
this formula on the assumptions that market interest rates are equal for all maturities
at the yield-to-maturity y and that interest rates are compounded at discrete, instead
of continuous, intervals.

Model Risk Alert

This assumption is false except by coincidence. It assumes that the yield curve is flat.

Model Risk Alert

Instead of allowing for time periods of different length as we did with the Macaulay
formulation (say semiannual periods of 181 and 184 days, for example), this
formulation assumes all periods except the first or last have equal length. This
variation of the Macaulay formula results in the following changes:

n The discount factors P(ti), taken from the smoothed yield curve by Macaulay, are
replaced by a simpler formulation that uses the same interest rate (the yield to
maturity) at each maturity:

PðtiÞ ¼ 1

1þ y
m

� 	i�1þx
n The time ti is directly calculated as
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ti ¼ i� 1þ x

m

Using this formulation, the “conventional” definition of duration for a bond
with dollar coupon C and principal of 100 as

Conventional duration ¼
C

�Xn
i¼1

tiPðtiÞ
�
þ tnPðtnÞ100

Present value

¼

C
Xn
i¼1

i� 1þ x

m

1

1þ y

m

0
@

1
A

i�1þx

0
BBBBBBB@

1
CCCCCCCA

2
66666664

3
77777775
þ n� 1þ x

m

1

1þ y

m

0
@

1
A

n�1þx

0
BBBBBBB@

1
CCCCCCCA
100

Present value

This is just a discrete time transformation of Macaulay’s formula with the
additional false assumptions of a flat yield curve and equal length periods (other
than the first or last periods). As shown below, however, this formula does not
measure the percentage change in present value for a small change in the discrete
yield to maturity, as shown in the next section.

Modified Duration

In the case of Macaulay duration, the formula was based on the calculation of

Duration ¼ �

@ Present value

@x

Present value

¼

Xn
i¼1

tiPðtiÞXðtiÞ
Xn
i¼1

PðtiÞXðtiÞ

The second line of the equation immediately above results from the fact that the
yield to maturity of a zero-coupon bond with maturity ti, written as y(ti), is con-
tinuously compounded. The conventional measure of duration, given in the previ-
ous section, is not consistent with Macaulay’s derivation of duration when interest
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payments are discrete instead of continuous. What happens to the percentage
change in present value when the discrete yield to maturity (instead of the contin-
uous yield to maturity analyzed by Macaulay) shifts from y to y þ z for infinitely
small changes in z? Using the yield-to-maturity formula as a starting point and
differentiating with respect to z, we get the following formula, which is called
modified duration:

Modified duration¼

C
Xn
i¼1

i�1þx

m

1�
1þ y

m

�iþx
0
BBBB@

1
CCCCA

2
66664

3
77775þ

n�1þx

m

1�
1þ y

m

�nþx
0
BBBB@

1
CCCCA100

Present value

¼Conventional duration

1þ y

m

This modified duration measures the same thing that Macaulay’s original for-
mula was intended to measure: the percentage change in present value for an infi-
nitely small change in yields.

Model Risk Alert

Unfortunately, the measurement is inaccurate because the assumptions underlying
the model are false. The Macaulay formulation and the conventional duration are
different for the following reasons:

n The Macaulay measure (most often called Fisher-Weil duration) is based on
continuous compounding and correctly measures the percentage change in
present value for small parallel changes in these continuous yields. The con-
ventional duration measure, a literal translation to discrete compounding of the
Macaulay formula with the additional implied assumption of a flat yield curve,
does not measure the percentage change in price for small changes in discrete
yield to maturity. The percentage change in present value is measured by con-
ventional modified duration. When using continuous compounding, duration
and modified duration are the same.

n The Macaulay measure uses a different yield for each payment date instead of
using the yield to maturity as the appropriate discount rate for each payment
date.

The impact of these differences in assumptions on hedging is outlined in the
next section.
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THE PERFECT DURATION HEDGE: THE DIFFERENCE BETWEEN THE
ORIGINAL MACAULAY AND CONVENTIONAL DURATIONS

Both the original Macaulay (Fisher-Weil) and conventional formulation of duration
are intended to measure the percentage change in “value” for a parallel shift in yields.

Model Risk Alert

We remind the reader that yield curve twists on daily movements in the U.S. Treasury
curve occurred 94 percent of the time between 1962 and 2011.

Of the remaining shifts, although rates moved up or down together, a small
fraction were truly parallel shifts in equal amounts at each maturity. Using duration,
the percentage change is measured as the percentage change in present value; it is
important to note that it is not the percentage change in price (present value—
accrued interest) that is measured. The difference between a hedge calculated based
on the percentage change in present value (the correct way) versus a hedge based on
the percentage change in price (the incorrect way) can be significant if the bond to be
hedged and the instrument used as the hedging instrument have different amounts of
accrued interest. The impact of this “accrued interest” effect varies with the level
of interest rates and the amount of accrued interest on the underlying instrument and
the instrument used as a hedge. If payment dates on the two bonds are different
and the relative amounts of accrued interest are different, the hedge ratio error can
exceed 5 percent.

The second source of error, when using modified duration to calculate hedge
ratios, is the error induced by using the yield to maturity as the discount rate at
every payment date instead of using a different discount rate for every maturity. The
hedging error (relative to Fisher-Weil duration) from this source can easily vary
from �2 percent to plus 2 percent as a linear yield curve takes on different slopes.
The hedge ratio error is obviously most significant when the yield curve has a
significant slope.

The third source of error is the dominant yield curve movement: yield curve
twists instead of parallel shifts. If one is hedging a five-year bond with a three-year
bond and one yield rises while the other yield falls, one can lose money on both
sides of the hedge. The only way to avoid this phenomenon is to avoid duration
models and to use an HJM framework with an accurate number of underlying
risk factors.

CONVEXITY AND ITS USES

The word “convexity” can be heard every day on trading floors around the world,
and yet it’s a controversial subject. It is usually ignored by leading financial aca-
demics, and it’s an important topic to two diverse groups of financial market par-
ticipants: adherents to the historical yield-to-maturity bond mathematics that
predates the derivatives world, and modern “rocket scientists” who must translate
the latest in derivatives mathematics and term-structure modeling to hedges that
work. This section is an attempt to bridge the gap between these constituencies.
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Convexity: A General Definition

The duration concept, reduced to its most basic nature, involves the ratio of the first
derivative of a valuation formula f to the underlying security’s value:

Duration ¼ �f
0 ðyÞ

f ðyÞ
The variable y could be any stochastic variable that determines present value

according to the function f. It may be yield to maturity, it may be the short rate in a
one-factor HJM term structure model, and so forth. It is closely related to the delta
hedge concept, which has become a standard hedging tool for options-related
securities. The underlying idea is exactly the same as that discussed at the beginning
of this chapter: for infinitely small changes in the random variable, the first derivative
(whether called “duration” or “delta”) results in a perfect hedge if the model
incorporated in the function f is “true.” So far in our discussion, the constituencies
mentioned above are all in agreement.

As we showed in the section above, the duration and modified duration concepts
are not true whenever the yield curve is not flat. The academic community and the
derivatives hedgers agree on this point and neither group would be satisfied with a
hedge ratio based on the discrete yield-to-maturity formulas presented in this chapter,
despite their long and glorious place in the history of fixed income markets. All
constituencies agree, however, that when the random variable in a valuation formula
“jumps” by more than an infinitely small amount, a hedging challenge results.

Leading academics solve this problem by either assuming it away or by breaking
a complex security into more liquid “primitive” securities and assembling a perfect
hedge that exactly replicates the value of the complex security. This is exactly what
we did in the case of the three-factor HJM model hedge of our bond B above. In the
case of a noncallable bond, we know that the perfect hedge (perhaps one of many
perfect hedges, depending on the number of risk factors driving rates) is the portfolio
of zero-coupon bonds that exactly offsets the cash flows of the underlying bond
portfolio. Traditional practitioners of bond math and derivatives experts often are
forced to deal with (1) the fact that no simple cost-efficient perfect hedge exists; or (2)
the fact that required rebalancing of a hedge can only be done at discrete, rather than
continuous, intervals.

The fundamental essence of the convexity concept involves the second derivative
of a security’s value with respect to a random input variable y. It is usually expressed
as a ratio to the value of the security, as calculated using the formula f:

Convexity ¼ f
00 ðyÞ
f ðyÞ

It is very closely linked with the “gamma” calculation (the second derivative of
an option’s value with respect to the price of the underlying security).

When a security’s value makes a discrete jump because of a discrete jump in the
input variable y, the new value can be calculated to any desired degree of precision
using a Taylor expansion, which gives the value of the security at the new input
variable level, say y þ z, relative to the old value at input variable level y:

Legacy Approaches to Interest Rate Risk Management 279



f ðyþ zÞ ¼ f ðyÞ þ f
0 ðyÞzþ f 00ðyÞ z

2

2!
þ : : : þ f ½n�ðyÞ z

n

n!
þ : : :

Rearranging these terms and dividing by the security’s original value f(y) gives us
the percentage change in value that results from the shift z:

f ðyþ zÞ � f ðyÞ
f ðyÞ ¼ f

0 ðyÞ
f ðyÞ zþ

f 00ðyÞ
f ðyÞ

z2

2!
þ : : : þ f ½n�ðyÞ

f ðyÞ
z2

n!
þ : : :

¼ ðDurationÞzþ ðConvexityÞ z
2

2!
þ Error

The percentage change can be expressed in terms of duration and convexity and
an error term. Note that modified duration should replace duration in this expression
if the random factor is the discrete yield to maturity. We will see in Chapter 13 that
this Taylor expansion is very closely related to Ito’s lemma, the heart of the stochastic
mathematics we introduce in Chapter 13. These techniques, combined with the yield
curve–smoothing technology of Chapter 5, form the basis for an integrated analysis
of interest rate risk, market risk, liquidity risk, and credit risk, which is booming in
popularity today. The HJM framework of Chapters 6 through 9 is the fundamental
foundation for this integrated risk framework.

Convexity for the Present Value Formula

For the case of the present value of a security with cash flows of Xi per period, pay-
ments m times per year, and a short first coupon of x periods, the convexity formula
can be derived by differentiating the present value formula twice with respect to the
yield-to-maturity y and then dividing by present value:

Convexity ¼
Pn
i¼1

XðtiÞ �ði�1þxÞ
m

� �
�ði�1þxÞ�1

m

� �
1

1þ y
m

� ��ði�1þxÞ�2� �
Present value

When present value is calculated using the continuous time approach,

Present value ¼
Xn
i¼1

e�tiyðtiÞXðtiÞ

then the continuous compounding or Fisher-Weil version of convexity is

Convexity ¼
½Pn
i¼1

t2i PðtiÞXðtiÞ�
Present value

Hedging Implications of the Convexity Concept

To the extent that rebalancing a hedge is costly or to the extent that the underlying
random variable jumps rather than moving in a continuous way, the continuous
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rebalancing of a duration (or delta) hedge will be either expensive or impossible.
In either case, the best hedge is the hedge that comes closest to a buy-and-hold hedge,
a hedge that can be put in place and left there with no need to rebalance until the
portfolio being hedged has matured or has been sold. A hedge that matches both the
duration (or modified duration in the case of a hedger using a present value based
valuation formula) and the convexity of the underlying portfolio will come closer to
this objective than most simple duration hedges.

Model Risk Alert

Even with a convexity adjustment, however, the implicit assumption is still that
interest rate changes are driven only by one parallel yield curve shift factor. Since
this assumption is dramatically false, hedging accuracy will be low except by
coincidence.

Consider the case of a financial institution with a portfolio that has a value P and
two component securities (say mortgages and auto loans) with values S1 and S2.
Denoting duration byD and convexity by C, the best (simple) hedge ratios w1 andw2

for a hedge using both securities S1 and S2 can be obtained by solving the same kind
of equations we used previously in the duration case. We need to solve either

P0 ¼ w1S
0
1 þw2S

0
2

P00 ¼ w1S
00
1 þw2S

00
2

or

PDP ¼ w1S1D1 þw2S2D2

PCP ¼ w1S1C1 þw2S2C2

for the hedge ratios w1 and w2.

CONCLUSION

The concepts we have illustrated in this chapter are generally analyzed using a very
simple position of a trader or a financial institution—there was generally only one
security in the portfolio and only one hedging instrument. In practical application,
traders have 10, 50, 100, or 100,000 positions and financial institutions have
50,000, 1 million, or 700 million positions. The process of measuring the change in
the value of the position (some of which are assets and some of which are liabilities) is
identical whether there is one position or millions. We illustrate the calculation of
these interest rate “deltas” or durations in the next few chapters, but we do it with
emphasis on the multifactor HJM approach. The calculation of the perfect hedge is
also the same from a total balance sheet perspective with one modest variation. As we
saw in Chapters 1 through 5, the interest rate risk of the proceeds of the financial
institution’s equity is irrelevant to shareholders as long as all of the other assets
are funded in such a way that there is a constant hedged cash flow from them. If
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this assumption is correct, then the financial institution cannot go bankrupt from
interest rate risk and the financial institution is in the “safety zone.” Hedging of
the interest rate risk of an institution that is already in the safety zone, regardless of the
hedging technique (HJM or duration) used, is simply wasteful because it creates no
shareholder value.

Over the past seven decades, the market’s conventional definition of duration has
drifted from Macaulay’s original concept to a measure that appears similar but can
be very misleading if used inappropriately. Fortunately, the trends in interest rate risk
management are now swinging forcefully back to the original Macaulay concept and
its implementation in a multifactor HJM interest rate framework. As Ingersoll,
Skelton, and Weil (1978) point out, the Macaulay (1938) formulation offers con-
siderable value as a guide to the correct hedge if one takes a back-to-basics approach:
the measure should focus on the percentage change in present value, not price,
and the discount rate at each maturity should reflect its actual continuous yield to
maturity as obtained using the techniques in Chapter 5 and driven by multiple
interest rate factors as we did in Chapters 8 and 9. Assuming the yield to maturity is
the same for each cash flow or coupon payment on a bond, even when the payment
dates are different, can result in serious hedging errors. The convexity approach
provides a useful guide to maximizing hedging efficiency, but the term convexity has
outlasted the simple convexity formula commonly used for bonds. The formula itself
has been supplanted by the HJM hedging techniques that we illustrated previously.

How do we implement these concepts for a bond option? How do we calculate
them for a life insurance policy or a first-to-default swap? How do we calculate them
for a mortgage that prepays? How do we calculate them for a savings deposit without
an explicit maturity? That is a task to which we will turn after a little more foun-
dation in interest rate risk analytics.

NOTE

1. See Chapter 7 in Uyemura and van Deventer (1993) for more on this approach.
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CHAPTER 13
Special Cases of Heath, Jarrow,

and Morton Interest Rate Modeling

In this chapter, we continue our review of the history of interest rate analytics, but
this time we focus on term structure models. We start with the example of parallel

yield curves shifts and duration as a naïve term structure model to illustrate the
approach academics have typically taken to interest rate modeling:

Step 1: Make an assumption about how interest rates vary

Step 2: Impose no-arbitrage restrictions

Step 3: Derive what the shape of the yield curve must be

The approach taken by Heath, Jarrow, and Morton (HJM) was the exact
opposite:

Step 1: Observe what the shape of the yield curve actually is

Step 2: Add assumptions about the volatility of rates

Step 3: Impose no-arbitrage conditions on yield curve movement from its current
shape

Step 4: Derive the nature of yield curve movements from the existing yield curve
shape

The power of the HJM approach was illustrated in Chapters 6 through 9, with
four different sets of assumptions about interest rate volatility. In this chapter, we
demonstrate that the early academic work on term structure models, in every case, is
a special case of HJM. By special case, we mean a specific assumption in Step 2 of the
general HJM process above.

In Chapter 12, we were introduced to Frederick Macaulay’s duration concept.
At the heart of the duration concept is the implicit assumption that rates at all
maturities move at the same time in the same direction by the same absolute amount.
This assumption about how rates move can be labeled a “term structure model.” At
the same time, it is known on trading floors all over the world as PVBP, that is, the
present value of a basis point, a common measure of risk.

The purpose of this chapter is to introduce the traditional academic approach to
term structure models and the procedures for evaluating the reasonableness of a

283



given term structure model. We show in each case that the resulting model is a special
case of the HJM approach. We review historical developments in term structure
modeling to show readers and adherents to these traditional models that a more
realistic approach to interest rate modeling using 6 to 10 risk factors in the HJM
framework is a logical step forward from what has been done in the past. We go on
to fully implement the HJM term structure model concept in later chapters so that we
can calculate the credit-adjusted value of the Jarrow-Merton put option, the best
measure of risk, as outlined in Chapter 1.

WHAT IS AN ACADEMIC TERM STRUCTURE MODEL AND WHY
WAS IT DEVELOPED?

When analyzing fixed income portfolios, the value of a balance sheet, or a fixed
income option, it is not enough to know where interest rates currently are. We
demonstrated this clearly in Chapters 6 through 9. It is not possible to know where
rates will be in the future with any certainty. Instead, we can analyze a portfolio or a
specific security by making an assumption about the random process by which rates
will move in the future. Once we have made an assumption about the random
(or stochastic) process by which rates move, we can then derive the probability
distribution of interest rates at any point in the future. Without this kind of
assumption, we can’t analyze interest rate risk effectively. As we noted above, the
early academic work on term structure modeling ignored the current shape of
the yield curve in this derivation.

THE VOCABULARY OF TERM STRUCTURE MODELS

The mathematics for analyzing something whose value changes continuously but in a
random process is heavily used in physics, and these tools from physics have been
responsible for most of the derivatives valuation formulas used in finance in the past
five decades. At the risk of sending some readers searching for the remote control
device, we want to spend a little time on these mathematical techniques because of the
power they bring to a clear understanding of risk and what to do about it. The tools
we describe in this chapter were employed by HJM to derive the no-arbitrage n factor
term structure model framework that we employed in Chapters 6 through 9.

In the stochastic process, mathematics used in physics, the change in a random
variable x over the next instant is written as dx. The most common assumption, but
not the only assumption, about the random jumps in the size of a variable x is that
they are normally distributed. The noise or shock to the random variable is assumed
to come from a random number generator called a Wiener process. It is a random
variable, say z, whose value changes from instant to instant, but which has a normal
distribution with mean zero and standard deviation of 1. For example, if we want to
assume that the continuously compounded zero-coupon bond yield y(t) for a given
maturity t changes continuously with a mean change of zero and a standard deviation
of 1, we would write

dy ¼ dz
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In stochastic process mathematics, all interest rates are written as decimals, such
as .03 instead of 3, so the assumption that rates jump each instant by 1 (which means
100 percent) is too extreme. We can scale the jumps of interest rates by multiplying
the noise generating Wiener process by a scale factor. In the case of interest rates, this
scale factor is the volatility of the stochastic process driving interest rate movements.
This volatility is related to but different from the volatility of stock prices assumed by
Black and Scholes to be lognormally distributed. In the Black-Scholes model, the
return on stock prices is assumed to be normally distributed, not stock prices them-
selves. In our simple interest rate model, the change in interest rates is assumed to be
driven by this normally distributed “shock term” z with changes dz. We label this
interest rate “volatility σ.” In that case, the stochastic process for the movement in
yields is

dy ¼ σdz

The volatility term allows us to scale the size of the shocks to interest rates up and
down. We can set this interest rate volatility scale factor to any level we want,
although normally it would be set to levels that most realistically reflect the
movements of interest rates. We can calculate this implied interest rate volatility from
the prices of observable securities like interest rate caps, interest rate floors, or
callable bonds. We will show the relationship between interest rate volatility and the
volatility of the Black-Scholes model in Chapter 18 on the random interest rates
version of the Merton credit model.

The yield that we have modeled above is a random walk, a stochastic process
where the random variable drifts randomly with no trend up or down. As time
passes, ultimately the yield may rise to infinity or fall to negative infinity. This isn’t a
very realistic assumption about interest rates, which usually move in cycles,
depending on the country and the central bank’s approach to monetary policy. How
can we introduce interest rate cycles to our model? We need to introduce some form
of drift in interest rates over time. One form of drift is to assume that interest rates
change by some formula as time passes:

dy ¼ αðtÞdt þ σdz

The formula above assumes that on average, the change in interest rates over a
given instant will be the change given by the function α(t), with random shocks in the
amount of σdz. This formula is closely linked to the term structure models proposed
by Ho and Lee (1986), which is the simplest of the single factor models within the
HJM framework. The Ho and Lee model, generalized by Heath, Jarrow, andMorton
(1992), was the first term structure model to fit actual observable yield curve data
exactly. The function α(t) can be chosen to fit a yield curve smoothed using the
techniques of Chapter 5 exactly. We go into more detail on the Ho and Lee special
case of HJM later in this chapter.

The assumption about yield movements above is not satisfactory in the sense
that it is still a random walk of interest rates, although there is the drift term α(t)
built into the random walk. The best way to build the interest rate cycle into the
random movement of interest rates is to assume that the interest rate drifts back to
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some long-run level, except for the random shocks from the dz term. One process
that does this is

dy ¼ αðγ� yÞdt þ σdz

This is the Ornstein-Uhlenbeck process that is at the heart of the Vasicek
(1977) model, which we introduce below. (As we note there, the Vasicek model is
another special case of the HJM framework.) The term α is called the “speed of mean
reversion.” It is assumed to be a positive number. The larger it is, the faster y drifts
back toward its long-run mean γ and the shorter and more violent interest rate cycles
will be. Since α is positive, when y is above γ, it will be pulled down except for the
impact of the shocks that emanate from the dz term. When y is less than γ, it will be
pulled up.

In almost every early term structure model, the speed of mean reversion and the
volatility of interest rates play a key role in determining the value of securities, which
either are interest options or which have interest rate options embedded in them.
Many of the early term structure models, in spite of their simplicity, were powerful
enough and analytically attractive enough that they were used in both the random
interest rate version of the Merton credit model (Chapter 18) and the more modern
reduced form credit models of Duffie and Singleton (1999) and Jarrow (1999, 2001)
(which we discuss in Chapter 16).

For that reason, it is important to understand a little more about how these
interest rate models are derived.

ITO’S LEMMA

Once a term structure model has been chosen, we need to be able to draw con-
clusions about how securities whose values depend on interest rates should move
around. For instance, if a given interest rate y is assumed to be the random factor
that determines the price of a zero-coupon bond P, it is logical to ask how the zero-
coupon bond price moves as time passes and y varies. The formula used to do this
is called Ito’s lemma.1 Ito’s lemma puts the movement in the bond price P in sto-
chastic process terms like this:

dP ¼ Pydyþ 1

2
PyyðdyÞ2 þ Pt

where the subscripts denote partial derivatives. (This formula looks very much like
the Taylor series expansion in the discussion on convexity in Chapter 12.) The
change in the price of a zero-coupon bond equals its first derivative times the change
in y plus one-half of its second derivative times the volatility of y plus the “drift” in
prices over time. The terms dy and (dy)2 depend on the stochastic process chosen for
y. If the stochastic process is the Ornstein-Uhlenbeck process given above, we can
substitute in the values for dy and (dy)2. If we do this, then the movements in P
can be rewritten
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dP ¼ Py½αðγ� yÞdt þ σdz� þ 1

2
Pyyσ2dt þ Ptdt

¼ Pyαðγ� yÞ þ 1

2
Pyyσ2 þ Pt

2
4

3
5dt þ Pyσdz

¼ gðy, tÞdt þ hðy, tÞdz

For any stochastic process, the dy term is the stochastic process itself. The term
(dy)2 is the instantaneous variance of y. In the case of the Ornstein-Uhlenbeck process,
it is the square of the coefficient of dz, σ2. The term g(y,t), which depends on the level of
rates yand time t, is the drift in the bondprice. The term h(y,t) is the bondprice volatility
in the term structure model sense, not the Black-Scholes sense. We have very neatly
divided the expression formovements in the bond’s price into two pieces. The first term
depends on the level of interest rates and time, and the second term depends on the dz
term, which introduces random shocks to the interest rate market. If dz or h were
always zero, then interest rates would not be random. They would drift over time,
but there would be no surprises. Not surprisingly, we will devote a lot of time to dis-
cussing the hedging that eliminates these interest rate shocks.

ITO’S LEMMA FOR MORE THAN ONE RANDOM VARIABLE

What if the zero-coupon bond price depended on two random variables, x and y?
Then we would be dealing with a two-factor term structure model, like the HJM two-
factor model in Chapter 8. The formula for the movement in the bond’s price for such
a two-factor term structure model is given by Ito’s lemma as follows:

dP ¼ Pxdxþ Pydyþ 1

2
PxxðdxÞ2 þ 1

2
PyyðdyÞ2 þ PxyðdxdyÞ þ Pt

The instantaneous correlation between the two Wiener processes Zx and Zy,
which provide the random shocks to x and y is reflected in the formula for the
random movement of P by the instantaneous correlation coefficient rho; (dxdy) is
defined as ρσxσy. The sigmas are the instantaneous variances of the two variables
driving this term structure model, parallel to the variance of our original single-factor
term structure model above. Shimko (1992) has an excellent discussion of how to
apply this kind of arithmetic to many problems in finance. Our need is restricted
to term structure models, so we now turn to the construction of a single-factor term
structure model based on the duration concept.

USING ITO’S LEMMA TO BUILD A TERM STRUCTURE MODEL

In their pioneering work, Heath, Jarrow, and Morton (1992) clearly outline the steps
that must be followed in developing a term structure model. There are potentially
hundreds of alternative term structure models but their derivation has a common
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core. The steps involved in building a term structure model almost always follow
this process:

1. Make an assumption about the random (stochastic) process that interest rates
follow that is consistent with market behavior in general.

2. Use Ito’s lemma to specify how zero-coupon bond prices move.
3. Impose the constraint that there not be riskless arbitrage in the bond market via

the following steps:
a. Use a bond of one maturity (in the case of a one-factor model) to hedge the

risk of a bond, which has another maturity.2

b. After eliminating the risk of this portfolio, impose the constraint that this
hedged portfolio earn the instantaneous (short-term) risk-free rate of interest.

4. Solve the resulting partial differential equation for zero-coupon bond prices.
5. Examine whether this implies reasonable or unreasonable conditions on the market.
6. If the economic implications are reasonable, proceed to value other securities

with the model. If they are unreasonable, reject the assumption about how rates
move as a reasonable basis for a term structure model.

We illustrate this process by analyzing the economic implications of the assump-
tion of parallel yield curve shifts underlying the traditional duration analysis.

DURATION AS A TERM STRUCTURE MODEL

In this section, we use the continuous compounding formulas in Chapters 4 and 12 to
analyze the yield to maturity yi on a zero-coupon bond with maturity ti and its value P.

PðtiÞ ¼ e�yiti

We want to examine what happens when all yields at time zero y0 shift by a
parallel amount x, with x being the same for all maturities. After the shift of x, the
price of a zero-coupon bond with maturity τ ¼ T � t (t is the current time in years
and T is the maturity date of the bond in years, for a net maturity of T � t) will be

PðτÞ ¼ e�ðy0þxÞτ

where y ¼ y0 þ x. We assume that x is initially zero and that we are given today’s
yield curve and know the values of y for all maturities.

We now make our assumption about the term structure model for interest rates.
We assume that the movements in x follow a random walk, that is, we assume changes
in x have no drift term and that the change in x is normally distributed as follows:

dx ¼ σdz

The scale factor σ controls the volatility of the parallel shifts x. We now proceed
to step 2 of the previous section by using Ito’s lemma to specify how the zero-coupon
bond price for a bond with time to maturity T � t moves. We use the formulas for
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the first and second derivatives of the bond price P and our knowledge of what dx
and (dx)2 are. Ito’s lemma states

dP ¼ Pxdxþ 1

2
PxxðdxÞ2 þ Pt

¼ �τPσdzþ 1

2
τ2Pσ2dt þ yPdt

¼ 1

2
τ2Pσ2 þ yP

2
4

3
5dt � τPσdz

¼ gðy, tÞPdt þ hðy, tÞPdz
because

y ¼ y0 þ x

τ ¼ T � t

P ¼ exp�yτ

Px ¼ �τP
Pxx ¼ τ2P

Pt ¼ yP

gðy, tÞ ¼ 1

2
τ2σ2 þ y

hðy, tÞ ¼ �τσ
We now go to step 3 as outlined in the previous section. We want to form a

portfolio of 1 unit of bond 1 with maturity τ1 and w units of the bond 2 with maturity
τ2. This is exactly the same kind of hedge construction that we did in Chapter 12. The
value of this portfolio is

W ¼ P1 þwP2

We then apply Ito’s lemma to changes in the value of the portfolio as the parallel
shift amount x moves:

dW ¼ dP1 þwdP2

¼ g1P1dt þ h1P1dzþw½g2P2dt þ h2P2dz�
¼ ½g1P1 þwg2P2�dt þ ½h1P1 þwh2P2�dz

As in step 3b listed previously, we want to eliminate the interest rate risk in this
portfolio. Since all interest rate risk comes from the random shock term dz, “elimi-
nating the interest rate risk” means choosing w such that the coefficient of dz is zero.
This means that the proper hedge ratio w for zero interest rate risk is

w ¼ �h1P1

h2P2
¼ τ1P1

τ2P2

Special Cases of Heath, Jarrow, and Morton Interest Rate Modeling 289



Substituting this into the previous equation means

dW ¼ g1P1 þ τ1P1

τ2P2
g2P2

2
4

3
5dt

Now we impose the no-arbitrage condition. Since the interest rate risk has been
eliminated from this portfolio, the instantaneous return on the portfolio dW should
equal the riskless3 short-term rate (the rate y with maturity 0, y(0)) times the value of
the portfolio W:

dW ¼ rðP1 þwP2Þdt
¼ ½g1P1 þwg2P2�dt

Rewritten, this means that

rP1 � 1
2 τ

2
1σ

2 þ y1
� 	

P1

τ1P1
¼ rP2 � 1

2 τ
2
2σ

2 þ y2
� 	

P2

τ2P2
¼ k

This ratio has to be equal for any two maturities or there will be riskless arbitrage
opportunities in this bond market. We define this ratio k as the “market price of
risk.” Choosing bond 1 and dropping the subscript 1 means that the yield y must
satisfy the following relationship:

rP� 1

2
τ2σ2P� yP ¼ kτP

Rearranging means that the yield y for any maturity must adhere to the following
relationship:

yðτÞ ¼ r� kτ� 1

2
τ2σ2

This equation comes from step 4 listed previously. For a no-arbitrage equilibrium
in the bond market under a parallel shift in the yield curve, the yield y must be a
quadratic function of time to maturity τ. If the function is not quadratic, there would
be riskless arbitrage in the market. This is a surprising and little understood impli-
cation of the assumption of parallel yield curve shifts in the market. Clearly, the
implication that yields are quadratic is good news and bad news. The good news is
that the yield curve math is simple and can fit a lot of observable yield curves over
some portion of their range. The bad news is the basic shape of the quadratic function!

CONCLUSIONS ABOUT THE USE OF DURATION’S PARALLEL
SHIFT ASSUMPTIONS

Unfortunately, the assumption that yields move in parallel fashion results in a
number of conclusions that do not make sense if we impose the no-riskless-arbitrage
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conditions: First, interest rates can have only one “hump” in the yield curve. This
hump will occur at the maturity

τ ¼ � k

σ2

Much more important, beyond a certain maturity, yields will become negative
since sigma is positive. Yields will be zero for two values of T defined by setting y
equal to zero and solving for the maturities consistent with zero yield:

T ¼ � k

σ2
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r

σ2
þ k2

σ4

r

For normal values of k, these values of T define a range over which y will be
positive. Outside of that range, yields to maturity will be negative. Forward rates are
also quadratic and have the form

f ðτÞ ¼ r� 2kτ� 3

2
τ2σ2

because forward rates are related to yields by the formula

f ðτÞ ¼ yðτÞ þ τy0ðτÞ

as shown in Chapter 5. Zero-coupon bond prices are given by

PðτÞ ¼ e�yðτÞτ ¼ e�rτþkτ
2þ1

2σ
2τ3

These features of a parallel shift–based term structure model pose very serious
problems. If the parallel yield curve shift assumption is used, as it is when one uses the
traditional duration approach to hedging, the resulting bond market is either:

1. Inconsistent with the real world because of negative yields if we impose the no-
arbitrage conditions

2. Allowing of riskless arbitrage if we let yields have a shape that is not quadratic in
the term to maturity

In either case, the model is unacceptable for use by market participants because
its flaws are so serious. The most important point of this chapter, however, is to show
how we can move in a very systematic way from an assumption about how interest
rates move to explicit formulas for forward rates, zero-coupon bond prices, zero-
coupon bond yields, and many other complex securities. We have laid the ground-
work for extending the models to be consistent with observable yield curves, which
we demonstrated with HJM 1-, 2-, and 3-factor models in Chapters 6 through 9.
Most importantly, we have laid the groundwork for valuing the Jarrow-Merton put
option that quantifies interest rate risk, market risk, liquidity risk, and credit risk in a
fully integrated way.
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We now use the same sort of analysis to identify some more attractive alternative
models of the term structure that were developed prior to the publication of the
Heath, Jarrow, and Morton approach (1990a, 1990b, 1992a).

THE VASICEK AND EXTENDED VASICEK MODELS

In this section, we introduce four term structure models that are based on increas-
ingly realistic assumptions about the random movement of interest rates. All of the
models are special cases of the HJM framework. As we saw in Chapters 8 and 9,
the legacy assumption that the yield curve shifts in a parallel fashion is inconsistent
with actual movements of interest rates over 50 years of daily data in the United
States. Parallel yield curve shifts can be consistent with a no-arbitrage economy, but
only if the yield curve is quadratic and only if yields become negative beyond a given
point on the yield curve. For this reason, academics sought a richer set of assump-
tions about yield curve movements that would allow us to derive a theoretical yield
curve whose shape is as close as possible, if not identical, to observable market yields
and whose other properties are realistic.

This chapter is too mathematical for many practitioners and too simple for many
hard-core “rocket scientists.” We ask both to hang in there as our objective in this
volume is to show clearly the links between good theory and best practice in risk
management. Along the way, we point the readers to complementary sources that are
more practical or more theoretical depending on the point of view of the reader.

We start with the simplest possible model. We use the same assumptions for each
of the four models in this chapter. We assume bond prices in all four models depend
solely on a single random factor, the short rate of interest. This is a simpler frame-
work than we employed using the two one-factor HJM models in Chapters 6 and 7.
We keep it simple for expository purposes. By the end of the chapter, the reader will
be grateful that the insights of HJM are so powerful that the kinds of derivations we
now turn to are no longer necessary.

As we go through each of these four single-factor term structure models, we go
through the same steps as in the prior section to derive the form that zero-coupon
bond prices and yields must have for the risk-free bond market to be a no-arbitrage
market. The HJM framework, by contrast, derives the no-arbitrage framework for n
factors, with one factor as the simplest special case. We go through the normal
academic term structure model process:

n We specify the stochastic process for the movements in interest rates.
n We use Ito’s lemma to derive the stochastic movements in zero-coupon bond

prices.
n We impose no-arbitrage restrictions to generate the partial differential equation

that determines zero-coupon bond prices.
n We solve this equation for bond prices, subject to the boundary condition that

the price of a zero-coupon bond with zero years to maturity must be 1.

The four models we discuss assume that changes in the short-term rate of interest
are normally distributed. This assumption is a little more questionable in low-rate
environments like Japan since the mid-1990s and the United States in the wake of the

292 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



2006–2011 credit crisis. The HJM framework does not require this specification, but
we use it in the remainder of this chapter for expository reasons. The four models we
review here can be summarized like this:

1. The parallel rate shock model, where changes in the short-term risk-free rate r
are a random walk with no drift over time. This is the same as the continuous
time duration model reviewed in the prior section. It was originally introduced
by Merton. Because the model has zero drift in rates over time, this model
generally will not exactly match the observable yield curve.

2. The extended parallel rate shock model, which matches the observable yield
curve exactly. Changes in the short-term risk-free rate of interest r are a random
walk with non-zero drift, allowing a perfect fit to an observable yield curve. We
label this model the “extended” Merton model or Ho and Lee model.

3. A non-parallel rate shift model, in which changes in the risk-free short-term rate
of interest r allow for interest rate cycles. Analytically, we would say that
changes in r follow the “Ornstein-Uhlenbeck” process with a drift term, and r is
reverting to a constant long-term value plus normally distributed shocks, that is,
the Vasicek model. It is this “mean reversion” that causes cycles in interest rates.

4. A nonparallel rate shift model, which fits the observable yield curve exactly. In
this model changes in r follow the Ornstein-Uhlenbeck process again. The drift
in r is such that we match the observable yield curve. This model is the
“extended” Vasicek (or Hull and White) model.

Each of these models has their strengths and weaknesses. All are special cases of
the HJM approach and less realistic than any of the HJM implementations in
Chapters 6 through 9. We discuss each in term. We use these models to fit the risk-
free yield curves in the countries we care about. We build the credit models of
Chapters 16 and 17 on top of them to get the yield curves for risky issuers. The term
structure models in this chapter should not be used for yield curves with credit risk.

THE MERTON TERM STRUCTURE MODEL: PARALLEL YIELD
CURVE SHIFTS

One simple assumption about the short-term risk-free interest rate r is that it follows
a simple random walk with a zero drift over time.4 In the earlier part of this chapter,
we applied this assumption to zero-coupon bond yields of all maturities and required
that this random shift in rates be the same for all maturities. Merton (1970) applied
the random walk assumption to the short-term rate of interest r and derived what this
means for the rest of the yield curve. We can write the change in r as

dr ¼ σdZ

The change in the short rate of interest r equals a constant sigma times a random
shock term, where Z represents a standard Wiener process with mean zero and
standard deviation of 1. The constant sigma is the instantaneous volatility of interest
rates, which we can scale up and down to maximize the goodness of fit versus
the observable yield curve. We will be careful to distinguish between interest rate
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volatility and the volatility of zero-coupon bond prices throughout the rest of this
book. From the previous section, we know that Ito’s lemma can be used to write the
stochastic process for the random changes in the price of a zero-coupon bond price as
of time t with maturity T:

dP ¼ Prdrþ 1

2
PrrðdrÞ2 þ Pt

The change in the bond’s price equals its first derivative with respect to r times
the change in r, plus a term multiplied by the second derivative of the bond’s price
and a drift term, the derivative of the bond’s price with respect to the current time t.
In this random walk model, the variance of the interest r is (dr)2 ¼ sigma2, so the
expression above can be expanded to read

dP ¼ PrσdZþ 1

2
Prrσ2 þ Pt

Our goal is to find the formula for P as a function of the short rate r. Once we do
this, we can vary the time to maturity T and derive the shape of the entire yield curve
and how the yield curve moves in response to changes in r.

The next step in doing this is to impose the condition that no arbitrage is possible
in the bond market. Since we have only one random factor in the economy, we know
that we can eliminate this risk factor by hedging with only one instrument (as pointed
out in Chapter 12). If we had n independent risk factors, we would need n instru-
ments to eliminate the n risks. Let’s assume that an investor holds one unit of a zero-
coupon bond, bond 1, with maturity T1. The investor forms a portfolio of amountW
that consists of the one unit of bond 1 and w units of bond 2, which has a maturity
T2. The bond with maturity T2 is the hedging instrument. The value of the portfolio is

W ¼ P1 þwP2

What is the proper hedge ratio w, and what are the implications of a perfect
hedge for bond pricing? We know from Ito’s lemma that the change in the value of
this hedged portfolio is

dW ¼ dP1 þwdP2

¼ P1rσdZþ
1

2
P1rrσ

2 þ P1t

0
@

1
Adt þw P2rσdZþ

1

2
P2rrσ

2 þ P2t

0
@

1
Adt

2
4

3
5

Gathering the coefficients of the random shock term dz together gives

dW ¼ 1

2
P1rrσ

2 þ P1t

0
@

1
Adt þw

1

2
P2rrσ

2 þ P2t

0
@

1
Adt þ ½P1r þwP2r �σdZ
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We repeat the process we just followed to arrive at the zero risk hedge. If we
choose w, the hedge amount of bond 2, such that the coefficient of the random shock
term dz is zero, then we have a perfect hedge and a riskless portfolio. The value of w
for which this is true is

w ¼ �P1r

P2r

Note that this is identical to the hedge ratio we found for the duration-based
parallel shift model. If we use this hedge ratio, then the instantaneous return on the
portfolio should exactly equal the short-term rate of interest times the value of
the portfolio:

dW ¼ rWdt ¼ ðrP1 þ rwP2Þdt

If this is not true, then riskless arbitrage will be possible. Imposing this condition
and rearranging the equation above gives us the following relationship:

dW ¼ ðrP1 þ rwP2Þdt ¼ 1

2
P1rrσ

2 þ P1t

0
@

1
Adt þw

1

2
P2rrσ

2 þ P2t

0
@

1
Adt

We then substitute the expression for w above into this equation, eliminate the dt
coefficient from both sides, rearrange, and divide by interest rate volatility sigma to
get the following relationship.

�λ ¼

1

2
P1rrσ

2 þ P1t � rP1

σP1r

¼

1

2
P2rrσ

2 þ P2t � rP2

σP2r

For any two maturities T1 and T2, the no-arbitrage condition requires that this
ratio be equal. We call the negative of this ratio λ,5 the market price of risk. For
normal risk aversion, the market price of risk should be positive because in a risk-
averse market, riskier (longer maturity) bonds should have a higher expected return
than the short rate r and because the rate sensitivity of all bonds Pr is negative. Since
the choice of T1 and T2 is arbitrary, the market price of risk ratio must be constant
for all maturities. It is the fixed income equivalent of the Sharpe ratio that measures
excess return per unit of risk with the following statistic:

Sharpe ratio ¼Expected return � Risk-free return

Standard deviation of return

We will return to the Sharpe ratio and the strong parallels between equilibrium in
the fixed income and the equity markets frequently in this book. In our case, the
numerator is made up of the drift in the bond’s price:
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Drift ¼ Expected return ¼ 1

2
Prrσ2 þ Pt

which also equals the expected return since the shock term or stochastic component
of the bond’s price change on average has zero expected value.

We now solve the equation above for any given bond with maturity T and
remaining time to maturity T � t ¼ τ as of time t, under the assumption that lambda
(the market price of risk) is constant over time. Rearranging the equation above gives
the following partial differential equation

λσPr þ 1

2
Prrσ2 þ Pt � rP ¼ 0

which must be solved subject to the boundary condition that the price of the zero-
coupon bond upon maturity T must equal its principal amount 1:

Pðr, T, TÞ ¼ 1

We use a common method of solving partial differential equations, the educated
guess. We guess that P has the solution

Pðr, t, TÞ ¼ Pðr, τÞ ¼ erFðτÞþGðτÞ

where T � t ¼ τ and we need to solve for the forms of the functions F and G. We
know that

Pr ¼ FðτÞP
Prr ¼ FðτÞ2

Pt ¼ �Pτ ¼ ð�rF0 �G0ÞP

Substituting these values into the partial differential equation and dividing by the
bond price P gives the following:

λσF þ 1

2
σ2F2 � rF0 �G0 � r ¼ 0

We know from Merton (1970) and the similar equation above that the solution
to this equation is

FðτÞ ¼ �τ

GðτÞ ¼ �λστ2

2
þ 1

6
σ2τ3

296 RISK MANAGEMENT TECHNIQUES FOR INTEREST RATE ANALYTICS



and therefore the formula for the price of a zero-coupon bond is given by

Pðr, t, TÞ ¼ Pðr, τÞ ¼ e�rτ�
λστ2
2 þ1

6σ
2τ3

This is nearly the same bond-pricing equation that we obtained under the
assumption of parallel shifts in bond prices. It has the same virtues and the same
liabilities of the duration approach:

n It is a simple analytical formula.
n Zero-coupon bond yields are a quadratic function of time to maturity.
n Yields turn negative (and zero-coupon bond prices rise above one) beyond a

certain point.
n If interest rate volatility σ is zero, zero-coupon bond yields are constant for all

maturities and equal to r.

Using continuous compounding,

Pðr, τÞ ¼ e�yðτÞτ

and the zero-coupon bond yield formula can be calculated as

y ¼ rþ 1

2
λστ� 1

6
σ2τ2

The last term in this formula ultimately becomes so large as time to maturity
increases that yields become negative. Setting y0 ¼ 0 and solving for the maximum
level of y (the “hump” in the yield curve) shows that this occurs at a time tomaturity of

τ� ¼ 3λ
2σ

and that the yield to maturity at that point is

yðτ�Þ ¼ rþ 3

8
λ2

Note that the peak in the yield curve is independent of interest rate volatility,
although the location of this hump is affected by rate volatility. As volati-
lity increases, the hump moves to shorter and shorter maturity points on the yield
curve. We can also determine the point at which the zero-coupon bond yield equals
zero using the quadratic formula. This occurs when the yield curve reaches a time to
maturity of

τ� ¼ 3λ
2σ
þ 3

σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2

4
þ 2r

3

s
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The market price of risk is normally expected to be positive so this formula shows
rates will turn negative at a positive term to maturity τ*.

The price volatility of zero-coupon bonds is given by

σPr ¼ �τσP

Another useful tool that we can derive from this term structure model is the
percentage change in the price of zero-coupon bonds for small changes in the short
rate r. Under the Merton term structure model this sensitivity to r is

r-Duration ¼ �Pr

P
¼ ��τP

P
¼ τ

so the rate sensitivity of a zero-coupon bond in this model is its time to maturity in
years. We label this percentage change “r-duration” to contrast it with Macaulay’s
measure of price sensitivity discussed in earlier chapters, where price is differentiated
with respect to its continuous yield to maturity. We can calculate the r-duration of
coupon bearing bonds using the same logic. The hedge ratio w given above for
hedging of a bond with maturity T1 with a bond maturing at T2 is

w ¼ �P1r

P2r

¼ τ1P1

τ2P2

The Merton term structure model gives us very important insights into the
process of deriving a term structure model. Its simple formulas make it a useful
expository tool, but the negative yields that result from the formula are a major
concern. It leads to a logical question: Can we extend the Merton model to fit the
actual yield curve perfectly? If so, this superficially at least would allow us to avoid
the negative yield problems associated with the model. We turn to this task next.

THE EXTENDED MERTON MODEL

Ho and Lee (1986) extended the Merton model to fit a given initial yield curve
perfectly in a discrete time framework. The Ho and Lee/Extended Merton model is a
special case of HJM framework, where interest volatility at any current time t for
future time T in state st σ(t,T;st) is a deterministic constant independent of state st: σ(t,
T;st) ¼ σ. As Jarrow (2002, 288) notes, this implies that forward rates and spot rates
can be negative. In this section, we derive the Ho and Lee/Extended Merton model
using the same approach above. This basic extension technique is common to all term
structure models developed prior to publication of the HJM model. In the extended
Merton case, we assume that the short rate of interest is again the single stochastic
factor driving movements in the yield curve. Instead of assuming that the short rate r
is a random walk, however, we assume that it has a time-dependent drift term a(t):

dr ¼ aðtÞdt þ σdZ
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As before, Z represents a standard Wiener process that provides random shocks
to r; Z has mean zero and standard deviation of 1. The instantaneous standard
deviation of interest rates is again the constant sigma, which we can scale
up and down to fit observable market yields. Appendix A of this chapter shows how
to derive zero-coupon bond prices in this model using exactly the same procedures as
the previous section. The only difference is that we allow the change in the short rate
of interest to follow the drift term a(t). When we apply the no-arbitrage conditions
and derive zero-coupon bond prices, we get the following formula:

Pðr, t, TÞ ¼ e
�rτ�λστ2

2 þ1
6σ

2τ3�
RT
t

aðsÞðT�sÞds

Note that this is identical to the formula for the zero-coupon bond price in the
Merton term structure model with the exception of the last term. The value of
the zero-coupon bond is 1 when t ¼ T as the boundary condition demands.

Like the Merton term structure model, the price volatility of zero-coupon bonds
is given by6

σPr ¼ �τσP

and the percentage change in price of zero-coupon bonds for small changes in the
short rate r is

r-Duration ¼ �Pr

P
¼ ��τP

P
¼ τ

The behavior of the yield to maturity on a zero-coupon bond in the extended
Merton-Ho and Lee model is always consistent with the observable yield curve since
the expression for yield to maturity

yðτÞ ¼ rþ λστ
2
� 1

6
σ2τ2 þ 1

τ

ZT
t

aðsÞðT � sÞds

contains the extension term

ExtensionðτÞ ¼ 1

τ

ZT
t

aðsÞðT � sÞds

The function a(s) is chosen such that the theoretical zero-coupon yield to
maturity y and the actual zero-coupon yield are exactly the same. The function a(s) is
the “plug” that makes the model fit and corrects for model error that would
otherwise cause the model to give implausible results. Since any functional form for
yields can be adapted to fit a yield curve precisely, it is critical in examining any
model for plausibility to minimize the impact of this extension term.7 Why? Because
the extension term itself contains no economic content.
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In the case of the Ho and Lee model, the underlying model would otherwise
cause interest rates to sink to negative infinity, just as in the Merton model. The
extension term’s magnitude, therefore, must offset the negative interest zero-coupon
bond yields that would otherwise be predicted by the model. As maturities get infi-
nitely long, the magnitude of the extension term will become infinite in size. This is a
significant cause for concern, even in the extended form of the model. One of the
most important attributes of term structure model selection is to find one that best
captures the underlying economics of the yield curve so that this extension is mini-
mized for the entire maturity spectrum.

THE VASICEK MODEL

Both the Merton model and its extended counterpart, the Ho and Lee model, are
based on an assumption about random interest rate movements that imply that, for
any positive interest rate volatility, zero-coupon bond yields will be negative at
every single instant in time for long maturities beyond a critical maturity τ*. The
extended version of the Merton model, the Ho and Lee model, offsets the negative
yields with an “extension” factor that must grow larger and larger as maturities
lengthen. Vasicek (1977) proposed a model that avoids the certainty of negative
yields and eliminates the need for a potentially infinitely large extension factor.
Even more important, the Vasicek model produces realistic interest rate cycles.
Vasicek accomplishes this by assuming that the short rate r has a constant interest
rate volatility sigma like the models above, with an important twist: the short rate
exhibits “mean reversion” around the long-run average level of interest rates. The
Vasicek model and its extended form are special cases of HJM with a single risk
factor and a time (but not state) dependent volatility function which takes the form
σ(t,T;st) ¼ ke�a(T�t) where k and a are constants. Vasicek calls the long-run average
level of interest rates μ:

dr ¼ αðμ� rÞdt þ σdZ

The change in the short-term rate of interest r is a function of a drift term and a
shock term where

r ¼ the instantaneous short rate of interest

α ¼ the speed of mean reversion

μ ¼ the long-run expected value for r

σ ¼ the instantaneous standard deviation of r

Z is the standard Wiener process with mean zero and standard deviation of 1,
exactly like we have used in the first two examples. The difference from previous
models comes in the drift term, which gives this stochastic process its name: the
Ornstein-Uhlenbeck process. The drift term in the stochastic process proposed by
Vasicek pulls the short rate r back toward μ, so μ can be thought of as the long-run
level of the short rate. When the short rate r is above μ, the first term tends to pull r
downward since α is assumed to be positive. When the short rate r is below μ, r tends
to drift upward. The second term of the stochastic process, of course, applies random
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shocks to the short rate, which may temporarily offset the tendencies toward mean
reversion of the underlying stochastic process. The impact of mean reversion is to
create realistic interest rate cycles, with the level of alpha determining the length and
violence of rises and falls in interest rates. What are the implications of this model for
the pricing of bonds? We derive the zero-coupon bond-pricing formula in Appendix
B of this chapter. The zero-coupon bond-pricing formula is an exponential function
with two terms, one of which is a function of the short-term rate of interest r:

Pðr, t, TÞ ¼ e�Fðt, TÞr�Gðt, TÞ

¼ exp �rFðτÞ � μþ λσ
α
� σ2

2α2

0
@

1
A½τ� FðτÞ� � σ2F2ðτÞ

4α

2
4

3
5

where the function F is defined in Appendix B as

Fðt, TÞ ¼ FðτÞ ¼ 1

α
ð1� e�ατÞ

The continuously compounded zero-coupon bond yield in the Vasicek model
uses the definition of function G in Appendix B of this chapter:

yðτÞ ¼ � 1

τ
ln½PðτÞ� ¼ � 1

τ
½�rFðτÞ �GðτÞ�

¼ FðτÞ
τ

rþGðτÞ
τ

As time to maturity gets infinitely long, one can calculate the infinitely long zero-
coupon bond yield maturity as

yðNÞ ¼ μþ λσ
α
� σ2

2α2

This yield to maturity is positive for almost all realistic sets of parameter values,
correcting one of the major objections to theMerton term structure model, without the
necessity to “extend” the yield curve with a time-dependent drift in the short rate of
interest r.

What does duration mean in the context of the Vasicek model? Macaulay
defined duration, as we saw in Chapter 12, as the percentage change in bond prices
with respect to the parallel shift in yield to maturity in a continuous time context. The
parallel shift in the Macaulay model was the single stochastic factor driving the yield
curve. In the Vasicek model, the short rate r is the stochastic factor. We define “r-
duration” as above: the percentage change in the price of a bond with respect to
changes in the short rate r:

r-Duration ¼ �Pr

P
¼ FðτÞP

P
¼ FðτÞ ¼ 1

α
½1� e�ατ�
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This function F is a powerful tool one can use for hedging in the Vasicek model
and its extended version, which we cover in the next section. The hedge ratio nec-
essary to hedge one unit of a zero-coupon bond with a remaining maturity of τ1 using
a bond with remaining maturity of τ2 is

w ¼ �P1r

P2r

¼ � Fðτ1ÞP½τ1�
Fðτ2ÞP½τ2�

a hedge ratio substantially different from that using the Merton or Ho and Lee
models:

w ¼ � τ1P½τ1�
τ2P½τ2�

In practical use, it is this difference in hedge ratios that allows us to distinguish
between different models. The ability to extend a model, as in the previous section,
renders all extendible models equally good in the sense of fitting observable data. For
example, the HJM framework allows the analyst to fit an observable term structure
of zero-coupon bond yields with (almost) any volatility structure. In reality, however,
the explanatory power of various term structure models and volatility assumptions
can be substantially different. Ultimately, the relative performance of each model’s
hedge ratios and its ability to explain price movements of traded securities with the
fewest parameters are what differentiates the best models from the others.

The stochastic process proposed by Vasicek allows us to calculate the expected
value and variance of the short rate at any time in the future s from the perspective of
current time t. Denoting the short rate at time t by r(t), the expected value of the short
rate at future time s is

Et½rðsÞ� ¼ μþ ½rðtÞ � μ�e�αðs�tÞ

The standard deviation of the potential values of r around this mean value is

Standard deviation ½rðsÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2

2α
½1� e�2αðs�tÞ�

r

Because r(s) is normally distributed, there is a positive probability that r(s) can be
negative. As pointed out by Black (1995), this is inconsistent with a no-arbitrage
economy in the special sense that consumers hold an option, which Black assumed is
costless, to hold cash instead of investing at negative interest rates. The magnitude of
this theoretical problem with the Vasicek model depends on the level of interest rates
and the parameters chosen.8 The biggest problem with the Vasicek model is not the
positive probability of negative rates. Like all of the term structure models described
in this chapter, the biggest problem is the assumption that only one random factor
drives the yield curve, which is inconsistent with the evidence of Dickler, Jarrow, and
van Deventer (2011) that 6 to 10 random factors drive the movements of the risk-free
term structure.
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THE EXTENDED VASICEK–HULL AND WHITE MODEL

Hull and White (1990b) bridged the gap between the observable yield curve and the
theoretical yield curve implied by the one-factor Vasicek model by “extending” or
stretching the theoretical yield curve to fit the actual market data. The Hull andWhite
extension was published contemporaneously with the Heath, Jarrow, and Morton
(1990a, 1990b, 1992) extension for n-factor models. Hull and White apply the
identical logic as the previous section, but they allow the market price of risk term λ to
drift over time, instead of assuming it is constant as in the Vasicek model. If we assume
this term drifts over time, what are the implications for the pricing formula for zero-
coupon bonds?

Hull and White use the time-dependent drift term in interest rates theta, where
theta in turn depends on a time-dependent market price of risk:

θðtÞ ¼ αμþ λðtÞσ

Hull and White derive the zero-coupon bond price in the extended Vasicek
model using this assumption as shown in Appendix C of this chapter:

Pðr, t, TÞ ¼ e�Fðt, TÞr�Gðt, TÞ

¼ exp �rFðτÞ �
ZT
t

Fðs, TÞθðsÞdsþ σ2

2α2

0
@
1
A½τ� FðτÞ� � σ2F2ðτÞ

4α

2
4

3
5

The zero-coupon bond price is again an exponential function with two terms,
one that is multiplied by the random short-term rate of interest r and the other
that contains the functions F and G. Function F is defined the same way as in the
previous section. Function G contains the extension term and is defined in Appendix
C of this chapter. As in the Vasicek model, the price sensitivity of a zero-coupon bond
is given by the formula

r-Duration ¼ �Pr

P
¼ FðτÞP

P
¼ FðτÞ ¼ 1

α
½1� e�ατ�

This is the same formula as in the regular Vasicek model. We now turn to a brief
historical review of other term structure models proposed in the academic literature
leading up to the publication of the HJM framework.

ALTERNATIVE TERM STRUCTURE MODELS

A complete review of the vast array of term structure models that have been proposed
in the academic literature is beyond the scope of this chapter.9 So, we will briefly
review a small subset of the term structure models of the past five decades, with
occasional asides to remind the reader that each of the models mentioned is a special
case of Heath, Jarrow, and Morton. None of the models reviewed by the authors
cited in the notes has more than the three random factors that we illustrated using the
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HJM framework in Chapter 9. Consistent with Dickler, Jarrow, and van Deventer
(2011), we remind the reader that 6 to 10 factors are needed for both realism and
regulatory purposes, per the Bank for International Settlements regulations cited in
prior chapters.

In the remainder of this chapter, we consider alternative term structure models
that offer a richer array of potential movements in the term structure of interest rates,
while preserving the implicit assumption that default will not occur. In Chapters 16
through 17, we broaden our analysis to include multifactor models of the yield curve
that explicitly incorporate the probability of default. For example, the Shimko,
Tejima, and van Deventer extension of the Merton model, which we discuss in
Chapter 16, is a two-factor term structure model in the guise of a discussion of the
valuation of risky debt. The two risky factors are the short rate of interest r, which
drives the risk-free yield curve’s movements, and the value of the underlying assets
being financed.

Alternative One-Factor Interest Rate Models

The Cox, Ingersoll, and Ross (CIR) model, which the authors derive in a general
equilibrium framework, has been as popular in the academic community to the same
degree as the Vasicek model has been among financial market participants. It is
therefore appropriate that we begin our discussion of one-factor model alternatives
to the Vasicek model with a review of the CIR approach.

The CIR Model The CIR model has been particularly influential because the original
version of the paper was in circulation in the academic community at least since 1977,
even though the paper was not formally published until 1985. CIR Cox, Ingersoll, and
Ross (1985) assume that the short-term interest rate is the single stochastic factor driving
interest rate movements, and that the variance of the short rate of interest is propor-
tional to the level of interest rates. This is a special case of HJM, which Jarrow (2002,
288) labels “nearly proportional volatility such that the interest rate volatility function
σ(t,T;st) ¼k (t,T) min[log f(t, Y), M], subject to an upper bound of a constant M.”
Below this upper bound, volatility is proportional to the continuously compounded
forward rate so that forward rates are always nonnegative. This implies that interest rate
volatility is higher in periods of high interest rates than it is in periods of low interest
rates. The realism of this assumption depends on which financial market is being
studied, but casual empiricism would lead one to believe that it is a more desirable
property when modeling the United States (1978–1985), Brazil, or Mexico than it
would perhaps be for Japanese financial markets today. This observation is consistent
with the rising levels of interest rate volatility that we found in the U.S. Treasury market
from 1962 to 2011 in Chapters 6 through 9, but the CIR assumption is much simpler
than the pattern of volatility levels reflected in the actual data.

The authors assume that stochastic movements in the short rate take the form

dr ¼ kðμ� rÞdt þ σ
ffiffi
r

p
dz

The change in interest rates will have a mean reverting drift term, which causes
interest rate cycles, just like the Vasicek and extended Vasicek models. The interest
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rate shock term has the same volatility as the Vasicek model but it is multiplied by the
square root of the short-term rate of interest. CIR show that the value of a zero-
coupon bond with maturity τ ¼ T � t takes the form

Pðr, τÞ ¼ AðτÞe�BðτÞr

We refer the reader to the original CIR paper for the definitions of A and B. Its
authors also derive an analytical solution for the price of a European call option on a
zero-coupon bond.

Dothan (1978) provides a model of short rate movements where the short-term
riskless rate of interest r follows a geometric Wiener process. The short rate has a
lognormal distribution and will therefore always be positive:

dr ¼ σrdz

The resulting analytical solution for zero-coupon bond prices is quite complex.
The Dothan model, while sharing one of the attractive properties of the CIR model,
lacks the mean reversion term that causes interest rate cycles, one of the key features
necessary in a realistic term structure model.

Longstaff (1989) proposes a model in which the variance of the short rate is
proportional to the level of the short rate, like the CIR model, and the mean version
of the short rate is a function of its square root:

dr ¼ kðμ� ffiffirp Þdt þ σ
ffiffi
r

p
dz

The resulting pricing equation for zero-coupon bonds is very unique in comparison
to other term structure models in that the implied yield to maturity on zero-coupon
bonds is a nonlinear function of the short rate of interest:

Pðr, τÞ ¼ AðτÞeBðτÞrþCðτÞ
ffiffi
r

p

A, B, and C are complex functions of the term structure model parameters and
are described in Longstaff.

Black, Derman, and Toy (1990) suggest another model that avoids the problem
of negative interest rates and allows for time-dependent parameters. The stochastic
process specifies the percentage change in the short-term rate of interest is a mean
reverting function of the natural logarithm of interest rates:

d½ðlnðrÞ� ¼ ½θðtÞ � φðtÞlnðrÞ�dt þ σðtÞdz

The model has many virtues from the perspective of financial market partici-
pants. It combines the ability to fit the observable yield curve (like the Ho and Lee
and extended Vasicek models) with the nonnegative restriction on interest rates and
the ability to model the volatility curve observable in the market. The model’s
liability is the lack of tractable analytical solutions, which are very useful in (1)
confirming the accuracy of numerical techniques and (2) valuing large portfolios
where speed is essential.
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Black and Karasinski (1991) further refine the Black, Derman, and Toy approach
with the explicit incorporation of time-dependent mean reversion:

d½ðlnðrÞ� ¼ φðtÞ½ln½μðtÞ� � lnðrÞ�dt þ σðtÞdz

This modification allows the model to fit observable cap prices, one of the richest
sources of observable market data incorporating interest rate volatility information if
one ignores the possibility of manipulation of the short-term LIBOR (which we
discuss in Chapter 17). The authors describe in detail how to model bond prices
and interest derivatives using a lattice approach. The model, like its predecessor the
Black, Derman, and Toy model, has been quite popular among financial market
participants.

Two-Factor Interest Rate Models

As we discuss in this section, one of the challenges in specifying a two-factor model is
selecting which two factors are the most appropriate. In Chapters 16 and 17, we
discuss credit models where the two factors of the risky debt term structure model
are the riskless short rate of interest and either (1) the value of the asset being
financed (in the Shimko, Tejima, and van Deventer extension of the Merton credit
model); or (2) a macroeconomic factor driving default, as in the Jarrow credit model.
In this section, we review a number of two-factor models that are based on various
assumptions about the two risky factors on the assumption that we are modeling a
risk-free yield curve.

The Brennan and Schwartz Model Brennan and Schwartz (1979) introduced a two-
factor model where both a long-term rate and a short-term rate follow a joint Gauss-
Markov process. The long-term rate is defined as the yield on a consol (perpetual)
bond. Brennan and Schwartz assume that the log of the short rate has the following
stochastic process:

d½lnðrÞ� ¼ α½lnðlÞ � lnðpÞ � lnðrÞ�dt þ σ1dz1

The short rate r moves in response to the level of the consol rate l and a
parameter p relating the target value of ln ([r]) relative to the level of ln (l). Brennan
and Schwartz show that the stochastic process for the consol rate can be written

dl ¼ l½l � rþ σ22 þ λ2σ2�dt þ lσ2dz2

Lambda in this expression is the market price of long-term interest rate risk.
Longstaff and Schwartz proceed to test the model on Canadian government bond
data, with good results.

Chen and Scott (1992) derive a two-factor model in which the nominal rate of
interest I is the sum of two independent variables y1 and y2, both of which follow the
stochastic process specified by CIR:

dyi ¼ kiðθi � yiÞdt þ σi
ffiffiffiffi
yi

p
dzi
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Chen and Scott show that the price of a discount bond in this model is

Pðy1, y2, t, TÞ ¼ A1A2e
�B1y1�B2y2

where A and B have the same definition as in the CIR model, with the addition of
the appropriate subscripts. The authors go on to value a wide range of interest rate
derivatives using this model. The end result is a powerful model with highly desirable
properties and a wealth of analytical solutions.

Hull and White (1994b) show that there is a similar extension for the Vasicek
model when the nominal interest rate I is the sum of two factors r1 and r2. The value
of a zero-coupon bond with maturity tau is simply the product of two factors P1 and
P2, which have exactly the same functional form as the single factor Vasicek model,
except that one is driven by r1 and the other by r2:

Vðr1, r2, τÞ ¼ P1ðr1, τÞP2ðr2, τÞ

Both stochastic factors are assumed to follow stochastic processes identical to the
normal Vasicek model:

dri ¼ αiðμi � riÞdt þ σidzi

Longstaff and Schwartz (1992a) propose a model in which two stochastic fac-
tors, which are assumed to be uncorrelated, drive interest rate movements. The
factors x and y are assumed to follow the stochastic processes

dx ¼ ðγ� δxÞdt þ ffiffiffixp dz1

dy ¼ ðη� vyÞdt þ ffiffiffiyp dz2

Longstaff and Schwartz derive the value of a discount bond in this economy to be

Vðx, y, τÞ ¼ E1ðτÞeE2ðτÞxþE3ðτÞy

Chen’s Three-Factor Term Structure Model

As factors are added to a term structure model, it becomes more realistic and more
complex. Chen (1994) introduces a three-factor term structure model where the
short-term rate of interest is random and mean reverting around a level that is also
random. Moreover, Chen also assumes that the volatility of the short rate is random:

dr ¼ kðθ� rÞdt þ ffiffiffiσp ffiffi
r

p
dz1

dθ ¼ vðθ� θÞdt þ ζ
ffiffiffi
θ

p
dz2

dσ ¼ μðσ� σÞdt þ η
ffiffiffi
σ

p
dz3

The volatility of the short rate is written by Chen as
ffiffiffi
σ

p
. The long-term level of

interest rates theta is itself random and mean-reverting around a long-term level. The
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volatility of the short rate is also mean-reverting with a form much like the CIR
specification. Chen goes on to derive, with considerable effort, closed-form solutions
for this richly specified model.

Chen’s model demonstrates that there is a rich array of choices for financial
market participants who require the additional explanatory power of a two- or three-
factor model and who are willing to incur the costs, which we discuss below, of such
models.

REPRISING THE HJM APPROACH

Realism in term structure modeling requires 6 to 10 random factors driving the risk-
free term structure of interest rates. The preceding review of 1, 2, and 3 factor models
has probably left the reader with the sense that models can quickly become intrac-
table as the number of factors rises without some unifying approach. That unifying
approach is the HJM framework. The reason for presenting the HJM approach first,
in Chapters 6 through 9, is to show that it is much easier to use in practice than many
of the “simpler” term structure models discussed previously that have fewer risk
factors and, therefore, less explanatory power. When we say “HJM” in this context,
we include its popular variant, the LIBOR market model, which has been widely
employed in valuing securities that are a function of the LIBOR-swap curve. (We
discuss the LIBOR market model in Chapter 17, where we focus on the modeling of
term structures where the underlying yield curve embeds the possibility of default.)
For risk-free term structures, the HJM framework is so rich that the expansion of risk
factors from the three factors of Chapter 9 to 4, 5, 5, 10, or 20 factors is routine. That
is what a sophisticated risk-management software solution is for—to remove the
“routine” from risk management so a talented risk manager can spend his or her time
on the art and judgment element of the discipline.

In the next chapter, we turn to term structure implementation questions. What
volatility function is best if we want to employ a multifactor HJM interest rate
modeling framework?

APPENDIX A: DERIVING ZERO-COUPON BOND PRICES IN THE
EXTENDED MERTON/HO AND LEE MODEL

Ito’s lemma gives us the same formula for changes in the value of a zero-coupon
bond P, except for substitution of the slightly more complex expression for dr:

dP ¼ Prdrþ 1

2
PrrðdrÞ2 þ Pt

¼ Pr½aðtÞ þ σdZ� þ 1

2
Prrσ2 þ Pt

We form a no-arbitrage portfolio with value W as in the first section in this
chapter so that the coefficient of the dz term is zero. We get the same hedge ratio as
given in the original Merton model:
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w ¼ �P1r

P2r

By applying the no-arbitrage condition that dW ¼ rW, we are led to a no-
arbitrage condition closely related to that of the original Merton model:

�λ ¼
P1raðtÞ þ

1

2
P1rrσ

2 þ P1t � rP1

σP1r

¼
P2r aðtÞ þ

1

2
P2rrσ

2 þ P2t � rP2

σP2r

In the Ho and Lee model, the market price of risk must be equal for any two
zero-coupon bonds with arbitrary maturities T1 and T2. In the Ho and Lee case, the
market price of risk again is the fixed income counterpart of the Sharpe ratio, with
expected return on each bond equal to

Drift ¼ Expected return ¼ PraðtÞ þ 1

2
Prrσ2 þ Pt

Now the value of the zero-coupon bond price P for any given maturity is fixed by
the shape of the yield curve, which Ho and Lee seek to match perfectly. Our mission
in solving the partial differential equation in the Ho and Lee model is to find the
relationship between the drift term a(t) and the bond price P. The partial differential
equation, which must be solved, comes from rearranging the no-arbitrage condition
above, and our continued assumption that lambda is constant:

Pr½aðtÞ þ λσ� þ 1

2
Prrσ2 þ Pt � rP ¼ 0

which must hold subject to the fact that the value of a zero-coupon bond must equal
1 at maturity.

Pðr, T, TÞ ¼ 1

We use an educated guess to postulate a solution and then see what must be true
for our guess to be correct (if it is possible to make it correct). We guess that the
solution P is closely related to the Merton model:

Pðr, t, TÞ ¼ e�rτþGðt, TÞ

We seek to find the functionG, which satisfies the partial differential equation.We
take thepartial derivatives ofP and substitute them into thepartial differential equation:

Pr ¼ �τP
Prr ¼ τ2P

Pt ¼ ðrþG0ÞP
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When we substitute these partial derivatives into the partial differential equation
and simplify, we get the following relationship:

� ½aðtÞ þ λσ�τþ 1

2
σ2τ2 þG0 ¼ 0

We solve this differential equation in G by translating the derivative of G with
respect to the current time t (not τ) into this expression:

Gðt, TÞ ¼ �λστ2

2
þ 1

6
σ2τ3 �

ZT
t

aðsÞðT � sÞds

Therefore, the value of a zero-coupon bond in the extended Merton/Ho and Lee
model is given by the equation

Pðr, t, TÞ ¼ e
�rτ�λστ2

2 þ1
6σ

2τ3�
RT
t

aðsÞðT�sÞds

APPENDIX B: DERIVING ZERO-COUPON BOND PRICES IN THE
VASICEK MODEL

We use the notation of Chen (1992) to answer this question using the same process
as in the Merton/Ho and Lee models. By Ito’s lemma, movements in the price of a
zero-coupon bond is

dP ¼ Prdrþ 1

2
PrrðdrÞ2 þ Pt

¼ Pr½αðμ� rÞdt þ σdZ� þ 1

2
Prrσ2 þ Pt

Using exactly the same no-arbitrage argument that we used previously, we can
eliminate the dz term by choosing the hedge ratio necessary to eliminate interest rate
risk (which is what dz represents). The partial differential equation consistent with a
no-arbitrage bond market in the Vasicek model is

Pr½αðμ� rÞ þ λσ� þ 1

2
Prrσ2 þ Pt � rP ¼ 0

and, as above, it must be solved subject to the boundary condition that a zero-coupon
bond’s price at maturity equals its principal amount, 1:

Pðr, T, TÞ ¼ 1
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The market price of risk λ is assumed to be constant. As a working assumption,
we guess that the zero-coupon bond price has the solution

Pðr, t, TÞ ¼ Pðr, τÞ ¼ e�rFðτÞ�GðτÞ

where F and G are unknown functions of τ ¼ T � t. If our working assumption is
correct, we will be able to obtain solutions for F and G. We know that

Pr ¼ �FP
Prr ¼ F2P

Pt ¼ ð�rFt �GtÞP

By replacing the derivatives of the zero-coupon bond price P in the partial dif-
ferential equation above and rearranging, we know that the following relationship
must hold:

r½αF � Ft � 1� þ 1

2
F2σ2 � Fðαμþ λσÞ �Gt

� �
¼ 0

This relationship must hold for all values of r, so the coefficient of rmust be zero.

αF � Ft � 1 ¼ 0

We can solve this partial differential equation by rearranging it until we have

αFt
1� αF

¼ �α

We then take the integral of both sides such that

ZT
t

αFtðs, TÞ
1� αFðs, TÞ ds ¼ �

ZT
t

αds

Evaluating the integrals on both sides of the equation leaves the relationship

ln½1� αFðt, TÞ� ¼ �αðT � tÞ

Calculating the exponential of both sides defines F:

Fðt, TÞ ¼ FðτÞ ¼ 1

α
ð1� e�ατÞ

To determine the value of the function G, we must solve the partial differential
equation
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1

2
F2σ2 � Fðαμþ λσÞ �Gt ¼ 0

or

Gt ¼ 1

2
F2σ2 � Fðαμþ λσÞ

We can calculate that

ZT
t

Fðs, TÞds ¼ 1

α
½τ� FðτÞ�

and that

ZT
t

F2ðs, TÞds ¼ 1

α2
½τ� FðτÞ� � F2ðτÞ

2α

We can take the integral of both sides of the equation above to solve for G:

ZT
t

Gsðs, TÞds ¼
ZT
t

1

2
Fðs, TÞ2σ2 � Fðs, TÞðαμþ λσÞ
2
4

3
5ds

¼ 1

2
σ2

1

α2

�
τ� FðτÞ

�
� F2ðτÞ

2α

2
4

3
5� αμþ λσ

α
½τ� FðτÞ�

¼ σ2

2α2
� μ� λσ

α

2
4

3
5½τ� FðτÞ� � σ2

4α
F2ðτÞ

Since

ZT
t

Gsðs, TÞds ¼ GðT, TÞ �Gðt, TÞ

and since G(T,T) must be zero for the boundary condition that P(T,T) ¼ 1,

Gðt, TÞ ¼ GðτÞ ¼ μþ λσ
α
� σ2

2α2

2
4

3
5½τ� FðτÞ� þ σ2

4α
F2ðτÞ
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This means that the value of a zero-coupon bond in the Vasicek model is

Pðr, t, TÞ ¼ e�Fðt, TÞr�Gðt, TÞ

¼ exp �rFðτÞ � μþ λσ
α
� σ2

2α2

0
@

1
A½τ� FðτÞ� � σ2F2ðτÞ

4α

2
4

3
5

APPENDIX C: VALUING ZERO-COUPON BONDS IN THE EXTENDED
VASICEK MODEL

The partial differential equation changes only very slightly from the one we used in
the third section of this chapter:

Pr½αðμ� rÞ þ λðtÞσ� þ 1

2
Prrσ2 þ Pt � rP ¼ 0

subject to the usual requirement that the bond’s price equals 1 at maturity:

Pðr, T, TÞ ¼ 1

We can rewrite the partial differential equation as

Pr½ðαμþ λðtÞσÞ � αr� þ 1

2
Prrσ2 þ Pt � rP ¼ 0

and using the definition

θðtÞ ¼ αμþ λðtÞσ

we can simplify the partial differential equation to the point that it looks almost
identical to that of the Ho and Lee model earlier in the chapter:

Pr½θðtÞ � αr� þ 1

2
Prrσ2 þ Pt � rP ¼ 0

As in the third section in this chapter, we assume that the solution to the pricing
of zero-coupon bonds takes the form

Pðr, t, TÞ ¼ Pðr, τÞ ¼ e�rFðτÞ�GðτÞ

where F and G are unknown functions of τ ¼ T � t. Using the partial derivatives of
P under the assumption that we have guessed the functional form correctly, we know
that the following relationship must hold:
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r½αF � Ft � 1� þ 1

2
F2σ2 � FθðtÞ �Gt

� �
¼ 0

From Appendix B, we can prove

Fðt, TÞ ¼ FðτÞ ¼ 1

α
ð1� e�ατÞ

We now must solve for G given the following equation:

Gt ¼ 1

2
F2σ2 � FθðtÞ

We do this by taking the integral of both sides and making use of the integral of
F2, which was given in Appendix B, to arrive at the solution for G:

Gðt, TÞ ¼ GðτÞ ¼
ZT
t

Fðs, TÞθðsÞds� σ2

2α2
½τ� FðτÞ� þ σ2

4α
F2ðτÞ

Therefore, under the extended Vasicek model, the value of a zero-coupon bond
is given by the formula

Pðr, t, TÞ ¼ e�Fðt, TÞr�Gðt, TÞ

¼ exp �rFðτÞ �
ZT
t

Fðs, TÞθðsÞdsþ σ2

2α2

0
@
1
A½τ� FðτÞ� � σ2F2ðτÞ

4α

2
4

3
5

NOTES

1. For more on Ito’s lemma, see Shimko (1992) for implementations in applied finance.
2. If there are two random factors driving movements in interest rates, two bonds would be

necessary to eliminate the risk of these random factors. n bonds would be necessary for an
n-factor model. This parallels the HJM hedging example in Chapter 12.

3. We have implicitly assumed in this chapter that we are modeling the risk-free term
structure. We will relax this assumption in Chapter 17.

4. To be precise, a Gaussian random walk.
5. We insert the minus sign in front of λ to be consistent with other authors’ notation and

subsequent chapters.
6. We could change the sign of this expression to make it positive since the sign of the Wiener

process dz is arbitrary.
7. For example, consider this term structure model, where zero-coupon bond yields are a

linear function of years to maturity: y(τ) ¼ .05 þ 0.1τ It is clearly a ridiculous model, but it
can be made to fit the yield curve exactly in a manner similar to the Ho and Lee model.

8. The same objection applies to the Merton/Ho and Lee models and a wide range of
other models, which assume a constant volatility of interest rates, regardless of the level
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of short-term interest rates. Since the storage of cash is not costless, as we discussed earlier
in this book, negative rates are becoming increasingly common in countries like Japan and
the United States, which are recovering from serious financial crises.

9. We refer the serious student of term structure model history to these excellent references by
Dai, Duffie, Kan, Singleton, and Jarrow:

n Qiang Dai and Kenneth J. Singleton, “Specification Analysis of Affine Term Structure
Models,” Journal of Finance 55, no. 5 (October 2000).

n Qiang Dai and Kenneth J. Singleton, “Term Structure Dynamics in Theory and Real-
ity,” Review of Financial Studies 16, no. 3 (Fall 2003).

n Darrell Duffie and Rui Kan, “Multi-Factor Term Structure Models,” Philosophical
Transactions: Physical Sciences and Engineering 347, no. 1684, Mathematical Models
in Finance (June 1994).

n Darrell Duffie and Kenneth J. Singleton, “An Econometric Model of the Term Structure of
Interest-Rate Swap Yields,” Journal of Finance 52, no. 4 (September 1997).

n Darrell Duffie and Kenneth J. Singleton, “Modeling Term Structures of Defaultable
Bonds,” Review of Financial Studies 12, no. 4 (1999).

n Robert A. Jarrow, “The Term Structure of Interest Rates,” Annual Review of Financial
Economics 1 (October 2009).
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CHAPTER 14
Estimating the Parameters of

Interest Rate Models

In this chapter, we continue from our theoretical overview of term structure models
to their practical application. Here we fit the parameters for the term structure

model that is most consistent with the assets and liabilities being modeled and the
marketplace in which they are traded.

REVISITING THE MEANING OF NO ARBITRAGE

As we discussed in prior chapters, the meaning of no-arbitrage assumptions should
be the same for finance academics and financial market participants. Sadly, however,
that is not always the case. Academics often assume a stylized market of zero-coupon
bonds in which one can buy or sell them in unlimited amounts without changing the
price. Models that produce zero-coupon bonds, and whose theoretical valuations
match their input values, are judged to be no arbitrage. This is a basic characteristic
of the one-, two-, and three-factor Heath Jarrow, and Morton (HJM) models dis-
cussed and illustrated in Chapters 6 through 9. This narrow view of the meaning of
no arbitrage is necessary but not sufficient. We need all securities whose value should
stem from the relevant risk-free yield curve to have a theoretical valuation that
matches observed prices as well. If a perfect match is not possible, the best match one
can obtain, within the model structure chosen, is the objective. We obtain this “best
match” by selecting the model parameters that produce the best match.

A FRAMEWORK FOR FITTING TERM STRUCTURE MODELS

In Chapters 6 through 9, we took the initial zero-coupon bond prices with maturities
in one, two, three, and four years as observable. Most likely, they were obtained from
using the advanced yield curve smoothing techniques of Chapter 5 on the observable
prices of coupon-bearing bonds (which we discuss in Chapter 17). As we saw in each
of these chapters, the observable (or derived) zero-coupon bonds are not sufficient to
determine what interest rate volatility assumptions are best. In fact, we showed in
Chapters 6 through 9 that four different assumptions about interest rate volatility can
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be implemented using the same zero-coupon bond prices, and all of them are no
arbitrage in the academic sense.

Now we add additional securities, which provide us with the option of using two
different approaches to fitting interest rate volatility:

1. Historical volatility: Of course we always have the opportunity to use interest
rate volatility that is derived from statistical analysis of past interest rate
movements. This is what we did in Chapters 6 through 9 using U.S. Treasury
data from 1962 to 2011. This exercise need not be repeated here.1

2. Implied volatility: In this chapter, we focus on the second alternative in which we
use market prices of other securities to “imply” the best-fitting interest rate
volatility assumptions in order to ensure that these other securities are priced in a
no-arbitrage sense as well.

The process for implying the interest rate volatility functions is very similar to
that of implying stock return volatility in the Black-Scholes (1973) model for options
on common stock. The difference is simple. In the Black-Scholes model, a single
formula for options value is assumed to be true, and one equation in one unknown is
solved to obtain the stock return volatility consistent with an observed option price.
As is well known, the theory implies that the volatility should be the same for all
strike prices at a given options maturity, but this is not supported by empirical
analysis in which one minimizes the sum of squared prices errors on n options with
a single-stock return volatility. In optimizing interest rate volatility, however, we
can employ whatever interest rate volatility function we choose as long as the vol-
atility functions are consistent with no arbitrage in the HJM sense as discussed
in Chapter 6.

This allows interest rate volatility take on any number of forms: to be a constant,
to take on a specific functional form like most of the one-factor models in Chapter 13,
to be a function of multiple parameters, and to vary with time to maturity and the
level of interest rates in a complex way. We illustrate the process of parameter fitting
in a series of increasingly complex examples, with more observable securities that are
priced off the zero-coupon yield curve.

FITTING ZERO-COUPON BOND PRICES AND VOLATILITY
PARAMETERS JOINTLY

In many markets, like the market for mortgage-backed securities in the United States,
there are no observable bonds that are noncallable from which zero-coupon bond
prices can be derived using the smoothing techniques in Chapter 5. Instead, the
observable securities are either individual mortgage loans that exhibit complex
prepayment behavior or packages of these individual mortgage securities. In this
case, it is necessary and desirable to optimize best-fitting zero-coupon bond prices,
prepayment parameters, default parameters, and interest rate volatility simulta-
neously. This is easy to do even in common spreadsheet software and the process
by which one does so is the subject of the rest of this book. In the remainder of
this chapter, we take the zero-coupon bond prices as given and derive the relevant
volatility functions from observable prices of other securities.
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STEPS IN FITTING THE INTEREST RATE VOLATILITY ASSUMPTIONS

In each of the interest rate volatility fitting examples that follow, we pursue the same
process:

1. We select the number of risk factors driving the risk-free yield curve.
2. We select the functional form, which describes how volatility varies (if it varies)

by interest rate level and maturity.
3. We obtain the prices of other securities in addition to the four observable zero-

coupon bond prices used in Chapters 6 through 9.
4. We iteratively solve for the interest rate volatility parameters, which minimize

the sum of squared pricing errors of the other securities in order to ensure that
we come as close as possible to a no-arbitrage interest rate framework.

In this chapter, we restrict the nature of “other securities” to a simple type: bonds
that pay a fixed annual interest rate with a single option to prepay prior to maturity;
that is, bonds with an embedded European option to prepay. In later chapters, we
show how to use the HJM framework for a wide variety of security types. All of them
can be used to derive interest rate volatility in a manner similar to what we do in this
chapter on similar securities. In each of the examples that follow, we use the three-
factor HJM example of Chapter 9 as our base case.

Example 1: Fitting Interest Rate Volatility When Six Callable Bonds
Are Observable

In this example and in Examples 2 and 3, we use Chapter 9’s three-factor HJM
example as a base case. For Example 1, we make these assumptions:

1. There are three factors driving random interest rates.
2. These risk factors take on various values at different levels of interest rates:

n Risk factor 1 is a constant (sigma 1) for all maturities of forward rates and all
interest rate levels.

n Risk factor 2 takes on three values. The first value (sigma 2 low) is for all
levels of the one-period spot rate equal to 2.00 percent or below. The second
value (sigma 2 mid) is for all levels of the one-period spot rate from 2.01 to
3.99 percent. The third value (sigma 2 high) is for all levels of the one-period
spot rate of 4.00 percent or higher.

n Risk factor 3 takes on one value (sigma 3 low) for all levels of the one-period
spot rate equal to 2.99 percent or below and a second value (sigma 3 high) for
all levels of the one-period spot rate above that level.

3. There are six observable callable bonds outstanding. They all pay annual cou-
pons of 2 percent, 3 percent, or 4 percent and they are callable either at year
2 only or year 3 only. In the case of the call dates, it is assumed that the bond
holders receive the coupon scheduled for the call date. The assumed observable
prices are given in Exhibit 14.1.

Note that we have included for the reader’s convenience the actual values of
noncallable bonds with annual coupons of 2 percent, 3 percent, and 4 percent. These
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values are simple to calculate using the formulas of Chapter 4. The zero-coupon bond
prices that we used as inputs in Chapters 6 through 9 remain unchanged, and
the bushy trees that are created in this example and examples 2 and 3 preserve these
values. We reproduce in Exhibit 14.2 the cash flow table for the noncallable
bond with a 3 percent coupon. For any interest rate volatility assumptions, that bond
continues to have the same price we found in Chapters 6 through 9.

What happens if this bond is callable? The cash flows at time T ¼ 1 and time
T ¼ 2 are unchanged. At time T ¼ 3, we are certain to receive the interest payment
of $3. The only question is whether to call the bond and pay $100 at that time
instead of paying $103 at time T ¼ 4. A rational bond issuer will call the bond
whenever the present value of paying $103 at time T ¼ 4 is more than $100 paid at
time T ¼ 3 from the perspective of time t ¼ 3. (We revisit this issue in detail
in Chapter 21 for European call provisions and Chapter 27 for American call
provisions.) For now, we remind the reader that this decision depends on the
one-period spot rate that prevails at time t ¼ 3 on all 64 nodes of the three-factor
bushy tree that we build using the previous three risk factors, exactly as we did in
Chapter 9. Exhibit 14.3 is an example evaluating the decision to call or not call the
bond at each of these 64 scenarios using the best-fitting values for risk factor
volatility that we solve for next.

We construct a modified cash flow table for each of the six callable securities that
looks exactly like Exhibit 14.3. We now need to solve for the single parameter for
risk factor 1, the three parameters for risk factor 2, and the two parameters for risk
factor 3 that provide the best fit. This solution can be achieved using the “solver”
function in common spreadsheet software or the advanced nonlinear optimization

EXHIBIT 14.1 Bonds Maturing in Year 4

Name Bonds Maturing in Year 4 Call Provisions Actual Price

Base Implied Value of $100 Bond
with Annual $3 Coupon Noncall 104.707100

Base Implied Value of $100 Bond
with Annual $2 Coupon Noncall 100.833236

Base Implied Value of $100 Bond
with Annual $4 Coupon Noncall 108.580963

Security 1 Implied Value of $100 Bond
with Annual $3 Coupon Call in Year 3 104.350000

Security 2 Implied Value of $100 Bond
with Annual $2 Coupon Call in Year 3 100.750000

Security 3 Implied Value of $100 Bond
with Annual $4 Coupon Call in Year 3 107.600000

Security 4 Implied Value of $100 Bond
with Annual $3 Coupon Call in Year 2 103.950000

Security 5 Implied Value of $100 Bond
with Annual $2 Coupon Call in Year 2 100.750000

Security 6 Implied Value of $100 Bond
with Annual $4 Coupon Call in Year 2 106.250000
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EXHIBIT 14.2 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.00 3.00 3.00 3.00 103.00
2 3.00 3.00 3.00 103.00
3 3.00 3.00 3.00 103.00
4 3.00 3.00 3.00 103.00
5 3.00 3.00 103.00
6 3.00 3.00 103.00
7 3.00 3.00 103.00
8 3.00 3.00 103.00
9 3.00 3.00 103.00
10 3.00 3.00 103.00
11 3.00 3.00 103.00
12 3.00 3.00 103.00
13 3.00 3.00 103.00
14 3.00 3.00 103.00
15 3.00 3.00 103.00
16 3.00 3.00 103.00
17 3.00 103.00
18 3.00 103.00
19 3.00 103.00
20 3.00 103.00
21 3.00 103.00
22 3.00 103.00
23 3.00 103.00
24 3.00 103.00
25 3.00 103.00
26 3.00 103.00
27 3.00 103.00
28 3.00 103.00
29 3.00 103.00
30 3.00 103.00
31 3.00 103.00
32 3.00 103.00
33 3.00 103.00
34 3.00 103.00
35 3.00 103.00
36 3.00 103.00
37 3.00 103.00
38 3.00 103.00
39 3.00 103.00
40 3.00 103.00
41 3.00 103.00
42 3.00 103.00
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techniques found in Chapter 36 when we discuss optimal capital structure. We take
the former approach with example 1. We go through these steps in an automated
fashion when using the “solver” functionality:

1. Guess the six parameter values.
2. Value each of the callable bonds.
3. Calculate the sum of squared pricing errors compared to observable prices.
4. If the guess can be improved, go to step 1 and repeat. If the guess cannot be

improved, we produce the final interest rate volatility values.

In step 2, valuation of the callable bonds is done by taking the modified cash flow
table for that parameter set for each bond and multiplying those cash flows by the
probability-weighted discount factors like those from Chapter 9. The best-fitting
parameter values that emerge from this process are as shown in Exhibit 14.4.

These volatility parameters result in the probability-weighted discount factors in
the table in Exhibit 14.5.

EXHIBIT 14.2 (Continued)

Current Time

Row Number 0 1 2 3 4

43 3.00 103.00
44 3.00 103.00
45 3.00 103.00
46 3.00 103.00
47 3.00 103.00
48 3.00 103.00
49 3.00 103.00
50 3.00 103.00
51 3.00 103.00
52 3.00 103.00
53 3.00 103.00
54 3.00 103.00
55 3.00 103.00
56 3.00 103.00
57 3.00 103.00
58 3.00 103.00
59 3.00 103.00
60 3.00 103.00
61 3.00 103.00
62 3.00 103.00
63 3.00 103.00
64 3.00 103.00

Risk-Neutral Value 5 104.7070997370
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EXHIBIT 14.3 Maturity of Cash Flow Received

Row Number 0 1 2 3 4 Call Flag (1 5 yes) NPV Factor NPV of Year 4 Payment NPV Benefit If Called

1 0 3 3 3 103 0 0.853834418 87.94494504
2 0 3 3 3 103 0 0.890549119 91.72655926
3 0 3 3 103 0 1 1.006463481 103.6657385 3.665738549
4 0 3 3 3 103 0 0.936308227 96.43974743
5 0 0 3 3 103 0 0.859071384 88.48435252
6 0 0 3 3 103 0 0.896011273 92.28916115
7 0 0 3 103 0 1 1.012636592 104.301569 4.301569011
8 0 0 3 3 103 0 0.942051044 97.03125751
9 0 0 3 3 103 0 0.969558868 99.8645634
10 0 0 3 103 0 1 0.975505626 100.4770795 0.477079479
11 0 0 3 103 0 1 0.98424679 101.3774193 1.377419324
12 0 0 3 103 0 1 0.977833561 100.7168568 0.716856753
13 0 0 3 3 103 0 0.920704487 94.83256215
14 0 0 3 3 103 0 0.960294587 98.91034247
15 0 0 3 103 0 1 0.977697321 100.7028241 0.70282408
16 0 0 3 3 103 0 0.95828644 98.70350332
17 0 0 0 3 103 0 0.918750002 94.63125017
18 0 0 0 3 103 0 0.958256059 98.70037412
19 0 0 0 103 0 1 0.975621851 100.4890506 0.489050621
20 0 0 0 3 103 0 0.956252175 98.49397404
21 0 0 0 3 103 0 0.941218292 96.94548412
22 0 0 0 3 103 0 0.946991224 97.54009612
23 0 0 0 103 0 1 0.981658004 101.1107744 1.110774365
24 0 0 0 3 103 0 0.962168488 99.10335429
25 0 0 0 3 103 0 0.962657985 99.15377249
26 0 0 0 3 103 0 0.968562417 99.76192895
27 0 0 0 103 0 1 0.977241365 100.6558606 0.655860582
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28 0 0 0 3 103 0 0.970873782 99.9999996
29 0 0 0 3 103 0 0.943464404 97.17683364
30 0 0 0 3 103 0 0.949251113 97.77286461
31 0 0 0 103 0 1 0.98400062 101.3520639 1.352063882
32 0 0 0 3 103 0 0.964464595 99.33985332
33 0 0 0 3 103 0 0.943863066 97.21789576
34 0 0 0 3 103 0 0.949652219 97.81417858
35 0 0 0 103 0 1 0.98441641 101.3948902 1.394890241
36 0 0 0 3 103 0 0.96487213 99.38182942
37 0 0 0 3 103 0 0.962657985 99.15377249
38 0 0 0 3 103 0 0.968562417 99.76192895
39 0 0 0 103 0 1 0.977241365 100.6558606 0.655860582
40 0 0 0 3 103 0 0.970873782 99.9999996
41 0 0 0 103 0 1 0.971284026 100.0422546 0.042254641
42 0 0 0 103 0 1 0.977241365 100.6558606 0.655860582
43 0 0 0 103 0 1 0.985998082 101.5578024 1.557802422
44 0 0 0 103 0 1 0.979573442 100.8960645 0.896064497
45 0 0 0 3 103 0 0.964955261 99.39039184
46 0 0 0 3 103 0 0.970873782 99.9999996
47 0 0 0 103 0 1 0.979573442 100.8960645 0.896064497
48 0 0 0 103 0 1 0.973190664 100.2386384 0.238638374
49 0 0 0 3 103 0 0.920942495 94.85707703
50 0 0 0 3 103 0 0.96054283 98.93591148
51 0 0 0 103 0 1 0.977950063 100.7288565 0.728856463
52 0 0 0 3 103 0 0.958534164 98.72901886
53 0 0 0 3 103 0 0.943464404 97.17683364
54 0 0 0 3 103 0 0.949251113 97.77286461

(Continued )
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EXHIBIT 14.3 (Continued)

Row Number 0 1 2 3 4 Call Flag (1 5 yes) NPV Factor NPV of Year 4 Payment NPV Benefit If Called

55 0 0 0 103 0 1 0.98400062 101.3520639 1.352063882
56 0 0 0 3 103 0 0.964464595 99.33985332
57 0 0 0 3 103 0 0.964955261 99.39039184
58 0 0 0 3 103 0 0.970873782 99.9999996
59 0 0 0 103 0 1 0.979573442 100.8960645 0.896064497
60 0 0 0 103 0 1 0.973190664 100.2386384 0.238638374
61 0 0 0 3 103 0 0.945715876 97.40873525
62 0 0 0 3 103 0 0.951516394 98.00618858
63 0 0 0 103 0 1 0.986348827 101.5939292 1.593929208
64 0 0 0 3 103 0 0.966766182 99.57691673

Risk-Neutral Value 5 104.3315124
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EXHIBIT 14.4 Input Variables

Sigma 1 0.0274%
Sigma 3 Low 0.1529%
Sigma 3 High 1.0525%
Sigma 2 Low 0.4235%
Sigma 2 Mid 1.3792%
Sigma 2 High 5.0703%

EXHIBIT 14.5 Probability-Weighted Discount Factors

Row
Number

Current Time

0 1 2 3 4

1 1 0.1246257233 0.0152422660 0.0018050848 0.0015412435
2 0.1246257233 0.0152422660 0.0018050848 0.0016075167
3 0.2492514466 0.0304845321 0.0036101696 0.0036335038
4 0.4985028932 0.0609690641 0.0072203391 0.0067604629
5 0.0153357540 0.0018161562 0.0015602078
6 0.0153357540 0.0018161562 0.0016272964
7 0.0306715080 0.0036323124 0.0036782125
8 0.0613430159 0.0072646248 0.0068436474
9 0.0309463446 0.0037652815 0.0036506621
10 0.0309463446 0.0037652815 0.0036730533
11 0.0618926891 0.0075305630 0.0074119325
12 0.1237853783 0.0150611261 0.0147272745
13 0.0614894041 0.0073810537 0.0067957693
14 0.0614894041 0.0073810537 0.0070879859
15 0.1229788083 0.0147621074 0.0144328729
16 0.2459576165 0.0295242149 0.0282926548
17 0.0018523209 0.0017018198
18 0.0018523209 0.0017749977
19 0.0037046418 0.0036143295
20 0.0074092836 0.0070851435
21 0.0018636820 0.0017541316
22 0.0018636820 0.0017648905
23 0.0037273641 0.0036589968
24 0.0074547282 0.0071727045
25 0.0037607637 0.0036203292
26 0.0037607637 0.0036425344
27 0.0075215274 0.0073503477
28 0.0150430548 0.0146049075
29 0.0074725181 0.0070500548
30 0.0074725181 0.0070932961

(Continued)
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The zero-coupon bond prices that we used as input are valued in exactly the
same way as in Chapter 9, and the theoretical values and input values match exactly.
For the callable bonds that were observable, the fit is very good but not exactly
perfect (Exhibit 14.6).

We couldmake the fit perfect by either decreasing the size of the time step (in which
case the value will converge to the theoretical value of a callable European bond that we
discuss in Chapter 21) or by decreasing the number of observable bonds or interest rate
volatility parameters. The former strategy is the better strategy, because limiting the

EXHIBIT 14.5 (Continued)

Row
Number

Current Time

0 1 2 3 4

31 0.0149450361 0.0147059248
32 0.0298900722 0.0288279164
33 0.0037713312 0.0035596203
34 0.0037713312 0.0035814531
35 0.0075426625 0.0074251207
36 0.0150853249 0.0145554096
37 0.0037944626 0.0036527697
38 0.0037944626 0.0036751738
39 0.0075889252 0.0074162116
40 0.0151778503 0.0147357769
41 0.0076569268 0.0074370507
42 0.0076569268 0.0074826656
43 0.0153138537 0.0150994304
44 0.0306277074 0.0300020887
45 0.0152140705 0.0146808974
46 0.0152140705 0.0147709422
47 0.0304281411 0.0298065989
48 0.0608562821 0.0592247656
49 0.0074446886 0.0068561301
50 0.0074446886 0.0071509423
51 0.0148893772 0.0145610674
52 0.0297787545 0.0285439535
53 0.0074903504 0.0070668790
54 0.0074903504 0.0071102234
55 0.0149807008 0.0147410188
56 0.0299614015 0.0288967110
57 0.0151149376 0.0145852385
58 0.0151149376 0.0146746966
59 0.0302298751 0.0296123828
60 0.0604597502 0.0588388645
61 0.0300329010 0.0284025913
62 0.0300329010 0.0285767977
63 0.0600658021 0.0592458334
64 0.1201316041 0.1161391723
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realism of the volatility model and the number of observable bonds used as inputs
decreases the realism of the model, even if the model fits observable prices exactly. We
show that in examples 2 and 3. The volatility assumptions that we have derived above
produce a realistic “bushy tree” of short rate values as shown in Exhibit 14.7.

The yield curve shifts implied by the interest rate volatility parameters we have
derived are given in Exhibit 14.8.

We have four options for further improving the realism of projected interest rate
movements:

1. Find more observable securities prices to use as input
2. Combine the existing inputs with historical analysis like that of Chapter 7 or

Adrian, Crump, and Moench (2012)
3. Use judgment
4. Some combination of 1, 2, and 3

EXHIBIT 14.6 Bonds Maturing in Year 4

Name
Bonds Maturing
in Year 4

Call
Provisions Model Price Actual Price

Squared
Error

Base Implied Value of $100
Bond with Annual
$3 Coupon Noncall 104.707100 104.707100

Base Implied Value of $100
Bond with Annual
$2 Coupon Noncall 100.833236 100.833236

Base Implied Value of $100
Bond with Annual
$4 Coupon Noncall 108.580963 108.580963

Security 1 Implied Value of $100
Bond with Annual
$3 Coupon

Call in
Year 3 104.331512 104.350000 0.000342

Security 2 Implied Value of $100
Bond with Annual
$2 Coupon

Call in
Year 3 100.748886 100.750000 0.000001

Security 3 Implied Value of $100
Bond with Annual
$4 Coupon

Call in
Year 3 107.619247 107.600000 0.000370

Security 4 Implied Value of $100
Bond with Annual
$3 Coupon

Call in
Year 2 103.950321 103.950000 0.000000

Security 5 Implied Value of $100
Bond with Annual
$2 Coupon

Call in
Year 2 100.760819 100.750000 0.000117

Security 6 Implied Value of $100
Bond with Annual
$4 Coupon

Call in
Year 2 106.237123 106.250000 0.000166

0.000996
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EXHIBIT 14.8 Kamakura Corporation HJM Zero-Coupon Yield Curve Movements
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A Note on Parameter Fitting in Example 1 Whether one uses advanced nonlinear opti-
mization like that discussed in Chapter 36 or common spreadsheet software, it is very
common for optimization problems to havemultiple local optima. The user can “guide”
the solution to be the most realistic answer with an educated guess at the starting values
used in the optimization. We encourage readers to do so for every volatility model one
might employ as a model risk assessment of parameter stability. Working hard to add
more observable securities is always a good thing, particularly if the additional data
reveals that the assumptions of the model are too simple to provide an accurate fit to the
input data. A classic example is the Black-Scholes options model’s “volatility smile,”
which is more aptly named a “volatility frown.” The frown is due to the fact that the
Black-Scholes model assumes that stock return volatility is constant, but the frown
proves that it is not. Fitting the frown is not the right solution. The correct solution is to
use a volatility model with a richer structure, as the HJM approach permits.

Example 2: The Consequences of Fewer Inputs

Wenowask this question:What are the consequences of having less input data?Assume
that securities 4 through 6, the bonds callable in year 2, are no longer observable. The
first implication of this is that we have only three equations, the valuation for the three
observable bonds, so that we can solve for only three unknown parameters. We arbi-
trarily set the sigma twoparameters (sigma2 low, sigma2mid, and sigma2high) to zero
and solve for the best-fitting values of the other three parameters (Exhibit 14.9).

We obtain a good fit to the three remaining observable bonds, but the theoretical
values for the other three bonds drift away from the values that we could observe in
Example 1.

Example 3: The Case of One Input

What if we have only one observable callable bond? In that case, we can solve for only
one input. We set all of the sigma 2 and sigma 3 parameters to zero and solve for our

EXHIBIT 14.9 Bonds Maturing in Year 4

Name
Bonds Maturing in
Year 4

Call
Provisions Model Price Actual Price

Squared
Error

Base Implied Value of $100
Bond with Annual
$3 Coupon Noncall 104.707100 104.707100

Base Implied Value of $100
Bond with Annual
$2 Coupon Noncall 100.833236 100.833236

Base Implied Value of $100
Bond with Annual
$4 Coupon Noncall 108.580963 108.580963

Security 1 Implied Value of $100
Bond with Annual
$3 Coupon

Call in
Year 3 104.326910 104.350000 0.000533

(Continued)
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only remaining interest volatility parameter. This case is the equivalent of a one-factor
Ho and Lee (1986) implementation in the HJM framework. We assume that our only
observable callable bond is the bond with a 3 percent coupon that is callable only at
time T ¼ 3. Our best-fitting parameter values are as shown in Exhibit 14.10.

While we get an exact fit for the only observable bond, our model values for the
other bonds that we could observe in Example 1 are less accurate. Even more
important, the simulated yield curve shifts implied by Example 3 are much less
realistic and comprehensive than those we found in Example 1 (Exhibit 14.11).

We conclude with some brief notes on implementation of parameter fitting on a
fully automated basis.

INTEREST RATE PARAMETER FITTING IN PRACTICAL APPLICATION

In this chapter, we noted that more data, more historical analysis, and more judgment
are the ingredients necessary to fully exploit the HJM approach (and any other high-
quality no-arbitrage modeling framework) for accurate risk measurement and risk
management. In the chapters that remain in this book, we take on that task. There are
a number of barriers to accomplishing that objective that we need to overcome:

EXHIBIT 14.9 (Continued)

Name
Bonds Maturing in
Year 4

Call
Provisions Model Price Actual Price

Squared
Error

Security 2 Implied Value of $100
Bond with Annual
$2 Coupon

Call in
Year 3 100.720693 100.750000 0.000859

Security 3 Implied Value of $100
Bond with Annual
$4 Coupon

Call in
Year 3 107.651271 107.600000 0.002629

Security 4 Implied Value of $100
Bond with Annual
$3 Coupon

Call in
Year 2 103.871326 103.950000

Security 5 Implied Value of $100
Bond with Annual
$2 Coupon

Call in
Year 2 100.587339 100.750000

Security 6 Implied Value of $100
Bond with Annual
$4 Coupon

Call in
Year 2 106.226133 106.250000

0.004021

Input variables Sigma 1 0.0000%
Sigma 3 Low 0.6596%
Sigma 3 High 2.6493%
Sigma 2 Low 0.0000%
Sigma 2 Mid 0.0000%
Sigma 2 High 0.0000%

1 million times sum of squared errors 4,021
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1. We have been assuming a risk-free yield curve, but most yield curves involve an
issuer of securities who can default. We begin the introduction to credit risk
analytics in Chapters 15 and 16.

2. When we deal with an issuer who can default, we note that the credit spread is
the product of supply and demand for the credit of that particular issue, and
yet the default probabilities and recovery rates of that issuer are but a few of the
many determinants of what the credit spread will be. We deal with that issue
extensively in Chapter 17.

EXHIBIT 14.10 Bonds Maturing in Year 4

Name
Bonds Maturing in
Year 4

Call
Provisions Model Price Actual Price

Squared
Error

Base Implied Value of $100
Bond with Annual $3
Coupon Noncall 104.707100 104.707100

Base Implied Value of $100
Bond with Annual $2
Coupon Noncall 100.833236 100.833236

Base Implied Value of $100
Bond with Annual $4
Coupon Noncall 108.580963 108.580963

Security 1 Implied Value of $100
Bond with Annual $3
Coupon

Call in
Year 3 104.350000 104.350000 0.000000

Security 2 Implied Value of $100
Bond with Annual $2
Coupon

Call in
Year 3 100.731641 100.750000 0.000859

Security 3 Implied Value of $100
Bond with Annual $4
Coupon

Call in
Year 3 107.748447 107.600000 0.002629

Security 4 Implied Value of $100
Bond with Annual $3
Coupon

Call in
Year 2 103.753160 103.950000

Security 5 Implied Value of $100
Bond with Annual $2
Coupon

Call in
Year 2 100.527566 100.750000

Security 6 Implied Value of $100
Bond with Annual $4
Coupon

Call in
Year 2 106.194074 106.250000

0.000000

Input variables Sigma 1 0.7155%
Sigma 3 Low 0.0000%
Sigma 3 High 0.0000%
Sigma 2 Low 0.0000%
Sigma 2 Mid 0.0000%
Sigma 2 High 0.0000%

Estimating the Parameters of Interest Rate Models 331



3. Many of the yield curves for credit risky issuers involve observable data from
markets like the credit default swap market and the LIBOR arena where lawsuits
and investigations of potential market manipulation are under way as we write
this chapter.

4. Many of the yield curves are composites or indices of risky issuers, like the credit
index at the heart of JPMorgan Chase’s losses of $2 billion announced on
May 8, 2012. The LIBOR rate is another index. The credit risk of indices is
unique because of a number of complications:
a. A potential default of one’s counterparty
b. A potential default by a firm that is a component of the index, like a bank

that is a member of the U.S. dollar LIBOR panel
c. A potential re-benchmarking of the index, such as a change in the LIBOR panel,

because of credit risk concerns about one of the original panel members or
becauseof concernsbyapanelmemberabout theprocess of setting the index itself

d. The potential manipulation of the index by market participants
e. A compounding of the four issues above, which is now thought of as the

norm by many market participants

We now tackle these challenges with an introduction to credit risk.

NOTE

1. For an excellent example of historical term structure modeling for a five-factor model, see
Adrian, Crump, and Moench, “Pricing the Term Structure with Linear Regression,”
Working Paper, Federal Reserve Bank of New York, May 9, 2012.
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CHAPTER 15
An Introduction to Credit Risk

Using Market Signals in Loan Pricing and
Performance Measurement

In the first 14 chapters of this book, the fundamental emphasis has been to lay the
foundation for an integrated treatment of credit risk, market risk, liquidity risk, and

interest rate risk. We now introduce the analysis of credit risk, building on the
foundation, which we established with our prior focus on the term structure of
interest rates in a multifactor Heath, Jarrow, and Morton (HJM) framework.

MARKET PRICES FOR CREDIT RISK

Our primary focus in this chapter is to introduce the use of market prices in credit
risk analysis. In subsequent chapters, we discuss the state-of-the-art models that are
used with this market data to construct an integrated approach to market risk,
interest rate risk, liquidity risk, and credit risk. As you will see, in those chapters, as
well as this one, we will emphasize best practice. That said, it is important to add a
word of warning about “past practice” and some of its dangers.

For a large insurance company or pension fund, the use of market signals in
credit risk analysis is accepted without question because so much of the fixed income
portfolio consists of bonds issued by large, highly rated issuers. This is definitely not
the case in the banking industry, especially with the demise of the purely wholesale-
oriented commercial banks such as First Chicago, Continental Illinois, the old JP
Morgan, and the Industrial Bank of Japan. Even today, outside of the investment
portfolio, the dominant majority of transactions on the balance sheet of banks
are extensions of credit to small businesses and retail clients who obviously don’t
have ratings and don’t issue debt in their own name that is readily traded in the
marketplace. For these institutions, using market prices of credit risk in the man-
agement of the bank was a larger leap of faith. To put the numbers in perspective, a
large bank in Beijing at the time of this writing has 700 million transactions on its
balance sheet, but less than 1,000 are traded with a CUSIP or ISIN number that you
could look up on a common market data service.

335



Using market prices for credit risk analysis has enormous benefits to all financial
institutions and we will spend a lot of time in subsequent chapters on the execution of
these ideas. Some of the major benefits can be summarized as follows:

n Increased accuracy in pricing: Financial institutions create value added for their
owners by skillful asset selection and asset pricing. Market prices of credit risk
can be used to sharply improve the accuracy of pricing on credit extended to all
counterparties from retail clients to sovereigns.

n Increased clarity in corporate strategy: A skillful use of market prices allows
senior management to see more clearly where value has been created in asset
selection. More importantly, it allows senior management to see where future
opportunities lie. Most importantly, senior management can also clearly see
which areas to avoid.

n Increased sophistication in risk management: Market prices for credit risk pro-
vide invaluable insights about the correlation of risks among borrowers and about
the macroeconomic factors driving the correlation in default. This allows a
sophisticated financial institution to hedge its portfolio of risks with respect to
changes in these macro factors. This reduces the sharp cyclicality of the credit cycle.

n Increased precision in measuring the safety and soundness of financial institu-
tions: Market prices of credit risk have helped regulators and shareholders alike
more quickly and more accurately measure the safety and soundness of financial
institutions.

We turn to each of these benefits in turn after a brief review of the kinds of
market data that are critical in this regard. We close the chapter with words
of caution about the market for credit-related securities, potential market manipu-
lation, and the May 8, 2012, $2 billion loss announced by JPMorgan Chase.

CRITICAL SOURCES OF MARKET DATA ON CREDIT RISK

Not too many years ago, financial institutions weighted credit risk analysis very
heavily toward the use of history:

n Historical rates of default
n Historical movements in credit ratings
n Historical transition matrices of movements from one ratings category to another

We discuss these historical data techniques with a critical eye in the next chapter.
It is impossible to avoid these techniques in a large financial institution, but it is
critical to supplement them heavily with market data from sources such as those
described in the following sections.

Bond Prices

There are many vendors who sell very large databases of daily bond prices spanning
most of the developed countries and literally more than 100,000 different bond
issues. An institution that does not use this data extensively in setting corporate
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strategy, asset pricing, and risk management policies is destined to be a subpar
performer and more likely to end up as a troubled institution. The use of these bond
prices should be very pervasive around the institution, not just restricted to one or
two specialists in an analytical group. In recent years, the TRACE (for Trade
Reporting and Compliance Engine) system in the United States has made public each
significant trade in corporate and municipal bonds. While this data is sporadic, it is
the raw material from which a daily database of “on the run” credit spreads for each
major bond issuer can be constructed and analyzed.

Credit Default Swap Prices

The introduction of credit default swaps in the past decade has provided financial
institutions with another view of the credit risk of the top credits in the world on a
daily basis. This data has been overhyped and oversold, so a sophisticated analyst has
to use it with great caution. We discuss the risks in the use of credit default swap data
at the end of this chapter. The use of credit default swap pricing has many potential
benefits; however, the following considerations exist:

n Transparency: The pricing of the credit default swap itself makes the market’s
assessment of the reference name’s credit risk starkly apparent in the simplest of
ways—it is the insurance premium for credit risk. There’s no need to use the
advanced techniques for measuring credit spread that we discuss in Chapter 17.
That is, if the quote were real, not just a posting intended to mislead a potential
investor in bonds. We investigate this issue next.

n “On the run” maturities: Credit default swaps are most frequently quoted at five-
year maturities, but also at maturities from one- to 10-year maturities for the most
popular reference names. These quotes are the maturities at which many new
transactions are done in lending markets, so they provide a concentrated view of
credit risk at key maturities. Bond prices on existing issues, by contrast, are
scattered at many maturities, and data at key “new issue” maturities is sparse by
definition, since all outstanding issues now have shorter “off the run” maturities.

n Cyclicality: The history of credit default swaps shows the cyclicality of credit risk
at a constant maturity very clearly. We return to the drivers of this cyclicality in
depth the next chapter when discussing reduced form credit models.

n Recovery rates: Credit default swaps are traded in two forms. The digital default
swap, a structure rarely traded, essentially pays $1 upon default. The more
common credit default swap structure pays only the “loss given default” as
carefully defined in ISDA contract language (see www.isda.org for model credit
default swap contracts for various types of counterparties). Comparing the
pricing for these two structures allows financial institutions to get the market’s
view on the expected magnitude of “loss given default,” supplementing the
notoriously sparse loss given default data maintained by most financial institu-
tions and the legacy rating agencies.

First to Default Swaps

A brief boom, now over, in “first to default swaps” provided the market’s view on
the implicit “correlation” between the (standard) five reference credits underlying the
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first to default swap. The reference names might be IBM, Ford, BP PLC, the Republic
of Korea, and Toyota. If all of the reference names are likely to default at exactly the
same time and if they all have similar probabilities of default, the pricing on the first
to default swap will be very close to the pricing on a credit default swap for any one
of the reference names. If, by contrast, there is very little correlation between the
reference names from a credit risk perspective, first to default swap pricing will
approach five times the cost of the credit default swap on any one of the reference
names since you are five times more likely to have to pay on the swap.

The market’s view on this degree of correlation is very valuable, when it is real,
and we discuss it at length in later chapters, particularly in the context of counter-
party credit risk. There is one important caveat emptor with respect to first to default
swaps—those who truly believe that the pairwise correlation between any two
counterparties is equal for all pairs will be eaten alive in the marketplace!

Collateralized Debt Obligations

The CDO market has collapsed in the wake of the 2006–2011 credit crisis, the classic
case of a financial fad with no fundamental economic reason for being. Pricing in the
collateralized debt obligation market, when it was active, could potentially provide
the same kind of implied correlation estimates among larger portfolios of 100 or so
reference names that typically make up the collateral pool on a CDO. Price trans-
parency in this market was always very poor, in part because of the typical
“arbitrage” cycle on Wall Street where “smart people take money from dumb peo-
ple” early in the life of a new and complex instrument.1 An increase in price trans-
parency offers similar benefits as the first to default swap market in understanding
the market’s implied correlation in defaults among the reference collateral. With the
market’s demise, that transparency is highly unlikely to come about in the near
future.

Interest Rate Swap Prices

Very large international financial institutions are typically the counterparties on the
dominant proportion of interest rate swaps in major currencies. Historical move-
ments in interest rate swap spreads, then, potentially reflect (directly and indirectly)
credit spreads of these large financial institutions. A major international pension
fund, for instance, has shown the median default probabilities for large international
financial banks are highly statistically significant in explaining movements in interest
rate swap spreads.2 This is true, even in the era of very highly rated “special purpose
vehicles” designed to insulate the swap market from credit risk. (We discuss the
impact of potential manipulation of LIBOR on the interest rate swap market in
Chapter 17. We also discuss the reasons why interest rate swap spreads to U.S.
Treasuries have turned negative at 30 years [and less often at 10 years], much to the
surprise of most market participants.)

Equity Prices

Equity prices contain extremely valuable information on credit quality on a much
larger universe of companies than one can find in the bond markets or the markets
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for over-the-counter credit derivatives. (We review this in Chapter 18 on legacy credit
risk techniques like the Merton model of risky debt and in Chapters 16 and 17 on
reduced form models.) Different modeling technologies make use of this equity
market information in different ways, but the explanatory power of equity markets is
undeniable at this point among sophisticated market participants.

We now return to the practical use of this market credit information in credit risk
analytics.

INCREASED ACCURACY IN PRICING

Some of the uses of market credit information are very basic and yet they substan-
tially improve financial institutions’ performance. For example, one major lender in
the Asia-Pacific region was lending to a borrower in Japan at yen LIBOR plus 1.50
percent when the bonds of the borrower were trading at 9 percent (yes, 9 percent)
over the Japanese government bond rate. The maturities of the bond and the loan
were similar, and the loan was unsecured just like the bond. The head of international
lending sheepishly admitted they mispriced the loan and that the bank would have
been much better off just buying the bonds. As simple as this comparison is, it is
shocking how few financial institutions make this comparison in their lending
activities—even though it’s standard in their bond-trading activities. Hedge funds
have arisen in large numbers to arbitrage these price discrepancies, but the problems
in the credit default swap market, which we discuss in an upcoming section, are large
enough that price discrepancies can still be found.

In Chapter 36, we revisit the topic of performance measurement in detail, but a
preview of that chapter is useful here. In a presentation to a risk management group,
two executives of JPMorgan Chase explained that the credit default swap market had
changed the bank’s thinking on measuring the shareholder value added on lending
transactions.3 A loan, they explained, was the economic equivalent of buying a
Treasury bond with the same maturity and entering into a credit default swap to
provide credit protection on the borrower. Therefore, the bank measured the
shareholder value added on a loan as the excess of the loan’s interest rate over
the sum of the Treasury yield and the pricing on the credit default swap. (Very simple.
Very accurate. No capital allocation. No bureaucracy needed. More on this in
Chapter 36.) It is all the more ironic that the $2 billion credit derivatives loss that
JPMorgan Chase reported on May 8, 2012, was due to trades in an instrument that
provided no incremental risk-adjusted value by this measure from JPMorgan Chase
itself 11 years earlier. A risk manager’s work is never done.

INCREASED CLARITY IN CORPORATE STRATEGY

From a corporate strategy point of view, one of the most critical decisions faced by
senior management is the proper asset allocation for the institution. Where is
shareholder value added the greatest? As we saw in the previous section, credit default
swap pricing is providing new insights on a small subset of major corporate and
sovereign names. More than that, however, we can use market prices of debt, equity,
and credit derivatives to compare asset classes and to answer questions like these:
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n How much of the credit spread (see Chapter 17) is the loss component and how
much is the liquidity component (i.e., everything other than the risk-adjusted
potential loss)?

n How correlated are credit risk–adjusted returns in various sectors?
n What are the drivers of credit risk in each of these sectors?

Van Deventer and Imai (2003) analyze these issues in great length and we will
devote considerable time to them in later chapters, as well.

INCREASED SOPHISTICATION IN RISK MANAGEMENT

Financial institutions have always needed to know how to simulate true credit-
adjusted portfolio performance for every counterparty from retail borrowers to major
sovereign and corporate credits. They have always needed to know the default
probability for each borrower and the macroeconomic factors that drive that default
probability and that cause correlation in events of default. If we don’t use the market
prices of credit risk discussed previously, we have to make some very simple
assumptions to approximate true credit risk. Representative legacy examples of this
are theMoody’s Investors Service “diversity score” concept and the simple correlation
and default probability assumptions in Standard & Poor’s CDO Evaluator.4

If we use the credit information discussed previously, however, we can make
some substantial leaps forward in risk assessment from the transaction level to the
portfolio level, the full balance sheet of a large financial institution. We do this in
detail in Chapters 36 through 41.

INCREASED PRECISION IN MEASURING THE SAFETY AND SOUNDNESS
OF FINANCIAL INSTITUTIONS

International supervisory agencies have worked for years on capital regulations
labeled Basel II, Basel III, and Solvency II. The proposed capital accords are well
intentioned but highly convoluted, and many of their fundamental assumptions (such
as the “risklessness” of sovereign debt) have been proven false. More important, they
result in financial ratios that still have not yet been proven as predictors of financial
institutions failure. The 2006–2011 credit crisis has prompted many critics of the
capital rules to call for their repeal and replacement with outright prohibitions on
risky trading activities by financial institutions that are supported by government
deposit insurance, such as the proposed “Volcker Rule” in the United States.

The market signals on credit risk discussed above have been proposed as key
indicators of the risk of major international financial institutions:

n Their bond credit spreads are visible in the marketplace.
n Their risk as embedded in traditional and digital credit default swaps is, in

theory, visible in the marketplace. More on this controversial proposal next.
n Their default probabilities can be derived from stock prices and other data as we

describe in Chapters 16 and 17.
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All of these measures outperform the Basel II and III capital calculations as pre-
dictors of financial institutions’ failure. In part, this is the obvious result of the fact that
the Basel process constrains the risk assessment to one financial ratio (or two or three
in Basel III). The reduced form credit modeling approach (see Chapter 16) allows any
financial ratio to be added as an explanatory variable, an unconstrained approach.
If the Basel ratio has predictive power, the reduced form modeling approach can
employ it along with all the other key explanatory variables like stock prices and
macroeconomic factors. The reduced form modeling approach to credit risk assess-
ment cannot be outperformed by any single financial ratio, because that ratio can in
turn be used as an input to the reduced form approach.

For that reason, efficient use of all available market-based credit information is
the key to success in assessing the safety and soundness of financial institutions
worldwide.

We plunge into that task in detail in the next three chapters. Before that, how-
ever, we warn the reader of the dangers of taking credit default swap quotes at face
value as “observable market prices.”

CREDIT DEFAULT SWAPS: THE DANGERS OF MARKET MANIPULATION

Financial market participants are often trained to leap into number crunching
without questioning the integrity of financial market data that is visible on a com-
puter screen. This tendency can and has been exploited ruthlessly by market parti-
cipants who have the ability to artificially move the numbers on the screen. The most
primitive example is the allegations of LIBOR manipulation that we discuss in
Chapter 17 on the credit spreads of risky debt issuers. In the remainder of this
chapter, we discuss potential manipulation of credit default swap (CDS) spreads by
the suppression of competition and control of price dissemination. We applaud the
efforts of governments and financial exchanges around the world to combat these
anticompetitive practices.

In the rest of this chapter, we look at weekly credit default swap data since the
week ended July 16, 2010, to measure how much of existing single-name CDS
trading is the exchange of positions among a small group of dealers and how much is
true end-user trading. We analyze data from the Depository Trust and Clearing
Corporation (DTCC) and made available from www.dtcc.com.

We are interested in how much of the live trades in the CDS trade warehouse
maintained by DTCC represents transactions between two dealers and how much
involves nondealer end users on at least one side of the trade. The DTCC trade
warehouse explanation above does not identify the dealers supplying data to DTCC
at the current time. On June 2, 2010, however, DTCC listed the 14 “families” of
contributing dealers as follows:

n Bank of America Merrill Lynch
n Barclays
n BNP Paribas
n Citibank
n Credit Suisse
n Deutsche Bank
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n Goldman Sachs
n HSBC
n JPMorgan Chase
n Morgan Stanley
n Nomura
n Royal Bank of Scotland
n UBS
n UniCredit

We presume the list of contributing dealers is somewhat longer than it was in
2010, but it is not clear that the highly concentrated nature of CDS trading has
changed during that time interval. We analyze that issue below.

The table in Exhibit 15.1 is released weekly by the DTCC. It lists the number of
contracts and notional values that are still “live” in the trade warehouse at that time.
DTCC is careful to note that the data may not be complete if the inclusion of a
particular trade would identify the parties to the transaction. We report here the
composition of trades by four categories of seller–buyer combinations in the trading
of single-name credit default swaps.

Based on the number of trades reported by DTCC, the breakdown among these
four buyer–seller combinations is as shown in Exhibit 15.2.

In percentage terms, the dealer–dealer share of single-name CDS contracts traded
has ranged from 79.86 percent to 88.47 percent with an average of 81.68 percent.
Trades between nondealer parties were only 0.12 percent of total trades on average.
The results are similar if one looks at the dealer–dealer share of trades by notional
principal. Dealer–dealer trades ranged from 73.40 percent to 88.36 percent of the
total, with an average of 76.28 percent. Trades involving two nondealers were only
0.16 percent of total notional principal traded. There is anecdotal evidence that the
dealer–dealer share of total trades is overstated by hedge funds that execute CDS
trades via a CDS dealer in prime broker role, but we have no alternative, until the
DTCC makes more open disclosure, but to use the DTCC definitions.

Well-intentioned academics and journalists, plus many politicians (well inten-
tioned or not), discuss trading levels on single-name credit default swaps as if such
numbers were gifts from heaven itself. Instead, we see that roughly 76 to 82 percent
of all single-name credit default swaps are trades between Bill Smith at Goldman
Sachs and John Smith at JPMorgan Chase or other dealer firms. As a sophisticated
observer of financial markets, should an investor take these traded prices as mean-
ingful information on the credit worthiness of the underlying reference name? Is it
safe to assume that Bill Smith and John Smith do not talk to each other?

EXHIBIT 15.1 Contracts and Notional Values “Live” in Trade Warehouse

Combination of Seller and Buyer Seller Buyer

Dealer Dealer Dealer Dealer
Dealer Nondealer Dealer Nondealer
Nondealer Dealer Nondealer Dealer
Nondealer Nondealer Nondealer Nondealer
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EXHIBIT 15.2 Dealer and Nondealer Single-Name Transactions Outstanding in DTCC CDS Warehouse

Number of Contracts by Seller/Buyer Combination

Week
Ended

Dealer
Dealer

Dealer
Nondealer

Nondealer
Dealer

Nondealer
Nondealer Subtotal

Reported
Total Differential

20100716 1,780,463 182,384 150,791 2,795 2,116,433 2,116,433 0
20100723 1,780,076 185,012 153,225 2,795 2,121,108 2,121,108 0
20100730 1,782,563 186,941 155,006 2,755 2,127,265 2,127,265 0
20100806 1,787,765 188,671 157,025 2,743 2,136,204 2,136,204 0
20100813 1,782,549 192,840 160,952 2,747 2,139,088 2,139,088 0
20100820 1,779,499 194,426 162,957 2,760 2,139,642 2,139,642 0
20100827 1,772,297 196,213 165,346 2,764 2,136,620 2,136,620 0
20100903 1,831,602 198,254 167,417 2,771 2,200,044 2,200,044 0
20100910 1,847,971 199,310 168,649 2,786 2,218,716 2,218,716 0
20100917 1,860,287 198,839 168,728 2,775 2,230,629 2,230,629 0
20100924 1,801,130 195,451 166,213 2,660 2,165,454 2,165,454 0
20101001 1,802,108 196,497 167,436 2,655 2,168,696 2,168,696 0
20101008 1,811,610 197,018 169,094 2,661 2,180,383 2,180,383 0
20101015 1,808,791 198,179 171,116 2,662 2,180,748 2,180,748 0
20101022 1,841,753 199,019 173,292 2,677 2,216,741 2,216,741 0
20101029 1,837,673 199,810 174,510 2,643 2,214,636 2,214,636 0
20101105 1,825,202 201,591 176,823 2,649 2,206,265 2,206,265 0
20101112 1,808,864 202,721 177,462 2,644 2,191,691 2,191,691 0
20101119 1,784,575 204,428 178,984 2,632 2,170,619 2,170,619 0
20101126 1,770,485 204,364 178,211 2,629 2,155,689 2,155,689 0
20101203 1,766,147 204,963 178,725 2,650 2,152,485 2,152,485 0
20101210 1,769,277 205,987 179,788 2,646 2,157,698 2,157,698 0
20101217 1,767,108 205,634 180,193 2,654 2,155,589 2,155,589 0
20101224 1,704,570 201,612 175,678 2,562 2,084,422 2,084,422 0

(Continued )
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EXHIBIT 15.2 (Continued)

Number of Contracts by Seller/Buyer Combination

Week
Ended

Dealer
Dealer

Dealer
Nondealer

Nondealer
Dealer

Nondealer
Nondealer Subtotal

Reported
Total Differential

20101231 1,701,714 201,191 175,291 2,563 2,080,759 2,080,759 0
20110107 1,843,074 131,034 106,671 2,567 2,083,346 2,083,346 0
20110114 1,848,471 131,801 108,391 2,586 2,091,249 2,091,249 0
20110121 1,850,185 131,923 109,154 2,604 2,093,866 2,093,866 0
20110128 1,707,914 204,737 181,179 2,628 2,096,458 2,096,458 0
20110204 1,713,247 206,161 183,531 2,628 2,105,567 2,105,567 0
20110211 1,719,386 206,554 185,363 2,626 2,113,929 2,113,929 0
20110218 1,715,585 207,507 186,799 2,632 2,112,523 2,112,523 0
20110225 1,718,783 208,780 187,808 2,638 2,118,009 2,118,009 0
20110304 1,724,481 209,898 189,062 2,605 2,126,046 2,126,046 0
20110311 1,719,551 211,080 190,595 2,620 2,123,846 2,123,846 0
20110318 1,729,472 210,623 191,208 2,615 2,133,918 2,133,918 0
20110325 1,696,420 206,646 187,273 2,504 2,092,843 2,092,843 0
20110401 1,701,147 209,337 189,958 2,516 2,102,958 2,102,958 0
20110408 1,698,877 210,121 191,680 2,558 2,103,236 2,103,236 0
20110415 1,691,980 214,881 196,208 2,607 2,105,676 2,105,676 0
20110422 1,767,950 215,877 197,448 2,613 2,183,888 2,183,888 0
20110429 1,768,403 216,455 199,153 2,635 2,186,646 2,186,646 0
20110506 1,767,951 221,487 204,053 2,668 2,196,159 2,196,159 0
20110513 1,775,603 221,418 204,421 2,677 2,204,119 2,204,119 0
20110520 1,776,098 222,736 206,106 2,702 2,207,642 2,207,642 0
20110527 1,776,285 223,582 206,802 2,709 2,209,378 2,209,378 0
20110603 1,777,392 224,485 207,867 2,714 2,212,458 2,212,458 0
20110610 1,781,903 225,460 208,261 2,717 2,218,341 2,218,341 0
20110617 1,795,267 224,688 208,761 2,710 2,231,426 2,231,426 0
20110624 1,734,126 222,474 206,059 2,607 2,165,266 2,165,266 0
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20110701 1,737,889 219,851 204,321 2,610 2,164,671 2,164,671 0
20110708 1,733,924 216,168 201,352 2,606 2,154,050 2,154,050 0
20110715 1,741,867 218,505 203,424 2,609 2,166,405 2,166,405 0
20110722 1,743,470 220,040 204,686 2,619 2,170,815 2,170,815 0
20110729 1,747,442 220,074 203,771 2,631 2,173,918 2,173,918 0
20110805 1,748,126 219,130 204,122 2,634 2,174,012 2,174,012 0
20110812 1,757,042 219,698 206,192 2,643 2,185,575 2,185,575 0
20110819 1,747,003 221,249 207,548 2,666 2,178,466 2,178,466 0
20110826 1,722,290 222,923 208,693 2,685 2,156,591 2,156,591 0
20110902 1,727,885 223,004 208,856 2,693 2,162,438 2,162,438 0
20110909 1,731,784 221,123 206,972 2,658 2,162,537 2,162,537 0
20110916 1,743,133 220,175 207,120 2,659 2,173,087 2,173,087 0
20110923 1,716,596 212,569 200,507 2,550 2,132,222 2,132,222 0
20110930 1,727,811 213,012 200,692 2,559 2,144,074 2,144,074 0
20111007 1,732,673 212,648 202,830 2,555 2,150,706 2,150,706 0
20111014 1,735,075 211,921 202,804 2,555 2,152,355 2,152,355 0
20111021 1,739,757 211,990 202,523 2,553 2,156,823 2,156,823 0
20111028 1,742,992 210,870 201,771 2,553 2,158,186 2,158,186 0
20111104 1,746,669 210,765 200,437 2,540 2,160,411 2,160,411 0
20111111 1,741,147 212,293 201,296 2,556 2,157,292 2,157,292 0
20111118 1,744,612 214,899 203,250 2,569 2,165,330 2,165,330 0
20111125 1,754,536 216,581 203,995 2,587 2,177,699 2,177,699 0
20111202 1,758,625 216,953 203,838 2,597 2,182,013 2,182,013 0
20111209 1,742,749 217,496 203,376 2,605 2,166,226 2,166,226 0
20111216 1,747,392 215,732 202,668 2,562 2,168,354 2,168,354 0

Sources: Kamakura Corporation; DTCC.
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Let’s look at examples from other markets in which the same dealer firms have
participated for many decades:

1. London Interbank Offered Rate Market: A lawsuit by Charles Schwab, which
we discuss in more detail in Chapter 17, accuses 12 firms of colluding to
manipulate LIBOR. Nine of the 12 firms are also dealers listed by DTCC in
single-name credit default swaps.5

2. Municipal bond market: A recent article on Reuters.com summarizes the
repeated legal violations stemming from collusion in the market for municipal
bonds in the United States. Six of the eight firms named are also dealers in single-
name CDS that were listed by DTCC in 2010.6

Given that the majority of dealers listed by DTCC in single-name credit default
swaps are, in the words of the Reuters article, “serial offenders,” a sophisticated
observer should assume that both traded CDS spreads and quoted spreads are highly
likely to have been affected by collusion. Credit risk modelers who use manipulated
CDS spreads as inputs to their models will find their fate determined by the CDS
dealers posting these CDS quotes.

We now analyze CDS trading volume for the 1,090 reference names for which
CDS trades were reported by DTCC during the 77-week period from July 16, 2010,
to December 30, 2011. The weekly trade information is from the Section IV reports
from DTCC. The data is described this way in the DTCC document “Explanation of
Trade Information Warehouse Data” (May 2011):

Section IV (Weekly Transaction Activity) provides weekly activity where
market participants were engaging in market risk transfer activity. The
transaction types include new trades between two parties, a termination of
an existing transaction, or the assignment of an existing transaction to a
third party. Section IV excludes transactions which did not result in
a change in the market risk position of the market participants, and are not
market activity. For example, central counterparty clearing, and portfolio
compression both terminate existing transactions and re-book new trans-
actions or amend existing transactions. These transactions still maintain the
same risk profile and consequently are not included as “market risk transfer
activity.”

Our emphasis is not on gross trading volume. As mentioned previously, dealer–
dealer volume is 81.68 percent in the single-name credit default swap market and it
would be nearly costless for dealers to inflate gross trading volume by trading among
themselves. Instead, we focus on end-user trading where at least one of the parties to
a trade is not a dealer. Accordingly, we make the following adjustments to the weekly
number of trades reported by DTCC for each reference name:

1. We divide each weekly number of trades by five to convert volume to an average
daily volume for that week.

2. From that gross daily average number of trades, we classify 81.68 percent of
trades as dealer–dealer trades, using the average dealer–dealer share of trades in
the DTCC trade warehouse during the 77-week period studied.
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3. The remaining 18.32 percent is classified as daily average nondealer volume, the
focus of the reporting below.

DAILY NONDEALER TRADING VOLUME FOR 1,090 REFERENCE NAMES

Before reporting on the 1,090 reference names in the DTCCwarehouse, it is important
to note a very important fact. Kamakura Risk Information Services’ default proba-
bility service produces daily default probabilities on 30,764 public firms around the
world, including 5,222 in the United States. The DTCC weekly reports were designed
to report the top 1,000 reference names ranked by daily trading volume. In none of the
77 weeks, however, were there as many as 1,000 reference names reported by DTCC.
In essence, the weekly reports contain every reference name in which there was non-
dealer trading volume in the DTCC. For all other reference names, then, trading
volume was zero. This means that more than 29,600 of the public firms in KRIS
had zero credit default swap trading volume over the entire 77-week period studied.
We now turn to the 1,090 reference names for which there was at least one credit
default swap trade during the 77-week period.

We first analyzed daily average nondealer CDS trading volume by calculating the
daily average, as described above, for all 1,090 reference names for the entire 77-
week period. The distribution of the reference names by nondealer daily average
trading volume contains some very surprising results (Exhibit 15.3).

EXHIBIT 15.3 Kamakura Corporation Distribution of Average Nondealer Single-Name
CDS Trades per Day for 1,090 Reference Names, Week Ending July 16, 2010,
to December 30, 2011

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day

Number of
Reference
Names

Percent of All
Reference
Names

Cumulative Percent
of All Reference

Names

0.00 0.25 332 30.5% 30.5%
0.25 0.50 211 19.4% 49.8%
0.50 0.75 174 16.0% 65.8%
0.75 1.00 114 10.5% 76.2%
1.00 2.00 189 17.3% 93.6%
2.00 3.00 47 4.3% 97.9%
3.00 4.00 12 1.1% 99.0%
4.00 5.00 6 0.6% 99.5%
5.00 6.00 0 0.0% 99.5%
6.00 7.00 2 0.2% 99.7%
7.00 8.00 0 0.0% 99.7%
8.00 9.00 0 0.0% 99.7%
9.00 10.00 2 0.2% 99.9%
10.00 11.00 0 0.0% 99.9%

(Continued)
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Among the surprising conclusions are these facts:

n 76.2 percent of the reference names had one or fewer nondealer contracts traded
per day.

n 93.6 percent of reference names had two or fewer nondealer contracts traded per
day.

n 99.0 percent of reference names had four or fewer nondealer contracts traded
per day.

n Only five reference names averaged more than five nondealer contracts traded
per day.

n Only one reference name averaged more than 10 nondealer contracts traded
per day.

These trading volumes are miniscule to say the least, and it is astonishing that
financial journalists have not made the appropriate disclaimers when quoting “CDS
prices” (many of which are quotes, not trades) for specific reference names.

In order to better understand the data, we next analyzed each week of data for all
1,090 reference names. In aggregate, there should be 77 3 1,090 ¼ 83,930 “refer-
ence name-weeks” of data reported, but there was no data reported on 14,632
occasions because there were no trades in that week for that reference name. Dividing
these 14,632 observations by 1,090 reference names shows that, on average over the
77-week period, there were 13 weeks for each reference name in which there were
zero CDS trades. The daily average nondealer trade volumes for these 83,930
observations have the distribution shown in Exhibit 15.4.

Again, this analysis allows us to draw some more surprising conclusions about
all weekly trading in single-name CDS for all 1,090 reference names, a total of
83,930 observations:

n 17.43 percent of the observations showed zero nondealer daily average CDS
trading.

n 77.48 percent of the observations showed less than one daily average nondealer
CDS contract traded.

EXHIBIT 15.3 (Continued)

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day

Number of
Reference
Names

Percent of All
Reference
Names

Cumulative Percent
of All Reference

Names

11.00 12.00 1 0.1% 100.0%
12.00 13.00 0 0.0% 100.0%
13.00 14.00 0 0.0% 100.0%
14.00 0 0.0% 100.0%

Total 1090 100.0%

Sources: Kamakura Corporation; DTCC.
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EXHIBIT 15.4 Kamakura Corporation Distribution of Nondealer Weekly Average Single-
Name CDS Trades per Day for All Reference Names and All Weeks, Week Ending July 16,
2010, to December 30, 2011

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day
Number of
Observations

Percent of All
Observations

Cumulative Percent
of All Observations

0 0 14,632 17.4% 17.43%
0.01 0.25 22,427 26.7% 44.15%
0.25 0.5 13,679 16.3% 60.45%
0.5 0.75 8,480 10.1% 70.56%
0.75 1 5,813 6.9% 77.48%
1 2 11,046 13.2% 90.64%
2 3 4,112 4.9% 95.54%
3 4 1,782 2.1% 97.67%
4 5 853 1.0% 98.68%
5 6 412 0.5% 99.17%
6 7 245 0.3% 99.47%
7 8 133 0.2% 99.62%
8 9 71 0.1% 99.71%
9 10 58 0.1% 99.78%
10 11 34 0.0% 99.82%
11 12 30 0.0% 99.85%
12 13 20 0.0% 99.88%
13 14 25 0.0% 99.91%
14 15 14 0.0% 99.92%
15 16 8 0.0% 99.93%
16 17 4 0.0% 99.94%
17 18 7 0.0% 99.95%
18 19 8 0.0% 99.96%
19 20 6 0.0% 99.96%
20 21 9 0.0% 99.97%
21 22 6 0.0% 99.98%
22 23 0 0.0% 99.98%
23 24 0 0.0% 99.98%
24 25 2 0.0% 99.98%
25 26 1 0.0% 99.98%
26 27 1 0.0% 99.99%
27 28 2 0.0% 99.99%
28 29 1 0.0% 99.99%
29 30 1 0.0% 99.99%
30 31 1 0.0% 99.99%
31 32 2 0.0% 99.99%
32 33 1 0.0% 100.00%
33 34 0 0.0% 100.00%

(Continued)
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n 90.64 percent of the observations showed less than two daily average nondealer
CDS contracts traded.

n 99.17 percent of the observations showed less than six daily average nondealer
CDS contracts traded.

n There were only 10 observations of the 83,930 where more than 28 daily
average nondealer CDS contracts traded.

We now turn to the trading volume of single-name credit default swaps for major
financial institutions.

On December 28, 2011, Scott Richard published an article in the Financial Times
advocating the use of credit default swap spreads in setting of deposit insurance rates.
This section explains why such an idea, attractive in theory, would be extremely dan-
gerous in practice. Richardson argued in his article “AMarket-Based Plan to Regulate
Banks” that the credit default swap market should be used to price deposit insurance.
He states, “How can the FDIC determine the correct price for its insurance? The answer
is to use the large and active market in bank insurance via credit default swaps.”

Unfortunately, there are several very practical reasons why the credit default
swap market cannot be used as Richard suggests.

1. There is no “large and active market” in bank credit default swaps. Using data
reported by the DTCC during the 77 weeks ending December 30, 2011, there were
credit default swaps traded on only 13 reference names among U.S. banking firms:

EXHIBIT 15.4 (Continued)

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day
Number of
Observations

Percent of All
Observations

Cumulative Percent
of All Observations

34 35 1 0.0% 100.00%
35 36 0 0.0% 100.00%
36 37 1 0.0% 100.00%
37 38 0 0.0% 100.00%
38 39 0 0.0% 100.00%
39 40 1 0.0% 100.00%
40 41 0 0.0% 100.00%
41 42 0 0.0% 100.00%
42 43 0 0.0% 100.00%
43 44 0 0.0% 100.00%
44 45 0 0.0% 100.00%
45 46 0 0.0% 100.00%
46 47 1 0.0% 100.00%
47 0 0.0% 100.00%

Total 83,930 100.0%

Sources: Kamakura Corporation; DTCC.
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Ally Financial
American Express
Bank of America
Capital One Bank
Capital One Financial Corporation
Citigroup
Citigroup Japan
Istar Financial
JPMorgan Chase
MetLife
Morgan Stanley
Goldman Sachs
Wells Fargo
These 13 reference names represent 11 consolidated corporations, four of

which would not be considered banking firms by most observers prior to the
recent credit crisis (American Express, Goldman Sachs, MetLife, and Morgan
Stanley). During the 77 weeks of data on all live trades in the DTCC credit
default swap trade warehouse, there were no other trades on any other of the
6,453 banks insured by the FDIC in the United States as of March 31, 2011.

2. Even on the firms listed above, there was an average of only 2.3 nondealer credit
default swap trades per day during the 77 weeks ended December 30, 2011.
None of the banks listed above averaged more than five nondealer trades per day
over the 77-week period studied.

3. Six of the 11 firms listed are in a conflict of interest position as major dealers in
the credit default swap market: Bank of America, Citigroup, JPMorgan Chase,
Morgan Stanley, Goldman Sachs, and Wells Fargo. Dealer–dealer trades made
up 81.68 percent of live trades in the DTCC over the 77-week period studied.
The dealers would be setting deposit insurance rates for themselves if Richard’s
proposals were adopted.

4. Credit default swaps, to the extent they trade, represent supply, demand,
probability of default, and the probability of rescue, not the probability of failure
alone. Kamakura Corporation’s September 29, 2009 blog on www.kamakuraco
.com, “Comparing Default Probabilities and Credit Default Swap Quotes:
Insights from the Examples of FNMA and Citigroup,” showed how credit
default swap quotes for both firms were far below their probability of failure
because senior debt holders correctly anticipated that the depositors of Citibank
and the senior debt holders of Citigroup and FNMA would be rescued by the
U.S. government. This rendered the credit default swap spreads on both failing
firms’ severe underestimates of their probability of failure.

5. Because of the thinness of nondealer trading and the very small number of
dealing firms worldwide, there is high risk of collusion. Indeed, on April 29,
2011, the European Union launched an investigation of possible collusion
among dealers in the credit default swap market.

For these reasons, Richard’s proposal to use credit default swaps to price deposit
insurance would not work given current market conditions and the lack of compe-
tition in the market for credit default swaps.
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CREDIT DEFAULT SWAP TRADING VOLUME IN MUNICIPALS
AND SUB-SOVEREIGNS

We now look at weekly credit default swap trading volume for sub-sovereigns and
municipals among those 1,090 reference names. We find, unfortunately, that (in the
words of Gertrude Stein) “there is no there there.”

Of the 1,090 reference names for which DTCC reported credit default swap
trades in the 77-week period, only nine were sub-sovereigns of any type:

Hong Kong Special Administrative Region

State of California

State of Florida

State of Illinois

State of New Jersey

State of New York

State of Texas

The City of New York

The Commonwealth of Massachusetts

Eight of the nine reference names were in the United States and seven of the nine
reference names were U.S. states. The only cities on which credit default swaps
had any trades in the 77 weeks ended December 30, 2011, were the City of New
York and Hong Kong. We can summarize the trading volume in these nine reference
names as follows:

n There were 9 3 77 ¼ 693 weekly observations, but there were only 309 weeks
in which trades were reported. That means in 55.4 percent of the 77 weeks, on
average, there would be no trades on these nine reference names.

n The average number of nondealer trades per day on all nine reference names
over the 77-week period was 0.11 trades per day.

n The median number of nondealer trades per day over the 77-week period among
the nine reference names was 0.06 trades per day.

n The highest average number of nondealer trades per day for the full 77-week
period among the nine reference names was 0.36 trades per day.

n The lowest average number of nondealer trades per day for the full 77-week
period among the nine reference names was 0.00 (rounding to two decimal
places).

n The highest number of gross trades in one week was 84, which is the equivalent
of 16.8 gross trades per day and 3.1 nondealer trades per day.

The obvious conclusion is that there is minimal trading volume in credit default
swaps on sub-sovereign and municipal reference names, and that any pricing indi-
cations should be regarded with a high degree of skepticism.

352 RISK MANAGEMENT TECHNIQUES FOR CREDIT RISK ANALYTICS



CREDIT DEFAULT SWAP TRADING VOLUME IN SOVEREIGN CREDITS

We now turn to weekly credit default swap trading volume for sovereigns among
those 1,090 reference names. We find that, in a small subset of sovereign names, there
is regular trading, but in modest volume.

Of the 1,090 reference names for which DTCC reported credit default swap
trades in the 77-week period, only 57 were sovereigns:

Abu Dhabi

Arab Republic of Egypt

Argentine Republic

Bolivarian Republic of Venezuela

Commonwealth of Australia

Czech Republic

Dubai

Federal Republic of Germany

Federative Republic of Brazil

French Republic

Hellenic Republic

Ireland

Japan

Kingdom of Belgium

Kingdom of Denmark

Kingdom of Norway

Kingdom of Saudi Arabia

Kingdom of Spain

Kingdom of Sweden

Kingdom of Thailand

Kingdom of The Netherlands

Lebanese Republic

Malaysia

New Zealand

People’s Republic of China

Portuguese Republic

Republic of Austria

Republic of Bulgaria

Republic of Chile

Republic of Colombia

Republic of Croatia
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Republic of Estonia

Republic of Finland

Republic of Hungary

Republic of Iceland

Republic of Indonesia

Republic of Italy

Republic of Kazakhstan

Republic of Korea

Republic of Latvia

Republic of Lithuania

Republic of Panama

Republic of Peru

Republic of Poland

Republic of Slovenia

Republic of South Africa

Republic of The Philippines

Republic of Turkey

Romania

Russian Federation

Slovak Republic

Socialist Republic of Vietnam

State of Israel

State of Qatar

United Kingdom of Great Britain and Northern Ireland

United Mexican States

United States of America

No credit default swap trades were reported in the 77 weeks ending December
30, 2011, for any other sovereign credit.

We first analyze the 77-week averages for the 57 sovereigns for which CDS
trading volume was greater than zero during the 77 weeks ending December 31,
2011. The daily average nondealer trading volume, calculated as described
previously, was distributed as shown in Exhibit 15.5.

The conclusions that can be drawn from this table are summarized here:

n 52.6 percent of the 57 sovereigns averaged less than one nondealer CDS trade
per day.

n 93.0 percent of the 57 sovereigns averaged less than five nondealer CDS trades
per day.

n The remaining four sovereigns had the highest levels of nondealer CDS trades
per day of the 1,090 reference names reported by DTCC, but those figures were
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only 11.28, 9.52, 9.32, and 6.61 trades per day. The sovereigns with the three
highest average number of nondealer trades per day were all members of the
European Union.

n The average 77-week daily average number of nondealer trades per day for the
57 sovereigns was 2.08 trades per day.

n The median 77-week daily average number of nondealer trades per day was 0.92
trades per day.

n The U.S. 77-week average nondealer trades per day was approximately equal to
the median (see disclosure restrictions imposed by DTCC discussed previously).

We conclude that trading volume for the most active sovereigns is higher than it
is for the most active corporations, which is only logical given that such sovereigns
issue more debt than the most active corporations. The correlation between trading
volume and debt outstanding is weak, however, with the United States and Japan
well down on the ranking of trade volume even though those two countries have the
largest amount of debt outstanding.

EXHIBIT 15.5 Kamakura Corporation Distribution of Average Nondealer Single-Name CDS
Trades per Day for 57 Sovereigns, Week Ending July 16, 2010, to December 30, 2011

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day

Number of
Reference
Names

Percent of All
Reference
Names

Cumulative Percent
of All Reference

Names

0.00 0.25 10 17.5% 17.5%
0.25 0.50 7 12.3% 29.8%
0.50 0.75 6 10.5% 40.4%
0.75 1.00 7 12.3% 52.6%
1.00 2.00 5 8.8% 61.4%
2.00 3.00 6 10.5% 71.9%
3.00 4.00 7 12.3% 84.2%
4.00 5.00 5 8.8% 93.0%
5.00 6.00 0 0.0% 93.0%
6.00 7.00 1 1.8% 94.7%
7.00 8.00 0 0.0% 94.7%
8.00 9.00 0 0.0% 94.7%
9.00 10.00 2 3.5% 98.2%
10.00 11.00 0 0.0% 98.2%
11.00 12.00 1 1.8% 100.0%
12.00 13.00 0 0.0% 100.0%
13.00 14.00 0 0.0% 100.0%
14.00 0 0.0% 100.0%

Total 57 100.0%

Sources: Kamakura Corporation; DTCC.
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Wenowanalyze all 77weeks of data, not just the average over that period, for all 57
sovereigns for which DTCC reported nonzero trade volume. There were 4,389
(¼ 573 77) observations onCDS trading volume for these 57 sovereigns, and therewere
no trades during 265 observations, 6 percent of the total. The distribution of nondealer
trades per day over these 4,389 observations is summarized in the chart in Exhibit 15.6.

EXHIBIT 15.6 Kamakura Corporation Distribution of Nondealer Weekly Average Single-
Name CDS Trades per Day for 57 Sovereigns and All Weeks, Week Ending July 16, 2010, to
December 20, 2011

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day
Number of
Observations

Percent of All
Observations

Cumulative Percent
of All Observations

0 0 265 6.0% 6.04%
0.01 0.25 931 21.2% 27.25%
0.25 0.5 560 12.8% 40.01%
0.5 0.75 331 7.5% 47.55%
0.75 1 244 5.6% 53.11%
1 2 662 15.1% 68.19%
2 3 452 10.3% 78.49%
3 4 297 6.8% 85.26%
4 5 191 4.4% 89.61%
5 6 127 2.9% 92.50%
6 7 73 1.7% 94.17%
7 8 50 1.1% 95.31%
8 9 32 0.7% 96.04%
9 10 30 0.7% 96.72%
10 11 24 0.5% 97.27%
11 12 19 0.4% 97.70%
12 13 12 0.3% 97.97%
13 14 19 0.4% 98.41%
14 15 13 0.3% 98.70%
15 16 5 0.1% 98.82%
16 17 4 0.1% 98.91%
17 18 5 0.1% 99.02%
18 19 7 0.2% 99.18%
19 20 6 0.1% 99.32%
20 21 9 0.2% 99.52%
21 22 6 0.1% 99.66%
22 23 0 0.0% 99.66%
23 24 0 0.0% 99.66%
24 25 1 0.0% 99.68%
25 26 1 0.0% 99.70%
26 27 1 0.0% 99.73%
27 28 2 0.0% 99.77%
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One can draw the following conclusions over 4,389 weekly observations:

n 53.11 percent of the observations showed one nondealer trade per day or less.
n 92.5 percent of the observations showed six nondealer trades per day or less.
n 96.72 percent of the observations showed 10 nondealer trades per day or less.
n Only 0.32 percent of the observations were for more than 25 nondealer trades

per day.
n The highest volume week featured 1,271 gross trades per week, 254.2 gross

trades per day, and 46.6 average nondealer trades per day.
n Just 10 sovereigns account for 52 percent of the total trading volume in credit

default swaps over the 77-week period ending December 30, 2011.

IMPLICATIONS OF CDS TRADING VOLUME DATA

Although, in theory, the credit default swap market should provide major price
discovery benefits, trading is very thin and highly concentrated among a small

EXHIBIT 15.6 (Continued)

Number of Contracts

Minimum
Trades per
Day

Maximum
Trades per

Day
Number of
Observations

Percent of All
Observations

Cumulative Percent
of All Observations

28 29 1 0.0% 99.79%
29 30 1 0.0% 99.82%
30 31 1 0.0% 99.84%
31 32 2 0.0% 99.89%
32 33 1 0.0% 99.91%
33 34 0 0.0% 99.91%
34 35 1 0.0% 99.93%
35 36 0 0.0% 99.93%
36 37 1 0.0% 99.95%
37 38 0 0.0% 99.95%
38 39 0 0.0% 99.95%
39 40 1 0.0% 99.98%
40 41 0 0.0% 99.98%
41 42 0 0.0% 99.98%
42 43 0 0.0% 99.98%
43 44 0 0.0% 99.98%
44 45 0 0.0% 99.98%
45 46 0 0.0% 99.98%
46 47 1 0.0% 100.00%
47 0 0.0% 100.00%

Total 4,389 100.0%

Sources: Kamakura Corporation; DTCC.
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number of dealers who are under investigation for manipulation of LIBOR and the
U.S. municipal bond market. We conclude that use of CDS data in default modeling
would make the modeler a potential accomplice in creating the appearance of
legitimacy for a market that, at least at the present time, is “not there.”

For that reason, in the next chapter, we introduce state-of-the-art credit models
that use the much more transparent market for common stock as key market inputs.
We turn to that task now.

NOTES

1. Quote from a young trader at Barings Securities after his first year on the trading floor,
circa 1998.

2. Specifically, the Kamakura Risk Information Services “Jarrow Chava” default probabili-
ties, KDP-jc, provided by Kamakura Corporation.

3. Presentation to the North American Asset and Liability Management Association, Sep-
tember 2001, Toronto.

4. See the websites for each of the rating agencies for more detail on these concepts.
5. See Charles Schwab Bank, N.A., etc. vs. Bank of America Corporation, etc., United States

District Court, Northern District of California, San Francisco Division, Case no.
CV114187, www.lieffcabraser.com/media/pnc/4/media.904.pdf.

6. See Cate Long, “Muniland’s Serial Offenders,” Reuters, January 3, 2012, http://blogs
.reuters.com/muniland/2012/01/03/munilands-serial-offenders/.

358 RISK MANAGEMENT TECHNIQUES FOR CREDIT RISK ANALYTICS

http://www.lieffcabraser.com/media/pnc/4/media.904.pdf
http://blogs.reuters.com/muniland/2012/01/03/munilands-serial-offenders/
http://blogs.reuters.com/muniland/2012/01/03/munilands-serial-offenders/


CHAPTER 16
Reduced Form Credit Models and

Credit Model Testing

For decades, researchers have looked for a more comprehensive, all-encompassing
framework for risk management than the legacy approaches to credit risk that we

review in Chapter 18, our “credit risk museum.” Sophisticated financial practitioners
wanted a synthesis between models of default for major corporations and the credit
scoring technology that has been used for decades to rate the riskiness of retail and
small business borrowers. The framework long sought by bankers, the reduced form
modeling framework, has blossomed dramatically in the years since the original
Jarrow and Turnbull (1995) paper, “Pricing Derivatives on Financial Securities
Subject to Credit Risk.” On December 10, 2003, the Federal Deposit Insurance
Corporation (FDIC) announced that it was adopting the reduced form modeling
framework for its new Loss Distribution Model (see the FDIC website for details of
the model) after many years of studying the Merton model (which we describe in
Chapter 18) as an alternative.

In this chapter, we introduce the basic concepts of the reduced form modeling
technology and the reasons that it has gained such strong popularity.1

THE JARROW-TURNBULL MODEL

Many researchers trace the first reduced form model to Jarrow and Turnbull (1995),
and we start our review of the reduced form model with that paper. Jarrow and
Turnbull’s objective was to outline a modeling approach that would allow valuation,
pricing, and hedging of derivatives where:

n The asset underlying the derivative security might default.
n The writer of the derivative security might default.

This kind of compound credit risk is essential to properly valuing the Jarrow-
Merton put option on the assets of a financial institution, which we discussed as the
best single integrated measure of the total risk of all types that a financial institution
has. It is also essential for a more basic objective: measuring risk accurately regardless
of the risk measure that one chooses to employ. This compound approach to default
is also at the very core of the tsunami of regulatory initiatives (Basel II, Basel II.5,
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Basel III, Solvency II, and so on) over the past decade because of the prevalence of
compound default risks in typical loan products, guarantees, and in derivatives
markets. Analyzing compound credit risk is a substantial departure from the popular
Black-Scholes approach that is all-pervasive in the marketplace. The Black-Scholes
model assumes:

n The company whose common stock underlies an option on the common stock
will not default.

n The firm who has written the call option and has an obligation to pay if the
option is “in the money” will not default.

Ignoring this kind of compound default risk can lead to very large problems, like
the potential loss of $2 billion that JPMorgan Chase had as of this writing due to its
large credit default swap position made public onMay 8, 2012. The legacy approaches
to credit risk that we discuss in Chapter 18 were not flexible enough or accurate
enough to provide the kind of framework that Jarrow and Turnbull were seeking.2

The Jarrow-Turnbull Framework

Jarrow and Turnbull assume a frictionless economy where two classes of zero-coupon
bonds trade.3 The first class of bonds is risk-free, zero-coupon bonds P(t,T), where
t is the current time and T is the maturity date. They also introduce the idea of a
“money market fund” B(t), which represents the compounded proceeds of $1
invested in the shortest-term, risk-free asset starting at time zero. We used the money
market fund concept in modeling the risk-free yield curve using the Heath, Jarrow,
and Morton (HJM) approach in Chapters 6 through 9.

The second class of bonds trading is the risky zero-coupon bonds of XYZ
company, which potentially can default. These zero-coupon bonds have a bond price
v(t,T). For expositional purposes, Jarrow and Turnbull assume that interest rates and
the probability of default are statistically independent.4 They assume that the time of
bankruptcy T* for firm XYZ is exponentially distributed with parameter λ. They
assume that there is a Poisson bankruptcy process driven by the parameter μ, which
they assume to be a positive constant less than 1.5 Jarrow and Turnbull assume that
the risk-free interest rates are random and consistent with the extended Merton term
structure model (the continuous time version of the Ho and Lee model) that we
studied in Chapter 13, which presented special cases of the HJM framework. Jarrow
and Turnbull also assume that in the event of bankruptcy, $1 of XYZ zero-coupon
debt pays a recovery rate δ , 1 on the scheduled maturity date of the zero (not at the
time of default). When bankruptcy occurs, the value of XYZ zero-coupon debt drops
to δP(T*,T) because the payment at maturity drops from $1 to δ, but the payment of
δ is now certain and risk free. The value of δ can be different for debt of different
seniorities. For expositional purposes, Jarrow and Turnbull assume the recovery rate
is constant. We relax that assumption in the next section.

Jarrow and Turnbull show that the value of a defaultable zero-coupon bond in
this model is

vðt, TÞ ¼ ½e�λμðT�tÞ þ ð1� e�λμðT�tÞÞδ�Pðt, TÞ
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We can interpret this formula in a practical way by noting a few points. The
product (λμ) is the continuous probability of default at any instant in time. The quantity

1� e�λμðT�tÞ

is the (risk-neutral) probability that XYZ company defaults between time t and
maturity of the zero-coupon bond T. The quantity

e�λμðT�tÞ

is the (risk-neutral) probability that company XYZ does not default between time t
and maturity of the zero-coupon bond at time T. With this in mind, we can see that
Jarrow and Turnbull have reached a very neat and, with hindsight, simple conclusion
that the value of a zero-coupon bond in the Jarrow-Turnbull model is the probability-
weighted present value of what the bond holder receives if we know there is no
default (in which case we have the equivalent of a risk-free bond P(t,T)) and what we
receive if we know for certain that default will occur, the recovery rate times the risk-
free, zero-coupon bond price δP(t,T).

This clever result depends on the assumption that default and interest rates are not
correlated. We relax this assumption in the next section. Jarrow and Turnbull then go
on to derive closed-form solutions for a number of important securities prices:

n European call options on XYZ Company’s defaultable zero-coupon bond
n Defaultable European call option on XYZ’s defaultable zero-coupon bond

(where the writer of the call option might default, assuming its default proba-
bility is independent of both interest rates and the bankruptcy of XYZ)

n European call option on XYZ Company’s defaultable common stock

The Jarrow-Turnbull modeling framework is a very important extension of the
risk management analytics we have discussed so far because it provides an integrated
and flexible framework for analyzing interest rate risk and credit risk in an inte-
grated way, the central objective of this volume. We have one task left, and that is to
discuss the extension of the approach above to interest rate–dependent and macro-
economic factor–dependent default.

THE JARROW MODEL

The Jarrow (1999–2001) model is an important extension of the Jarrow-Turnbull
(1995) model, which was perhaps the first reduced form model to experience
widespread industry acceptance. Many other researchers, most notably Duffie and
Singleton (1999), have done very important work on reduced form models, but in
the remainder of this chapter we will concentrate on Jarrow’s work because of the
continuity with the Jarrow-Turnbull model we discussed in the previous section.

In the early days of the credit derivatives markets, dealers logically turned to
the legacy Merton model (1974) for pricing purposes. Dealers soon realized that the
credit default swap market prices were consistently different from those indicated by
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the Merton model for many of the reasons we discuss in Chapter 18. Dealers were
under considerable pressure from both management, risk managers, and external
auditors to adopt a modeling technology with better pricing accuracy. Dealers’
instinct for self-preservation was an added incentive. The Jarrow-Turnbull model
was the first model that allowed the matching of market prices and provided a
rational economic basis for the evolution of market prices of everything from cor-
porate debt to credit derivatives.

The original Jarrow-Turnbull model assumes that default is random but that
default probabilities are nonrandom, time-dependent functions. The Jarrow model
extends the Jarrow-Turnbull model in a large number of significant respects. First,
default probabilities are assumed to be random, with explicit dependence on random
interest rates and an arbitrary number of lognormally distributed risk factors. These
lognormally distributed risk factors are extremely important in modeling correlated
default, a critical factor in the credit crisis of 2006–2011 (driven by home price
declines) and the two “lost decades” in Japan (1990–2010) in which commercial real
estate prices, home prices, and stock prices all suffered very large declines.

Jarrow goes beyond the Jarrow-Turnbull framework by explicitly incorporating
a liquidity factor that affects the prices of bonds, but not the prices of common stock.
This liquidity factor can be random and is different for each bond issuer. In addition,
the liquidity parameter can be a function of the same macro risk drivers that deter-
mine the default intensity. We discuss this issue in detail in Chapter 17. Although we
use the term “liquidity factor,” we intend the term to describe everything affecting
bond prices above and beyond potential losses due to default, the intersection of
supply and demand for the credit of each borrower. This can include things like bid-
offered price spreads, the impact on market prices of the sale of large holdings of a
specific bond issue (the Long-Term Capital Management phenomenon), general risk
aversion in the fixed income market, size of the firm, location of the firm, and so on.
We give specific examples in Chapter 17.

The Jarrow model also allows for the calculation of the implied recovery given
default δi. This parameter, which can be random and driven by other risk factors, is
defined by Jarrow as the fractional recovery of δ where ν is the value of risky debt a
fraction of an instant before bankruptcy at time τ and the subscript i denotes the
seniority level of the debt.

Recovery ¼ δiðτÞvðτ� , T : iÞ

This is a different recovery structure than Jarrow-Turnbull, where the recovery
rate was specified as a fraction of the principal value to be received at maturity T.

Duffie and Singleton (1999) were the first to use this specification for the
recovery rate. They recognized that the traditional bankers’ thinking on the recovery
rate, expressed as percentage of principal, made the mathematical derivation of bond
and credit derivatives prices more difficult. They also recognized that thinking of
recovery as a percentage of principal was too narrow—what is the principal on an
“in the money” interest rate cap? On a foreign exchange option? On an undrawn
loan commitment? Expressing recovery as a percentage of value one instant before
bankruptcy is both more powerful and more general. We can easily convert it back to
the traditional “recovery rate as a percentage of principal” to maximize user-
friendliness of the concept.
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The hazard rate, or default intensity in the Jarrow model is given by a linear
combination of three terms:

λðtÞ ¼ λ0 þ λ1rðtÞ þ λ2ZðtÞ

This is a much simpler expression than the Merton credit model discussed in
Chapter 18, and it is much richer than the structure of Jarrow-Turnbull. The first
term, λ0, can be made time dependent, extending the credit model exactly like we
extended term structure models in Chapters 6 through 9 and Chapter 13. The term
Z(t) is the “shock” term with mean zero and standard deviation of one, which creates
random movements in the macro factors, such as home prices during the 2006 to
2011 credit crisis, which then drives default for that particular company.6 Move-
ments in this macro factor are generally written in this form:

dMðtÞ ¼MðtÞ½rðtÞdt þ σmdZðtÞ�

The change in the macro factor is proportional to its value and drives upward at the
random risk-free interest rate r(t), subject to random shocks from changes in Z(t),
multiplied by the volatility of the macro factor, σm. While the default intensity in the
Jarrow model as we have written it describes interest rates and one macro factor as
drivers of default, it is easy to extend the model to an arbitrary number of macro
factors. This is because the sum of a linear combination of normally distributed vari-
ables such as Z(t) is still normally distributed. In this volume, we use the one-factor
notation for expositional purposes. Please note that the incorporation of these mac-
roeconomic drivers of default mean that the default probabilities (and default intensi-
ties) are correlated due to their dependence on common factors. This is a very important
step forward from Jarrow-Turnbull where the default probabilities of the two com-
panies in that example were uncorrelated with each other and with interest rates.

In the Jarrow model, interest rates are random, but the term structure model
chosen is a more realistic model than the extended Merton model. The term structure
model assumed for the riskless rate of interest is a special case of the HJM frame-
work, the Hull-White or extended Vasicek model, which we reviewed in Chapter 13.
For practical use, however, it is critical that the risk-free interest rate assumptions be
completely consistent with the current observable yield curve (and any other interest
rate derivatives on that yield curve) as discussed in Chapter 14. The extended Vasicek
model contains an extension from the original Vasicek model that allows the theo-
retical yield curve to exactly match the actual yield curve. In this model, as we dis-
cussed in Chapter 13, the short-term rate of interest r(t) drifts over time in a way
consistent with interest rate cycles, subject to random shocks from the Brownian
motion W(t), which like Z(t) has mean zero and standard deviation of 1:7

drðtÞ ¼ a½rðtÞ � rðtÞ�dt þ σrdWðtÞ

ZERO-COUPON BOND PRICES IN THE JARROW MODEL

Jarrow shows that the price of a zero-coupon bond can be derived that explicitly
incorporates the interactions between the default intensity, interest rates, and the
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macro factor. The results are simple enough to be modeled in spreadsheet software,
especially the case where the coefficients of the default intensity formula for short-
term interest rates and the macro factors are zero. We discuss practical implemen-
tation of this version of the Jarrow model below.

The Jarrow Model and the Issue of Liquidity in the Bond Market

One of the many virtues of reduced form models is the ability to fit parameters to the
model from a wide variety of securities prices. Of course the type of data most
directly related to the interests of lenders is bond prices or credit derivatives prices.
Since a large company like IBM has only one type of common stock outstanding but
could have 10, 20, or 30 bond issues outstanding, it is logical to expect that there is
less liquidity in the bond market than in the market for common stock. Jarrow makes
an explicit adjustment for this in his model by introducing a very general formulation
for the impact of liquidity on bond market prices. This is a very powerful feature of
the model that reduces the question of bond market liquidity to a scientific question
(how best to fit a parameter that captures the liquidity impact) rather than a
philosophical or religious question of whether bond prices can be used to calculate
the parameters of a credit model. Note that there can be either a liquidity discount or
liquidity premium on the bonds of a given issuer, and there is no implicit assumption
by Jarrow that the liquidity discount is constant—it can be random and is flexible in
its specifications, consistent with the research we discuss in Chapter 17.

Jarrow’s original (1999–2001) model shows how the Jarrow credit model can be
fit to bond prices and equity prices simultaneously. It can also be fit to bond prices
alone, using the techniques of Chapter 17. Jarrow and Yildirum (2002) show how
the model can be fit to credit derivatives prices and Jarrow and Chava (2004) fit the
model to historical data on defaults.

The Jarrow-Merton Put Option as a Risk Index and a Practical Hedge

The Jarrow model is much better suited to hedging credit risk on a portfolio level than
the Merton model we discuss in Chapter 18 because the link between the (N) macro
factor(s) M and the default intensity is explicitly incorporated in the model. Take the
example of Exxon, whose probability of default is driven by interest rates and oil
prices, among other things. If M(t) is the macro factor oil prices, it can be shown that
the size of the hedge that needs to be bought or sold to hedge one dollar of risky
zero-coupon debt with market value v under the Jarrow model is given by

qviðt, T : iÞ=qMðtÞ ¼ �½qγiðt, TÞ=qMðtÞ þ λ2ð1� δiÞðT � tÞ=σmMðtÞ�vlðt, T : iÞ:

The variable v is the value of risky zero-coupon debt and gamma is the liquidity
discount function representing the illiquidities often observed in the debt market.
There are similar formulas in the Jarrow model for hedging coupon-bearing bonds,
defaultable caps, floors, credit derivatives, and so on.

Van Deventer and Imai (2003) show that the steps in hedging the macro factor
risk for any portfolio are identical to the steps that a trader of options has been taking
for 30 years (hedging his net position with a long or short position in the common
stock underlying the options):
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n Calculate the change in the value (including the impact of interest rates on
default) of all retail credits with respect to interest rates.

n Calculate the change in the value (including the impact of interest rates on
default) of all small business credits with respect to interest rates.

n Calculate the change in the value (including the impact of interest rates on
default) of all major corporate credits with respect to interest rates.

n Calculate the change in the value (including the impact of interest rates on
default) of all bonds, derivatives, and other instruments

n Add these delta amounts together.
n The result is the global portfolio delta, on a default-adjusted basis, of interest

rates for the entire portfolio.
n Choose the position in interest rate derivatives with the opposite delta.
n This eliminates interest rate risk from the portfolio on a default-adjusted basis.

We can replicate this process for any macro factor that impacts default, such as
home prices, exchange rates, stock price indices, oil prices, the value of class A office
buildings in the central business district of key cities, and the like. We should know
how to do this using logistic regression to estimate default probabilities in a manner
consistent with the Jarrow framework.

Most importantly:

n We can measure the default-adjusted transaction level and portfolio risk expo-
sure with respect to each macro factor.

n We can set exposure limits on the default-adjusted transaction level and port-
folio risk exposure with respect to each macro factor.

n We know how much of a hedge would eliminate some or all of this risk.

It can be shown that all other risk, other than that driven by macro factors, can
be diversified away. This hedging and diversification capability is a powerful step
forward from where most financial institutions found themselves at the close of the
twentieth century.

FITTING THE JARROW MODEL TO BOND PRICES, CREDIT DERIVATIVES
PRICES, AND HISTORICAL DEFAULT DATABASES

One of the many virtues of the reduced form modeling approach is its rich array of
closed form solutions. These include closed form solutions for zero-coupon bond
prices, coupon bearing bond prices, credit default swap prices, first to default swap
prices, and many others. This means that there are many alternatives for fitting the
Jarrow model parameters. We discuss a few of them in this section.

Fitting the Jarrow Model to Debt Prices

In Chapter 17, we take the reader through an example of how to fit the Jarrow model
to observable prices of risky debt. Third-party bond price vendors offer databases
with daily or weekly prices on more than 100,000 different risky debt issues. Prices
can be obtained for almost every issuer with a rating from the legacy rating agencies.
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Fitting to Current Price Data and Historical Price Data

If one is willing to accept the hypothesis that the impact of interest rates and mac-
roeconomic factors on the default probability of a particular company is fairly stable
over time, one can improve the quality of parameter estimates by adding historical
data to the estimation procedure. Let’s assume that the analyst has five years of daily
price data for, say, IBM bonds. The following procedure takes advantage of this data:

1. Assume a structure of the liquidity function in the Jarrow model. For example, a
liquidity function that is effectively linear in years to maturity could be adopted.
Say the assumed structure contains two parameters a and b.

2. Collect the N(i) observable bond prices on each observation date i, for the whole
sample i ¼ 1, M observations.

3. Using a nonlinear equation solver over the entire sample, find the combination
of a, b, λ0, λ1, and λ2 that minimizes the sum of squared errors on the
observable bonds. This parallels the interest rate parameter fitting we did in
Chapter 14 for the risk-free term structure.

4. λ1 and λ2 are the coefficients of interest rates and the macro factors on default.
We hold these parameters constant over the whole sample and then go back over
the sample and refit the parameters a, b, and λ0 for each day in the sample,
allowing them to change daily.

5. Eliminate any remaining bond pricing errors on a given day by making λ0 a
time (to maturity) dependent variable. The original value of λ0 for that day, as
above, is useful to obtain because it is the value that minimizes the amount
of extension.

Fitting the Jarrow Model to Credit Derivatives Prices

The procedure for fitting the Jarrow model to credit derivatives prices is exactly the
same as fitting the Jarrow model to bond prices, except of course that the closed-form
solution that is being used is the credit derivatives formula in the Jarrow model, not
the bond price formula. Because most counterparties with traded credit derivatives
will have only one to three maturities at which prices are visible, using a longer
history of credit derivatives prices as described in the second method above will be
even more helpful than it is in the bond market.

Fitting the Jarrow Model to a Historical Database of Defaults

In the first part of this chapter, the continuous time default intensity was the object of
study, just like the continuous time interest rates we studied in Chapters 6 through
13. In both the interest rate arena and the credit arena, most applied risk analysis is
done using discrete rates, either interest rates or default probabilities. For the
remainder of this chapter, the default probabilities we discuss all have a discrete time
to maturity. In this section, we discuss how to fit a default probability function driven
by macroeconomic factors to a discrete historical data set of observations on public
firms at various points in time, some of which constitute a “defaulting observation”
and some of which constitute a nondefaulting observation.
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Fitting the reduced form model to historical bankruptcy data was explored
extensively by Shumway (2001); Jarrow and Chava (2004); Campbell, Hilscher, and
Szilagyi (2008, 2011); and Bharath and Shumway (2008). Each of these authors used
public firm data, but the identical approach is also applied to the construction of
default models for all types of counterparties: retail borrowers, small business bor-
rowers, large unlisted borrowers, municipal borrowers, and sovereign borrowers.
This fitting process involves advanced hazard rate modeling, also called logistic
regression, an extension of the credit scoring technology that has been used for retail
and small business default probability estimation for many decades. The distinction
between credit scoring and hazard rate modeling is very important. Typically, credit
scoring analysis uses the most recent information available on a set of nondefaulting
counterparties and the last set of information available on the defaulting counter-
parties. Hazard rate modeling makes use of all information about all counterparties
at every available time period, in order to explain, for example, why Lehman
Brothers defaulted in September 2008 instead of at some earlier time.

We illustrate the creation and testing of discrete default probability models using
data from the Kamakura Risk Information Services (KRIS) public firm default model,
first offered in 2002. The Kamakura Corporation’s KRIS default probability data-
base includes 1.76 million monthly observations on over 8,000 companies for North
America alone. In the North American sample, 2,046 companies have failed since
1990. A company failure is denoted as a “1” in the bankruptcy variable, and the lack
of failure is denoted as a “0.” Since the entire history of a company is included,
Lehman Brothers will have many observations that are zeros and only one obser-
vation that is a 1, the September 2008 observation (recorded as of the end of
August 2008). Exhibit 16.1 is a sample of a simple logistic regression database where
the explanatory variables are market leverage, three-month stock return volatility,
the net income to total assets ratio, and the unemployment rate (percent). The var-
iable that we are seeking to explain is the probability of default (the default flag). The
default flag is set to zero if the firm does not default in the next month and it is set to
one if the company does default over that time period. While the following table
includes entries for only Lehman Brothers, all of the companies are modeled together
and a set of explanatory variables are gathered that best predict default.

The result is a set of coefficients (the alpha and betas) of the logistic regression
formula, which predicts the unannualized probability of default at a given time t P[t]
as a function of n explanatory variables:

P½t� ¼ 1

1þ e�α�
Pn

i¼1 βiXi

In addition to interest rates and macro factors that are part of the theory of the
Jarrow model, other explanatory variables, which are likely to be important, are
added as appropriate. These include financial ratios, other macroeconomic vari-
ables, multiple inputs from the stock price and its history for each company, multiple
inputs from the comprehensive stock market index for the relevant country, com-
pany size, industry variables, seasonality, and so on. As we will see in the model-
testing section of this chapter, the result is a very powerful model highly capable of
discriminating among companies by both long-term and short-term risk. Logistic
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EXHIBIT 16.1 Logistic Regression Default Database Sample Entries for Lehman Brothers Holdings

Ticker Date Company Name
Default
Flag

Market
Leverage

3 Month Stock
Volatility

Net Income to
Total Assets

Unemployment
Rate (Percent)

lehmq 1/31/2008 Lehman Brothers
Holdings 0 0.9495 0.6966 0.0013 5.4

lehmq 2/29/2008 Lehman Brothers
Holdings 0 0.9610 0.6244 0.0013 5.2

lehmq 3/31/2008 Lehman Brothers
Holdings 0 0.9699 1.5194 0.0006 5.2

lehmq 4/30/2008 Lehman Brothers
Holdings 0 0.9689 1.5422 0.0006 4.8

lehmq 5/30/2008 Lehman Brothers
Holdings 0 0.9740 1.5566 0.0006 5.2

lehmq 6/30/2008 Lehman Brothers
Holdings 0 0.9858 1.0291 �0.0043 5.7

lehmq 7/31/2008 Lehman Brothers
Holdings 0 0.9846 1.4784 �0.0043 6.0

lehmq 8/29/2008 Lehman Brothers
Holdings 1 0.9857 1.6163 �0.0043 6.1
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regression is the tool that is used to estimate the parameters or coefficients multi-
plying each input variable. The appendix of this chapter and Jarrow and Chava
(2004) discuss the use of default probabilities derived from a discrete database in a
continuous time model, just like interest rates smoothed from discrete observations
are used in a continuous time term structure model. For a detailed review of logistic
regression and its applications, see van Deventer and Imai (2003) and Hosmer and
Lemeshow (2000).

Kamakura Risk Information Services produces more than a simple one-month
default probability. KRIS provides default probabilities for a full 10-year horizon,
constructed from default probabilities projected for the next 120 months. We call
the unannualized monthly default probability for the first month P[1], for the
second month (conditional on surviving the first month) P[2], and the nth month
(conditional on surviving the first N � 1 months) P[N]. How are these default
probabilities combined to form a term structure of default probabilities? (See the
appendix of this chapter for details on changing the periodicity of default proba-
bilities for background.)

If one has a time horizon of N months, the probability that a company will not
go bankrupt during those N months is

Q½N� ¼ ð1� P½1�Þð1� P½2�Þð1� P½3�Þ : : : ð1� P½N � 1�Þð1� P½N�Þ

The probability that the companywill go bankrupt by the end of the nth month is

P½N� ¼ 1�Q½N�

This is the cumulative probability of default for an N-month time horizon. Since
credit spreads and credit default swaps are all discussed or displayed on an annu-
alized basis, we can annualize the cumulative probability of default for an N-month
horizon. The annualized default probability for an N-month horizon is

A½N� ¼ 1� ð1� P½N�Þ12=N

It is these annualized default probabilities that are displayed on the KRIS service.
Exhibit 16.2 shows the annualized KRIS term structure of default for Bank of
America on February 27, 2009, which was a dangerous period in the 2006 to 2011
credit crisis. The annualized three-month default probability for Bank of America on
this date was 24.27 percent.

Exhibit 16.3 shows the same default risk for Bank of America, this time dis-
played on a cumulative basis. The graph shows that the 10-year cumulative failure
risk of the bank was 37.89 percent over a 10-year period, even after an injection of
$45 billion into the organization under the U.S. government’s Troubled Asset Relief
Program (TARP).

Another firm that figured prominently in the 2006–2011 credit crisis was the
aggressive mortgage lender Washington Mutual (“WMI Holdings” in the graphs in
Exhibit 16.4). Washington Mutual’s one-year default probability hit 56.45 percent
on the eve of September 25, 2008, the day that the Federal Deposit Insurance
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Corporation (FDIC) seized its main banking subsidiary and sold it in an assisted
rescue to JPMorgan Chase.

On that day, the cumulative default risk of Washington Mutual was 80.45
percent for a time horizon of 10 years as shown in Exhibit 16.5.

Fitting the Jarrow Model to Retail, Small Business, and
Governmental Counterparties

While the Jarrow-Turnbull and Jarrow models have been discussed in the context of
a publicly listed corporate counterparty, there is no reason to restrict the models’
application to corporations alone. They can be applied with equal effectiveness to

EXHIBIT 16.2 Bank of America Corporation

EXHIBIT 16.3 Bank of America Corporation
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retail client default modeling, small business default modeling, and to the modeling of
defaults by sovereign entities. The only difference is the inputs to the logistic
regression model like that which we discussed in the preceding sections. Other than
that, all of the analysis is identical.

For example, consider sovereigns that issue debt but for whom there are no
observable prices (say, Kazakhstan). Historical estimation using logistic regression is
the normal fallback estimation procedure. KRIS offers a sovereign default service
developed in exactly this way and launched in the fall of 2008.

In many countries, there is a very large amount of bond issuance by cities, towns,
municipal special purpose entities, and other government entities besides the national

EXHIBIT 16.4 WMI Holdings Corp.

EXHIBIT 16.5 WMI Holdings Corp.
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government itself. The prices of the bonds issued by these entities are sometimes
heavily affected by special tax features, such as the exemption of municipal bonds
from federal income tax in the United States. Jarrow default probabilities can be
fitted to this group as well, both from bond prices (if they are high quality) and by
logistic regression from a historical default database.

CORRELATIONS IN DEFAULT PROBABILITIES

In the same way, the Jarrow models fitted to historical default databases illustrate the
parallels between default probabilities and interest rates:

n Default probabilities have a term structure just like interest rates.
n Changes in interest rates and macroeconomic factors make the term structure of

default probabilities rise and fall over time.
n Like interest rates, short-term default probabilities rise and fall by much more

than long-term default probabilities, which may be the effective average of
default probabilities over many credit cycles.

n The difference between a strong credit and a weak credit is not their short-term
default probability when times are good. In good times, both will have a low
probability of default. The difference can be seen most clearly when times
are bad.

Macro factors cause correlated movements in the short-term default probabilities
for both strong and weak credits.

A few examples will illustrate this phenomenon. The first example, Exhibit 16.6,
shows the one-year default risk of Bank of America and Citigroup from 2008
to 2010.

The simple five-year monthly correlation in their one-year default probabilities
for the period ending in June 2012 of their Jarrow default probabilities is 91.87
percent. That contrasts sharply with the 40.50 percent correlation in the one-year
default probabilities of Apple and Bank of America over the same five-year period.
Exhibit 16.7 shows the one- and five-year default probabilities for Apple from 2007
to 2012. While Apple’s default risk was a small fraction of that of Bank of America,
Apple also experienced a rise in one-year default risk in late 2008 and early 2009 that
was very similar to that of Bank of America. This correlated shift in risks, with a large

EXHIBIT 16.6 BAC (JC5) vs. C (JC5)
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difference in magnitude, is typical of the change in default risk for good credits versus
bad credits in a credit portfolio.

THE JARROW AND JARROW-TURNBULL MODELS: A SUMMARY

In this section, we have introduced the Jarrow-Turnbull and Jarrow models of risky
debt. They offer powerful closed-form solutions for practical issues that are central to
the integrated treatment of interest rate risk, market risk, liquidity risk, and credit
risk. We have shown how to fit the Jarrow model to historical default databases. In
Chapter 17, we show how to fit a credit model to observable spreads in the bond
markets and derivatives markets. We have shown how the reduced form credit
modeling approach, with different explanatory variables, can be applied to:

n Retail counterparties
n Small business counterparties
n Municipalities
n Sovereigns

as well as to public firms.
Finally, we have shown through some very practical examples that the Jarrow

reduced form models shed dramatic light on both the term structure of default
probabilities for any type of counterparty and on the correlation of default proba-
bilities for any two counterparties. This kind of correlated risk is what drives the “fat
tails” in losses that endanger financial institutions. An understanding of this issue is
essential to both the integrated measure of risk via the Jarrow-Merton put option and
to the hedging of portfolio-level credit risk with macro hedges using stock price index
futures and derivatives on key macroeconomic factors.

EXHIBIT 16.7 Apple Inc.
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In the next section, we discuss in detail how to measure the effectiveness of
default models, both in terms of absolute accuracy and relative accuracy compared to
other models.

TESTS OF CREDIT MODELS USING HISTORICAL DATA

This section is one of the key sections in this book. A debate about credit models
without a factual basis for deciding which model is best is just as much of a beauty
contest as the debate about smoothing methods that we discussed in Chapter 5. In
this section, we replace the beauty contest with science. We define criteria for “best
model,” as we did in Chapter 5. We then measure candidate models by these criteria
to reach our conclusions about which are best.

This approach is very consistent with the Basel II and Basel III capital regulations
that have emerged in recent years from the Basel Committee on Banking Supervision.
The Basel capital regulations place very heavy emphasis on the role of credit risk in
measuring the safety and soundness of financial institutions. Solvency II for the
insurance industry has a similar emphasis on model accuracy. For that reason, it is
extremely critical from both a shareholder value point of view and a regulatory point
of view that financial institutions have a clear understanding of the accuracy and
performance of the credit models employed for that purpose.

Without knowledge of the accuracy of the models:

n How can regulators know whether the financial institution’s capital is too high
or too low?

n How can shareholders know whether the reserve for loan losses is adequate or
not?

n How can the CEO certify the financial statements of the company as accurate?
n How can the institution have confidence that a hedge of its portfolio credit risk

will work?
n How can the institution have confidence in its own survival?

These are critical questions, to say the least, and they are the major motivators of
the emphasis on credit model testing in this section. The Basel Accords’ contribution
to credit risk modeling has been twofold. First, the Accords stress the need to apply
credit risk models to the entire balance sheet, not just to credit-related derivatives
such as credit default swaps. Second, the Accords stress the need for quantitative
proof that the models perform well. Performance measurement is critical both across
credit risk categories and over time; that is, through the peaks and valleys of credit
cycles.8

The result of these key developments has been a surge of interest in reduced form
models and increased implementation of these models around the world in financial
institutions of all types, with applications to retail clients, private companies, listed
companies, and sovereigns. A prominent example is the December 10, 2003,
announcement by the FDIC that it has adopted a reduced form model-related Loss
Distribution Model that we mentioned in Chapter 15.9 The FDIC announcement is
just another confirmation of a wholesale movement away from the older structural
models of credit risk like the original Merton (1974) risky debt model and more
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recent extensions like Shimko, Tejima, and van Deventer (1993), which we discuss in
Chapter 18. We do something atypical in this book. Instead of explaining all of the
candidate models first, like we did with yield curve smoothing, and then measuring
“who’s best,” we do something different. As the reader will see in the following
pages, the credit model test results in both the academic and commercial public
domain are so compelling that we reverse the order. After explaining the reduced
form approach, but not legacy approaches, we then measure accuracy. Having seen
“who’s best” in this way justifies our relegation of older approaches to the “legacy”
collection of credit models in Chapter 18, much like the legacy term structure models
that we reviewed in Chapter 13.

Given the plethora of credit risk models now available, how and why did the
FDIC conclude that the reduced form model offered the most promise? More gen-
erally, how should a banker, fund manager, or insurance executive seeking to use
credit risk models in credit risk management assess their relative performance and
then implement them in practice? The answer to this difficult question is the subject
of this section.

AN INTRODUCTION TO CREDIT MODEL TESTING

One of the dilemmas facing the Basel Committee on Banking Supervision as it com-
piled the New Capital Basel Capital Accord (May 31, 2001) was the (then) paucity of
data on credit model performance. In the following decade, however, and the years
immediately prior to the publication of the New Capital Accord, an avalanche of
studies on relative performance of credit models has reached the public domain. We
refer the series reader to Shumway (2001); van Deventer and Imai (2003); Jarrow and
Chava (2004); Bharath and Shumway (2008); and Campbell, Hilscher, and Szilagyi
(2008 and 2011) for some notable examples. Almost all of these papers were in wide
circulation for four or five years prior to their formal publication.

Credit model testing is not a trivial exercise, for a number of reasons. The first is
the considerable expense and expertise needed, both in terms of finance and com-
puter science, to assemble the data and computer coding to provide a consistent
methodology for testing credit models in a way that the original Basel II accord (and
good corporate governance) requires. Van Deventer and Imai (2003) note that the
Basel II requires that banks must prove to their regulatory supervisors that the credit
models they use perform “consistently and meaningfully.”10 Typically, the only
institutions who have the capability to assemble these kinds of databases are
extremely large financial institutions and commercial vendors of default probabili-
ties. Prior to the commercialization of default probabilities by KMV (acquired by
Moody’s in 2002) in the early 1990s, studies of default were based on a very small
number of defaulting observations. Falkenstein and Boral (2000) cite academic
papers by Altman (1968) (33 defaults), Altman (1977) (53 defaults), and Blum
(1974) (115 defaults) to illustrate the relatively small sample sizes used to draw
inferences about bankruptcy probabilities prior to 1998. By way of contrast,
Kamakura Corporation’s commercial default database for public firms includes
more than 2,000 failed company observations, and its research database, which
spans a longer period, contains more than 2,400 failed companies for North America
alone as of 2012.
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For major financial institutions that have incurred the expense of a large default
database, the results of model testing are highly valuable and represent a significant
competitive advantage over other financial institutions who do not have the results of
credit model performance tests. For example, there is a large community of arbitrage
investors actively trading against users of the Merton default probabilities when the
arbitrage investors perceive the signals sent by the Merton model to be incorrect.

Among the vendor community, the majority of vendors offer a single default
probability model. This presents a dilemma for potential consumers of commercial
default probabilities. A vendor of a single type of credit model has two reasons not to
publish quantitative tests of performance. The first reason is that the tests may prove
that the model is inferior and ultimately may adversely affect the vendor’s com-
mercial prospects. Perhaps for this reason, most vendors require clients to sign license
agreements that forbid the clients from publicizing any results of the vendor’s model
performance. The second reason is more subtle. Even if quantitative performance tests
are good, the fact that the vendor offers only one model means that the vendor’s
tests will be perceived by many as biased in favor of the model that the vendor offers.

Four former employees of Moody’s Investors Service have set the standard for
quantitative model test disclosure in a series of papers: Andrew Boral, Eric Falk-
enstein, Sean Keenan, and Jorge Sobehart. The authors respect the important con-
tributions of Boral, Falkenstein, Keenan, and Sobehart to the integrity of the default
probability generation and testing process. Much of the work in this section can be
attributed to their influence and the influence of the authors mentioned previously.

The need for such tests is reflected in the frequently heard comments of default
probability users who display a naiveté with respect to credit models that triggered
the massive losses from trading in collateralized debt obligations during the 2006–
2011 credit crisis. We present some samples in the next section that illustrate the
need for better understanding of credit model testing.

MISUNDERSTANDINGS ABOUT CREDIT MODEL TESTING

A commonly heard comment on credit model performance goes like this:

I like Model A because it showed a better early warning of the default of
Companies X, Y, and Z.

Many users of default probabilities make two critical mistakes in assessing
default probability model performance. They choose a very small sample (in this case
three companies) to assess model performance and use a naïve criteria for good
performance. Assessing model performance on only three companies or 50 or even
100 in a universe of 8,000 to 10,000 in the total universe of U.S. public firms
needlessly exposes the potential user to: (1) an incorrect conclusion just because of
the noise in the small sample; and (2) to the risk of data mining by the default
probability vendor, who (like a magician doing card tricks) can steer the banker to
the 3 or 50 or 100 examples that show the model in the best light. A test of the
whole sample eliminates these risks. Analysts should demand this of both internal
models and models purchased from third parties.
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The second problem this banker’s quote has is the performance criteria. The
implications of his comment are twofold:

n I can ignore all false predictions of default and give them zero weight in my
decision.

n If model A has higher default probabilities than model B on a troubled credit,
then model A must be better than model B.

Both of these implications should be grounds for a failing grade by banking and
insurance supervisors and the audit committee of the firm’s board of directors. The
first comment, ignoring all false positives, is sometimes justified by saying “I sold
Company A’s bonds when its default probabilities hit 20 percent and saved my bank
from a loss of $1.7 million, and I don’t care if other companies which don’t default
have 20 percent default probabilities because I would never buy a bond with a 20
percent default probability anyway.” Why, then, did the bank have the bond of
Company A in its portfolio? And what about the bonds that were sold when default
probabilities rose, only to have the bank miss out on gains in the bond’s price that
occurred after the sale? Without knowledge of the gains avoided, as well as the losses
avoided, the banker has shown a striking “selection bias” in favor of the model he is
currently using. This selection bias will result in any model being judged good by a
true believer. We give some examples next.

The second implication exposes the banker and the vendor to a temptation that
can be detected by the tests we discuss here. The vendor can make any model show
better early warning than any other model simply by raising the default probabilities.
If the vendor of model B wants to win this banker’s business, all he has to do is
multiply all of his default probabilities by six or add an arbitrary scale factor to make
his default probabilities higher than model A. The banker making this quote would
not be able to detect this moral hazard because he does not use the testing regime
mentioned below. The authors can’t resist pointing out that using the summer
temperature in Fahrenheit as a credit model will outpredict any credit model by this
criterion if the company defaults in July or August in the Northern Hemisphere.

Eric Falkenstein and Andrew Boral (2000) of Moody’s Investors Service address
the issue of model calibration directly:

Some vendors have been known to generate very high default rates, and we
would suggest the following test to assess those predictions. First, take a set
of historical data and group it into 50 equally populated buckets (using
percentile breakpoints of 2%, 4%, . . . 100%). Then consider the mean
default prediction on the x-axis with the actual, subsequent bad rate on the
y-axis. More often than not, models will have a relation that is somewhat
less than 45% (i.e., slope , 1), especially at these very high risk groupings.
This implies that the model purports more power than it actually has, and
more importantly, it is miscalibrated and should be adjusted. (46)

We present the results of the Falkenstein and Boral test later in this section.
We also present a second type of test to detect this kind of bias in credit modeling.
If a model has a bias to levels higher than actual default rates, it is inappropriate for
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Basel II, Basel III, or Solvency II use because it will be inaccurate for pricing, hedging,
valuation, and portfolio loss simulation.

Another quotation illustrates a similar point of view that is inconsistent with
Basel II compliance in credit modeling:

That credit model vendor is very popular because they have correctly pre-
dicted 10,000 of the last 10,500 small business defaults.

Again, this comment ignores false predictions of default and assigns zero costs to
false predictions of default. If any banker truly had that orientation, the Basel II credit
supervision process will root them out with a vengeance because the authors hereby
propose a credit model at zero cost that outperforms the commercial model referred
to previously:

100 percent Accurate Prediction of Small Business Defaults

The default probability for all small businesses is 100 percent.

This naïve model correctly predicts 10,500 of the last 10,500 defaults. It is free in
the sense that assigning a 100 percent default probability to everyone requires no
expense or third-party vendor, since anyone can say the default probability for
everyone is 100 percent. And, like the banker quoted above, it is consistent with a
zero weight on the prediction of false positives. When pressed, most financial insti-
tutions admit that false positives are important. As one major financial institution
comments, one model “correctly predicted 1,000 of the last three defaults.”

Once this is admitted, there is a reasonable basis for testing credit models.

THE TWO COMPONENTS OF CREDIT MODEL PERFORMANCE

The performance of models designed to predict a yes or no—zero or one—event, like
bankruptcy, has been the focus of mathematical statistics for more than 50 years.11

These performance tests, however, have only been applied to default probability
modeling in recent years. Van Deventer and Imai (2003) provide an overview of these
standard statistical tests for default probability modeling. Related papers are those
cited at the beginning of this section: Shumway (2001); Jarrow and Chava (2004);
Bharath and Shumway (2008); and Campbell, Szilagyi, and Hilscher (2008, 2011).
Jarrow, van Deventer, and Wang (2003) and van Deventer and Imai (2003) apply an
alternative hedging approach to measuring credit model performance. We discuss
each of these alternative testing procedures in turn.

Basel II and Basel III require that financial institutions have the capability to test
credit model performance and internal ratings to ensure that they consistently and
meaningfully measure credit risk. There are two principal measures of credit risk
model performance. The first is a measure of the correctness of the ordinal ranking of
the companies by riskiness. For this measure, we use the so-called “receiver operating
characteristics” (ROC) accuracy ratio, whose calculation is reviewed briefly in the
next section. The second is a measure of the consistency of the predicted default
probability with the actual default probability, which Falkenstein and Boral (2000)
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call “calibration.” This test is necessary to ensure the accuracy of the model for
pricing, hedging, valuation, and portfolio simulation. Just as important, it is neces-
sary to detect a tendency for a model to bias default probabilities to the high side as
Falkenstein and Boral note, which overstates the predictive power of a model by the
naïve criteria of the first quote in the introduction.

Measuring Ordinal Ranking of Companies by Credit Risk

The standard statistic for measuring the ordinal ranking of companies by credit
riskiness is the ROC accuracy ratio. The ROC accuracy ratio is closely related to, but
different than, the cumulative accuracy profiles used by Jorge Sobehart and collea-
gues (2000), formerly at Moody’s Investors Service and now at Citigroup, in
numerous publications in recent years.

The ROC curve was originally developed in order to measure the signal-to-noise
ratio in radio receivers. The ROC curve has become increasingly popular as a
measure of model performance in fields ranging from medicine to finance. It is
typically used to measure the performance of a model that is used to predict which of
two states will occur (sick or not sick, defaulted or not defaulted, etc.). Van Deventer
and Imai (2003) go into extensive detail on the meaning and derivation of the ROC
accuracy ratio, which is a quantitative measure of model performance.

In short, the ROC accuracy ratio is derived in the following way:

n Calculate the theoretical default probability for the entire universe of companies
in a historical database that includes both defaulted and nondefaulted
companies.

n Form all possible pairs of companies such that the pair includes one defaulted
“company” and one nondefaulted “company.” To be very precise, one pair
would be the December 2001 defaulted observation for Enron and the October
1987 observation for General Motors, which did not default in that month.
Another pair would include defaulted Enron, December 2001, and nondefaulted
Enron, November 2001, and so on.

n If the default probability technology correctly rates the defaulted company as
more risky, we award one point to the pair.

n If the default probability technology results in a tie, we give half a point.
n If the default probability technology is incorrect, we give zero points.
n We then add up all the points for all of the pairs, and divide by the number of

pairs.12

The results are intuitive and extremely clear on model rankings:

n A perfect model scores 1.00 or 100 percent accuracy, ranking every single one of
the defaulting companies as more risky than every nondefaulting company

n A worthless model scores 0.50 or 50 percent, because this is a score that could
be achieved by flipping a coin

n A score in the 90 percent range is extremely good
n A score in the 80 percent range is very good, and so on
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Van Deventer and Imai provide worked examples to illustrate the application of
the ROC accuracy ratio technique. The ROC accuracy ratio can be equivalently
summarized in one sentence: It is the average percentile ranking of the defaulting
companies in the universe of nondefaulting observations.

We turn now to the Kamakura Corporation database, which we shall use to
apply the ROC accuracy ratio technology. Results will be summarized for the North
American database, which includes all listed companies for which the explanatory
variables were available, with no exceptions for any other reason.

The Predictive ROC Accuracy Ratio: Techniques and Results

The KRIS database is a monthly database. Other researchers have used annual data,
including the work of Sobehart and colleagues noted previously. Annual data has
been used in the past because of the researchers’ interest in long-term bankruptcy
prediction. One of the purposes of this chapter is to show how monthly data can be
used for exactly the same purpose, and to show how accuracy changes as the pre-
diction period grows longer.

The basic Jarrow-Chava (2004) model uses logistic regression technology to
combine equity market and accounting data for default probability prediction con-
sistent with the reduced form modeling approach. Jarrow and Chava provide a
framework that shows these default probability estimates are consistent with the best
practice reduced form credit models of Jarrow (1999, 2001) and Duffie and Singleton
(1999). We turn now to the ROC accuracy ratios for the Jarrow-Chava reduced form
modeling approach.

THE PREDICTIVE CAPABILITY OF THE JARROW-CHAVA REDUCED
FORM MODEL DEFAULT PROBABILITIES

This section shows that the technology for measuring credit model predictive capa-
bility is transparent and straightforward. We show that the reduced form modeling
approach has a high degree of accuracy even when predicting from a distant horizon.

The standard calculation for the ROC accuracy ratio is always based on the
default measure in the period of default (which could be a month if using monthly
data, or a year if using yearly data). In order to address Basel and financial institu-
tions management questions about the “early warning” capability of default prob-
ability models, it is useful to know the accuracy of credit models at various time
horizons, not just in the period of default.

We know that, in their distant past, companies that defaulted were at some
point the same as other companies and their default probabilities were probably no
different from those of otherwise similar companies. In order words, if we took their
default probability in that benign era and used that to calculate the ROC accuracy
ratio, we would expect to see an accuracy ratio of 0.50 or 50 percent, because at that
point in their history the companies are just “average” and so are their default
probabilities.

Therefore, our objective is to see how far in advance of default the ROC accuracy
ratio for the defaulting companies rises from the 50 percent level on its way to
achieving the standard ROC accuracy ratio in the month of default.
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Measuring the Predictive ROC Accuracy Ratio

We calculate the time series of predictive ROC accuracy ratios in the following way:

n We again form all possible pairs of one defaulted company and one non-
defaulted company. Instead of defining the default date and associated default
probability for Enron as December 2001, however, we step back one month
prior to default and use the November time period for Enron as the default date
and the November 2001 default probability as the “one-month predictive”
default probability.

n We calculate the ROC accuracy ratio on this basis.
n We lengthen the prediction period by one more month again.
n We recalculate which default probability we will use in the ROC comparison for

each of the defaulted companies (in the second iteration, we will use the October
2001 default probability for Enron, not November).

n We repeat the process until we have studied the predictive period of interest and
have calculated the predictive ROC accuracy ratio for each date.

REDUCED FORM MODEL VS. MERTON MODEL PERFORMANCE

We now supplement the results of Bharath, Campbell, Chava, Hilscher, Jarrow,
Shumway, and Szilagyi with results from the KRIS testing results for version 5.0,
which uses monthly data spanning the period from 1990 to 2008. We compare the
accuracy of the ordinal ranking of credit risk for three credit models distributed by
the Kamakura Corporation:

Reduced Form Credit Model

KDP-jc, Kamakura Default Probabilities from an advanced form of the Jarrow-
Chava (2004) approach. Version 5 of the model is denoted KDP-jc5.

Structural Credit Models

KDP-ms, Kamakura Default Probabilities using the “best” Merton econometric
approach. This model is labeled KDP-ms5 in version 5.

Hybrid Credit Models

KDP-jm, Kamakura Default Probabilities combining the Jarrow and Merton
approaches in a hybrid model within the logistic regression framework. A trans-
formation of the KDP-ms Merton default probability is added as an additional
explanatory variable to the Jarrow-Chava variables in KDP-jc to form KDP-jm,
denoted KDP-jm5 for version 5.

The chart in Exhibit 16.8 shows the ROC accuracy ratios for version 5 of all
three of the models based on monthly data from 1990 to 2008, which includes the
most dramatic failures in the 2007 to 2010 credit crisis. For comparison, we also plot
the accuracy of an older reduced form model, version 4, labeled KDP-JC4, and a pure
theory implementation of the Merton model. The chart shows clearly that the
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accuracy of the credit risk ranking of both the KDP-jc5 Jarrow-Chava reduced form
model and the hybrid KDP-jm5 model are consistently superior to the KDP-ms
Merton model for all forecasting horizons for 120 months prior to default. In the
final month before default (“month 1” to model credit modelers), the ROC accuracy
ratios are as follows: 95.10 for KDP-JC5 (Jarrow-Chava reduced form model version 5),
94.93 for KDP-JM5 (Jarrow-Merton hybrid model version 5), 94.69 for KDP-JC4
(Jarrow-Chava reduced form model version 4), 92.09 for KDP-MS5 (Merton
structural model, econometric version 5), and 82.59 for the Merton theoretical
model.13 (The Merton model implementation strategies are explained in Chapter 18.)
The differential of more than 12 percentage points versus the Merton theoretical
model comes as no surprise as it is consistent with the early work of Jorge Sobehart
and colleagues and Bohn et al. (2005), as well as the many papers by Chava and
Jarrow, Bharath and Shumway, and Campbell et al. Please note that the ROC
accuracy ratio for month N is the accuracy of predicting default in month N, con-
ditional on the firm not defaulting in months one throughN� 1. This is a much more
difficult prediction than predicting if the firm defaulted in months 1 through N.
Accuracy ratios for that cumulative default prediction would be much higher for all
of the models.

With this kind of precision in ranking of models by accuracy for any user-defined
forecasting horizon, there should be no question about the superiority of model A vs.
model B when it comes to the Basel II and III requirements for credit model testing.
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CONSISTENCY OF ESTIMATED AND ACTUAL DEFAULTS

Falkenstein and Boral (2000) correctly emphasize the need to do more than measure
the correctness of the ordinal ranking of companies by riskiness. One needs to
determine whether a model is correctly “calibrated” (in the words of Falkenstein and
Boral), that is, whether the model has default probabilities that are biased high or
low. As noted in the introduction’s example, a naïve user of credit models can be
convinced a model has superior performance just because it gives higher default
probabilities for some subset of a sample. A test of consistency between actual and
expected defaults is needed to see whether this difference in default probability levels
is consistent with actual default experience or just an ad hoc adjustment or noise.
Anecdotal evidence suggests that default models for public firms in common use are
biased high by a factor of three or four times actual default levels.

RECENT RESULTS FROM NORTH AMERICA

In this and subsequent sections, we report test results for the KRIS version 5.0 default
probabilities on a sample of 1.76 million observations from North America from
1990 to 2008. We plot actual defaults, month by month, over this period versus the
expected default produced by the model. Exhibit 16.9 shows the results for the
Jarrow-Chava KDP-JC5 version 5 model.

If we run the regression

Actual defaults ¼ Aþ BðExpected defaultsÞ

as suggested by van Deventer and Wang (2003), the adjusted R-squared of the
regression is a good quantitative measure of the consistency between actual and
expected defaults. In Exhibit 16.10, we see that the figure for the KDP-JC5 Jarrow
Chava model is 74.30 percent, well above the Merton model, which explains less
than 43 percent of the month to month variation in actual defaults.

THE FALKENSTEIN AND BORAL TEST

Eric Falkenstein and Andrew Boral (2000), formerly of Moody’s Investors Service,
suggested another consistency test between actual and expected defaults. They sug-
gest the following test:

n Order the universe of all default probability observations from lowest to highest
default probability level.

n Create N “buckets” of these observations with an equal number of observations
in each bucket.

n Measure the default probability boundaries that define the low end and high end
of each bucket.

n Measure the actual rate of default in each bucket.
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n The actual default rate should lie between the lower and upper boundary of the
bucket for most of the N buckets.

Falkenstein and Boral propose this test because the implied “early warning” of a
credit model can be artificially “increased” by multiplying the default probabilities by
some arbitrary ratio like 5 for the reasons discussed previously. If the model was
properly calibrated before this adjustment, the result of multiplication by five will
result in an expected level of defaults that is five times higher than actual defaults,
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EXHIBIT 16.9 Kamakura Risk Information Services, Actual vs. Expected Public Firm
Defaults, 1990–2008

EXHIBIT 16.10 Actual Defaults Measured as a Function of Predicted Defaults by the Model
Actual Defaults ¼ A þ B * Expected Defaults

Version Model Adjusted R2 Data Set

Version 5.0 KDP-jc5
Jarrow-Chava Model

74.30% Version 5.0, January
1990-December 2008, Monthly

Version 5.0 KDP-jm5
Jarrow-Merton Hybrid

73.88% Version 5.0, January
1990-December 2008, Monthly

Version 5.0 KDP-ms5
Merton Logistic Model

42.38% Version 5.0, January
1990-December 2008, Monthly
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which would be unacceptable both to management and to financial institutions
regulators under the New Capital Accords and final version of Basel II, Basel III, and
Solvency II.

If there is an accidental or intentional bias in default probabilities, the adjusted
R2 test in the prior section will detect date-related or credit-cycle-related biases. If the
bias is related to the absolute level of the default probabilities, the Falkenstein and
Boral test applies. The graph in Exhibit 16.11 applies the Falkenstein and Boral test
using 100 time buckets for version 5.0 of Kamakura Corporation’s KDP-JC5 Jarrow-
Chava reduced form model. The top line defines the upper default probability in each
of the 100 buckets. Each bucket has 17,642 observations. The lower line defines the
lower default probability bound of each bucket. The kinked middle line is the actual
frequency of defaults. The graph shows a very high degree of consistency in the
KDP-jc modeling of actual versus expected defaults. The graph in Exhibit 16.12
displays the same results on a logarithmic scale.

The Falkenstein and Boral test does not work well for the lower default prob-
ability buckets due to small sample size issues having to do with the discreteness of a
default event. As indicated in this graph, it is impossible for the actual default fre-
quency to fall between the upper and lower bounds of the bucket because 0 defaults
out of 17,642 is below the lower bound and 1 default out of 17,642 is above the
upper bound. Consequently, this test is most useful for the intermediate and higher
buckets. The Jarrow-Chava version 5 model shows good consistency, when mea-
sured by default probability level, between actual and expected defaults.

0.000

10.000

20.000

30.000

40.000

50.000

60.000

70.000

80.000

90.000

100.000

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58 61 64 67 70 73 76 79 82 85 88 91 94 97 100

A
nn

ua
liz

ed
 D

ef
au

lt
 P

ro
ba

bi
lit

y 
(P

er
ce

nt
)

Percentile Rank  of Default Probability Bucket

Bucket Minimum, Annualized Percent

Bucket Maximum, Annualized Percent

JC5 Annualized Default Rate (Percent)

EXHIBIT 16.11 Falkenstein and Boral Test, Kamakura Risk Information Services, Actual
Default Rate vs. Upper and Lower Bounds in 100 Percentile Buckets
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Another test suggested by Eric Falkenstein14 is to plot the distribution of actual
defaults by the percentile of the default probabilities. The 1st percentile (the lowest
17,642 of the 1.76 million default probabilities in the sample) should have the lowest
number of defaults and the 100th percentile should have the highest as shown in
Exhibit 16.13. Its graph shows these test results for version 5 of the Merton model
and Jarrow-Chava model. The Jarrow-Chava model shows a better performance
because the actual default experience is more heavily concentrated in the highest
default probability percentile buckets. In contrast, percentage of defaults captured by
the Merton model in the 99th percentile is nearly 20 percentage points lower than the
42 percent captured by the Jarrow-Chava model. The difference in discrimination
between the two models can be measured quantitatively using a Chi-squared test as
suggested in van Deventer and Imai (2003).

PERFORMANCE OF CREDIT MODELS VS. NAÏVE MODELS OF RISK

Knowing the absolute level of the accuracy of a credit model is extremely useful, but it
is just as important to know the relative accuracy of a credit model versus naïve models
of credit risk. A typical “naïve” model would be one that uses only one financial ratio
or equity market statistic to predict default. It is well-known among industry experts
that many financial ratios outperform the Merton model in the ordinal ranking of
riskiness. This result, however, comes as a surprise to many academics and financial
services regulators, so we present representative results here.15
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ROC Accuracy Ratios for Merton Model Theoretical Version vs.
Selected Naïve Models

As mentioned previously, the pure theory implementation of the Merton model has
an ROC accuracy ratio over a one-month horizon of 0.8259. Among the explanatory
variables used in the Jarrow-Chava version 5 model, seven variables have a higher
stand-alone accuracy ratio than the Merton model. Three of those ratios are sum-
marized here:

0.8803 Three-month standard deviation of stock price returns
0.8687 Excess return over S&P 500 equity index for the last year
0.8522 Percentile rank of firm’s stock price on given date

This observation that the Merton model underperforms common financial ratios
has economic and political implications for the practical use of credit models:

Can management of a financial institution or bank regulators approve a
model whose performance is inferior to a financial ratio that management
and bank regulators would not approve as a legitimate modeling approach
on a stand-alone basis?

Of course, the answer should be no. This finding is another factor supporting the
use of reduced form models, which by construction outperform any naïve model
depending on a single financial ratio.16

0.00%

5.00%

10.00%

15.00%

20.00%

25.00%

30.00%

35.00%

40.00%

45.00%

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58 61 64 67 70 73 76 79 82 85 88 91 94 97 100

Pe
rc

en
ta

ge
 o

f 
T

ot
al

 D
ef

au
lt

s

Percentile Rank of Default Probability in Full Universe of Default Probabilities

JC5 Percent of Total Defaults

MS5 Percent of Total Defaults

EXHIBIT 16.13 Distribution of Defaults by Percentile Rank of Default Probability for KRIS
Version 5 Default Probability Models KDP-jc5 and KDP-ms5

Reduced Form Credit Models and Credit Model Testing 387



Tests of Credit Models Using Market Data

The first part of this chapter introduced reduced form credit models and a testing
regime to show how well such models perform relative to the Merton model and
other legacy credit models that we review in more detail in Chapter 18. Our interest
in the models and how well they work is more than academic. We are looking for a
comprehensive framework for enterprise risk management that creates true risk-
adjusted shareholder value. We want to be able to accurately value the Jarrow-
Merton put option on the value of the firm’s assets that is the best comprehensive
measure of integrated credit risk, market risk, liquidity risk, and interest rate risk. If
risk is outside of the safety zone discussed in earlier chapters, we want to know the
answer to a critical question: What is the hedge? If we cannot answer this question,
our credit risk modeling efforts are just an amusement with no practical use. In this
section, we trace recent developments in using market data to test credit models and
outline directions for future research.

TESTING CREDIT MODELS: THE ANALOGY WITH INTEREST RATES

In Chapters 6 through 13, we examined competing theories of movements in the risk-
free term structure of interest rates. In Chapter 14, we reviewed various methods of
estimating the parameters of those models. In this section, our task is similar except
that the term structure models we are testing is a term structure with credit risk. We
devote all of Chapter 17 to that task, but we introduce the topic in this section.

Market Data Test 1: Accuracy in Fitting Observable Yield Curves and
Credit Spreads

Continuing the term structure model analogy, one of the easiest and most effective
market data tests of a credit model is to see how well the model fits observable yield
curve data. All credit models take the existing risk-free yield curve as given, so we can
presume we have a smooth and perfectly fitting continuous risk-free yield curve using
one of the techniques of Chapter 5. Given this risk-free curve, there is an obvious test
of competing credit models: Which model best fits observable credit spreads?

As we discuss in Chapter 17, the market convention for credit spreads is a crude
approximation to the exact-day count precision in credit spread estimation that we
describe in that chapter. It would be better if we could measure model performance
on a set of data that represents market quotations on the basis of credit spreads that
we know are “clean.” There are many sources of this kind of data, ranging from
interest rate swap quotations (where the credit issues are complex) to credit default
swaps, a data source of increasing quality concerns because of low trading volume
and risks of manipulation. Van Deventer and Imai (2003) present another source—
the credit spreads quoted by investment bankers weekly to First Interstate Bancorp,
which at the time was the seventh-largest bank holding company in the United States.
This data series is given in its entirety in an appendix by van Deventer and Imai.

They then propose a level playing field for testing the ability of the reduced form
and Merton models to fit these credit spreads by restricting both models to their two-
parameter versions, with these two parameters reestimated for each data point. The
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parameters were estimated in a “true to the model” fashion. For the Merton model,
for instance, it is assumed that the equity of the firm is an option on the assets of the
company as we discuss in Chapter 18. Van Deventer and Imai assume this assertion is
true, and solve for the implied value of company assets and their volatility such that
the sum of squared error in pricing the value of company equity and the two-year
credit spread was minimized. The two-year credit spread was chosen because it was
the shortest maturity of the observable credit spreads and therefore closest to the
average maturity of the assets held by a bank holding company like First Interstate.

For the Jarrow model, van Deventer and Imai select the simplest version of the
model in which the liquidity function discussed previously is a linear function of years
to maturity and in which the default intensity λ(t) is assumed constant. These
assumptions imply that the zero-coupon credit spread is a linear function of years to
maturity (Jarrow 1999).

Van Deventer and Imai show that the Jarrow model substantially outperforms
the Merton model in its ability to model credit spreads for First Interstate. The
Merton model tended to substantially underprice credit spreads for longer maturities,
a fact noted by many market participants. The Merton model also implies very short-
term credit spreads will be zero for a company that is not extremely close to bank-
ruptcy, while the Jarrow liquidity parameter means the model has enough degrees of
freedom to avoid this implication. These problems are discussed extensively in David
Lando’s (2004) excellent book on credit modeling

In the tests we have described so far, we are essentially testing the credit model
equivalent of the Vasicek term structure model; that is, we are using the pure theory
and not “extending” the model to perfectly fit observable data like we do using the
extended Vasicek/Hull and White term structure model. We now turn to a test that
allows us to examine model performance even for models that fit the observable term
structure of credit spreads perfectly.

Market Data Test 2: Tests of Hedging Performance

From a trader’s perspective, a model that cannot fit observable data well is a cause for
caution but not a fatal flaw. The well-known “volatility smile” in the Black-Scholes
options model does not prevent its use (even though it should), but it affects the way
the parameters are estimated. After this tweaking of the model, it provides useful
insights on hedging of positions in options. How do the Jarrow and Merton models
compare in this regard?

Jarrow and van Deventer (1998) present such a test, again using data from First
Interstate Bancorp. They implement basic versions of the Jarrow and Merton models
and assume that they are literally true. They then calculate how to hedge a one-week
position in First Interstate two-year bonds, staying true to the theory of each model.
In the Merton model, this leads to a hedge using U.S. Treasuries to hedge the interest
rate risk and a short position in First Interstate common stock to hedge the credit
risk. In the Jarrow model, it was assumed that the macro factors driving the default
intensities λ(t) were interest rates and the S&P 500 index, so U.S. Treasuries and the
S&P 500 futures contracts were used to hedge.

Jarrow and van Deventer report that the hedging error using the Jarrow model
was on average only 50 percent as large as that of using the Merton model over the
entire First Interstate sample.
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More importantly, they report the surprising conclusion that the Merton model
fails a naïve model test like those we examined earlier in this chapter: a simple
duration model produced better hedging results than the Merton model. This
surprised Jarrow and van Deventer and many other observers, so Jarrow and
van Deventer turned to the next test to understand the reasons for this poor
performance.

Market Data Test 3: Consistency of Model Implications with
Model Performance

Jarrow and van Deventer investigated the poor hedging performance of the Merton
model in detail to understand why the hedging performance of the model was so
poor. They ran a linear regression between hedging error and the amount of Merton
hedges (in Treasuries and common stock of First Interstate). The results of this
standard diagnostic test were again a shock—the results showed that instead of
selling First Interstate common stock short to hedge, performance would have been
better if instead one had taken a long position in common stock. While the authors
do not recommend this as a hedging strategy to anyone, it illustrates what Jarrow and
van Deventer found—the movements of stock prices and credit spreads are much
more complex than the Merton model postulates. As one can confirm from the first
derivatives of the value of risky debt given in Chapter 18, the Merton model says that
when the value of company assets rises, stock prices should rise and credit spreads
should fall. The opposite should happen when the value of company assets falls, and
neither should change if the value of company assets is unchanged.

If the Merton model is literally true, this relationship between stock prices and
credit spreads should hold 100 percent of the time. Van Deventer and Imai report the
results of Jarrow and van Deventer’s examination of the First Interstate credit spread
and stock price data—only 40 to 43 percent of the movements in credit spreads (at
2 years, 3, years, 5 years, 7 years, and 10 years) were consistent with the Merton
model. This is less than one could achieve with a credit model that consists of using a
coin flip to predict directions in credit spreads. This result explains why going short
the common stock of First Interstate produced such poor results. Van Deventer and
Imai report the results of similar tests involving more than 20,000 observations on
credit spreads of bonds issued by companies like Enron, Bank One, Exxon, Lucent
Technologies, Merrill Lynch, and others. The results consistently show that only
about 50 percent of movements in stock prices and credit spreads are consistent with
the Merton model of risky debt. These results have been confirmed by many others
and are presented more formally in a recent paper by Jarrow, van Deventer, and
Wang (2003).17

Why does this surprising result come about? And to which sectors of the credit
spectrum do the findings apply? First Interstate had credit ratings that ranged from
AA to BBB over the period studied, so it was firmly in the investment grade range of
credits. Many have speculated that the Merton model would show a higher degree
of consistency on lower quality credits. This research is being done intensively at this
writing and we look forward to the concrete results of that research.

For the time being, we speculate that the reasons for this phenomenon are as
follows:
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n Many other factors than the potential loss from default affect credit spreads, as
the academic studies outlined in Chapter 17 have found. This is consistent with
the Jarrow specification of a general “liquidity” function that can itself be a
random function of macro factors

n The Merton assumption of a constant, unchanging amount of debt outstanding,
regardless of the value of company assets, may be too strong. Debt covenants
and management’s desire for self-preservation may lead a company to over-
compensate, liquidating assets to pay down debt when times are bad.

n The Merton model of company assets trading in frictionless efficient markets
may miss the changing liquidity of company assets, and this liquidity of com-
pany assets may well be affected by macro factors.

What are the implications of the First Interstate findings for valuation of the
Jarrow-Merton put option as the best indicator of company risk? In spite of the strong
conceptual links with the Merton framework, the Merton model itself is clearly too
simple to value the Jarrow-Merton put option with enough accuracy to be useful. (We
explore these problems in greater detail in our credit model attic, Chapter 18.)

What are the implications of the First Interstate findings for bond traders? They
imply that even a trader with perfect foresight of changes in stock price one week
ahead would have lost money more than 50 percent of the time if they used the
Merton model to decide whether to go long or short the bonds of the same company.
Note that this conclusion applies to the valuation of risky debt using the Merton
model—it would undoubtedly be even stronger if one were using Merton default
probabilities because they involve much more uncertainty in their estimation (as we
shall see in Chapter 18).

What are the implications of the First Interstate findings for the Jarrow model?
There are no such implications, because the Jarrow model per se does not specify the
directional link between company stock prices and company debt prices. This
specification is left to the analyst who uses the Jarrow model and derives the best
fitting relationship from the data.

Market Data Test 4: Comparing Performance with Credit Spreads and
Credit Default Swap Prices

There is a fourth set of market data tests that one can perform, which is the subject of
a very important segment of current research: comparing credit model performance
with credit spreads and credit default swap quotations as predictors of default. We
address these issues in Chapter 17 in light of recent concerns about manipulation of
the LIBOR market and similar concerns about insider trading, market manipulation,
and low levels of trading activity in the credit default swap market.

APPENDIX: CONVERTING DEFAULT INTENSITIES TO DISCRETE
DEFAULT PROBABILITIES

The reduced form models are attractive because they allow for default or bankruptcy
to occur at any instant over a long time frame. Reduced form default probabilities
can be converted from:
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n Continuous to monthly, quarterly, or annual
n Monthly to continuous or annual
n Annual to monthly or continuous

This section shows how to make these changes in periodicity on the simplifying
assumption that the default probability is constant over time. When the default prob-
ability is changing over time, and even when it is changing randomly over time, these
time conversions can still be made although the formulas are slightly more complicated.

Converting Monthly Default Probabilities to Annual
Default Probabilities

In estimating reduced form and hybrid credit models from a historical database of
defaults, the analyst fits a logistic regression to a historical default database that
tracks bankruptcies and the explanatory variables on a monthly, quarterly, or annual
basis. The default probabilities obtained will have the periodicity of the data (i.e.,
monthly, quarterly, or annual). We illustrate conversion to a different maturity by
assuming the estimation is done on monthly data. The probability that is produced
by the logistic regression, P, is the probability that a particular company will go
bankrupt in that month. By definition, P is a monthly probability of default. To
convert P to an annual basis, assuming P is constant, we know that

Probability of no bankruptcy in a year ¼ ð1� PÞ12

Therefore the probability of going bankrupt in the next year is

Annual probability of bankruptcy ¼ 1� ð1� PÞ12

The latter equation is used to convert monthly logistic regression monthly
probabilities to annual default probabilities.

Converting Annual Default Probabilities to Monthly
Default Probabilities

In a similar way, we can convert the annual probability of default, say A, to a
monthly default probability by solving the equation

A ¼ 1� ð1� PÞ12

for the monthly default probability given that we know the value of A.

Monthly probability of default P ¼ 1� ð1� AÞ1=12

Converting Continuous Instantaneous Probabilities of Default to an
Annual Default Probability or Monthly Default Probability

In the Kamakura Technical Guide for reduced form credit models, Robert Jarrow
writes briefly about the formula for converting the instantaneous default intensity
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λ(t) (the probability of default during the instant time t) to a default probability that
could be monthly, quarterly, or annual:

For subsequent usage the term structure of yearly default probabilities
(under the risk neutral measure) can be computed via

Qtðτ#TÞ ¼ 1�Qtðτ.TÞ
where

Qtðτ.TÞ ¼ Et

�
e
�
R T
t
λðuÞdu�

and Qt( � ) is the time t conditional probability.

In this section, we interpret Jarrow’s formula. Qt(τ # T) is the probability at
time t that bankruptcy (which occurs at time τ) happens before time T. Likewise,
Qt(τ . T) is the probability that bankruptcy occurs after time T. Jarrow’s formula
simply says that the probability that bankruptcy occurs between now (time t) and
time T is one minus the probability that bankruptcy occurs after time T. He then
gives a formula for the probability that bankruptcy occurs after time T:

Qtðτ.TÞ ¼ Et

�
e
�
R T
t
λðuÞdu�

Et is the expected value of the quantity in parentheses as of time t. Because we are
using the simplest version of the Jarrow model in this appendix, λ(t) is constant so we
can simplify the expression for Qt(τ.T):

Qtðτ.TÞ ¼ e�λðT�tÞ

Converting Continuous Default Probability to an Annual
Default Probability

The annual default probability A when λ is constant and T � t ¼ 1 (one year) is

A ¼ 1�Qtðτ.TÞ ¼ 1� e�λ

Converting Continuous Default Probability to a Monthly
Default Probability

The monthly default probabilityMwhen λ is constant and T � t ¼ 1/12 (one twelfth
of a year) is

M ¼ 1�Qtðτ.TÞ ¼ 1� e�λð1=12Þ

Converting an Annual Default Probability to a Continuous Default
Intensity

When the annual default probability A (the KDP), is known, and we want to solve for
λ, we solve the equation above for λ as a function of A:

λ ¼ �lnð1� AÞ
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Converting a Monthly Default Probability to a Continuous
Default Intensity

In a similar way, we can convert a monthly default probability to a continuous
default intensity by reversing the formula for M. This is a calculation we would do if
we had a monthly default probability from a logistic regression and we wanted to
calculate λ from the monthly default probability:

λ ¼ �12 lnð1�MÞ

NOTES

1. Interested readers who would like more technical details on reduced form models should
see van Deventer and Imai (2003), Duffie and Singleton [2003], Lando [2004], and
Schonbucher (2003). See also the many technical papers in the research section of the
Kamakura Corporation website www.kamakuraco.com.

2. See Jarrow and Turnbull for a discussion of the complexities of using a Geske (1979)–
style compound options approach to analyze compound credit risks.

3. This assumption is necessary for the rigorous academic framework of the model but not
for the model’s practical implementation.

4. Jarrow and Turnbull discuss how to relax this assumption, which we do in the next
section.

5. This again means that default risk and interest rates (for the time being) are not corre-
lated. The parameter μ technically represents the Poisson bankruptcy process under the
martingale process, the risk-neutral bankruptcy process.

6. In more mathematical terms, Z(t) is standard Brownian motion under a risk-neutral
probability distribution Q with initial value 0 that drives the movements of the market
index M(t).

7. The expression for random movements in the short rate is again written under a risk-
neutral probability distribution.

8. See Allen and Saunders (2003) in working paper 126 of the Bank for International Set-
tlements for more on the importance of cyclicality in credit risk modeling.

9. Please see Jarrow, Bennett, Fu, Muxoll, and Zhang, “A General Martingale Approach to
Measuring and Valuing the Risk to the FDIC Insurance Funds,” working paper,
November 23, 2003 and available on www.kamakuraco.com or on the website of the
Federal Deposit Insurance Corporation.

10. The New Basel Capital Accord, Basel Committee on Banking Supervision (May 31,
2001), Section 302, p. 55.

11. For an excellent summary of statistical procedures for evaluating model performance in
this regard, see Hosmer and Lemeshow (2000).

12. This calculation can involve a very large number of pairs. The current commercial
database at Kamakura Corporation involves the comparison of 1.55 billion pairs of
observations, but as of this writing, on a modern personal computer, processing time for
the exact calculation is very quick.

13. For a detailed explanation of the explanatory variables used in the KRIS models, please
contact e-mail: info@kamakuraco.com.

14. Private conversation with one of the authors, fall 2003.
15. Based on 1.76 million monthly observations consisting of all listed companies in North

America for which data was available from 1990 to 2008, Kamakura Risk Information
Services database, version 5.0.
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16. Recall that the hazard rate estimation procedure determines the best set of explanatory
variables from a given set. In the estimation procedure previously discussed, a single
financial ratio was a possible outcome, and it was rejected in favor of the multivariable
models presented.

17. The treasury department of a top 10 U.S. bank holding company reported, much to its
surprise, that their own “new issue” credit spreads showed the same low level of con-
sistency with the Merton model as that reported for First Interstate.
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CHAPTER 17
Credit Spread Fitting and Modeling

Chapter 16 provided an extensive introduction to reduced form credit modeling
techniques. In this chapter, we combine the reduced form credit modeling tech-

niques with the yield curve smoothing techniques of Chapter 5 and related interest
rate analytics in Chapters 6 through 14. As emphasized throughout this book, we
need to employ the credit models of our choice as skillfully as possible in order to
provide our financial institution with the ability to price credit risky instruments,
to calculate their theoretical value in comparison to market prices, and to hedge our
exposure to credit risk. The most important step in generating this output is to fit the
credit models as accurately as possible to current market data.

If we do this correctly, we can answer these questions:

n Which of the 15 bonds outstanding for Ford Motor Company is the best value at
current market prices?

n Which of the 15 bonds should I buy?
n Which should I sell short or sell outright from my portfolio?
n Is there another company in the auto sector whose bonds provide better risk-

adjusted value?

Answering these questions is the purpose of this chapter. We continue to have
the same overall objective: to accurately measure and hedge the interest rate risk,
market risk, liquidity risk, and credit risk of the entire organization using the Jarrow-
Merton put option concept as our integrated measure of risk.

INTRODUCTION TO CREDIT SPREAD SMOOTHING

The accuracy of yield curve smoothing techniques has taken on an increased impor-
tance in recent years because of the intense research focus among both practitioners
and academics on credit risk modeling. In particular, the reduced form modeling
approach of Duffie and Singleton (1999) and Jarrow (1999, 2001) has the power to
extract default probabilities and the liquidity premium (the excess of credit spread
above and beyond expected loss) from bond prices and credit default swap prices.

In practical application, there are two ways to do this estimation. The first
method, which is also the most precise, is to use the closed form solution for zero-
coupon credit spreads in the respective credit model and to solve for the credit model
parameters that minimize the sum of squared pricing error for the observable bonds or
credit default swaps (assuming that the observable prices are good numbers, a subject
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to which we return later). This form of credit spread fitting includes both the com-
ponent that contains the potential losses from default and a liquidity premium such as
that in the Jarrowmodel we discussed in Chapter 16. It also allows for the model to be
extended to exactly fit observable bond market data in the same manner as the Heath,
Jarrow, andMorton (HJM) interest rate models of Chapters 6 through 9 and the Hull
and White/extended Vasicek term structure model discussed in Chapter 13.

The second method, which is used commonly in academic studies of credit risk, is
to calculate credit spreads on a credit model–independent basis in order to later study
which credit models are the most accurate. We discuss both methods in this chapter.
We turn to credit model–independent credit spreads first.

THE MARKET CONVENTION FOR CREDIT SPREADS

Credit spreads are frequently quoted to bond-buying financial institutions by invest-
ment banks every day. What is a credit spread? From a “common practice” per-
spective, the credit spreads being discussed daily in themarket involve the same kind of
simple assumptions such as the yield-to-maturity and duration concepts that we
reviewed in Chapters 4 and 12. The following steps are usually taken in the market’s
conventional approach to quoting the credit spread on the bonds of ABC Company at
a given instant in time relative to a (assumed) risk-free curve, such as the U.S. Treasury
curve. That is, to calculate the simple yield to maturity on the bond of ABC Company
given its value (price plus accrued interest) and its exact maturity date:

1. Calculate the simple yield to maturity on the “on the run” U.S. Treasury bond
with the closest maturity date. This maturity date will almost never be identical
to the maturity date of the bond of ABC Company.

2. Calculate the credit spread by subtracting the risk-free yield to maturity from the
yield to maturity on the ABC Company bond.

This market convention is simple but very inaccurate for many well-known
reasons:

n The yield-to-maturity calculation assumes that zero-coupon yields to each pay-
ment date of the given bond are equal for every payment date—it implicitly
assumes the risk-free yield curve is flat. However, if credit spreads are being
calculated for credit risky bonds with two different maturity dates, a different
“flat” risk-free curve will be used to calculate the credit spreads for those two
bonds because the risk-free yield to maturity will be different for those two bonds.

n The yield-to-maturity calculation usually implicitly assumes periods of equal
length between payment dates (which is almost never true in the United States
for semiannual bond payment dates).

n The maturity dates on the bonds do not match exactly except by accident.
n The payment dates on the bonds do not match exactly except by accident.
n The zero-coupon credit spread is assumed to be flat.
n Differences in coupon levels on the bonds, which can dramatically impact the

yield to maturity and, therefore, credit spread, are ignored.
n Often, timing differences in bond price information are ignored. Many academic

studies, for example, calculate credit spreads based on bond prices reported
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monthly. Since the exact timing of the pricing information is not known, it is
difficult to know which date during the month should be used to determine the
level of the risk-free yield curve.

n Call options embedded in the bond of ABC Company are often ignored because
they cannot be calculated independently of the credit model used. The value of a
call option on a bond that is “10 years, noncall five” depends on the probability
that the issuer will default in the first five years before the call option can be
exercised, for example.

The market convention for fitting credit spreads is very simple, but these problems
with the methodology are very serious problems. This kind of inaccuracy is no longer
tolerated by traders in fixed income derivatives, such as caps, floors, swaps, swaptions,
and so on based on the LIBOR curve. We discuss issues with the LIBOR curve in some
detail below.Better analytics for credit spreadmodeling arenowmoving into themarket
for corporate, sovereign, andmunicipal bonds aswell and for very good reason—if you
do not use the better technology, you will be “picked off” by traders who do.

A BETTER CONVENTION FOR CREDIT MODEL–INDEPENDENT
CREDIT SPREADS

The credit spread calculation that is the market convention has only one virtue—it is
simple. We start by proposing a better methodology for analyzing the credit spread of
one bond of a risky issuer that avoids most of the problems of the market convention.
This methodology continues to assume, however, that the credit spread for each
bond of a risky issuer is the same at all payment dates.

We can derive a more precise calculation of credit spread on a credit model–
independent basis if we use the yield curve–smoothing technology introduced in
Chapter 5. This method has been in commercial use since 1993.1 Assume there areM
payments on the ABC Company bond and that all observable noncall U.S. Treasuries
are used to create a smooth, continuous Treasury yield curve using the techniques we
described in Chapter 5. Then the continuous credit spread x on the ABC bond can be
constructed like this using the following steps:

1. For each of the M payment dates on the ABC Company bond, calculate the
continuously compounded zero-coupon bond price and zero-coupon yield from
the U.S. Treasury smoothed yield curve. These yields will be to actual payment
dates, not scheduled payment dates, because the day count convention associ-
ated with the bond will move scheduled payments forward or backward
(depending on the convention) if they fall on weekends or holidays.

2. Guess a continuously compounded credit spread of x that is assumed to be the
same for each payment date.

3. Calculate the present value of the ABC bond using the M continuously com-
pounded zero-coupon bond yields y(i) þ x, where y(i) is the zero-coupon bond
yield to that payment date on the risk-free curve. Note that y(i) will be different
for each payment date but that x is assumed to be constant for all payment dates.

4. Compare the present value calculated in step 3 with the value of the ABC bond
(price plus accrued interest) observed in the market.
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5. If the theoretical value and observed value are within a tolerance e, then stop and
report x as the credit spread. If the difference is outside the tolerance, improve
the guess of x using standard methods and go back to step 3.2

6. Spreads calculated in this manner should be confined to noncallable bonds or
used with great care in the case of callable bonds.

This method is commonly used by many of the world’s largest financial insti-
tutions. It can be easily implemented using the solver function in common spread-
sheet software.

Deriving the Full Credit Spread of a Risky Issuer

Even the improvement steps listed above for reporting credit spreads ignore the fact
that the credit spread is a smooth, continuous curve that takes on the same kind of
complex shapes as yield curves do. In order to capture the full credit spread curve, we
need to accomplish the following tasks:

n Yield curve smoothing needs to be extended to include inputs like the observable
prices of coupon-bearing bonds, not just zero-coupon bond prices.

n Credit spread smoothing analogous to yield curve smoothing has to be
implemented.

n Potential problems with the data of risky issuers need to be understood and
interpreted with caution. We focus here on issues in the LIBOR market and in
the single-name credit default swap market.

n Differences in credit spreads by issuer, maturity date, and observation date need
to be explained and understood.

We take on each of these tasks in turn.

Yield Curve Smoothing with Coupon-Bearing Bond Price Input In Chapter 5, we included
the maximum smoothness forward rate approach in our comparison of 23 different
smoothing techniques, both in terms of smoothness and “tension” or length of the
resulting forward and yield curves. In each of our worked examples, we showed how
to derive unique forward rate curves and yield curves based on the same set of sample
data. This sample data assumed that we had observable zero-coupon yields or zero-
coupon bond prices to use as inputs. At most maturities, this will not be the case and
the only observable inputs will be coupon-bearing bond prices. In this section, we
show how to use coupon-bearing bond prices to derive maximum smoothness for-
ward rates and yields. The same approach can be applied to the 22 other smoothing
techniques summarized in Chapter 5.

Revised Inputs to the Smoothing Process In Chapter 5, we used the inputs from Exhibit
17.1 to various yield curve–smoothing approaches.

For the remaining parts of this series on basic building blocks of yield curve
smoothing, we assume the following:

n The shortest maturity zero-coupon yield is observable in the overnight market at
4 percent
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n The 3-month zero-coupon yield is observable at 4.75 percent in the market for
short-term instruments, like the U.S. Treasury bill market

n The only other observable instruments are three coupon-bearing bonds with the
attributes in Exhibit 17.2.

Note that we are expressing value in terms of observable net present value, which
is the sum of price and accrued interest. It is the total dollar amount that the bond
buyer pays the bond seller. We ignore the arbitrary accounting division of this
number into two pieces (accrued interest and price) because they are not relevant to
the smoothing calculation. We assume all three bonds pay interest on a semiannual
basis. In doing the smoothing calculation in practice, we would use exact day counts
that recognize that semiannual could mean 179 or 183 days or some other number.
For purposes of this example, we assume that the two halves of the year have equal
length.

Note also that the yield to maturity on these bonds is irrelevant to the smoothing
process. The historical yield-to-maturity calculation embeds a number of inconsistent
assumptions about forward rates among the three bonds and other observable data,
as we discussed earlier in this chapter. To use yield to maturity as an input to the
smoothing process is a classic case of “garbage in/garbage out.”

Valuation Using Maximum Smoothness Forward Rates from Chapter 5 The first question we
ask ourselves is this: How far off the observable net present values is the net present
value we could calculate using Example H Qf1a (where we constrained the forward
rate curve to be flat at the 10-year point) in Chapter 5?

EXHIBIT 17.1 Actual Input Data

Maturity in Years
Continuously Compounded

Zero-Coupon Yield Zero-Coupon Bond Price

0.000 4.000% 1.000000
0.250 4.750% 0.988195
1.000 4.500% 0.955997
3.000 5.500% 0.847894
5.000 5.250% 0.769126
10.000 6.500% 0.522046

EXHIBIT 17.2 Optimization for Risk-Free Bond Smoothing

Additional Inputs for Smoothing

Bond Number 1 2 3
Bond Name Bond 1 Bond 2 Bond 3

Coupon 4.60% 5.40% 6.30%
Years to maturity 1.1 3.25 9.9
Actual NPV 100.30 99.00 99.70
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To make this present value calculation, we use the coefficients for the five for-
ward rate curve segments from Chapter 5. Recall that we have five forward rate
curve segments that are quartic functions of years to maturity:

fiðtÞ ¼ ci þ di1t þ di2t
2 þ di3t

3 þ di4t
4

The coefficients that we derived for the base case in Example H were the coef-
ficients in Exhibit 17.3.

We can then use these coefficients in this equation to derive the relevant zero-
coupon bond yield for each payment date on our three bonds. The yield function in
any yield curve segment j is

yjðtÞ ¼ 1

t
y*ðtjÞtj þ cjðt � tjÞ þ

1

2
dj1ðt2 � t2j Þ þ

1

3
dj2ðt3 � t3j Þ

�

þ 1

4
dj3ðt4 � t4j Þ þ

1

5
dj4ðt5 � t5j Þ

�

EXHIBIT 17.3 Coefficients

Coefficient
Vector Values

c1 0.04
d11 0.074458207
d12 2.29303E-16
d13 �0.63327238
d14 0.853048721
c2 0.036335741
d21 ¼ 0.133086359
d22 �0.35176891
d23 0.304778043
d24 �0.0850017
c3 0.127299577
d31 �0.23076899
d32 0.194014109
d33 �0.0590773
d34 0.005962133
c4 �0.51565953
d41 0.626509818
d42 �0.23462529
d43 0.036175898
d44 �0.00197563
c5 0.879043488
d51 �0.48925259
d52 0.10010343
d53 �0.0084546
d54 0.000255891
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We note that y* denotes the observable value of y at the left-hand side of the
line segment where the maturity is tj. Within the segment, y is a quintic function of t,
divided by t. Using this formula, we lay out the cash flow timing and amounts
for each of the bonds, identify which segment is relevant, calculate the zero-coupon
yield and the relevant discount factor using the formulas from Part 10 of our blog
(Exhibit 17.4).

If we multiply each cash flow by the relevant discount factor, we can get the
theoretical bond net present value from the coefficients derived in Example H of
Chapter 5 (Exhibit 17.5).

EXHIBIT 17.4 Cash Flow Timing and Amounts

Using Example H Qf1a

Bond
Number

Years to
Payment

Cash
Flow

Yield Curve Segment
Number

Zero
Yield

Discount
Factor

1 0.1 2.3 1 4.358165 0.995651
1 0.6 2.3 2 4.860950 0.971256
1 1.1 102.3 3 4.434453 0.952392
2 0.25 2.7 1 4.750000 0.988195
2 0.75 2.7 2 4.729628 0.965150
2 1.25 2.7 3 4.377519 0.946751
2 1.75 2.7 3 4.517091 0.923995
2 2.25 2.7 3 4.940777 0.894789
2 2.75 2.7 3 5.356126 0.863041
2 3.25 102.7 4 5.588093 0.833924
3 0.4 3.15 1 4.912689 0.980541
3 0.9 3.15 2 4.584244 0.959581
3 1.4 3.15 3 4.370700 0.940645
3 1.9 3.15 3 4.629099 0.915804
3 2.4 3.15 3 5.077060 0.885282
3 2.9 3.15 3 5.448956 0.853833
3 3.4 3.15 4 5.614631 0.826217
3 3.9 3.15 4 5.585261 0.804266
3 4.4 3.15 4 5.443462 0.787012
3 4.9 3.15 4 5.279120 0.772072
3 5.4 3.15 5 5.158666 0.756867
3 5.9 3.15 5 5.113988 0.739541
3 6.4 3.15 5 5.150395 0.719193
3 6.9 3.15 5 5.258530 0.695699
3 7.4 3.15 5 5.421918 0.669501
3 7.9 3.15 5 5.621647 0.641395
3 8.4 3.15 5 5.839378 0.612315
3 8.9 3.15 5 6.059341 0.583167
3 9.4 3.15 5 6.269693 0.554687
3 9.9 103.15 5 6.463464 0.527354
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The table shows that the zero-coupon yields that we used in the smoothing
process produced incorrect net present values. As we shall see below, the problem
is not the maximum smoothness forward rate technique itself. It is the inputs to
the smoothing process at the 1-, 3-, 5-, and 10-year maturity in our input table
(Exhibit 17.6).

Given these inputs, our smoothing coefficients and NPVs follow directly as we
have shown above and in Chapter 5. We now improve our valuations by changing
the zero yields used as inputs to the process.

Iterating on Zero-Coupon Yields to the Smoothing Process We know that the 4 percent
yield for a maturity of zero and the 4.75 percent yield for 0.25 year maturity are
consistent with observable market data. That is clearly not true for the 1-, 3-, 5-, and
10-year zero yields because (1) there are no observable zero-coupon bond yields
at those maturities and (2) bond prices in the market are trading at net present
values that are inconsistent with the yields we have been using at those maturities so
far. We now pose this question:

What values of zero-coupon bond yields at maturities of 1, 3, 5, and 10
years will minimize the sum of squared pricing errors on our three observ-
able bonds?

EXHIBIT 17.5 Additional Discounts for Smoothing

Additional Inputs for Smoothing

Bond Number 1 2 3
Bond Name Bond 1 Bond 2 Bond 3

Coupon 4.60% 5.40% 6.30%
Years to maturity 1.1 3.25 9.9
Actual NPV 100.3 99 99.7
Example H QF1a NPV 101.953547 100.715178 100.694080
Pricing error 1.653547 1.715178 0.994080

EXHIBIT 17.6 Actual Input Data

Maturity in Years
Continuously Compounded

Zero-Coupon Yield Zero-Coupon Bond Price

0.000 4.000% 1.000000
0.250 4.750% 0.988195
1.000 4.500% 0.955997
3.000 5.500% 0.847894
5.000 5.250% 0.769126
10.000 6.500% 0.522046
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Wecan answer this question using a powerful enterprise-wide riskmanagement like
Kamakura Risk Manager (see www.kamakuraco.com) or even by using common
spreadsheet software’s nonlinear optimization (solver) routines. Using the latter
approach,we find that this set of inputs eliminates the bondpricing errors (Exhibit 17.7).

The forward rate curve coefficients for maximum smoothness forward rate
smoothing that are consistent with these inputs are given in Exhibit 17.8.

The table in Exhibit 17.9 confirms that the sum of the cash flows multiplied by
the relevant discount factors from this revised set of coefficients produces bond net
present values that exactly match those observable in the marketplace.

This simple example shows that using bond prices as input to the smoothing
process is only a small step forward from using zero-coupon bond yields. It goes
without saying that there is no need to use an arbitrary functional form, like the
Nelson-Siegel approach, that is neither consistent with the observable bond prices
nor optimum in terms of smoothness. It continues to mystify us why that technique is
ever employed.

For the remainder of this chapter, we use bond prices as inputs. What if the
bonds are issued by a firm with credit risk? How should the analysis differ from
the case when the issuer of the bonds is assumed to be risk free? We turn to that
analysis in the next section.

CREDIT SPREAD SMOOTHING USING YIELD
CURVE–SMOOTHING TECHNIQUES

In this section, we show that it is incorrect, sometimes disastrously so, to apply
smoothing to a yield curve for an issuer with credit risk, ignoring the risk-free yield
curve. We show alternative methods for smoothing the zero-coupon credit spread
curve, relative to the risk-free rate, to achieve far superior results. Smoothing a curve
for an issuer with credit risk without reference to the risk-free curve is probably the
biggest mistake one can make in yield curve smoothing and we show why below.

Setting the Scene: Smoothing Results for the Risk-Free Curve

We start first by assuming that there is a risk-free bond issuer in the currency of
interest. Prior to the 2006–2011 credit crisis, this assumption might have been taken

EXHIBIT 17.7 Actual Input Data

Maturity in Years
Continuously Compounded

Zero-Coupon Yield Zero-Coupon Bond Price

0.000 4.000% 1.000000
0.250 4.750% 0.988195
1.000 5.912% 0.942591
3.000 6.138% 0.831815
5.000 6.078% 0.737946
10.000 6.384% 0.528157
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for granted, but given current concerns about sovereign risk we make the assumption
here that the government yield curve is truly free of credit risk. We use the data from
the previous section for our risk-free curve.

We smoothed the risk-free yield curve for two reasons: (1) So we can derive
pricing for other risk-free transactions than those with observable prices, and, (2) so
we can derive a high-quality credit spread for ABC Company. The ABC yield curve

EXHIBIT 17.8 Coefficients

Coefficient
Vector Values

c1 0.040000
d11 0.064352
d12 0.000000
d13 �0.182575
d14 0.216590
c2 0.039117
d21 0.078478
d22 �0.084757
d23 0.043444
d24 �0.009429
c3 0.047700
d31 0.044147
d32 ¼ �0.033261
d33 0.009113
d34 �0.000847
c4 0.126353
d41 �0.060723
d42 0.019174
d43 �0.002539
d44 0.000124
c5 0.052668
d51 �0.001776
d52 0.001490
d53 �0.000181
d54 0.000007

EXHIBIT 17.9 Additional Inputs for Smoothing

Bond Number 1 2 3
Bond Name Bond 1 Bond 2 Bond 3

Coupon 4.60% 5.40% 6.30%
Years to maturity 1.1 3.25 9.9
Actual NPV 100.30 99.00 99.70
Theoretical NPV 100.30 99.00 99.70
NPV errors 0.00 0.00 0.00
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will allow us to make a new financing proposal to ABC Company that is consistent
with observable credit risky bonds of ABC Company.

The zero-coupon bond yields and forward rates for the risk-free government
bond curve derived in the previous section are graphed in Exhibit 17.10.

We now use this information to derive the best possible credit spreads for
ABC Company.

A Naïve Approach: Smoothing ABC Yields by Ignoring the
Risk-Free Curve

We start by first taking a naïve approach that is extremely common in the yield curve
literature: We smooth the yield curve of ABC Company on the assumption that we
don’t need to know what the risk-free curve is. This mistake is made daily with
respect to the U.S. dollar interest rate swap curve by nearly every major financial
institution in the world. They assume that the observable data points are so
numerous that the results from this naïve approach will be good, and then they blame
the yield curve smoothing method when the results are obviously garbage. In truth,
this is not one of Nassim Taleb’s black swans—it’s an error in finance made by the
analyst, and the mistake is due to incorrect assumptions by the analyst rather than a
flaw in the smoothing technique.

We show why in this example. We assume that these zero-coupon bonds
are outstanding issues of ABC Company with observable net present values
(Exhibit 17.11).
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EXHIBIT 17.10 Risk-Free Zero Yields and Forward Rates Using Maximum Smoothness
Forward Rates
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The risky zero yield is derived using continuous compounding from the
(assumed) observable zero-coupon bond price. Derivation is similar if the observable
data were risky coupon bearing bonds of ABC Company. We know what the risk-
free zero-coupon yield is from the smoothing of the risk-free curve in the prior section
and in Chapter 5. The observable credit spread is simply the difference between the
observable ABC Company zero-coupon yield and the risk-free yield that we derived
above on exactly the same maturity date, to the exact day. We now want to smooth
the risky yield curve, naïvely assuming that the risk-free curve is irrelevant because we
have six observable bonds and we think that’s enough to avoid problems.

We make the additional assumption that the credit spread for a very short
maturity is also 45 basis points, so the assumed zero maturity yield for ABC Com-
pany is the risk-free zero yield of 4.00 percent plus 0.45 percent, a total of 4.45
percent. We apply the maximum smoothness forward rate technique to these zero-
coupon bonds, exactly as in Chapter 5. If instead ABC bonds were coupon bearing,
we would have used the approach for coupon-bearing bonds like we did at the start
of this chapter.

We compare the zero-coupon yield curve that we derive for ABC Company with
the zero-coupon yield curve for the government in the graph in Exhibit 17.12.

We can immediately see that we have a problem. ABC Company’s fitted yield
curve, which ignored the government curve, causes negative credit spreads on the
short end of the yield curve, because the ABC yield curve is less than the risk-free
zero-coupon yield curve.

When we compare the forward rates from the two curves, we can see this
problem more clearly (see Exhibit 17.13).

Taking one more view, we plot the zero-coupon credit spread (which is the
difference between the ABC Company zero yields and government yields) and
the credit spread forwards (the difference between the ABC Company forward rates
and the government forward rates) in the graph in Exhibit 17.14.

The darker line is the zero-coupon credit spread. It is volatile and goes negative in
the maturity interval between 0.25 years and 1.25 years. The problem with the credit
spread forwards makes these issues even more obvious. The forward credit spreads
go negative by approximately 50 basis points. This means that any transactions for
ABC Company in this interval will be grossly mispriced.

What does the analyst do now? Most analysts are like the football coach whose
team loses because the coach had a bad game plan—the coach blames the

EXHIBIT 17.11 Input Data for Risky Yield Curve Creation

Maturity in
Years

Risk-Free Zero
Yield

Observable Credit
Spread

Risky Zero
Yield

Zero-Coupon
Bond Price

0.100 4.317628 0.450000 4.767628 0.995244
2.750 6.164844 0.490000 6.654844 0.832761
3.250 6.114068 0.500000 6.614068 0.806576
3.400 6.101630 0.510000 6.611630 0.798680
9.400 6.353080 0.620000 6.973080 0.519198
9.900 6.378781 0.630000 7.008781 0.499639
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EXHIBIT 17.13 Comparison of Zero-Coupon Bond Forward Curves for Risk-Free Curve and
Risky Curve Using Maximum Smoothness Forward Rate Smoothing
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quarterback. In this case, most analysts would blame the smoothing method, but in
fact the problem is caused by the analyst’s decision to ignore the risk-free curve. We
show how to fix that now.

FITTING CREDIT SPREADS WITH CUBIC SPLINES

A natural alternative to smoothing the yields of ABC Company is to smooth the zero-
coupon credit spreads. One should never commit the unimaginable sin of smoothing
the differences between the yield to maturity on an ABC bond with N years to
maturity and the simple yield to maturity on a government bond that also has
something close to N years to maturity. The mistakes embedded in this simple cal-
culation were outlined previously. The fact that this mistake is made often does not
make the magnitude of the error any smaller. We make two choices in this section.
First, we again assume that the credit spread at a zero maturity for ABC Company is
the same 45 basis point spread that we see on the shortest maturity bond. Second, we
choose to use a cubic spline to solve for the ABC credit spread curve and we require
that the observable credit spreads and actual credit spreads be equal.

Each credit spread curve segment will have a cubic polynomial that looks
like this:

cðtÞ ¼ aþ b1t þ b2t
2 þ b3t
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EXHIBIT 17.14 Credit Spread and Forward Credit Spreads between Risk-Free Curve and
Risky Curve Using Maximum Smoothness Forward Rate Smoothing on Risky Yield
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where t is the years to maturity of that instantaneous credit spread. In Chapter 5, we
showed how to fit cubic splines to any data. In that chapter, it was zero-coupon
yields. In this section, we fit to zero-coupon credit spreads.

We arbitrarily choose to use knot points of 0, 0.25 years, 1, 3, 5, and 10 years.
These are the same knot points we used for risk-free curve smoothing. We could
have just as easily used the observable yields and maturities in the chart above. In that
case, all that credit spread smoothing does is to connect the observable credit spreads:
45 basis points at a zero maturity, 45 basis points at 0.1 years, 49 basis points at 2.75
years, and so on.

We use the risk-free curve knot points and iterate until we have an (almost
perfect) match to observable credit spreads (Exhibit 17.15).

The match can be made perfect by changing parameters in the optimization
routine. The zero-coupon credit spreads that produce this result are shown in
Exhibit 17.16.

The zero maturity is not shaded because it is not part of the iteration. We have
assumed that the zero-maturity credit spread is the same 45 basis points as the
observable data for 0.1 years to maturity. Once we have the spline parameters as in
Chapter 5, we can plot zero-coupon credit spreads and zero-coupon forward credit
spreads. The results are plotted later in the chapter.

We now turn to maximum smoothness forward credit spreads.

MAXIMUM SMOOTHNESS FORWARD CREDIT SPREADS

In this section, we apply the maximum smoothness forward rate approach of
Chapter 5 to forward credit spreads, not forward rates. The forward credit spreads

EXHIBIT 17.15 Credit Spreads

Risky zero yield 1 2 3 4 5 6
Maturity in years 0.100 2.750 3.250 3.400 9.400 9.900
Actual zero spread 0.450% 0.490% 0.500% 0.510% 0.620% 0.630%
Theoretical zero spread 0.450% 0.489% 0.504% 0.506% 0.623% 0.628%
Yield errors 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

Sum of squared yield errors times 100,000,000 0.46

EXHIBIT 17.16 Actual Input Data

Maturity in Years Zero-Coupon, On-the-Run

0.000 0.450%
0.250 0.449%
1.000 0.428%
3.000 0.499%
5.000 0.498%
10.000 0.628%
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are simply the difference between the ABC Company forward rates and the gov-
ernment yield curve forward rates. When we recognize that relationship, the
approach in Chapter 5 can be used with extremely minor modifications. We iterate
on zero-coupon credit spreads instead of zero-coupon yields.

When we do that iteration, we get an almost perfect fit. A perfect fit just requires
tweaking the tolerance in the iteration routine (Exhibit 17.17).

The zero-coupon credit spreads that produce this happy result are given in
Exhibit 17.18.

Again, the zero maturity spread of 45 basis points is not part of the iteration as
above.

We can plot the zero-coupon credit spreads and forward credit spreads that
result (see Exhibit 17.19).

The resulting credit spread curve is very well-behaved and the forward credit
spread is smooth with only modest variation. This confirms what we asserted in the
naïve example: No problem exists with maximum smoothness forward rate
smoothing. The early negative credit spreads resulted from the analyst’s error in
ignoring risk-free rates.

COMPARING RESULTS

We can compare our three examples by looking first at the credit spreads from risky
yield smoothing, cubic credit spread smoothing, and maximum smoothness forward
credit spread smoothing (Exhibit 17.20).

EXHIBIT 17.17 Credit Spreads

Risky zero yield 1 2 3 4 5 6
Maturity in years 0.100 2.750 3.250 3.400 9.400 9.900
Actual zero spread 0.450% 0.490% 0.500% 0.510% 0.620% 0.630%
Theoretical zero spread 0.450% 0.489% 0.504% 0.507% 0.621% 0.629%
Yield errors 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

Sum of squared yield errors times 100,000,000 0.23

EXHIBIT 17.18 Actual Input Data for On-the-Run, Risky
Zero-Yield Credit Spread Forwards with f 00(0) ¼ 0

Maturity in Years

On-the-Run
Zero-Coupon
Yield Spread

0.000 0.450%
0.250 0.449%
1.000 0.440%
3.000 0.497%
5.000 0.532%
10.000 0.631%
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EXHIBIT 17.19 Credit Spread and Forward Credit Spreads between Risk-Free Curve and
Risky Curve Using Maximum Smoothness Forward Credit Spread Smoothing with f 00(0) ¼ 0
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Most analysts would assert that the maximum smoothness forward credit
approach is superior because the resulting zero-coupon credit spread curve is
smoother. The same is true, by definition, for forward credit spreads (see Exhibit
17.21).

These results make it obvious that standard yield curve smoothing techniques
can be applied to the zero-coupon credit spread curve. The performance of alter-
native techniques is essentially identical to the performance of the same techniques
applied to zero-coupon yields themselves.

In the next two sections, we discuss how data problems can impact credit spread
smoothing using any smoothing technique. We start with the case of the London
Interbank Offered Rate and interest rate swap curve.

DATA PROBLEMS WITH RISKY ISSUERS

The Case of LIBOR

There are two problems that immediately confront an analyst who is seeking a
smooth credit spread curve between the U.S. Treasury curve and a combination curve
composed of one-, three-, and six-month LIBOR rates and the interest rate swap
quotations for longer maturities. This graph plots the zero-coupon bond yields that
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are produced when one applies the maximum smoothness forward rate technique to
the U.S. Treasury curve and, as we have outlined above, the same technique to the
credit spreads between the LIBOR-swap curve and the Treasury curve. There is a
distinct “kink” in the LIBOR-swap zero-coupon bond yields as shown clearly in this
graph using data for June 7, 2012, reported by the Federal Reserve in its H15 sta-
tistical release (Exhibit 17.22).

Many analysts will blame this kink on the yield curve–smoothing technique, but
it is actually the result of a mistake by the analyst. The analyst has made a common
but serious mistake by assuming that Eurodollar deposits and interest rate swaps
are homogeneous and can be appropriately considered to be part of the same curve.
In fact, Eurodollar deposits are much more risky, with a potential loss to the
depositor of 100 percent of principal. Interest rate swaps, by contrast, involve no
exchange of principal at maturity and even a mark-to-market loss during the life of
the swap is required to be collateralized. For this reason, the kink recognizes the
“regime switch” from a high credit risk level on the short end of the curve to a lower
credit risk regime on the long end of the curve. At 30 years, the interest rate swap
yield is below (has a negative spread) the U.S. Treasury yield and has been for more
than two years as this book is going to press. Again, this is a data issue and not a
smoothing issue.

The second data issue with the LIBOR-swap curve is more serious and more
disturbing: corruption and market manipulation. As of press time, three major
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lawsuits alleging manipulation of U.S. dollar LIBOR are pending in the U.S. courts
and investigations are under way in Japan and Europe. Market participants have
been fired and a leading bank is cooperating with the investigation. The authors
have analyzed patterns of LIBOR indications compared to third-party estimates of
funding costs and default risk and believe that the allegations of LIBOR manipulation
are likely to be proven true.

For this reason, using the LIBOR curve as a basis for risk management and using
the LIBOR specific “LIBOR market model” is fraught with danger.

DETERMINANTS OF CREDIT SPREAD LEVELS

Let’s accept as reality the risk that the publicly available credit default swap quotes
have been manipulated (see Chapter 20 for a detailed discussion of CDS liquidity).
What factors have had an impact on the level of CDS spreads quoted? Jarrow, Li,
Matz, Mesler, and van Deventer (2007) examine this issue in detail.

Jarrow, Li, Matz, Mesler, and van Deventer (JLMMV) argue that corporate
credit spreads, as measured in the credit default swap market, depend not only on
expected losses but also on market liquidity, institutional restrictions, and market
frictions. The difference is a credit risk premium. This credit risk premium is justified
theoretically using a simple economic model, and this credit risk premium is validated
empirically using credit default swap spreads.

It is still common to hear traders argue that observable spreads in the credit
default swap market are equal to the product of the default probability for the
underlying credit times the loss given default. But, this simple trader’s argument
obviously ignores supply and demand considerations in the market for credit
insurance. Indeed, if CDS spreads only reflect expected loss with no risk premium,
then why would institutional investors be willing to be providers of credit insurance
in the CDS market? The Jarrow model reviewed in Chapter 16 recognizes this
phenomenon explicitly with its provision for a “liquidity premium.”

Consistent with financial theory, and contrary to the simple trader’s argument,
researchers have consistently found that bond spreads and credit default swap
quotations are higher than historical credit loss experience for those particular
credits. These results are usually obtained by comparing credit spreads, derived by
the previous smoothing techniques, with either actual or projected default risk and
recovery. Empirically, a credit risk premium appears to exist.

Nonetheless, the simple trader’s argument is still common in the industry.
Consequently, the purpose of this section is twofold. First, to help dispel the trader’s
argument, we explain in simple terms and using standard economic theory why credit
spreads should exceed expected losses (the default probability times loss given
default). Second, given the existence of a credit risk premium, we then provide a
statistical model for estimating credit spreads in the credit default swap market that
uses other explanatory variables (in addition to default probabilities and losses given
default) to capture credit risk premium. The statistical model performs quite well.
The estimation is performed using a large database of credit default swap prices
provided by the broker GFI. We accept the GFI data “as is” with no adjustments for
possible data manipulation by market participants.
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THE CREDIT RISK PREMIUM: THE SUPPLY AND DEMAND FOR CREDIT

The degree of competition among lenders for a particular financial instrument varies
dramatically with the attributes of the instrument and the attributes of the lenders.
A hedge fund trader recently commented:

Bond prices in the market place anticipate ratings changes with one
exception. When a firm is downgraded to “junk,” a very large number of
institutions are compelled to sell immediately. This causes a step down in
bond prices of large magnitude, unlike any other change in ratings.

This statement reflects market segmentation, generated by heterogeneity in len-
ders’ risk aversion, trading restrictions, and private information. Implicitly this
quotation says that the number of potential lenders to a junk credit is much less than
the number of potential lenders to an investment grade credit, even if the default risk
for these companies are the same. There is less demand for the financial liabilities of
the junk credit, and spreads therefore must widen. In the limit, a small and risky
business may have only one lender willing to lend it monies. In this case, the fact that
the lender is a monopoly supplier (with their own risk aversion, private information,
and institutional constraints) has at least as much impact on the level of the spread as
does the default probability or loss given default of the borrower.

Consider an example. On the demand side, as a company’s true one-year default
probability increases, its need for funds increases. It needs more funds because, as the
default probability rises, its revenues are declining and its expenses are increasing.
Conversely, when the company has strong cash flows, it has very low default risk and
it has little need for additional funds.

On the supply side, when the company is a strong credit, the potential supply of
funds to the company is very large. More lenders are willing to participate in loans to
the company. This is due to the heterogeneity of lenders’ risk aversion, private
information, institutional constraints, and transaction costs. Indeed, those lenders
that are very risk averse, or who are not privy to private information concerning this
company’s cash flows, are willing to lend because the risk is low and private infor-
mation is less relevant. Also, any institutional investment restrictions regarding junk
lending will not be binding. As the company becomes more risky, the number of
lenders drops, due to the desire to avoid risk by an increasing number of lenders and
related concerns regarding private information about the borrower’s prospects.
Institutional constraints (as mentioned above) will also kick in at an appropriate
level. The maximum potential supply of funds drops steadily until, in the limit, it
reaches zero.

Equilibrium is notwhere the supply of funds as a function of the one-year default
probabilities exactly equals the funding needs. This is because there are other con-
siderations to an economic equilibrium in the credit risk market. For example, loss
given default is a relevant and missing consideration in the determination of a bor-
rower’s risk, as are third-party bankruptcy costs (e.g., legal fees) and transactions
costs incurred in the market for borrowed funds. From the borrower’s side, a
financial strategy that retains the option to seek additional funds at a later date holds
a real option of considerable value and this option provides a reason not to borrow
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the maximum at any moment in time. These missing considerations make the analysis
more complex than this simple example indicates, but the downward-sloping nature
of the supply curve for lenders’ funds will still hold. That is, as the credit risk of a
borrower increases, the volume of available loans declines.

An individual lender, realizing the downward sloping nature of the aggregate
supply curve, will decide on the volume of their lending based on their marginal costs
and revenues. Marginal cost includes the expected loss component of the credit
spread plus the marginal costs of servicing the credit. The expected loss component,
equal to the default probability times loss given default, depends on the lender’s
private information regarding a borrower’s default probabilities and potential loss
given default.

Marginal revenue represents the lender’s risk-adjusted percentage revenue per
additional dollar of loan. Due to risk aversion, the risk-adjusted marginal revenue
curve will be downward sloping.3 To induce a risk-averse lender to hold more of a
particular loan in a portfolio, increasing idiosyncratic risk, the lender must be
compensated via additional spread revenue. Alternatively, and independent of risk
aversion, if the lender’s loan volume is sufficient to affect the market spread (i.e., the
lender is not a price taker), then the marginal revenue curve will be downward
sloping based on this consideration alone. For either reason, as the loan volume
increases, the percentage revenue per dollar of additional lending declines.

Standard economic reasoning then implies that the lender will extend loans until
their risk-adjusted marginal revenue equals their marginal cost. Ignoring for the
moment market frictions (the difference between marginal costs and the expected
loss), we see that, for the marginal dollar lent, the marginal credit spread equals
the expected loss (PD*LGD). Next, adjusting for market frictions, on the margin, the
marginal credit spread equals (marginal costs þ PD*LGD). But, the observed credit
spread reflects the average spread per dollar loan, and not the marginal spread. Since
the marginal revenue spread curve is downward sloping, the average revenue spread
per dollar loan exceeds the marginal revenue spread curve. Thus, the observed credit
spread per dollar loan is given by:

Credit spread ¼ ðAverage marginal revenue spread þMarginal costs þ PD*LGDÞ

The first component is due to risk aversion and or market liquidities; that is, the
fact that the supply curve for loans is downward sloping. The second component is
due to market frictions—the marginal costs of servicing loans. The third component
is the expected loss itself.

This simple economic reasoning shows that a trader who argues that the CDS
quote equals the default probability times the loss given default is really assuming an
extreme market situation. The extreme market situation requires that the first and
second components of the credit spread (as depicted above) are zero. The first
component is zero only if the supply curve for loans is horizontal. That is, there is an
infinite supply of funds at the marginal cost of credit—markets are perfectly liquid
and there is no credit risk premium. And, the second component is zero only if there
are no costs in servicing loans. These are unrealistic conditions, and their absence
explains why the simple trader’s argument is incorrect.
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JLMMV argue that there are two methods available to determine the drivers of
credit risk spreads. The first method is to build an economic model, akin to that
described previously, and fit the model to observed credit risk spreads. The second is
to fit a statistical model. A statistical model is often useful when building an (equi-
librium) economic model is too complex. And, furthermore, a statistical model can be
thought of as an approximation to the economic model.

As suggested by the discussion in the previous section, building a realistic
equilibrium model for credit spreads with lender heterogeneity in risk aversion,
private information, and institutional restrictions, is a complex task. Furthermore,
such a construction is subject to subjective assumptions regarding lender preferences,
endowments, institutional structures as well as the notion of an economic equilib-
rium. To avoid making these subjective assumptions, which limit the applicability of
the model selected, and, in order to obtain a usable model for practice, JLMMV elect
to build a statistical model for credit risk spreads instead.

The JLMMV statistical model uses various explanatory variables, selected to
capture the relevant components of the credit spread, as discussed in the previous
section. In particular, JLMMV seek explanatory variables that will capture the credit
risk premium, market liquidity, institutional constraints, and expected losses. Before
discussing these explanatory variables, it is important to first discuss the functional
form of the explanatory variables fit to the data.

Previous authors (Campbell and Taksler 2003, Collin-Dufresne et al. 2001,
Huang et al. 2003, and Elton et al. 2001) fitting a statistical model to credit spreads
typically use a linear function to link the credit spread to explanatory variables via
ordinary least squares regression. Implicit in the linear regression structure, however,
is the possibility that, when the model is used in a predictive fashion, the statistical
model may predict negative credit spreads. Negative credit spreads, of course, are
inconsistent with any reasonable economic equilibrium as long as the risk-free curve
is truly risk free. If one were in Greece in 2012, for example, it would be a serious
mistake to consider the credit curve for the Hellenic Republic to be a risk-free curve.

The solution to this problem is simple. One only needs to fit a functional form
that precludes negative credit spreads. Fitting a linear function to ln[Credit spread(t)]
is one such transformation. Another transformation is to use the logistic function,

Credit spreadðtÞ ¼ 1

1þ e
�α�
Pn
i¼1

βiXi

where alpha and beta for i ¼ 1, . . . n are constants and Xi for i ¼ 1, . . . n are the
relevant explanatory variables.

Unlike the natural logarithm, the logistic formula has the virtue that predicted
CDS spreads always lie between 0 and 100 percent. And, similar to the use of the
natural logarithm, one can estimate the alphas and betas in the logistic formula by
using the transformation, (–ln[(1 � Credit spread[t])/Credit spread[t]]) to fit a linear
function in the explanatory variables via ordinary least squares regression. This
linear function can be thought of as Altman’s Z-score, for example. Alternatively,
one can use a general linear model for the derivation. In this post, we use the logistic
regression approach to model credit risk spreads.
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The broker GFI supplied the CDS quotes used in the JLMMV estimation. Their
database included daily data from January 2, 2004, to November 3, 2005, which
includes more than 500,000 credit default swap bid, offered, and traded price
observations. This was a particularly benign period in U.S. economic history, a brief
period of calm prior to the 2006 to 2011 credit crisis. Bid prices, offered prices, and
traded prices were all estimated separately. In the JLMMV database, there were
223,006 observations of bid prices, 203,695 observations of offered prices, and
19,822 observations of traded prices. Traded CDS prices were only one-tenth as
numerous as the bid and offered quotations, consistent with the concerns about
market manipulation discussed previously. CDS quotes where an up-front fee was
charged were excluded from the estimation because conversion of the up-front fee to
a spread equivalent requires a joint hypothesis about the term structure and rela-
tionship of default probabilities and credit spreads, and that is what we are trying to
derive in this post. The JLMMV data set predates the change in ISDA credit default
swap convention that made up-front fees the standard, not the exception.

The explanatory variables that JLMMV used to fit CDS prices include the credit
rating, estimated default probabilities, and company-specific attributes. Two types of
estimated default probabilities were used: one from the Jarrow-Chava reduced form
model that we discussed in Chapter 16, and the second from a Merton-type struc-
tural model, which we review in Chapter 18. All of these estimates were obtained
from version 3.0 of the Kamakura Risk Information Services default probability
service. The CDS maturities, agency ratings, and all of the individual macroeconomic
factors and company-specific balance sheet ratios that are inputs to the Jarrow-
Chava reduced form model were also included as inputs. These macro variables and
company-specific factors are listed below. These macro and micro variables are
intended to capture the credit risk premium, market liquidities, institutional con-
straints, and market frictions as previously discussed.

Forty-seven variables were found to be statistically significant in predicting CDS
spreads. For bid prices, the explanatory variables included:

n Seven maturities of KRIS version 3.0 Jarrow-Chava default probabilities
n KRIS version 3.0 Merton default probabilities
n Dummy variables for each rating category
n A dummy variable indicating whether or not the company is a Japanese

company
n 10 company-specific financial and equity ratios (see Jarrow and Chava 2004 for

a list of the relevant variables)
n Dummy variables for each CDS maturity
n Dummy variables for senior debt
n Dummy variables for the restructuring language of the CDS contract
n Selected macroeconomic factors (see Jarrow, Li, Matz, Mesler, and van Deventer

2007 for details)

The best-fitting JLMMV relationship for each of the three series (bid, offer, and
trade) explained more than 80 percent of the variation in the transformed CDS
quotations. The best-fitting relationship also explains more than 90 percent of the
variation in the raw CDS quotations (after reversing the log transformation
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explained previously). The t-scores of the explanatory variables ranged from 2 to
236. The five-year maturity Jarrow-Chava default probability had the highest t-score
among all the different maturity default probabilities included. The Japanese dummy
variable was statistically significant with a t-score equivalent of 133 standard devia-
tions, indicating that CDS spreads on Japanese names are much narrower than the
otherwise equivalent non-Japanese name. Company size had a t-score equivalent of
100 standard deviations from zero, implying that CDS spreads are narrower for large
companies, everything else constant. The JLMMV statistical model fits CDS market
prices quite well, validating the existence of credit risk premium in CDS prices.

JLMMV found that Merton default probabilities explained 12 to 28 percent of
the variation in the transformed CDS quotes. Ratings explained 36 to 42 percent
of the transformed CDS quotes. The Kamakura Risk Information Services (KRIS)
version 3.0 Jarrow-Chava default probabilities and all of their explanatory variables
explained 56 to 61 percent of the transformed variables. The superhybrid approach,
which includes all factors, explained 81 to 83 percent of the variation in the trans-
formed CDS quotes.

CONCLUSION

Credit spreads are driven by the supply and demand for borrowed funds, and not just
the default probability and loss given default. This is true for all borrowers from
retail to corporate to sovereign. When fitting a statistical model to corporate sector
CDS spreads, hazard rate default probabilities and their inputs dominate ratings, and
ratings dominate Merton default probabilities, in their ability to explain movements
in CDS quotes. A superhybrid approach provides the best overall explanatory power
for CDS quotes. In the next chapter, we compare this modern approach to credit risk
assessment to legacy approaches that have been used over the past century.

NOTES

1. This method has been a standard calculation of the Kamakura Risk Manager enterprise-
wide risk management system since 1993.

2. Chapter 1 of van Deventer and Imai’s Financial Risk Analytics (1996) illustrates one
method commonly used for this purpose.

3. It might be argued that lenders—banks—are risk neutral and not risk averse. However, it
can be shown that risk-neutral lenders, subject to either regulatory capital constraints and/
or subject to deadweight losses in the event of their own default, will behave as if they are
risk averse (see Jarrow and Purnanandam 2005).
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CHAPTER 18
Legacy Approaches to Credit Risk

In this chapter, we do for credit risk models what we did for interest rate risk models
in Chapter 13. We go up into the risk management attic and dust off the tools that

may have been best practice once, but which are only described that way now by a
few. We review legacy credit ratings and the Merton model using the tools of
Chapter 16. We do this because the selection of credit risk tools is not a beauty
contest. It’s all about accuracy, period. Arguments to the contrary are usually about
regulatory or corporate politics and the slow speed at which very large organizations
respond to and absorb new technology. In that spirit, we explain why legacy credit
ratings and the Merton default model, used almost exclusively for public firms, have
been firmly outperformed by reduced form credit models. The dominance of the
reduced form approach for retail borrowers and nonpublic firms has never been
challenged by tools like legacy ratings and the Merton model, where the assumptions
we outline below are even less appropriate than they are for public firms.

In this chapter, we return to using “Model Risk Alerts” with respect to state-
ments known to cause problems or known to be false but commonly stated by
practitioners.

THE RISE AND FALL OF LEGACY RATINGS

Almost every financial institution has used legacy credit ratings actively in both
individual asset selection and in portfolio management at some point in its past.
Ratings have a history measured in decades and they will probably be used actively
many decades from now despite the fatal flows outlined in this section. That said,
rating agencies and experts in internal ratings now face substantial pressure, both
commercial and conceptual, from providers of quantitative default probabilities both
inside and outside of the organization. In this section, we summarize some of the
strengths and weaknesses of a traditional ratings approach for comparison with the
quantitative approaches that increasingly dominant risk management and credit
derivatives pricing. We present proof consistent with Hilscher and Wilson (2011)
that ratings are consistently outperformed from an accuracy point of view by
quantitative default models built using logistic regression and the reduced form
modeling approach. We also present the even more serious problems with ratings
summarized by Senator Carl Levin and the U.S. Senate in the wake of the 2006 to
2011 credit crisis.
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RATINGS: WHAT THEY DO AND DON’T DO

For many, many years Moody’s Investors Service and Standard & Poor’s were
essentially the only providers of credit risk assessment on large corporations and
sovereign issuers of debt. This has changed recently and dramatically with a plethora
of credit rating agencies springing up around the world to challenge the older rating
agencies. Competing rating agencies and vendors of default probabilities have arisen
for a number of reasons, just some of which are noted here:

n The granularity of ratings offered by the major rating agencies is low. The
number of ratings grades (AAA, AA, A, BBB, BB, B, CCC, CC and D for
Standard & Poor’s for example) is small, so companies with ratings are divided
into only nine groups by major ratings groups and 21 groups if the pluses and
minuses are added to ratings from AA to CCC. Market participants need a much
higher degree of precision than the rating alone allows, even giving credit for the
pluses and minuses attached to each rating.

n The annual default rates by rating are very volatile over time, so there is con-
siderable uncertainty about what the default probability is that is associated with
each rating.

n Ratings are an ordinal measure of credit risk, rather than a quantitative default
probability.

n Ratings change very infrequently, so market participants are getting a view of an
issuer’s credit that changes only every six to 12 months at best. General Electric’s
rating did not change between 1956 and 2009, a period of 53 years.

n Ratings take the long “through-the-cycle view,” so they show relatively little of
the cyclicality that many analysts believe is the key to credit risk management.

n The ratings universe is a very small percentage of the total number of counter-
parties that a typical financial institution would lend to (retail clients, small
business clients, and corporate clients totaling in the millions at some large
banks), so an institution relying on ratings as its primary credit risk management
tool is forced by definition to take a piecemeal approach to enterprise credit risk
management. Each class of counterparties ends up having a different type of
rating, some internal and some external.

n Rating agencies are normally paid by the structurer of a complex CDO or
the issuer of the securities, so there is substantial commercial pressure on the
agencies for a “good” rating. The report by Senator Levin’s committee sum-
marizes these problems in detail.

n Rating agencies have a substantial “nonrating” consulting business, so they are
increasingly being scrutinized as having potential conflicts of interest like the
major accounting firms before they spun off their consulting arms in the past
decade.

n The accuracy of legacy ratings has been consistently found to be much lower
than default probabilities developed using logistic regression and the reduced
form approach.

Each of these issues could fill a book in and of itself. We deal with the most
serious issues in this section.
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THROUGH THE CYCLE VS. POINT IN TIME, A DISTINCTION
WITHOUT A DIFFERENCE

There has been a long debate in the risk management industry about whether legacy
credit ratings are intended to be “point-in-time” ratings or whether they are intended
to be “through-the-cycle” credit indicators. The reason that such a debate occurs is
the vagueness of the maturity and default probabilities associated with a given rating
for a specific company at any point in time. When viewed in the context of a modern
quantitative default probability, the debate about point in time versus through the
cycle is a distinction without a difference. This section explains the reason why.

Even after more than 100 years of experience with traditional credit ratings,
practical credit portfolio managers still do not have clear answers to a number of
critical questions:

n What is the default probability associated with a specific rating for a specific
company over a given time horizon on a specific date?

n What is the default probability associated with the same issuer over different
time horizons?

n How do the ratings and default probabilities associated with them change when
macroeconomic factors change?

n Put differently, how does the default probability associated with a given rating
change as the company moves through various points in the business cycle?

Because the legacy rating agencies have been unable to articulate clear answers to
these questions, two other questions are often asked and debated:

n Is a given credit rating a point-in-time rating, an index of risk that prevails today
but (by implication) not necessarily tomorrow?

n Is a given credit rating a through-the-cycle rating intended to measure the
average level of credit risk for a given company over an unspecified but pre-
sumably long period of time that extends though the cycle both for the current
business cycle and presumably many others?

A precise answer to these questions only becomes more muddled if one poses it to
senior people at the rating agencies. In February 2003 at a well-lubricated dinner in
midtown Manhattan, one of the authors posed this question to the head of corporate
credit ratings at one of the two leading rating agencies: “What would your agency do
with respect to a company’s rating if the company was a long-run risk level of BBB/
Baa, but faced 60 days of CCC/Caa risk?” His answer, consistent with the benign
credit conditions of the time, was this: “We cannot afford to damage our firm’s
reputation by letting a BBB/Baa-rated company default, so we would set the rating at
CCC/Caa.” This comment contrasts with more recent statements by other senior
rating executives who argue that they have a special obligation to avoid “type 1”
error that overly harshly rates companies. The reason for this concern is that
derivatives-related margin requirements, unfortunately, have been tied to ratings and
the legacy rating agencies fear an error that would trigger a margin call that leads to
bankruptcy. If the first quote is accurate in reflecting rating agency thinking, it means
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that a rating on any given date reflects the worse of (1) the short-term risk of the
company or (2) the long-run risk of the company. From this view, the rating is neither
point in time nor through the cycle. A little reflection in a default modeling context
makes the muddled semantics much more clear and transparent.

How does a modern quantitative default model differ from ratings? The differ-
ences are very great and very attractive from a practice use point of view:

n Each default probability has an explicit maturity.
n Each default probability has an obvious meaning. A default probability of 4.25

percent for a three-year maturity means what it says: there is a 4.25 percent
(annualized) probability of default by this company over the three-year period
starting today. Cumulative default risk is calculated using the formulas in the
appendix of Chapter 16.

n Each company has a full-term structure of default probabilities at maturities
from one month to 10 years, updated daily, in a widely used default probability
service.

What does “point in time”mean in this context? We illustrate the issues with the
default probabilities for Hewlett Packard on June 14, 2012, as displayed by
Kamakura Risk Information Services in Exhibit 18.1.

All of the default probabilities for Hewlett Packard (HP) on June 14, 2012, are
default probabilities that are point in time for HP. Default probabilities at a dif-
ferent point in time, say June 15, will change if the inputs to the default models are
different on June 15 than they were on June 14. What does “through the cycle”mean
with respect to the default probabilities for HP on June 14? Through the cycle
implies the longest default probability available on the term structure of default
probabilities, because this maturity does the best job of extending through as much of
the business cycle as possible. For Kamakura Risk Information Services (KRIS)
version 5, the longest default probability available is the 10-year default probability.

EXHIBIT 18.1 Hewlett Packard Co.
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If the default probability for Hewlett Packard on June 14 is 0.38 percent at 10 years,
it means that the through-the-cycle default probability for HP prevailing on June 14,
2012, is a 0.38 percent (annualized) default rate over the 10 years ending June
14, 2022. What could be clearer than that?

To summarize, all of the default probabilities prevailing for HP on June 14,
2012, are the point-in-time default probabilities for HP at all maturities from one
month to 10 years. The through-the-cycle default probability for HP on June 14 is the
10-year default probability, because this is the longest maturity available. The 10-
year default probability is also obviously a point-in-time default probability because
it prevails on June 14, the point in time we care about. On June 15, all of the point-in-
time default probabilities for HP will be updated, including the 10-year default
probability, which has a dual role as the through-the-cycle default probability.

There is no uncertainty about these concepts: all default probabilities that exist
today at all maturities are point-in-time default probabilities for HP, and the longest
maturity default probability is also the through-the-cycle default probability.

How can these default probabilities be mapped to ratings, and what rating
would be point in time and what rating would be through the cycle? An experienced
user of quantitative default probabilities would ask in return, “Why would you want
to go from an explicit credit risk assessment with a known maturity and 10,000
grades (from 0 basis points to 10,000 basis points) to a vague credit assessment with
no known maturity and only 20 grades?” A common answer is that management is
used to ratings and ratings have to be produced, even if they’re much less accurate
and much less useful than the default probabilities themselves.

Model Risk Alert

Most of the tens of billions of losses incurred by investors in collateralized debt
obligations (which we discuss in Chapter 20) during the 2006 to 2011 credit crisis
were explained after the fact by the statement “But it was rated AAA when we
bought it.”

STRESS TESTING, LEGACY RATINGS, AND TRANSITION MATRICES

In the wake of the 2006 to 2011 credit crisis, financial institutions, regulators have
implemented a wide variety of stress tests that require financial institutions to cal-
culate the market value of assets, liabilities, and capital in different economic sce-
narios. Many of the regulations also require projections of net income under the
accounting standard relevant for that institution. When ratings, instead of default
probabilities, are at the heart of the credit risk process, institutions are literally unable
to do accurate calculations required by regulators because the rating agencies
themselves are unable to articulate the quantitative links between macroeconomic
factors, legacy ratings, and probabilities of default. We spend a lot of time on these
links in later chapters. These stress tests contrast heavily with the much-criticized
reliance on ratings in the Basel II Capital Accords. The Dodd-Frank legislation in the
United States in 2010 has hastened the inevitable demise of the rating agencies by
requiring U.S. government agencies to remove any rules or requirements that demand
the use of legacy ratings.
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TRANSITION MATRICES: ANALYZING THE RANDOM CHANGES IN
RATINGS FROM ONE LEVEL TO ANOTHER

It goes without saying that the opaqueness of the link between ratings, macro factors,
and default risk makes transition matrices an idea useful in concept but useless in
practice. The transition matrix is the probability that a firm moves from ratings class
J to ratings class K over a specific period of time. Most users of the transition matrix
concept make the assumption—a model risk alert—that the transition probabilities
are constant. (Chapter 16 illustrates clearly that this assumption is false in its graph
of the number of bankruptcies in the United States from 1990 to 2008.) Default risk
of all firms changes in a highly correlated fashion. The very nature of the phrase
“business cycle” conveys the meaning that most default probabilities rise when times
are bad and fall when times are good. This means that transition probabilities to
lower ratings should rise in bad times and fall in good times. Since the very nature of
the ratings process is nontransparent, there is no valid basis for calculating these
transition probabilities that matches the reduced form approach in accuracy.

MORAL HAZARD IN “SELF-ASSESSMENT” OF RATINGS ACCURACY BY
LEGACY RATING AGENCIES

As we noted in the introduction to this chapter, the choice of credit models is not a
beauty contest. It is all about accuracy and nothing else (except when corporate and
regulatory politics interferes with the facts). One of the challenges facing an analyst is
the moral hazard of accuracy “self-assessments” by the legacy rating agencies, a topic
to which we now turn.

On March 9, 2009, one of the authors and Robert Jarrow wrote a blog entitled
“The Rating Chernobyl,” predicting that rating agency errors during the ongoing
credit crisis were so serious that even their own self-assessments would show once
and for all that legacy ratings are a hopelessly flawed measure of default risk.1 That
2009 prediction has not come true for a very simple reason: The rating agencies have
left their mistakes out of their self-assessments. This section, nevertheless, illustrates
the dangers of relying on rating agency default rates in credit risk management,
because the numbers are simply not credible. We also predicted that the ratings errors
during the credit crisis were so egregious that even the rating agencies’ own annual
self-assessments of ratings performance would show that an analyst of credit risk
should not place any serious reliance on legacy ratings.2

In the wake of the financial crisis, rating agencies were forced to make available
their ratings for public firms for the years 2007–2009. We use those disclosed ratings
from Standard & Poor’s in what follows. Like the rating agency self-assessments, we
analyze firms’ subsequent default rates based on their legacy ratings on January 1 of
each year. If we use all of the data released by Standard & Poor’s, we have 6,664
observations for the three-year period, using the January 1 rating in each case for
each firm (Exhibit 18.2):

How many firms failed during this three-year period among firms with legacy
ratings? To answer that question, we first use the KRIS database and then compare
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with results from Standard & Poor’s. The KRIS definition of failure includes the
following cases:

n A D or uncured SD rating from a legacy rating agency
n An ISDA event of default
n A delisting for obvious financial reasons, such as failure to file financial state-

ments, failure to pay exchange fees, or failure to maintain the minimum required
stock price level

The KRIS database very carefully distinguishes failures from rescues. Bear
Stearns, for example, failed. After the failure, Bear Stearns was rescued by JPMorgan
Chase in return for massive U.S. government assistance.3

The Kamakura failure count includes all firms that would have failed
without government assistance. In many of the government rescues, common
shareholders and preferred shareholders would be amused to hear that the rescued
firm did not default just because the senior debt holders were bailed out. As the
Kamakura Case Studies in Liquidity Risk series makes clear, the government’s

EXHIBIT 18.2 Analysis of 2007–2009 Default Rates by Rating Grade

Number of Observations

Ratings Rank Rating 2007 2008 2009 Total Observations

1 AAA 17 15 12 44
2 AAþ 8 8 8 24
3 AA 35 65 48 148
4 AA� 101 67 72 240
5 Aþ 120 113 104 337
6 A 193 172 172 537
7 A� 238 202 202 642
8 BBBþ 272 253 236 761
9 BBB 306 255 273 834
10 BBB� 207 213 225 645
11 BBþ 149 132 121 402
12 BB 186 147 138 471
13 BB� 201 196 183 580
14 Bþ 161 153 138 452
15 B 92 104 101 297
16 B� 52 44 61 157
17 CCCþ 18 15 19 52
18 CCC 10 6 11 27
19 CCC� 1 1 2 4
20 CC 2 3 5 10

Grand Total 2,369 2,164 2,131 6,664

Sources: Kamakura Corporation; Standard & Poor’s.
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definition of “too big to fail” changed within two or three days of the failure of
Lehman Brothers, so the prediction of a probability of rescue is a much more
difficult task than the prediction of failure. Using the KRIS database of failures in
the 2007–2009, we have 86 failed firms during this period. This count of failed
firms is being revised upward by Kamakura in KRIS version 6 in light of recent
government documents (Exhibit 18.3).

We can calculate the failure rate in each year and the weighted average three-
year failure rate by simply dividing the number of failures by the number of
observations. We do that and display the results in graphical form from AAA to B�
rating (Exhibit 18.4).

The results are consistent with Jarrow and van Deventer’s “The Ratings Cher-
nobyl.” The three-year weighted average failure rate for AAA-rated firms was 4.55
percent, much higher than any other failure rate except B� ratings in the B to AAA
range. By contrast, BBB firms failed at only a 0.12 percent rate and BBþ firms failed
at only a 0.25 percent rate. In tabular form the results can be summarized as shown
in Exhibit 18.5.

By any statistical test over the B to AAA range, legacy ratings were nearly
worthless in distinguishing strong firms from weak firms. How does the Standard
& Poor’s self-assessment present these results? It doesn’t. See Exhibit 18.6 for what
it shows.

Note that the first-year default rate for AAA-rated companies is zero. What
happened to FNMA and FHLMC? And what about the 2007–2009 failure rate of
1.19 percent for Aþ weighted companies? Why is the A-rated first-year default rate
so small in light of that? The reason is simple. A large number of important failed
companies have been omitted from the self-assessment, avoiding a very embarrassing
self-assessment (Exhibit 18.7).

Which firms did Kamakura have listed as failures in the ratings grades from A
to AAA?

Kamakura included these 11 firms:

AAA Federal National Mortgage Association (FNMA or Fannie Mae)
AAA Federal Home Loan Mortgage Corporation (FHLMC or Freddie Mac)
AA American International Group
AA� Wachovia Corporation
Aþ Northern Rock PLC
Aþ Merrill Lynch & Co Inc.
Aþ Lehman Brothers Holdings Inc.
Aþ Ageas SA/NV
A Bear Stearns Companies Inc.
A� Washington Mutual Inc.
A� Anglo Irish Bank Corporation

Remember also that American International Group was rated AAA in January
2005. Which firms were omitted from the Standard & Poor’s list? Nine of the 11
failures tallied by Kamakura were omitted by S&P from their self-assessment. (Some,
of course, debate whether Fannie Mae and Freddie Mac were in fact failures.4)
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When Standard & Poor’s was asked by a regional bank in the United States why
FNMA and FHLMC had been omitted from the corporate ratings self-assessment,
the response from Standard & Poor’s did not discuss the nuances of a rescue of a
failed firm. Instead, the e-mail reply stated only that FNMA and FHLMC were no
longer exchange-listed, privately owned corporations and that they were therefore
no longer an object of this study. This justification, obviously, could be used to exclude
every firm that went bankrupt from the legacy ratings accuracy self-assessment.

A complete third-party audit of the entire rating agency default history is man-
datory before historical rating agency default rates can relied upon with confidence.
Kamakura Risk Information Services maintains an independent and active database
of corporate failures (for information, contact info@kamakuraco.com).

COMPARING THE ACCURACY OF RATINGS AND REDUCED FORM
DEFAULT PROBABILITIES

In a recent paper, Jens Hilscher of Brandeis University and senior research fellow at
Kamakura Corporation and Mungo Wilson of Oxford University (2011) compared

EXHIBIT 18.3 Analysis of 2007–2009 Default Rates by Rating Grade

Number of Defaults

Ratings Rank Rating 2007 2008 2009 Total Defaults

1 AAA 0 2 0 2
2 AAþ 0 0 0 0
3 AA 0 1 0 1
4 AA� 0 1 0 1
5 Aþ 1 3 0 4
6 A 0 1 0 1
7 A� 0 1 1 2
8 BBBþ 0 0 2 2
9 BBB 0 1 0 1
10 BBB� 0 2 3 5
11 BBþ 0 1 0 1
12 BB 1 1 1 3
13 BB� 0 2 0 2
14 Bþ 0 4 2 6
15 B 0 2 10 12
16 B� 1 3 11 15
17 CCCþ 1 1 8 10
18 CCC 2 3 7 12
19 CCC� 0 0 1 1
20 CC 1 1 3 5

Grand Total 7 30 49 86

Sources: Kamakura Corporation; Standard & Poor’s.
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the accuracy of legacy credit ratings with modern default probabilities. The authors
concluded the following:

This paper investigates the information in corporate credit ratings. We
examine the extent to which firms’ credit ratings measure raw probability of
default as opposed to systematic risk of default, a firm’s tendency to default
in bad times. We find that credit ratings are dominated as predictors of
corporate failure by a simple model based on publicly available financial
information (“failure score”), indicating that ratings are poor measures of
raw default probability.

We encourage the serious reader to review the full paper to understand the
details of this and related conclusions.

The Hilscher and Wilson results are consistent with the Kamakura Risk Infor-
mation Services Technical Guides (versions 2, 3, 4, and 5), which have been released
in sequence beginning in 2002. Version 5 of the Technical Guide (Jarrow, Klein,
Mesler, and van Deventer, March 2011) includes ROC accuracy ratio comparisons
for legacy ratings and the version 5 Jarrow-Chava default probabilities (discussed in
Chapter 16). The testing universe was much smaller than the 1.76 million observa-
tions and 2,046 company failures in the full KRIS version 5 sample. The rated uni-
verse included only 285,000 observations and 276 company failures. The results in
Exhibit 18.8 show that the ROC accuracy ratio for the version 5 Jarrow-Chava
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EXHIBIT 18.4 Three-Year Failure Rate by Legacy Rating Grade, 2007–2009
Source: Kamakura Corporation; Standard & Poor’s.
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model is 7 to 10 percentage points more accurate than legacy ratings at every single
time horizon studied. Note that the accuracy reported for month N is the accuracy of
predicting failure in month N of those companies who survived the period from
period 1 through period N � 1.

PROBLEMS WITH LEGACY RATINGS IN THE 2006 TO 2011
CREDIT CRISIS

One of the reasons for the moral hazard in accuracy self-assessment by the rating
agencies is the conflicting pressures on management of the agencies themselves.
Management is put in the situation where the revenue growth demanded by share-
holders of the firm in the short run was in conflict with the need for accuracy in
ratings to preserve the “ratings franchise of the firm,” in the words of our rating
agency friend mentioned previously. This conflict was examined in detail by the U.S.
Senate in the wake of the credit crisis in a very important research report led by
Senator Carl Levin (Exhibit 18.9).

EXHIBIT 18.5 Analysis of 2007–2009 Default Rates by Rating Grade

Default Rate by Year

Ratings Rank Rating 2007 2008 2009 3-Year Default Rate

1 AAA 0.00% 13.33% 0.00% 4.55%
2 AAþ 0.00% 0.00% 0.00% 0.00%
3 AA 0.00% 1.54% 0.00% 0.68%
4 AA� 0.00% 1.49% 0.00% 0.42%
5 Aþ 0.83% 2.65% 0.00% 1.19%
6 A 0.00% 0.58% 0.00% 0.19%
7 A� 0.00% 0.50% 0.50% 0.31%
8 BBBþ 0.00% 0.00% 0.85% 0.26%
9 BBB 0.00% 0.39% 0.00% 0.12%
10 BBB� 0.00% 0.94% 1.33% 0.78%
11 BBþ 0.00% 0.76% 0.00% 0.25%
12 BB 0.54% 0.68% 0.72% 0.64%
13 BB� 0.00% 1.02% 0.00% 0.34%
14 Bþ 0.00% 2.61% 1.45% 1.33%
15 B 0.00% 1.92% 9.90% 4.04%
16 B� 1.92% 6.82% 18.03% 9.55%
17 CCCþ 5.56% 6.67% 42.11% 19.23%
18 CCC 20.00% 50.00% 63.64% 44.44%
19 CCC� 0.00% 0.00% 50.00% 25.00%
20 CC 50.00% 33.33% 60.00% 50.00%

Grand Total 0.30% 1.39% 2.30% 1.29%

Sources: Kamakura Corporation; Standard & Poor’s.
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EXHIBIT 18.6 Global Corporate Average Cumulative Default Rates (1981–2010)

(%)
Time Horizon (years)

Rating 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

AAA 0.00 0.03 0.14 0.26 0.38 0.50 0.56 0.66 0.72 0.79 0.83 0.87 0.91 1.00 1.09
(0.00) (0.20) (0.39) (0.47) (0.59) (0.69) (0.75) (0.82) (0.83) (0.83) (0.83) (0.84) (0.84) (0.91) (0.99)

AA 0.02 0.07 0.15 0.26 0.37 0.49 0.58 0.67 0.74 0.82 0.90 0.97 1.04 1.10 1.15
(0.08) (0.12) (0.19) (0.28) (0.36) (0.47) (0.56) (0.63) (0.68) (0.72) (0.72) (0.73) (0.70) (0.70) (0.71)

A 0.08 0.19 0.33 0.50 0.68 0.89 1.15 1.37 1.60 1.84 2.05 2.23 2.40 2.55 2.77
(0.12) (0.21) (0.27) (0.36) (0.44) (0.48) (0.54) (0.59) (0.67) (0.77) (0.86) (0.91) (0.88) (0.87) (0.83)

BBB 0.25 0.70 1.19 1.80 2.43 3.05 3.59 4.14 4.68 5.22 5.78 6.24 6.72 7.21 7.71
(0.27) (0.60) (0.88) (1.09) (1.32) (1.48) (1.59) (1.61) (1.64) (1.57) (1.40) (1.33) (1.19) (1.04) (1.00)

BB 0.95 2.83 5.03 7.14 9.04 10.87 12.48 13.97 15.35 16.54 17.52 18.39 19.14 19.78 20.52
(1.05) (2.32) (3.39) (4.08) (4.64) (4.87) (4.78) (4.61) (4.43) (4.24) (4.43) (4.50) (4.56) (4.51) (4.63)

B 4.70 10.40 15.22 18.98 21.76 23.99 25.82 27.32 28.64 29.94 31.09 32.02 32.89 33.70 34.54
(3.31) (5.69) (6.93) (7.70) (8.10) (7.87) (7.33) (6.84) (6.27) (5.97) (5.58) (5.35) (4.55) (3.91) (3.89)

CCC/C 27.39 36.79 42.12 45.21 47.64 48.72 49.72 50.61 51.88 52.88 53.71 54.64 55.67 56.55 56.55
(12.69) (13.97) (13.61) (14.09) (14.05) (12.98) (12.70) (12.10) (11.65) (10.47) (10.75) (11.42) (12.06) (10.38) (9.61)

Investment grade 0.13 0.34 0.59 0.89 1.21 1.53 1.83 2.12 2.39 2.68 2.94 3.16 3.37 3.59 3.83
(0.12) (0.28) (0.41) (0.52) (0.61) (0.66) (0.69) (0.72) (0.79) (0.84) (0.86) (0.85) (0.78) (0.68) (0.65)

Speculative grade 4.36 8.53 12.17 15.13 17.48 19.45 21.13 22.59 23.93 25.16 26.21 27.10 27.93 28.66 29.40
(2.80) (4.55) (5.61) (6.18) (6.41) (6.12) (5.61) (4.98) (4.34) (4.07) (3.94) (3.95) (3.72) (3.53) (3.57)

All rated 1.61 3.19 4.60 5.80 6.79 7.64 8.38 9.02 9.62 10.18 10.67 11.08 11.47 11.82 12.20
(1.06) (1.85) (2.40) (2.73) (2.88) (2.82) (2.68) (2.54) (2.43) (2.39) (2.28) (2.15) (1.91) (1.90) (2.08)

Numbers in parentheses are standard deviations. Sources: Standard & Poor’s Global Fixed Income Research and Standard & Poor’s CreditPros.
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EXHIBIT 18.7 Investment Grade Defaults in the Five-Year 2006 Static Pool

Company Country Industry Default Date
Next-to-
Last Rating

Date of Next-to-
Last Rating

First
Rating

Date of First
Rating

Year of
Default

Aiful Corp. Japan Financial
institutions

9/24/2009 CC 9/18/2009 BBB 10/6/2003 2009

Ambac Assurance Corp. U.S. Insurance 11/18/2009 CC 7/28/2009 AAA 12/31/1980 2009
Ambac Financial Group, Inc. U.S. Insurance 11/2/2010 CC 6/9/2008 AAþ 7/30/1991 2010
BluePoint Re Limited Bermuda Insurance 8/14/2008 A 6/9/2008 AA 10/25/2004 2008
Caesars Entertainment Corp. U.S. Leisure time/media 12/24/2008 CC 11/18/2008 A 12/31/1980 2008
CIT Group, Inc. U.S. Financial

institutions
8/17/2009 CC 7/16/2009 AA 12/31/1980 2009

Clear Channel Communications
Inc.

U.S. Leisure time/media 12/23/2008 CC 12/5/2008 BBB� 9/26/1997 2008

Colonial BancGroup Inc. U.S. Financial
institutions

8/17/2009 CC 7/30/2009 BBB� 1/17/1997 2009

Colonial Bank U.S. Financial
institutions

8/17/2009 CCC� 7/30/2009 BBB 1/21/1997 2009

Commonwealth Land Title
Insurance Co.

U.S. Insurance 12/4/2008 BB� 11/24/2008 A� 6/25/1997 2008

Controladora Comercial
Mexicana, S. A. B. de C.V.

Mexico Consumer/service
sector

10/9/2008 CC 10/8/2008 BBþ 3/31/1998 2008

Downey Financial Corp. U.S. Financial
institutions

11/24/2008 CCC� 11/21/2008 BBB� 6/7/1999 2008

Downey S&L Assn U.S. Financial
institutions

11/24/2008 CCC 11/21/2008 Aþ 12/31/1980 2008

Energy Future Holdings Corp. U.S. Energy and natural
resources

11/16/2009 CC 10/5/2009 BBB 10/3/1997 2009

(Continued )
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EXHIBIT 18.7 (Continued)

Company Country Industry Default Date
Next-to-
Last Rating

Date of Next-to-
Last Rating

First
Rating

Date of First
Rating

Year of
Default

FGIC Corp U.S. Insurance 8/3/2010 CC 9/24/2008 AA 1/5/2004 2010
General Growth Properties, Inc. U.S. Real estate 3/17/2009 CC 12/24/2008 BBB� 6/2/1998 2009
IndyMac Bank, FSB U.S. Financial

institutions
7/14/2008 B� 7/9/2008 BBB� 9/4/1998 2008

LandAmerica Financial Group
Inc.

U.S. Insurance 11/26/2008 B� 11/24/2008 BBB� 11/19/2004 2008

Lehman Brothers Holdings Inc. U.S. Financial
institutions

9/16/2008 A 6/2/2008 AA� 1/1/1985 2008

Lehman Brothers Inc. U.S. Financial
institutions

9/23/2008 BB� 9/15/2008 AA 10/5/1984 2008

Mashantucket Western Pequot
Tribe

U.S. Leisure time/media 11/16/2009 CCC 8/26/2009 BBB� 9/16/1999 2009

McClatchy Co. (The) U.S. Leisure time/media 6/29/2009 CC 5/22/2009 BBB� 2/8/2000 2009
Residential Capital, LLC U.S. Financial

institutions
6/4/2008 CC 5/2/2008 BBB� 6/9/2005 2008

Sabre Holdings Corp. U.S. Transportation 6/16/2009 B 3/30/2009 A� 2/7/2000 2009
Scottish Annuity & Life

Insurance Co. (Cayman) Ltd.
Cayman

Islands
Insurance 1/30/2009 CC 1/9/2009 A� 12/18/2001 2009

Takefuji Corp. Japan Financial
institutions

12/15/2009 CC 11/17/2009 A� 2/10/1999 2009

Technicolor S.A. France Consumer/service
sector

5/7/2009 CC 1/29/2009 BBBþ 7/24/2002 2009

Tribune Co. U.S. Leisure time/media 12/9/2008 CCC 11/11/2008 AA 3/1/1983 2008
Washington Mutual Bank U.S. Financial

institutions
9/26/2008 BBB� 9/15/2008 Bþ 1/24/1989 2008

Washington Mutual, Inc. U.S. Financial
institutions

9/26/2008 CCC 9/15/2008 BBB 7/17/1995 2008

YRC Worldwide Inc. U.S. Transportation 1/4/2010 CC 11/2/2009 BBB� 11/19/2003 2010
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We list the conclusions of the Levin Report with respect to the rating agencies in
this excerpt, which begins on page 245:

A. Subcommittee Investigation and Findings of Fact
For more than one year, the Subcommittee conducted an in-depth

investigation of the role of credit rating agencies in the financial crisis, using
as case histories Moody’s and S&P. The Subcommittee subpoenaed and
reviewed hundreds of thousands of documents from both companies
including reports, analyses, memoranda, correspondence, and email, as well
as documents from a number of financial institutions that obtained ratings
for RMBS and CDO securities. The Subcommittee also collected and
reviewed documents from the SEC and reports produced by academics and
government agencies on credit rating issues. In addition, the Subcommittee
conducted nearly two dozen interviews with current and former Moody’s
and S&P executives, managers, and analysts, and consulted with credit
rating experts from the SEC, Federal Reserve, academia, and industry. On
April 23, 2010, the Subcommittee held a hearing and released 100 hearing
exhibits. In connection with the hearing, the Subcommittee released a joint
memorandum from Chairman Levin and Ranking Member Coburn sum-
marizing the investigation into the credit rating agencies and the problems
with the credit ratings assigned to RMBS and CDO securities.
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EXHIBIT 18.8 Kamakura Corporation, ROC Accuracy Ratio in Month N Conditional on
Surviving Months 1 through N � 1 for KRIS Jarrow-Chava Version 5 vs. Legacy Ratings,
January 1990 to December 2008
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The memorandum contained joint findings regarding the role of the credit rating
agencies in the Moody’s and S&P case histories, which this Report reaffirms. The
findings of fact are as follows.

1. Inaccurate Rating Models. From 2004 to 2007, Moody’s and S&P used credit
rating models with data that was inadequate to predict how high-risk residential
mortgages, such as subprime, interest only, and option adjustable rate mort-
gages, would perform.

EXHIBIT 18.9 U.S. Senate Permanent Subcommittee on Investigations Majority and Minority
Staff Report
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2. Competitive Pressures. Competitive pressures, including the drive for market
share and the need to accommodate investment bankers bringing in business,
affected the credit ratings issued by Moody’s and S&P.

3. Failure to Re-evaluate. By 2006, Moody’s and S&P knew their ratings of RMBS
and CDOs were inaccurate, revised their rating models to produce more accu-
rate ratings, but then failed to use the revised model to reevaluate existing RMBS
and CDO securities, delaying thousands of rating downgrades and allowing
those securities to carry inflated ratings that could mislead investors.

4. Failure to Factor in Fraud, Laxity, or Housing Bubble. From 2004 to 2007,
Moody’s and S&P knew of increased credit risks due to mortgage fraud, lax
underwriting standards, and unsustainable housing price appreciation, but failed
adequately to incorporate those factors into their credit rating models.

5. Inadequate Resources. Despite record profits from 2004 to 2007, Moody’s and
S&P failed to assign sufficient resources to adequately rate new products and
test the accuracy of existing ratings.

6. Mass Downgrades Shocked Market. Mass downgrades by Moody’s and S&P,
including downgrades of hundreds of subprime RMBS over a few days in July
2007, downgrades by Moody’s of CDOs in October 2007, and actions taken
(including downgrading and placing securities on credit watch with negative
implications) by S&P on over 6,300 RMBS and 1,900 CDOs on one day in
January 2008, shocked the financial markets, helped cause the collapse of the
subprime secondary market, triggered sales of assets that had lost investment
grade status, and damaged holdings of financial firms worldwide, contributing
to the financial crisis.

7. Failed Ratings. Moody’s and S&P each rated more than 10,000 RMBS securities
from 2006 to 2007, downgraded a substantial number within a year, and, by
2010, had downgraded many AAA ratings to junk status.

8. Statutory Bar. The SEC is barred by statute from conducting needed oversight
into the substance, procedures, and methodologies of the credit rating models.

9. Legal Pressure for AAA Ratings. Legal requirements that some regulated entities,
such as banks, broker-dealers, insurance companies, pension funds, and others,
hold assets with AAA or investment grade credit ratings, created pressure on
credit rating agencies to issue inflated ratings making assets eligible for purchase
by those entities.

These “findings of fact” summarize briefly the reasons why legacy ratings have
been called into question generally, even though many of the specific comments
above refer to ratings of mortgage-backed securities and collateralized debt obliga-
tions, which we discuss later in this chapter.

THE JARROW-MERTON PUT OPTION AND LEGACY RATINGS

We end this section by noting the big picture objectives of Chapters 1 and 2. We want
to measure market risk, interest rate risk, liquidity risk, and credit risk on an inte-
grated basis and we want to be able to do something about it if we are uncomfortable
with the level of risk we have. We want to be able to compute the value of the Jarrow-
Merton put option (say in one year at the par value of the liabilities of the financial
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institution) on the value of company assets that is the best coherent estimate of the
risk the institution has taken on.

In simpler language, we want to know “what’s the hedge” if our risk is too large.
The use of credit ratings leaves us short of this goal line. The link between ratings and
pricing and, valuation and hedging is very tenuous in most financial institutions. We
now turn to another approach that once seemed promising but which has been
exposed as inadequate in the light of the 2006 to 2011 credit crisis: the Merton model
of risky debt.

THE MERTON MODEL OF RISKY DEBT

In Geneva, in December 2002, Robert Merton was speaking to a large conference
audience of 400 risk managers when a question arose from the back of the room.
“Professor Merton,” the questioner started, “what else do you recommend to
financial institutions using commercial versions of your credit model?” After a long
pause, Merton said, “Well, the first thing you have to remember is that the model is
28 years old.” This is both the strength and the weakness of the Merton model. As it
ages it is better understood. At the same time, more extensive credit model testing like
that in Chapter 16 have made it apparent that the model simply has not performed
well from an accuracy point of view. This view is shared by Merton himself, who was
one of a panel of four Nobel Prize winners who awarded the Harry Markowitz
Award for best paper of 2011 to Campbell, Szilagyi, and Hilscher (2011) for their
paper in the Journal of Investment Management, which concluded the following
about their reduced form credit model: “Our model is . . . between 49 percent and
94 percent more accurate than [a Merton distance to default model].”

Many authors have examined this topic and reached the same conclusions that
we reached in Chapter 16 about the superior performance of reduced form models
versus the Merton model. The Chapter 16 results were originally reported in
Kamakura Risk Information Services Technical Guides 2, 3, 4, and 5 released
between 2002 and 2010. Most of the following papers have been in circulation in
banking and academic circles for more than a decade:

S. Bharath and T. Shumway. “Forecasting Default with the Merton Distance to
Default Model.” Review of Financial Studies 21 (2008): 1339–1369.

J. Y. Campbell, J. Hilscher, and J. Szilagyi. “In Search of Distress Risk.” Journal
of Finance 63 (2008): 2899–2939.

S. Chava and R. A. Jarrow. “Bankruptcy Prediction with Industry Effects.”
Review of Finance 8 (2004): 537–569.

J. Hilscher and M. Wilson. “Credit Ratings and Credit Risk.” Unpublished
paper, Brandeis University and Oxford University, 2011.

T. Shumway. “Forecasting Bankruptcy More Accurately: A Simple Hazard
Model.” Journal of Business 74 (2001): 101–124.

Shumway and Bharath (2008) conducted an extensive test of the Merton
approach. They tested two hypotheses. Hypothesis 1 was that the Merton model is a
“sufficient statistic” for the probability of default; that is, a variable so powerful that
in a logistic regression like the formula in the previous section no other explanatory
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variables add explanatory power. Hypothesis 2 was the hypothesis that the Merton
model adds explanatory power even if common reduced form model explanatory
variables are present. They specifically tested modifications of the Merton structure
partially disclosed by commercial vendors of the Merton model. The Shumway and
Bharath (2008) conclusions, based on all publicly traded firms in the United States
(except financial firms) using quarterly data from 1980 to 2003 are as follows:

We conclude that the . . . Merton model does not produce a sufficient sta-
tistic for the probability of default . . . .

Models 6 and 7 include a number of other covariates: the firm’s returns
over the past year, the log of the firm’s debt, the inverse of the firm’s equity
volatility, and the firm’s ratio of net income to total assets. Each of these
predictors is statistically significant, making our rejection of hypothesis one
quite robust. Interestingly, with all of these predictors included in the hazard
model, the . . . Merton probability is no longer statistically significant,
implying that we can reject hypothesis two . . . .

Looking at CDS implied default probability regressions and bond yield
spread regressions, the . . . Merton probability does not appear to be a
significant predictor of either quantity when our naïve probability, agency
ratings and other explanatory variables are accounted for.

The Campbell, Hilscher, and Szilagyi (2008) paper was done independently on a
separate monthly data set and reaches similar conclusions, all consistent with the
results in Chapter 16.

Any rational analyst who has read these papers and replicated their tests on a
large data set (more than 500,000 monthly observations is recommended) will reach
the same conclusions and would issue a Model Risk Alert because the Merton model
alone is simply not an accurate tool for credit risk assessment.

Why then include the Merton model in this chapter? First of all, this is a chapter
on credit risk management antiques, and the Merton model is an antique that held
the affections of one of the authors of this book for more than a decade. That author
was ultimately convinced by this comment by John Maynard Keynes (quoted by
Malabre) that he should turn to other models: “When the facts change, I change my
mind. What do you do, sir?”

That being said, the intuition of the Merton model is attractive and sometimes
useful in thinking about credit risk issues, even though the default probabilities
derived from the model are much less accurate than the reduced form approach. For
that reason, we summarize the attributes of the model and its derivation here.

THE INTUITION OF THE MERTON MODEL

The intuition of the Merton model is dramatically appealing, particularly to one of
the authors, a former treasurer at a major bank holding company who used the
model’s insights in thinking about financial strategy. Merton (1974) was a pioneer in
options research at MIT at the time that Black and Scholes (1973) had just published
their now well-known options model. One of the reasons for the enduring popularity
of the Merton credit model is the even greater popularity of the Black-Scholes model.
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The Black-Scholes model is simple enough that it can be modeled in popular
spreadsheet software. Because of this simplicity, Hull (1993) and Jarrow and
Turnbull (1996) note with chagrin that traders in interest rate caps and floors (a
Model Risk Alert that we issue in later chapters) frequently use the related Black
commodity options model, even though it implicitly assumes interest rates are con-
stant. In the same way, extensive use of the Merton model has persisted even though
it is now clear that other modeling techniques for credit risk are much more effective.

Merton’s great insight was to recognize that the equity in a company can be
considered an option on the assets of the firm. More formally, he postulated that the
assumptions that Black and Scholes applied in their stock options model can be
applied to the assets of corporations. Merton (1974) assumes that the assets of
corporations are completely liquid and traded in frictionless markets.

Model Risk Alerts

Cash is liquid, but most other assets are not, invalidating many of the model’s
conclusions. Merton assumed that interest rates are (Model Risk Alert) constant,
and that the firm has only (Model Risk Alert) one zero-coupon debt issue out-
standing. He assumed, like Black and Scholes, a (Model Risk Alert) one-period world
where management choices were made only at (Model Risk Alert) time zero and
the consequences of those decisions would become apparent at the end of the
single period.

Given these assumptions, what happens at the end of the single period at time T?
If the value of company assets V(T) is greater than the amount of debt that has to be
paid off, K, then the excess value V(T) � K goes to equity holders in exactly the same
way as if the company were liquidated in the perfectly liquid markets Merton
assumes. If the value of company assets is less than K, then equity holders get
nothing. More important, from a Basel II and III perspective, debt holders have a loss
given default of K � V(T).

Model Risk Alert

Loss given default is built into the Merton model, an insight many market partici-
pants have overlooked.

The payoffs on the common stock of the firm are identical to that of a European
call option at current time t with these characteristics:

n The option has maturity T � t, the same maturity as the debt. The original
maturity of the option was T � 0.

n The option has a strike price equal to the amount of debt K.
n The option’s value is determined by the current value of company assets V(t) and

their volatility σ.

We label this call option, the value of the company’s equity, C(V(t),t,T,K). Then
Merton invokes an argument of Nobel prize winners Modigliani and Miller (1958).
Merton assumes that the value of company assets equals the value of its equity plus
the value of its debt. That means we can write the value of the company’s debt
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D
�
VðtÞ, t, T, K

�
¼ VðtÞ � C

�
VðtÞ, t, T, K

�

That, in essence, is the heart of the Merton model intuition. Alternative “ver-
sions” of the Merton model are relatively minor variations around this theme. Many
“versions” in fact are just alternative methods of estimating the Merton parameters.

In the next few sections, we summarize some of the variations on the Merton
model. After that, we turn to practical use of the Merton model.

THE BASIC MERTON MODEL

In order to be precise about the Merton model and related default probabilities, we
need to be more precise about the assumptions used by Black, Scholes, and Merton.5

r Interest rates are constant at a continuously compounded rate r.

σ The value of company assets has a constant instantaneous variance of the
return on company assets, σ(V(t),t)2 ¼ σ.

K K is the amount of zero-coupon debt payable at maturity, time T.

Black, Scholes, and Merton assume that the value of company assets follows a
lognormal distribution and that there are no dividends on these assets and no other
cash flows from them during the period. Formally, we can write the evolution of the
value of company assets over time as

dVðtÞ
VðtÞ ¼ αdt þ σdWðtÞ

W(t) is normally distributed with mean zero and variance t—it is the “random
number generator” that produces shocks to the value of company assets. The
magnitude of these shocks is scaled by the volatility of company assets, σ. The term
α is the drift in the value of company assets. We discuss its value later in this
chapter, but we do not need to spend time on that now. From this formula, we
know that V(t), the value of company assets, is lognormally distributed. Taking
advantage of these facts, the value of company assets at a future point in time can be
written like this:

VðtÞ ¼ Vð0Þe½ðα�1
2σ

2ÞtþσWðtÞ�

We can use this equation to get the value of company assets and its distribution
at maturity T. W(t), as mentioned above, is normally distributed with mean zero
and variance t (standard deviation of Ot). This allows us to get the well-known
“distance to default” in the Merton model. We can do this by first rewriting the
formula for the value of company assets to get the instantaneous return on company
assets. The return on company assets is normally distributed because W is nor-
mally distributed:
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yðtÞ ¼ 1

t
ðα� 1

2
σ2Þt þ σWðtÞ

� �

The distance from default is the number of standard deviations that this return is
(when t ¼ T, the date of maturity) from the instantaneous return just needed to
“break even” versus the value of debt that must be paid, K. We can write this
breakeven return as y(K,T) or

yðK, TÞ ¼ 1

T
ln

K

Vð0Þ
� �

The standard deviation of the return on company assets y(t) when t ¼ T is σ/OT
so we can write the distance to default z(T) as

zðTÞ ¼ yðTÞ � yðK, TÞ
σffiffiffiffi
T

p

Later in this chapter, we discuss how this distance to default or the Merton
default probabilities themselves can be mapped to actual historical default rates. In
order to use the Merton default probabilities, we need to evaluate α. We turn to that
in the next section.

Making use of the derivation so far, Merton shows that the value of company
equity C(V(0),0,T,K) is equal to the value of a Black-Scholes call option:

C½Vð0Þ, 0, T, K� ¼ Vð0ÞNðd1Þ � KPð0, TÞNðd2Þ

N() is the cumulative normal distribution function that can be found in any
popular spreadsheet package. The variable d1 ¼ ln[V(0)/KP(0,T)], and d2 ¼ d1 �
σO(T-0). The expression P(0,T) is the zero-coupon bond price of $1 paid at time T,
discounting at the constant risk-free interest rate r. Using the Modigliani and Miller
argument that the value of company assets must equal the sum of the value of this call
option, the value of the debt D gives us

Vð0Þ ¼ C½Vð0Þ, 0, T, K� þD½Vð0Þ, 0, T, K�

Rearranging this gives the Merton formula for risky debt. The second expression
takes advantage of the symmetrical nature of the normal distribution.

D½Vð0Þ, 0, T, K� ¼ Vð0Þ � Vð0ÞNðd1Þ þ KPð0, TÞNðd2Þ
¼ Vð0ÞNð�d1Þ þ KPð0, TÞNðd2Þ

As we have stated throughout this book, our objective is to come up with an
integrated approach to market risk, interest rate risk, liquidity risk, and credit risk
that provides pricing, hedging, and valuation. Ultimately, we want to be able to value
the Jarrow-Merton put option on the assets of our company or business unit that
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provides the best measure of risk. Therefore, it is very important to note that all of
the Black-Scholes hedging concepts can be applied to the Merton model of risky debt,
in theory, but these hedges have been proven to be wildly inaccurate in practice.

The delta of risky debt shows the change in the value of risky debt that results
from a change in the value of company assets:

Delta ¼ qD
qV

¼ 1�Nðd1Þ.0

The value of risky debt rises when the value of company assets V rises. The
gamma of risky debt is the second derivative of the Merton risky debt formula with
respect to the value of company assets:

Gamma ¼ q2D
qV2

¼ �f ðd1Þ
Vσ
ffiffiffiffi
T

p , 0

Similarly, we can derive derivatives for changes in time, volatility, and the level of
interest rates, in a fashion parallel to that of the Black-Scholes model:

Theta ¼ qD
qt
¼ Vf ðd1Þσ

2
ffiffiffiffi
T

p þ rKPð0, TÞNðd2Þ.0

Vega ¼ qD
qσ
¼ �V

ffiffiffiffi
T

p
f ðd1Þ , 0

Rho ¼ qD
qr
¼ �TKPð0, tÞNðd2Þ#0

Note that we can hedge our position in risky debt by taking the appropriate
positions in the assets of the company, just like a trader of stock options can hedge his
position in options with a replicating position in the underlying common stock.
Similarly, in the Merton model, both the value of the debt and the value of the
common stock are functions of the value of company assets. This means that a
position in the debt of the company can be hedged with the appropriate “short”
position in the common stock of the company.

Model Risk Alert

Note that when the value of common stock approaches zero this hedge will break
down in practice, for good sound theoretical reasons. The value of debt can keep
declining as the value of company assets declines, but the stock price cannot go
below zero.

Finally, note that we can do pricing, hedging, and valuation in the Merton model
without any discussion whatsoever of default probabilities and loss given default.
They are totally unnecessary, since the valuation formulas take into account all
possible values of company assets, the probability of default at each asset level, and
the loss given default at each asset level. This is obvious from a theoretical point of
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view but (Model Risk Alert) it is often forgotten by practitioners who follow the steps
of this process:

1. Estimate the Merton model of risky debt
2. Derive the Merton default probability
3. Apply this default probability to calculate the value of a debt instrument

If our objective is valuation and hedging, and if the Merton model is true (it is
not), steps 2 and 3 are unnecessary given the sound theoretical structure that Merton
has laid out. Before turning to the subject of default probabilities, we emphasize this
point by discussing valuation of a bond with many payments.

VALUING MULTIPAYMENT BONDS WITH THE MERTON MODEL OF
RISKY DEBT

How do we apply the single-period Merton model to value a bond with many
payments, say a 10-year bond with semiannual payments? To do the valuation, we
need 20 zero-coupon bond prices to apply the present value techniques of Chapter 4.
Remember, if we have a smoothed yield curve using the techniques in Chapter 5, we
do not need the Merton model for valuation because we can pull the 20 zero-coupon
bond prices we need directly from the yield curve with no need to resort to the
Merton theory. When we say “use the Merton model” for valuation, what we are
really saying is this—how do we fit the parameters of the model to coupon-paying
bonds with observable prices? We will return to this issue below when we discuss
parameter fitting. Let’s say we have a three-year bond with an observable price, a
five-year bond with an observable price, and a 10-year bond with an observable
price. How can we fit the Merton model to this data? If all the bonds have the same
payment dates (say June 15 and December 15) then we can guess the value of debt to
be paid off K, the value of company assets V(0), and the volatility of company assets
σ. We are immediately confronted with a conflict with model assumptions because
we will see from the smoothed risk-free yield curve that the value of the continuously
compounded zero yield r will not be constant; there will be 20 different values, one
for each payment date.

At this point, users of the Merton model get to the quick and dirty nature of
application that is consistent with using the constant interest rate Black model to
value interest rate caps! Given the 20 values of the risk-free rate, in our example we
have three pricing equations for the bonds and three variables to solve for, K, V(0),
and σ. At the same time, theory says we should also be fitting the model to the stock
price, but we do not know which of the 20 maturities we are using is most relevant to
the stock price.

Let’s squint our eyes, hold our nose, and get this done. As a practical matter, the
authors would fit the model to the shortest maturity observable debt issue, the lon-
gest observable debt issue, and stock price. For any pricing error that arises, we can
“extend” the model just like we extended the Vasicek term structure model to get the
Hull and White model. We can use the techniques of Chapter 14 to find the best-
fitting Merton parameters just like we did for term structure model parameters.
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When we do this, what should we extend to fit the observable term structure for
say Hewlett Packard using the Merton model? Users can extend K, the value of debt
to be paid off, to be different at each maturity. Another option is to extend the
volatility of company assets σ. A final option is to allow for drift in the value of
company assets. All of these are options. Van Deventer and Imai (2003) show using
data from First Interstate Bancorp new issue spreads that the pricing error can be
large when using the Merton model without some form of extension.

ESTIMATING THE PROBABILITY OF DEFAULT IN THE MERTON MODEL

As shown previously, we do not need the Merton model default probabilities for
valuation, pricing, and hedging in the Merton framework. The model implicitly
considers all possible default probabilities and the associated loss given default for
each possible ending value of company assets V(T). As an index of risk, however, it
was once hoped that Merton default probabilities would be an accurate measure of
default risk. As we saw in Chapter 16, this hope did not materialize.

One of the curious features of the Black-Scholes options model in the Merton
context is that the drift term in the return on company assets α does not affect the
valuation formulas just like the drift in the return on a common stock does not affect
its option pricing. We do need to know α when it comes to the probability of default
on an empirical or statistical basis (as opposed to the risk-neutral default probabil-
ities that are implicitly embedded in the valuation formulas).

Jarrow and van Deventer (1998) derive the empirical default probabilities using
Merton’s intertemporal capital asset pricing model. That model recognizes that the
value of company assets of all companies are not independent. They will be priced in
a market that recognizes the benefits of diversification, a market that knows lending
to a suntan lotion company and an umbrella maker diversifies away weather risk.
These benefits of correlation in the returns on company assets affect the expected
return on the assets. Jarrow and van Deventer note that, when interest rates are
constant, the expected return on the assets of company i in Merton’s (1973) equi-
librium asset pricing model must be

αi ¼ rþ σiρiM
σM

ðαM � rÞ

Where r is the continuously compounded risk-free rate, the subscript M refers to the
market portfolio, or equivalently, the portfolio consisting of all assets of all com-
panies in the economy, and ρiM denotes the correlation between the return on firm i’s
asset value and the return on the market portfolio of all companies’ assets.

Given this formula for α, the probability of default in the Merton model becomes

ProbabilityðDefaultÞ ¼ ProbabilityðViðTÞ , KÞ ¼ N
lnðK=Við0ÞÞ � μiT

σi
ffiffiffiffi
T

p
� �
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The variable μ is defined as

μi ¼ �
1

2
σ2i þ ð1� biÞrþ biaM

where

bi ¼ σiρiM
σM

is the ith firm’s beta, which measures the degree to which the return on the assets of
the ith company are correlated with the return on the assets of all companies.

When interest rates are not constant, α takes on a more complex form given
by Merton.

IMPLYING THE VALUE OF COMPANY ASSETS AND THEIR
RETURN VOLATILITY σ

The market value of company assets in the Merton model is not observable, nor is its
volatility. If the asset volatility is known, we can solve implicitly for the value of
company assets V(0) by solving the equation relating the total value of the company’s
equity (stock price S times number of shares outstanding M) to the Black-Scholes call
option formula:

MS ¼ C½Vð0Þ, 0, T, K� ¼ Vð0ÞNðd1Þ � KPð0, TÞNðd2Þ

The volatility of the return on company assets is not observable, but we can observe
the stock price history of the firm and calculate the volatility of the return on the
stock σC in typical Black-Scholes fashion.

Model Risk Alert

For highly distressed companies, the stock price may only be observable intermit-
tently, it can remain near zero for an extended period of time, and it can bounce
randomly between bid and offered levels. All of these facts lead to inaccurate vola-
tility assessment and inaccurate default probabilities.

Model Risk Alert

Let’s assume we are true believers in the Merton model and assume all of these real-
world complications do not exist. In the appendix to this chapter, we use Ito’s lemma
in the same way we did earlier in the book, when we introduced term structure
models of interest rate movements. This allows us to link the observable volatility of
equity returns σC to the volatility of the returns on company assets σ:

σCC
CVV

¼ σ
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Together with the previous call option formula, we have two equations in two
unknowns V(0) and σ. We solve for both of them and create a time series of each.
From these time series on the value of company assets for all companies, we can
calculate the betas necessary to insert in the previous default probability formula.
The expected return on the assets of all companies is usually estimated as a multiple
of the risk-free rate in such a way that model performance (as we discussed in
Chapter 16) is optimized.

MAPPING THE THEORETICAL MERTON DEFAULT PROBABILITIES TO
ACTUAL DEFAULTS

Falkenstein and Boral (2000) and Lando (2004), in his excellent book, note the
theoretical values of Merton default probabilities produced in this manner typically
result in large bunches of companies with very low default probabilities and large
bunches of companies with very high default probabilities. In both cases, the Merton
default probabilities are generally much higher than the actual levels of default. The
best way to resolve this problem is to use the theoretical Merton model as an
explanatory variable in the reduced form framework, using logistic regression. This is
one of the models (“KDP-ms”) offered by KRIS. As long as this route is taken,
however, as Chapter 16 makes clear, it is better to simply abandon the Merton
default probability completely because it adds little or no incremental explanatory
power to a well-specified reduced form model.

As we note in Chapter 16, this mapping of Merton default probabilities does not
change the ROC accuracy ratio, the standard statistical measure of model perfor-
mance for 0/1 events like bankruptcy. The mapping process does improve the
Falkenstein and Boral test we employed in Chapter 16.

THE MERTON MODEL WHEN INTEREST RATES ARE RANDOM

As mentioned in the introduction to this chapter, one of the earliest concerns
expressed about the accuracy of the Merton model was its reliance on the assumption
that interest rates are constant, exactly as in the Black-Scholes model. Shimko,
Tejima, and van Deventer (1993) solved this problem by applying Merton’s option
model with random interest rates to the risky debt problem. It turns out that the
random interest rates version of Black-Scholes can be used with many of the single-
factor, term-structure models that we reviewed in Chapter 13, which is one of the
reasons for their importance in this volume.

THE MERTON MODEL WITH EARLY DEFAULT

Another variation on the Merton problem is focused on another objection to the
basic structure of the Merton model: default never occurs as a surprise. It either
occurs at the end of the period or it does not, but it never occurs prior to the end of
the period. Analysts have adopted the down-and-out option in order to trigger
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early default in the Merton model. In this form of the model, equity is a down-and-
out call option on the assets of the firm. Equity becomes worthless if the value of
company assets falls to a certain barrier level, often the amount of risky debt that
must be repaid at the end of the period K. Adopting this formulation, the total
value of company equity again equals an option on the assets of the firm, but this
option is a down-and-out option. Lando (2004) discusses the variations on this
approach extensively. Unfortunately, these variations have little or no ability to
improve the accuracy of the default probabilities implied by the model by the
standards of Chapter 16.

LOSS GIVEN DEFAULT IN THE MERTON MODEL

As mentioned earlier in this chapter, analysts are divided between those who seek to
use the Merton model for valuation, pricing, and hedging, and those who use it to
estimate default probabilities and then in turn try to use the default probabilities and
a separate measure of loss given default for pricing, valuation, and hedging outside
the Merton model structure. The former group is truer to the model, because the
Merton model incorporates all potential probabilities of default and loss given
default in its valuation formulas. For this reason, there is no need to specify default
probabilities and loss given default for valuation in the model—they are endogenous,
just like the Black-Scholes model considers all potential rates of return on common
stock in the valuation of an option on the common stock.

Loss given default is the expectation (with respect to the value of company assets
(V) for the amount of loss K � V(T), which will be incurred given that the event of
default has occurred. The derivation of loss given default in the model is left as an
exercise for the reader.

COPULAS AND CORRELATION BETWEEN THE EVENTS OF DEFAULT OF
TWO COMPANIES

The Merton model is normally fitted to market data in a univariate manner, one
company at a time. As a result, there is no structure in the risky debt model itself,
which describes how the events of default of two companies would be correlated.
Because this correlation is not derived from the model’s structure, many analysts
assume a correlation structure.6 This contrasts sharply with the implementation of
the reduced form models in Chapter 16, where the correlation between the events of
default of all companies is jointly derived when the model is fitted.

Back to the Merton Case

Let’s assume that we need to estimate the correlation that causes two companies to
have defaults and default probabilities that are not independent. If we are true to the
model, we could make the argument that the returns on the value of company assets
for both companies has correlation σ:
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dVa

Va
¼ μadt þ σadZa

dVb

Vb
¼ μbdt þ σbdZb

ðdZadZbÞ ¼ ρdt

The correlation of the returns on the assets of both companies can be estimated
using the formulas above from the historical implied series on the value of company
assets. This is the proper specification for correlation in the copula method of trig-
gering correlated events of default. (We return to this issue in Chapter 20, and the
results of our investigation in that chapter are not for the squeamish.)

There are a number of other ways of doing the same thing. If the analyst has an
observable probability that both companies will default between time t and T, then
the value of the correlation coefficient ρ can be implied from the Merton model
default probability formulas and the joint multivariate normal distribution of the
returns on company assets for the two firms. There is no reason to assume that the
pairwise correlation between all pairs of companies is the same—in fact, this is a
serious error in analyzing collateralized debt obligation values (as we discuss in
Chapter 20).

There are two more elegant alternatives that the authors prefer. First choice is the
reduced form models, which we examine in much greater detail in the following
chapters, based on the introduction in Chapter 16. A second choice, which stays true
to the Merton theory, is to specify the macroeconomic factors driving the returns on
company assets and to allow them to drive the correlations in the events of default.
This approach is much less accurate.

PROBLEMS WITH THE MERTON MODEL: SUMMING UP

Van Deventer and Imai (2003) extensively summarize the strengths and concerns
with each of the models they review, including the Merton and Shimko, Tejima, van
Deventer random interest rates version of the Merton model. In their view, the key
factors that contribute to the model performance issues in the Merton model can be
summarized as follows:

n The model implicitly assumes a highly volatile capital structure by positing that
the dollar amount of debt stays constant while the value of company assets
varies randomly.

n The model (in traditional form) assumes interest rates are constant, but they
are not.

n The model assumes that company assets are traded in a perfectly liquid market
so the Black-Scholes replication arguments can apply. In reality, most corporate
assets are very illiquid, which makes the application of the Black-Scholes model
inappropriate in both theory and practice.
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n The model does not allow for early default—default only occurs at the end of the
period.

n The model’s functional form is very rigid and does not allow the flexibility to
incorporate other explanatory variables in default probability prediction.

Finally, from a portfolio management point of view, one prefers a model where
the correlation in defaults can be derived, not assumed. As we have emphasized
throughout this volume, we are seeking pricing, valuation, and hedging at both the
transaction level and the portfolio level. The Merton model leaves one wondering
“how do I hedge?” Even more serious, we showed in Chapter 16 that many naïve
models of default have a greater accuracy in the ordinal ranking of companies by
riskiness than the Merton model. This result alone has led a very large number of
financial institutions and regulators to abandon their experimentation with the
Merton idea. It is simply too much to hope that the value of debt and equity of a
firm are driven by only one random factor, the value of company assets. We proved
in Chapter 16 that the model simply does not work, consistent with the results of
the many authors listed previously.

APPENDIX

In the Merton model of risky debt, the volatility of returns on company assets (not
the volatility of the value of assets) σ is a critical parameter, but it is not observable.

We can observe the historical volatility of returns on the company’s common
stock. (Note, this is not the same as the volatility of the stock price or standard
deviation of the stock price.) By linking this observable historical volatility of
common stock returns by formula to the historical volatility of company asset
returns, we can derive the value of the volatility of company asset returns σ.

Assumptions

The value of company assets V follows the same stochastic process as specified in
Black-Scholes:

dV

V
¼ αdt þ σdZ

We will use Ito’s lemma to expand the formula for the value of equity, the Black-
Scholes call option C[V(0),0,T,K], and then link its volatility to the volatility of
company assets σ.

Using Ito’s Lemma to Expand Changes in the Value of Company Equity

Merton’s assumptions lead to the conclusion that the value of company assets is a call
option on the assets of the firm C[V(0),0,T,K]. Using Ito’s lemma as we did in the
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chapter on term structure models, we can write the stochastic formula for changes in
stock price as a function of V:

dC ¼ CVdV þ 1

2
CVVðdVÞ2dt þ Ctdt

Substituting for dV gives

dC ¼ CVðVαdt þ VσdZÞ þ 1

2
CVVðdVÞ2dt þ Ctdt

We can then rearrange, separating the drift from the stochastic terms:

dC ¼ ½CVVrdt þ 1

2
CVVðdVÞ2dt þ Ctdt� þ CVVσdZ

The equation above is for the change in stock price C. The volatility of stock
price (not return on the stock price) is CVVσ. We can get the expression for the
volatility of the return on the stock price by dividing both sides by stock price C:

dC

C
¼ ½CVVrdt þ 1

2CVVðdVÞ2dt þ Ctdt�
C

þ CVVσ
C

dZ

Therefore, the market convention calculation for the volatility of the return on
common stock σC (which is observable given the observable stock price history) is

σC ¼ CVVσ
C

We solve this equation for σ to express the volatility of the return on the assets of
the firm as a function of the volatility of the return of the firm’s common stock:

σCC
CVV

¼ σ

This formula can be used for σ in the Merton model of risky debt.

Model Risk Alert

While this approach is fine in theory, it does not work well in practice. Volatilities
estimated in this way are distorted by a number of common phenomena: stock prices
near constant as they near zero, intermittent trading, trading at bid and offered
prices, and so on.
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NOTES

1. A copy of “The Ratings Chernobyl” can be found at www.kamakuraco.com/Blog/tabid/
231/EntryId/11/The-Ratings-Chernobyl.aspx. The blog was originally redistributed by
RiskCenter.com and by the Global Association of Risk Professionals.

2. For an example of such a recent self-assessment, please see this example from Standard &
Poor’s released in 2011 at www.standardandpoors.com/ratings/articles/en/us/?assetID
¼1245302234237. The other two major rating agencies release similar self-assessments.
In this section, in the interests of brevity, we use the S&P self-assessment. An analysis of the
other two rating agencies would yield similar results.

3. This event is documented in Donald R. van Deventer, “Case Studies in Liquidity
Risk: JPMorgan Chase, Bear Stearns and Washington Mutual,” Kamakura blog, www
.kamakuraco.com, July 8, 2011.

4. For the the credit default swap auction protocols triggered by Fannie Mae and Freddie
Mac/s “credit event” and announced by ISDA, see www.dechert.com/library/FS_FRE_10–
08_ISDA_Credit_Default_Swap_Auction_Protocols.pdf.

5. For readers who would like a more detailed explanation of options concepts, the authors
recommend Ingersoll (1987), Hull (1993), and Jarrow and Turnbull (1996).

6. Private conversation with Robert Jarrow, February 4, 2004.
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CHAPTER 19
Valuing Credit Risky Bonds

In this part of the book, we turn to a very concrete set of tasks. Our ultimate
objective is to calculate the value of the Jarrow-Merton put option on the net assets

(value of assets less value of liabilities) of the firm, which Jarrow and Merton pro-
pose as the best measure of total risk. Total risk combines interest rate risk, market
risk, liquidity risk, credit risk, foreign exchange risk, and so on. In order to value this
option, we need to be able to value all of the instruments on the financial institution’s
balance sheet. We derive the value of the option on all assets less all liabilities by
performing this analysis on each underlying instrument, one by one. There is no
reason to summarize or stratify the transactions in order to do this calculation.
Unless the instruments are literally identical (such as a demand deposit or time
deposit with identical coupon and maturity date), any summarization introduces an
error whose magnitude is unknown without a comparable transaction level calcu-
lation. The cost of the hardware to achieve a target calculation time is a lower cost
than the cost of human labor to oversee the data summarization and quality control
on that process for almost every imaginable risk calculation. If you are hearing
otherwise, someone is misinformed.

Now, in addition to valuation, we need to know how to simulate the value that
each financial instrument may take on at multiple points in the future and in multiple
scenarios. These scenarios may be deterministic (such as the regulatory stress tests
widely imposed in 2012) or stochastic, produced by a Monte Carlo simulation.

We go through this process in a systematic pattern. First, we start with straight
bonds, bonds with credit risk, and bonds with no credit risk. In the next chapter, we
extend this analysis to credit derivatives and the formerly trendy collateralized debt
instruments. In Chapter 21, we begin to get to the “option” portion of this exercise
by studying options on bonds. We follow with valuation techniques for a string of
related financial instruments thereafter, bringing it all together in Chapters 36 to 41.

We turn now to the valuation of bonds with and without credit risk. We then
turn to simulation of future values.

THE PRESENT VALUE FORMULA

In Chapter 4, we reviewed the basic case where the value of a financial instrument
was the simple sum of the present value of each cash flow. The expression P(t) is
the present value of a dollar received at time t from the perspective of time zero. The
expression C(t) is the cash flow to be paid at time t.
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Present value ¼
Xn
i¼1

PðtiÞCðtiÞ

Do we need to say any more than this about bond valuation? Surprisingly, the
answer is yes.

VALUING BONDS WITH NO CREDIT RISK

Fortunately, in the case of bonds with a default probability of zero, valuation is as
simple as the formula above. In a no-arbitrage economy with frictionless trading, the
present value formula above applies. As we noted in Chapter 4, “present value” does
not mean price. Rather, it means price plus accrued interest. Where do we get the
values of the discount factors P(t)? We get them from the yield curve–smoothing
techniques discussed in Chapter 5.

Given these P values and the terms of the bond, its valuation is very simple. What
about simulating future values? Chapter 6 through 9 on the Heath, Jarrow, and
Morton (HJM) approach showed us how this should be done.

SIMULATING THE FUTURE VALUES OF BONDS WITH NO CREDIT RISK

The Jarrow-Merton put option that is our ultimate valuation objective can be thought
of as a European option, valued on only one date, or it can be thought of as an
American option with many possible exercise dates. The European option analogy is a
way of thinking about risk that is consistent with traditional value at risk concepts—
risk matters on only one date, we can ignore intervening cash flows, and analyze the
dickens out of the single date we choose as important. Common choices are 10-day
horizons, one-month horizons, and one-year horizons. The longer the horizon, the
more tenuous this way of thinking becomes. Most analysts, including the authors,
believe that a multiperiod approach to the Jarrow-Merton put option and risk
management in general is essential. How dowe calculate the variation in the value of a
bond with no credit risk over time?

We use the HJM approaches of Chapters 6 through 9 and the parameter-fitting
techniques of Chapter 14. In Chapter 3, we presented the statistical evidence that
shows why it is necessary to simulate future yield curve movements using multiple
risk factors, not a single risk factor like a parallel shift or a change in the short rate that
drives the rest of the “single factor” risk-free yield curve. The steps in simulating
the risk-free term structure can be summarized as follows, forN scenarios coveringM
time steps and K risk factors:

1. Capture today’s continuous zero-coupon yield curve using a sophisticated yield
curve smoothing technique like the maximum smoothness forward rate tech-
nique. We use the yield curve inputs from Chapter 9 from now on.

2. Choose a term structure model and calculate its parameters. For the rest of this
book, we rely primarily on the three-factor HJM risk-free yield curve of Chapter 9.
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3. Choose a time step to step forward in time, delta t, to arrive at time step 1. For
expository purposes, we use the same one-year time step that we employed in
Chapter 9.

4. Calculate the random value for scenario 1 for the K risk factors at time step 1. In
Chapter 9, the random factors were the change in the year-one spot rate,
the change in the one-year forward rate maturing at time T ¼ 10, and a third
factor that is “everything else.” The volatilities of these factors are given in the
volatility tables from Chapter 9, and their mean values differ at each forward
point in time, conditional on the state or level of interest rates in that scenario.
As in Chapter 9, we do a table lookup to get the right values. Alternatively, we
could have specified a mathematical function of the level of rates.

5. Re-smooth the yield curve at time step 1. We apply the yield curve–smoothing
techniques of Chapter 5 to smooth the yield curve between the values of the
yields whose simulated values we know (the HJM values at each annual time
step) so that we can value cash flows that do not fall exactly on a time step.

6. Move to the next time step and repeat steps 4 and 5 until you have completed the
simulation to M time steps, completing scenario j (and of course for the first
scenario j ¼ 1).

7. Repeat steps 4 to 6 for a total of N scenarios.

At each point in time, in each scenario, we can calculate the value of the risk-free
bond using the formula above. The number of cash flows and the time before they
arrive will of course change as time passes.

We now show how to value a bullet bond, an amortizing loan, and a floating-
rate loan using the HJM three-factor interest rate model from Chapter 9.

CURRENT AND FUTURE VALUES OF FIXED INCOME INSTRUMENTS:
HJM BACKGROUND AND A STRAIGHT BOND EXAMPLE

We use the risk-free yield curve and the bushy tree from the three-factor HJM model
in Chapter 9 for the examples in this chapter. We create a bushy tree for four periods
and three risk factors, so there is the same number of nodes in the tree as in Chapter 9,
that is, 4 in period 1; 16 in period 2; and 64 in period 3, which we can use to evaluate
cash flows in period 4. The zero-coupon bond prices prevailing at time zero are given
in Exhibit 19.1, taken directly from Chapter 9.

The probability of each node in the tree is given in Exhibit 19.2.

EXHIBIT 19.1 Key Assumptions

Period of Maturity

1 2 3 4

Input Zero-
Coupon
Bond Prices 0.9970057865 0.9841101497 0.9618922376 0.9308550992
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The discount factor for $1 received at each state is given in Exhibit 19.3, as
calculated in Chapter 9.

These discount factors are consistent with the term structure of zero-coupon
bond prices derived in Chapter 9. The probability-weighted discount factors for each
state are given in Exhibit 19.4. For each cash flow pattern we want to value, we
simply multiply the cash flow at each period in each state times these probability-
weighted discount factors to get the valuation at time zero.

EXHIBIT 19.2 Probability of Each State

Current Time

Row
Number 0 1 2 3 4

1 100.0000% 12.5000% 1.5625% 0.1953% 0.1953%
2 12.5000% 1.5625% 0.1953% 0.1953%
3 25.0000% 3.1250% 0.3906% 0.3906%
4 50.0000% 6.2500% 0.7813% 0.7813%
5 1.5625% 0.1953% 0.1953%
6 1.5625% 0.1953% 0.1953%
7 3.1250% 0.3906% 0.3906%
8 6.2500% 0.7813% 0.7813%
9 3.1250% 0.3906% 0.3906%
10 3.1250% 0.3906% 0.3906%
11 6.2500% 0.7813% 0.7813%
12 12.5000% 1.5625% 1.5625%
13 6.2500% 0.7813% 0.7813%
14 6.2500% 0.7813% 0.7813%
15 12.5000% 1.5625% 1.5625%
16 25.0000% 3.1250% 3.1250%
17 0.1953% 0.1953%
18 0.1953% 0.1953%
19 0.3906% 0.3906%
20 0.7813% 0.7813%
21 0.1953% 0.1953%
22 0.1953% 0.1953%
23 0.3906% 0.3906%
24 0.7813% 0.7813%
25 0.3906% 0.3906%
26 0.3906% 0.3906%
27 0.7813% 0.7813%
28 1.5625% 1.5625%
29 0.7813% 0.7813%
30 0.7813% 0.7813%
31 1.5625% 1.5625%
32 3.1250% 3.1250%
33 0.3906% 0.3906%
34 0.3906% 0.3906%
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EXHIBIT 19.2 (Continued)

Current Time

Row
Number 0 1 2 3 4

35 0.7813% 0.7813%
36 1.5625% 1.5625%
37 0.3906% 0.3906%
38 0.3906% 0.3906%
39 0.7813% 0.7813%
40 1.5625% 1.5625%
41 0.7813% 0.7813%
42 0.7813% 0.7813%
43 1.5625% 1.5625%
44 3.1250% 3.1250%
45 1.5625% 1.5625%
46 1.5625% 1.5625%
47 3.1250% 3.1250%
48 6.2500% 6.2500%
49 0.7813% 0.7813%
50 0.7813% 0.7813%
51 1.5625% 1.5625%
52 3.1250% 3.1250%
53 0.7813% 0.7813%
54 0.7813% 0.7813%
55 1.5625% 1.5625%
56 3.1250% 3.1250%
57 1.5625% 1.5625%
58 1.5625% 1.5625%
59 3.1250% 3.1250%
60 6.2500% 6.2500%
61 3.1250% 3.1250%
62 3.1250% 3.1250%
63 6.2500% 6.2500%
64 12.5000% 12.5000%

Total 100.0000% 100.0000% 100.0000% 100.0000% 100.0000%

EXHIBIT 19.3 Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1.0000 0.9970 0.9759 0.9326 0.8789
2 0.9970 0.9759 0.9326 0.8834

(Continued)

Valuing Credit Risky Bonds 457



EXHIBIT 19.3 (Continued)

Current Time

Row Number 0 1 2 3 4

3 0.9970 0.9759 0.9326 0.8868
4 0.9970 0.9759 0.9326 0.8632
5 0.9902 0.9623 0.9333
6 0.9902 0.9623 0.9380
7 0.9902 0.9623 0.9431
8 0.9902 0.9623 0.9247
9 0.9862 0.9511 0.9039
10 0.9862 0.9511 0.9326
11 0.9862 0.9511 0.9218
12 0.9862 0.9511 0.9015
13 0.9836 0.9301 0.8823
14 0.9836 0.9301 0.8868
15 0.9836 0.9301 0.8901
16 0.9836 0.9301 0.8665
17 0.9684 0.9298
18 0.9684 0.9593
19 0.9684 0.9482
20 0.9684 0.9273
21 0.9843 0.9631
22 0.9843 0.9789
23 0.9843 0.9768
24 0.9843 0.9726
25 0.9822 0.9571
26 0.9822 0.9859
27 0.9822 0.9796
28 0.9822 0.9613
29 0.9780 0.9609
30 0.9780 0.9657
31 0.9780 0.9710
32 0.9780 0.9521
33 0.9676 0.9460
34 0.9676 0.9507
35 0.9676 0.9560
36 0.9676 0.9373
37 0.9724 0.9507
38 0.9724 0.9555
39 0.9724 0.9608
40 0.9724 0.9420
41 0.9778 0.9435
42 0.9778 0.9719
43 0.9778 0.9657
44 0.9778 0.9477
45 0.9587 0.9173
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EXHIBIT 19.3 (Continued)

Current Time

Row Number 0 1 2 3 4

46 0.9587 0.9465
47 0.9587 0.9355
48 0.9587 0.9149
49 0.9624 0.9298
50 0.9624 0.9594
51 0.9624 0.9482
52 0.9624 0.9273
53 0.9672 0.9428
54 0.9672 0.9475
55 0.9672 0.9528
56 0.9672 0.9341
57 0.9725 0.9480
58 0.9725 0.9528
59 0.9725 0.9580
60 0.9725 0.9393
61 0.9535 0.9124
62 0.9535 0.9323
63 0.9535 0.9282
64 0.9535 0.9079

EXHIBIT 19.4 Probability of Weighted Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1.0000 0.1246 0.0152 0.0018 0.0017
2 0.1246 0.0152 0.0018 0.0017
3 0.2493 0.0305 0.0036 0.0035
4 0.4985 0.0610 0.0073 0.0067
5 0.0155 0.0019 0.0018
6 0.0155 0.0019 0.0018
7 0.0309 0.0038 0.0037
8 0.0619 0.0075 0.0072
9 0.0308 0.0037 0.0035
10 0.0308 0.0037 0.0036
11 0.0616 0.0074 0.0072
12 0.1233 0.0149 0.0141
13 0.0615 0.0073 0.0069
14 0.0615 0.0073 0.0069
15 0.1230 0.0145 0.0139

(Continued)
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EXHIBIT 19.4 (Continued)

Current Time

Row Number 0 1 2 3 4

16 0.2459 0.0291 0.0271
17 0.0019 0.0018
18 0.0019 0.0019
19 0.0038 0.0037
20 0.0076 0.0072
21 0.0019 0.0019
22 0.0019 0.0019
23 0.0038 0.0038
24 0.0077 0.0076
25 0.0038 0.0037
26 0.0038 0.0039
27 0.0077 0.0077
28 0.0153 0.0150
29 0.0076 0.0075
30 0.0076 0.0075
31 0.0153 0.0152
32 0.0306 0.0298
33 0.0038 0.0037
34 0.0038 0.0037
35 0.0076 0.0075
36 0.0151 0.0146
37 0.0038 0.0037
38 0.0038 0.0037
39 0.0076 0.0075
40 0.0152 0.0147
41 0.0076 0.0074
42 0.0076 0.0076
43 0.0153 0.0151
44 0.0306 0.0296
45 0.0150 0.0143
46 0.0150 0.0148
47 0.0300 0.0292
48 0.0599 0.0572
49 0.0075 0.0073
50 0.0075 0.0075
51 0.0150 0.0148
52 0.0301 0.0290
53 0.0076 0.0074
54 0.0076 0.0074
55 0.0151 0.0149
56 0.0302 0.0292
57 0.0152 0.0148
58 0.0152 0.0149
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VALUATION OF A STRAIGHT BOND WITH A BULLET PRINCIPAL
PAYMENT AT MATURITY

We saw in Chapter 9 that a bond paying an annual coupon of $3 and principal of
$100 at time T ¼ 4 could be valued directly using the present value formula above.
Alternatively, we can do a Monte Carlo simulation or bushy tree using the HJM
no-arbitrage framework and get the identical time 0 value. Exhibit 19.5 shows that
the valuation can also be calculated using the bushy tree by inserting the correct cash
flow in the cash flow table and multiplying each cash flow by the probability-
weighted discount factors in Exhibit 19.4. When we do this, we get the same value as
in Chapter 9: 104.7071.

We can calculate the future values of this bond, at each node of the bushy tree in
each state, by using the term structure of zero-coupon bond prices that prevails on the
bushy tree, shown in Chapter 9. We now turn to an amortizing structure.

VALUING AN AMORTIZING LOAN

An amortizing bond or loan pays the same dollar amount in each period, say A. If
there is no default risk or prepayment risk, a loan paying this constant amount A per
period for n periods can be valued directly using a special case of the present value
formula above:

Present value ¼ A
Xn
i¼1

PðtiÞ

Keeping with our example from Chapter 9, we can use the zero-coupon bond
prices to value an amortizing loan that pays $50 at times 1, 2, 3, and 4. Alternatively,
we can get exactly the same valuation by inserting $50 for every state at all four times
1, 2, 3, and 4, producing the valuation of $193.6932 as in Exhibit 19.6.

We now turn to a floating-rate structure.

EXHIBIT 19.4 (Continued)

Current Time

Row Number 0 1 2 3 4

59 0.0304 0.0299
60 0.0608 0.0587
61 0.0298 0.0285
62 0.0298 0.0291
63 0.0596 0.0580
64 0.1192 0.1135
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EXHIBIT 19.5 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.00 3.00 3.00 3.00 103.00
2 3.00 3.00 3.00 103.00
3 3.00 3.00 3.00 103.00
4 3.00 3.00 3.00 103.00
5 3.00 3.00 103.00
6 3.00 3.00 103.00
7 3.00 3.00 103.00
8 3.00 3.00 103.00
9 3.00 3.00 103.00
10 3.00 3.00 103.00
11 3.00 3.00 103.00
12 3.00 3.00 103.00
13 3.00 3.00 103.00
14 3.00 3.00 103.00
15 3.00 3.00 103.00
16 3.00 3.00 103.00
17 3.00 103.00
18 3.00 103.00
19 3.00 103.00
20 3.00 103.00
21 3.00 103.00
22 3.00 103.00
23 3.00 103.00
24 3.00 103.00
25 3.00 103.00
26 3.00 103.00
27 3.00 103.00
28 3.00 103.00
29 3.00 103.00
30 3.00 103.00
31 3.00 103.00
32 3.00 103.00
33 3.00 103.00
34 3.00 103.00
35 3.00 103.00
36 3.00 103.00
37 3.00 103.00
38 3.00 103.00
39 3.00 103.00
40 3.00 103.00
41 3.00 103.00
42 3.00 103.00
43 3.00 103.00
44 3.00 103.00
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EXHIBIT 19.5 (Continued)

Current Time

Row Number 0 1 2 3 4

45 3.00 103.00
46 3.00 103.00
47 3.00 103.00
48 3.00 103.00
49 3.00 103.00
50 3.00 103.00
51 3.00 103.00
52 3.00 103.00
53 3.00 103.00
54 3.00 103.00
55 3.00 103.00
56 3.00 103.00
57 3.00 103.00
58 3.00 103.00
59 3.00 103.00
60 3.00 103.00
61 3.00 103.00
62 3.00 103.00
63 3.00 103.00
64 3.00 103.00

Risk-Neutral Value 5 104.7070997370

EXHIBIT 19.6 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.00 50.00 50.00 50.00 50.00
2 50.00 50.00 50.00 50.00
3 50.00 50.00 50.00 50.00
4 50.00 50.00 50.00 50.00
5 50.00 50.00 50.00
6 50.00 50.00 50.00
7 50.00 50.00 50.00
8 50.00 50.00 50.00
9 50.00 50.00 50.00
10 50.00 50.00 50.00
11 50.00 50.00 50.00
12 50.00 50.00 50.00
13 50.00 50.00 50.00
14 50.00 50.00 50.00

(Continued)

Valuing Credit Risky Bonds 463



EXHIBIT 19.6 (Continued)

Current Time

Row Number 0 1 2 3 4

15 50.00 50.00 50.00
16 50.00 50.00 50.00
17 50.00 50.00
18 50.00 50.00
19 50.00 50.00
20 50.00 50.00
21 50.00 50.00
22 50.00 50.00
23 50.00 50.00
24 50.00 50.00
25 50.00 50.00
26 50.00 50.00
27 50.00 50.00
28 50.00 50.00
29 50.00 50.00
30 50.00 50.00
31 50.00 50.00
32 50.00 50.00
33 50.00 50.00
34 50.00 50.00
35 50.00 50.00
36 50.00 50.00
37 50.00 50.00
38 50.00 50.00
39 50.00 50.00
40 50.00 50.00
41 50.00 50.00
42 50.00 50.00
43 50.00 50.00
44 50.00 50.00
45 50.00 50.00
46 50.00 50.00
47 50.00 50.00
48 50.00 50.00
49 50.00 50.00
50 50.00 50.00
51 50.00 50.00
52 50.00 50.00
53 50.00 50.00
54 50.00 50.00
55 50.00 50.00
56 50.00 50.00
57 50.00 50.00
58 50.00 50.00
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VALUING RISK-FREE, FLOATING-RATE LOANS

In this section, we show how to value a floating-rate loan whose payments are tied
to the one-period spot rate of interest that is consistent with the bushy tree from
Chapter 9. The spot rate of interest at each point in time from time 0 to time 4 is given
in Exhibit 19.7.

Let’s assume we want to value a loan with $1,000 in principal that matures at
time T ¼ 4. Let us also assume that the interest rate on the loan equals the spot rate
of interest times principal plus $50, paid in arrears. The reader can confirm that the
cash flow table is consistent with Exhibit 19.8 and that the present value of the loan is
1,193.6932.

Note that the value of $50 received at times 1, 2, 3, and 4was valued at $193.6932
in Exhibit 19.6, sowe expect that the present value of a risk-free loan that pays the one-
period spot rate plus zero premium is exactly $1000.0000. We insert those cash flows
into the cash flow table, multiply by the probability-weighted discount factors, and
indeed get exactly $1,000. This should come as no surprise, because on each branch of
the bushy tree, we are discounting $1,000 (1 þ spot rate) by (1 þ spot rate), consis-
tent with no-arbitrage valuation in Chapter 9.

This result is a practical application of this formula from Chapter 4 in the
context of a three-factor HJM bushy tree:

Value of floating-rate bond

¼ Pðt1Þ 1þ Index

m

0
@

1
APrincipal

2
4

3
5þ Spread

�
∑
n

i¼1
PðtiÞ
�

This seems simple enough—what about the credit risky case?

VALUING BONDS WITH CREDIT RISK

Is the process of valuing bonds with credit risk any different from valuing bonds
without credit risk? As we saw in Chapter 17, we need to do more work to fit credit

EXHIBIT 19.6 (Continued)

Current Time

Row Number 0 1 2 3 4

59 50.00 50.00
60 50.00 50.00
61 50.00 50.00
62 50.00 50.00
63 50.00 50.00
64 50.00 50.00

Risk-Neutral Value 5 193.6931636452
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EXHIBIT 19.7 Spot Rate Process

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%
S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%
S-3, S-3, S-4 44 3.1757%
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EXHIBIT 19.7 (Continued)

State Row Number 0 1 2 3

S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%

EXHIBIT 19.8 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 53.0032 71.6527 96.3884 1,111.1062
2 53.0032 71.6527 96.3884 1,105.6672
3 53.0032 71.6527 96.3884 1,101.7103
4 53.0032 71.6527 96.3884 1,130.3747
5 56.9105 64.1419 1,081.0407
6 56.9105 64.1419 1,075.9132
7 56.9105 64.1419 1,070.2913
8 56.9105 64.1419 1,090.6283
9 60.9723 76.0890 1,102.2100
10 60.9723 76.0890 1,069.7841
11 60.9723 76.0890 1,081.7977
12 60.9723 76.0890 1,105.0166
13 63.6107 99.1794 1,104.2520
14 63.6107 99.1794 1,098.8481

(Continued)
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EXHIBIT 19.8 (Continued)

Current Time

Row Number 0 1 2 3 4

15 63.6107 99.1794 1,094.9168
16 63.6107 99.1794 1,123.3960
17 72.4959 1,091.5175
18 72.4959 1,059.4211
19 72.4959 1,071.3126
20 72.4959 1,094.2955
21 55.9835 1,072.0359
22 55.9835 1,055.5310
23 55.9835 1,057.6673
24 55.9835 1,062.0037
25 58.1208 1,076.2311
26 58.1208 1,046.2660
27 58.1208 1,052.5932
28 58.1208 1,071.6787
29 62.4592 1,067.7642
30 62.4592 1,062.7027
31 62.4592 1,057.1531
32 62.4592 1,077.2283
33 69.2173 1,072.8044
34 69.2173 1,067.7178
35 69.2173 1,062.1408
36 69.2173 1,082.3153
37 64.1486 1,072.8044
38 64.1486 1,067.7178
39 64.1486 1,062.1408
40 64.1486 1,082.3153
41 58.5911 1,086.3541
42 58.5911 1,056.0934
43 58.5911 1,062.4830
44 58.5911 1,081.7567
45 78.6949 1,095.0704
46 78.6949 1,062.8645
47 78.6949 1,074.7966
48 78.6949 1,097.8579
49 72.0883 1,085.0128
50 72.0883 1,053.1169
51 72.0883 1,064.9341
52 72.0883 1,087.7735
53 67.0053 1,075.8313
54 67.0053 1,070.7297
55 67.0053 1,065.1361
56 67.0053 1,085.3704
57 61.4322 1,075.8313
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EXHIBIT 19.8 (Continued)

Current Time

Row Number 0 1 2 3 4

58 61.4322 1,070.7297
59 61.4322 1,065.1361
60 61.4322 1,085.3704
61 81.5926 1,095.0608
62 81.5926 1,072.6860
63 81.5926 1,077.2519
64 81.5926 1,100.2298

Risk-Neutral Value 5 1,193.6932

EXHIBIT 19.9 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0032 21.6527 46.3884 1,061.1062
2 3.0032 21.6527 46.3884 1,055.6672
3 3.0032 21.6527 46.3884 1,051.7103
4 3.0032 21.6527 46.3884 1,080.3747
5 6.9105 14.1419 1,031.0407
6 6.9105 14.1419 1,025.9132
7 6.9105 14.1419 1,020.2913
8 6.9105 14.1419 1,040.6283
9 10.9723 26.0890 1,052.2100
10 10.9723 26.0890 1,019.7841
11 10.9723 26.0890 1,031.7977
12 10.9723 26.0890 1,055.0166
13 13.6107 49.1794 1,054.2520
14 13.6107 49.1794 1,048.8481
15 13.6107 49.1794 1,044.9168
16 13.6107 49.1794 1,073.3960
17 22.4959 1,041.5175
18 22.4959 1,009.4211
19 22.4959 1,021.3126
20 22.4959 1,044.2955
21 5.9835 1,022.0359
22 5.9835 1,005.5310
23 5.9835 1,007.6673
24 5.9835 1,012.0037

(Continued)
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EXHIBIT 19.9 (Continued)

Current Time

Row Number 0 1 2 3 4

25 8.1208 1,026.2311
26 8.1208 996.2660
27 8.1208 1,002.5932
28 8.1208 1,021.6787
29 12.4592 1,017.7642
30 12.4592 1,012.7027
31 12.4592 1,007.1531
32 12.4592 1,027.2283
33 19.2173 1,022.8044
34 19.2173 1,017.7178
35 19.2173 1,012.1408
36 19.2173 1,032.3153
37 14.1486 1,022.8044
38 14.1486 1,017.7178
39 14.1486 1,012.1408
40 14.1486 1,032.3153
41 8.5911 1,036.3541
42 8.5911 1,006.0934
43 8.5911 1,012.4830
44 8.5911 1,031.7567
45 28.6949 1,045.0704
46 28.6949 1,012.8645
47 28.6949 1,024.7966
48 28.6949 1,047.8579
49 22.0883 1,035.0128
50 22.0883 1,003.1169
51 22.0883 1,014.9341
52 22.0883 1,037.7735
53 17.0053 1,025.8313
54 17.0053 1,020.7297
55 17.0053 1,015.1361
56 17.0053 1,035.3704
57 11.4322 1,025.8313
58 11.4322 1,020.7297
59 11.4322 1,015.1361
60 11.4322 1,035.3704
61 31.5926 1,045.0608
62 31.5926 1,022.6860
63 31.5926 1,027.2519
64 31.5926 1,050.2298

Risk-Neutral Value 5 1,000.0000
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risky bonds to observable market data and we need to be able to separate out the
credit loss–related portion of the credit spread from the liquidity portion as we dis-
cussed then. What if we do that? Having done that and having calculated the value of
a risky zero-coupon bond with maturity t, P(t), can we use the formulas for value
previously?

Present value ¼
Xn
i¼1

PðtiÞCðtiÞ

Robert Jarrow (2004) provides the answer. The necessary and sufficient condi-
tions for using the present value formula directly, even when the issuer can default,
can be summarized as follows:

n The present value formula can be used correctly if the recovery rate δ is constant
and the same for all bonds with the same seniority, the assumption used by
Jarrow and Turnbull (1995).

n The present value formula can be used if the recovery rate is random and
depends only on time and seniority.

n If the default process is a Cox process (like the reduced form models in Chapter
16), then a sufficient condition to use the present value formula is for recovery to
be a fraction of the bond’s price an instant before default.

In reduced form models, under these assumptions then, the present value formula
can be used in a straightforward way. In the Merton model and its variations, things
are not so easy, and that is why it has been relegated to our review of legacy credit
models, models past their prime, in Chapter 18. Use of the Merton model for
enterprise risk management is not accurate or practical and will not be covered in the
rest of this book except in passing when reviewing the problems of using the copula
method of portfolio simulation for valuation of collateralized debt obligations (see
Chapter 20).

Under the Jarrow (2004) conditions, the valuation of the previous structures
(a bullet bond, an amortizing loan, and a floating-rate loan) is exactly the same for
credit risky bonds as it is for risk-free bonds. Only the values in the bushy tree would
be different, because the zero-coupon bond inputs are different for a credit risky
borrower.

What happens when the Jarrow conditions are not met? We deal with that
special case in our chapter on American fixed income options, Chapter 27.

SIMULATING THE FUTURE VALUES OF BONDS WITH CREDIT RISK

Simulating the value of risky bonds involves a straightforward number of steps using
the reduced form models. For the reduced form model, the steps are as follows:

1. Simulate the risk-free term structure as given earlier.
2. Choose a formula and the risk drivers for the liquidity component of credit

spread as discussed in Chapter 17.
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3. Choose a formula and the risk drivers for the default intensity process in the
Jarrow model as discussed in Chapter 16.

4. Simulate the random values of the drivers of liquidity risk and the default
intensity for K risk factors and M time periods over N scenarios, consistent with
the risk-free term structure.

5. Calculate the default intensity and the liquidity component at each of the M
time steps and N scenarios. Note that these will be changing randomly over time
because interest rates and other factors impact each of them. This is essential to
capturing cyclicality in bond prices and defaults.

6. Apply the Jarrow model as we have done in Chapters 16 and 17 to get the zero-
coupon bond prices for each maturity relevant to the bond.

7. Calculate the bond’s value at each of the M time steps and N scenarios, con-
ditional on the company not defaulting in that period or in a prior date.

This is only slightly more complicated than the risk-free bond simulation. It relies
on the identical interest rate scenarios and simulation process. Note that if the sim-
ulation is done for many companies with common risk factors driving default, we
will see correlated default behavior that we have discussed throughout this book.

VALUING THE JARROW-MERTON PUT OPTION

If we have a portfolio of straight bonds, either fixed rate or floating rate, on the asset
side of our financial institution, we are almost ready to value the Jarrow-Merton put
option on the assets of the firm. We defer that until we reach Chapter 21, but the goal
is near at hand. We move first to the discussion of credit default swaps and collat-
eralized debt obligations, because they help set a more general portfolio context for
the problem.
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CHAPTER 20
Credit Derivatives and Collateralized

Debt Obligations

The credit crisis of 2006 to 2011 represented one of the greatest episodes of
financial hysteria seen since the Nikkei stock price index (which traded at

8,734.62 on June 25, 2012) reached an intraday peak of 38,957.44 on December 29,
1989. The introduction to this book summarizes much of this mass hysteria, and it is
very difficult to resist the temptation to make this a “What were they thinking?”
chapter when recounting the tens of billions of dollars lost in the credit markets
during this period. As best we can, we will try to reemphasize some common risk
management fallacies that we raised in the introduction to this book. We reprise
those fallacies in this chapter with specific reference to credit default swaps (CDS)
and collateralized debt obligations (CDOs) and how Wall Street responded to
market participants who clung to these fallacies as if they were true:

n “If it hasn’t happened to me yet, it won’t happen to me, even if it’s happened to
someone else.”

Wall Street response: If everyone thinks home prices won’t go down, sell
them 100 percent loan-to-value mortgage loans until they learn otherwise.

n “Silo risk management allows my firm to choose the ‘best of breed’ risk model
for our silo.”

Wall Street response: If the credit silo can’t model the value of securities
whose default is tied to macroeconomic factors such as home prices, sell them
mortgage-related CDOs.

n “I don’t care what’s wrong with the model. Everyone else is using it.”
Wall Street response: After convincing many to use the flawed copula

method, Wall Street stuffed investors with CDOs until they finally figured out
the model didn’t work.

n “I don’t care what’s wrong with the assumptions. Everyone else is using them.”
Wall Street response: If everyone is using historical value at risk during a

period of rising home prices, work fast to stuff them with mortgage-backed
securities after home prices begin to fall.

n “Mathematical models are superior to computer simulations.”
Wall Street response: Try to stuff the firms relying on “F9 Model Monkeys”

(see the upcoming Felix Salmon 2012 reference) before they realize that only the
kind of sophisticated simulation we describe next can accurately measure
the risk.
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n “Big North American and European banks are more sophisticated than other
banks around the world and we want to manage risk like they do.”

Wall Street has long used the sales strategy “real men buy [insert the name of
an overpriced derivative]” with great success. Once buy-side firms stopped
buying CDOs, traders used this strategy on their own management teams,
loading up CDO structuring firms like Citigroup and Merrill Lynch with
unsalable CDO tranches in the hopes that bonuses would be paid before their
strategy was discovered.

n “Goldman says they do it this way and that must be right.”
Naïve investors have long regarded their investment bankers as someone

with whom they need “a relationship.” Too many look at a Wall Street sales-
person wearing a suit and envision that person as a saintly combination of wise
finance professor and Mother Teresa. Sadly, the investment bankers have proven
in the 2006 to 2011 credit crisis that their view of a client relationship is the same
type of relationship that they have with a cheeseburger at McDonald’s (where
they rarely have to eat).

Too many journalistic classics have emerged from this human comedy to sum-
marize them all here.1

With this real-world background out of the way, we turn to the theory and
practice of the credit default swap and collateralized debt obligation markets. As we
often do during this volume we highlight flawed approaches with the Model Risk
Alert label.

CREDIT DEFAULT SWAPS: THEORY

The focus of this chapter is on pricing, valuation, hedging, and simulation of CDS
and CDOs with the same ultimate goal of this volume: to measure and hedge risk in a
fully integrated way, as captured by the Jarrow-Merton put option that is discussed
in Chapter 1. We don’t focus on the nitty-gritty details of transaction terms and
structures, which are covered in great depth by a number of other others including
Tavakoli (2003), Ranson (2003), Meissner (2008), and Raynes and Rutledge (2003).
Our focus here is on analyzing credit derivatives in the context of a highly accurate
enterprise-wide risk management framework with a complete integration of credit
risk, market risk, liquidity risk, and interest rate risk.

Credit default swaps have been highly touted as a credit risk management tool
because of the difficulty in hedging single-name credit risk by shorting the common
stock of the issuer, which we discussed in Chapter 18, or the publicly traded bonds of
the issuer. Clearly, if shorting the bonds were easy to do, one would either sell the
debt issue being hedged outright or sell it short. Short sales of risky debt are rarely an
option because of the illiquidity of the bond market (which is explicitly incorporated
in the Jarrow model of risky debt discussed in Chapter 16). For that reason, the
development of the credit default swap market was initially greeted with enthusiasm
by market participants over the past decade. This enthusiasm has faded, however, as
we explain in the next section.

Two credit default swap structures are common in the marketplace. In the first
structure, which we call the traditional structure, the credit protection provider pays
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the purchaser of credit protection the “recovery amount” associated with the
notional principal of the credit default swap with a specified delay after a specified
time frame from the carefully defined event of default. This recovery amount is
determined by an auction process overseen by ISDA.org. In the second structure,
the digital default swap, the provider of credit protection essentially pays $1 upon the
occurrence of an event of default. By comparing the pricing on the two structures for
the same issuer and the same maturity, one can imply the recovery rate and loss given
default implicit in market prices. The latter structure is quite rare, but it is of great
academic interest because it ignores the thorny issues of recovery.

The conceptual benefits of these derivatives structures to financial institutions are
powerful, but we summarize the increasingly dramatic problems in the next section:
lack of liquidity, market concentration, and potential market manipulation like that
mentioned in Chapter 17 with respect to the LIBOR market.

Initially, themarket for credit default swaps called for a periodic payment inadvance
(the insurance premium) by the purchaser of credit protection. Up-front insurance
payments by the purchaser of credit protection were restricted to troubled reference
credits.After the credit default swapmarket“big bang” in 2009, up-front paymentswith
more modest periodic payments became the norm for credits of all quality ranges.

Jarrow (1999) provides a valuation framework for credit default swaps that
explicitly allows for the fact that there may be illiquidity in the bond markets, which
is, in return, reflected in risky bond prices. We reviewed the essentials of the Jarrow
model in Chapter 16. The hazard rate, or “default intensity” in the Jarrow model is
given by a linear combination of three terms:

λðtÞ ¼ λ0 þ λ1rðtÞ þ λ2ZðtÞ

Recall that the first term, λ0, can be made time dependent, extending the credit
model exactly like we extended term structure models in Chapters 6 through 9
and Chapter 13. The r(t) term is the short rate of interest in a sophisticated term
structure model. The term Z(t) is the “shock” term with mean zero and standard
deviation of one which creates random movements in the macroeconomic factor(s)
(such as home prices in the case of the 2006 to 2011 credit crisis), which drives
default for that particular company.2 Movements in this macro factor are generally
written in this form:

dMðtÞ ¼MðtÞ½rðtÞdt þ σmdZðtÞ�

We start our valuation review with the simplest case: a digital default swap with
a constant continuous default intensity. Jarrow shows that the value of a digital
default swap when the default intensity λ0 is constant can be written

ItðTÞ1fτ.tg ¼ λ0

ZT
t

vðt,s : iÞds ¼ λ0

ZT
t

pðt,sÞe�λ0ðs�tÞds

In this expression, the expression v(t,s,i) refers to the time t zero-coupon bond
of the risky issuer with maturity s and seniority i. The expression p(t,s) is a risk-free
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zero-coupon bond as of time withmaturity s. The integrals in this expression recognize
that default can occur any time between time t and thematurity of the credit protection
at time T. Jarrow shows how this expression changes as interest rates and macro
factors are allowed to drive the default intensities. The first of the two equivalent
expressions makes it clear that the value of the digital default swap is the continuous
time equivalent of the promise to pay $1 at each point in time that default could occur,
weighted by the probability that default can occur at that time.When the default swap
is the more conventional type, where the amount of recovery δ comes into play,
the formula needs to be modified. The nature of the modification depends on the
assumptions about recovery: both timing and sensitivity of recovery to the macro-
economic factors that drive default. For a detailed discussion, see Jarrow (1999) and
Chapter 16. In the Jarrow-Turnbull model, we discussed the valuation of a zero-
coupon bond in which the holder received either $1 at maturity or a recovery δ. The
Jarrow-Turnbull model can be thought of as a “credit default swap” zero-coupon bond
where the credit protection provider pays $0 (instead of $1) if there is no default and δ if
there is a default. The value of this simple credit default swap is a slight variation on the
Jarrow-Turnbull defaultable zero-coupon bond valuation formula from Chapter 16:

vðt,TÞ ¼ ½e�λμðT�tÞ þ ð1� e�λμðT�tÞÞδ�Pðt,TÞ

The first term in brackets is the probability of no default during the term of the
zero-coupon bond. The second term in brackets is probability of default during
the term of the bond. If there is no payoff in the event of no default, the value of a
promise to pay a credit insurance payment of δ at the scheduled maturity date (instead
of the date of the event of default) if default occurs during the life of the bond is

vðt,TÞ ¼ ½ð1� e�λμðT�tÞÞδ�Pðt,TÞ

The Jarrow formulation discussed earlier allows for payment of $1, not δ, and
the credit payment is made at the time of default, not the scheduled maturity date.

In modeling the valuation, loss distribution, and cost of the Jarrow-Merton put
option of a credit portfolio that consists of many underlying borrowers or “reference
names,” market participants frequently confuse the meaning of the term correlation.
Correlation can mean three things, and in two of the three cases the term has a
model-specific meaning. Jarrow and van Deventer (2005) review the links between
these correlation concepts:

n Correlation in the value of company assets in the Merton framework, which is
definitely not the same as the other two meanings of the term correlation. Note
that the correlation in the value of company assets between firms A and B can be
100 percent, but the correlation in the events of default will not be 100 percent
except when the two firms A and B have identical default probabilities.

n Correlation in default intensities due to dependence on common macro factors
like interest rates and the S&P 500 in a U.S. context, the r(t) and Z(t) terms given
in the Jarrow formulas above. The correlation between the default intensities of
companies A and B in the reduced form modeling context depends on the mag-
nitude of the parameters λ0, λ1, and λ2 for each of the two companies A and B.
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n Correlation in the events of default, not the default probabilities themselves. This
is the correlation between the two vectors for Companies A and B, which have a
zero in a period when the company did not default and a one when the company
does default. For two solvent companies, obviously, these historical time series
vectors have nothing but zeros so the historical correlation in the events of default
cannot be impliedby thehistorical dataon events of default forCompaniesAandB.

We will try to make these distinctions clear in what follows.
How does one model total credit risk in a portfolio of companies in a reduced

form model? Jarrow (1999) shows that the present value of a contract, which pays $1
if both firms 1 and 2 default prior to time T has the following formula, where the
subscripts for 1 and 2 denote the firm:

Vt1fτ1.t, τ2.tg ¼ pðt, TÞ � Et

�
e
�
RT
t

½rðuÞþλ1ðuÞ�du�
� Et

�
e
�
RT
t

½rðuÞþλ2ðuÞ�du�

þ Et

�
e
�
RT
t

½rðuÞþλ1ðuÞþλ2ðuÞ�du�

The expression Et denotes the risk-neutral expected value of the expressions in
brackets as of time t. Jarrow goes on to show how closed form solutions can be
obtained to value basket swaps in the reduced form model context. We can arrive at
the same conclusion by simulating the macro factors driving the default intensities
in the reduced form models, simulating default/no default in a multiperiod way, and
taking the correct risk-adjusted present value of the cash flows that result. We outline
this procedure below in the context of collateralized debt obligations.

The Jarrow formula above shows us how to model counterparty credit risk.
Assume that Company A is buying digital default swap protection on Company C
with Company B as the insurance provider. We know that this transaction pays:

n 0 if Company A defaults before Company B or Company C (since Company A
defaults on the credit insurance premiums).

n 0 if Company B defaults before Company C.
n $1 if Company C defaults (1) before Companies A and B but (2) before the credit

protection contract expires.

We can use this knowledge to simulate the counterparty credit risk using either
the Merton or Jarrow reduced form model framework discussed above. Implicit
in the formulas above are a very key assumption—that markets are perfectly liquid
and that no volume of trading in credit default swaps or (Model Risk Alert) risky
debt will change their price. Recent events involving JPMorgan Chase illustrate the
tenuous nature of this assumption. We turn to the implications in the next section.

CREDIT DEFAULT SWAPS: PRACTICE3

The May 2012 sight of the mighty JPMorgan Chase, wallowing in a credit default
swap position from which it cannot exit, raises many questions about the valuation
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formulas from the previous section. We know from Chapter 17 that the credit spread,
both in the bond and CDS markets, reflects the intersection of supply and demand.
None of the complications discussed inChapter 17 is represented in the previous digital
default swap formula, which assumed perfectly liquid markets with no impact on the
price of credit protection from trade size. One of the key real-world questions is a
particularly simple one: Is the arena for credit default swap trading a marketplace or
a mud pit? In this section, we sadly conclude that the answer is “mud pit” and outline
someof the verymany steps that are necessary for credit default swap arena to becomea
marketplace where the assumptions of the previous section have a better chance of
being accurate.Without these reforms, the CDSmud pit is likely to suffer the same fate
as collateralized debt obligation-total irrelevance, as we discuss next.

JPMorgan Chase’s May 8, 2012, announcement of $2 billion in losses from a
trade that the firm could not easily exit turned the spotlight on the arena for credit
default swaps. How can a sophisticated market participant like JPMorgan Chase end
up suffering such discomfort and illiquidity in the U.S. financial markets? We explain
that in this section. We focus on single-name credit default swaps, not the credit
default swap index market in which JPMorgan Chase has suffered its losses. The
reason for our focus is also simple: The CDS index market is built on the foundation
of the single-name CDS market. If the single-name CDS market is a mud pit, so is the
index market.

What do we mean when we ask if the CDS market is a mud pit? We are in
essence asking the following questions:

n Is there a transparent and open transmission of traded prices, bids, and offers in
real time by reference name like there is for common stocks and options?

n Is there reliable reporting of trade volume in real time like there is for common
stocks and options?

n Is there sufficient competition in the market to prevent market manipulation by a
concentrated set of dealers, like there is for common stocks?

n If the market is highly concentrated, is there sufficient regulatory scrutiny to
prevent rampant market manipulation?

n Is there sufficient regulatory scrutiny to prevent CDS trading on inside
information?

Sadly, the answer to all of these questions is no. The unfortunate answer to
another key question is yes—that question is “Has there been tacit cooperation
among market participants and data vendors to preserve the status quo in the CDS
mud pit?”

We briefly deal with each of these questions in turn:

n Is there a transparent and open transmission of traded prices, bids, and offers in
real time by reference name like there is for common stocks and options?

In spite of changes in reporting by the Depository Trust & Clearing Cor-
poration (DTCC) in recent years, the single-name CDS bids, offers, and traded
prices are tightly controlled by a small cadre of dealers, market data vendors,
and DTCC itself. The data is not freely available on a website like Yahoo! or
Google in the way that common stock prices or even bond prices are. While one
broker who distributes CDS data does time stamp bids, offers and trades in its
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data service, they are the exception, not the rule, and they see a relatively small
market share of total activity. The primary product offered by the largest CDS
data vendor does not distinguish between bids, offers, and traded prices.
Moreover, the data service typically lists CDS spreads for 2,000 corporates and
sovereigns even though there have never been more than 1,000 reference names
traded in a given week since DTCC began reporting trade volume (but not bids,
offers, or traded prices) since the week ended July 16, 2010.

n Is there reliable reporting of trade volume in real time like there is for common
stocks and options?

No. DTCC has this information, but it makes trade volume available on a
weekly basis with a two or three business day lag, starting with the week ended
July 16, 2010. Through January, 2012, the terms of use agreement for that
volume data made it illegal for the authors to tell readers how many single-name
CDS were traded in JPMorgan Chase because of this phrase:

You agree to treat any Report containing data on a specific entity, rather
than aggregate position or transaction activity or other aggregate data, as
confidential, or, if you are a regulator or governmental entity, in accordance
with any statutory confidentiality requirements applicable to you.

Fortunately, since January, 2012, this phrase has been removed.

n Is there sufficient competition in the market to prevent market manipulation by a
concentrated set of dealers, like there is for common stocks?

No. In a recent blog, using the standard measures of market concentration
by the Department of Justice and volume data from the Office of the Comp-
troller of the Currency, we showed that the market for credit default swaps has
been “highly concentrated” since its inception.4 The European Commission
announced on April 29, 2011, that it was launching two antitrust investigations
into the CDS market.5

n If the market is highly concentrated, is there sufficient regulatory scrutiny to
prevent rampant market manipulation?

No. In fact, a courageous journalist recently described how to manipulate
the credit default swap market in this post from three years ago.6

n Is there sufficient regulatory scrutiny to prevent CDS trading on inside
information?

No. The SEC launched the first action alleging insider trading in 2009, but it
was ultimately unsuccessful.7 The fact that insider trading is a serious problemwas
highlighted by this announcement from the UK’s Financial Services Authority in
2011.8 That leads us to perhaps themost saddening question of those posed above.

n Has there been tacit cooperation among market participants and data vendors to
preserve the status quo in the CDS mud pit?

Yes. Perhaps the most egregious form of cooperation is the effort to preserve
the impression that there is active trading in a large number of reference names
when in fact there is not.9

Breathless reporters or rating agencies claim “Dell’s CDS widen 42%” when,
in fact, there were only 9.6 gross trades per day and 1.75 nondealer trades per day in
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Dell during the week ended May 25, 2012, according to DTCC.10 Reporters need
a story, and the CDS mud pit provides material. Rating agencies need a product
that is not a rating, and the CDS mud pit provides one. CDS data vendors could not
sell CDS data if it were well known that (1) 81.68 percent of trades in the DTCC
trade warehouse were trades between dealers or (2) more than 50 percent of the
reference names for which data were reported by the vendor had no trades in a given
week, on average.

Existing beneficiaries of the CDS mud pit have no incentive to change things
and lots of incentives not to change things. These changes must be forced by laws and
regulations. The necessary changes should emulate the information and data flow of
the market for common stocks and options. These markets, while not yet perfect, are
1 million times more transparent and competitive than the CDS mud pit:

n Distribute data through a large number of data vendors as the New York Stock
Exchange does

n Display bid levels and bid volumes in real time
n Display offered levels and offered volumes in real time
n Display traded prices and traded volumes in real time
n Require disclosure of all entities with large open positions, both long and short,

as is required in the market for common stock
n Aggressively enforce insider trading rules
n Force trading onto legitimate exchanges. Industry resistance to this is long

standing, but that is irrelevant. The investors’ interest is of greater import.
n Use the Department of Justice whenever necessary to establish competition in the

marketplace

Until then, whenever one sees a credit default swap quotation, it should be
regarded with an extremely high degree of suspicion. With this sobering information
as background, we now turn to the rise and fall of the market for collateralized debt
obligations.

COLLATERALIZED DEBT OBLIGATIONS: THEORY

Collateralized debt obligations are generalized versions of first to default swaps,
second to default swaps, third to default swaps, and so on. In a typical CDO
structure, there may be 100 to 150 underlying reference names with a (roughly) equal
amount of (actual or notional) principal associated with each of the reference names.
Synthetic CDOs have single-name credit default swaps as the underlying reference
instruments. Cash-flow CDOs have financial instruments such as bonds, mortgage-
backed securities, asset-backed securities, commercial mortgage-backed securities, or
other instruments as the underlying collateral. If the underlying collateral is in the
form of bonds issued by the 100 reference names, the proceeds of the issuance of
senior, subordinated, and equity tranches of the CDO are used to buy these bonds.
If the underlying “collateral” is in the form of credit default swaps (a synthetic
CDO), then the proceeds of the issuance of the tranches are used to buy a bond of
a single issuer, the proceeds of which are paid to the CDO tranche holders over
time depending on how many of the reference names default. The fact that all of
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the cash in the synthetic structure is invested in one reference name is a huge factor
in differentiating between the so-called “cash flow CDOs” (the bond structure) and
the synthetic CDO structure. This concentration of risk must not be ignored in
CDO analysis.

The value and cash flow generated by the underlying reference names in the
CDO is identical in its nature to what we discussed in Chapter 19, when we discussed
simulating future values of credit risky bonds, and to the first part of this chapter.
The only difference is that the cash flow is parceled out according to the priorities of
the tranches. If there is only one tranche (i.e., the equity tranche), CDO analysis is no
different from credit risk portfolio analysis. If there are two tranches, the first cash
flows go to the senior tranche as specified in the CDO indenture (the waterfall) and
the remaining cash flows (if any) go to the equity tranche, and so on. During the
heyday of the CDO market, waterfall structures with 5, 10, or 15 layers or tranches
were common.

The simulation of which cash flows go to whom is at the heart of CDO analysis,
as is the simulation of correlated defaults. The investment banking community and
the rating agencies have aggressively advocated a method of analysis that dramati-
cally understates the worst-case losses from a CDO portfolio, and users of this
analysis should recognize that (if they take the analysis seriously) they will grossly
overpay for CDO tranches. (See the last section of this chapter, on the copula
approach, for the details of this legacy calculation.) Felix Salmon (2012) labeled the
diehard users of this approach “F9 Model Monkeys” in honor of the key in common
spreadsheet software that would initiate the lumbering spreadsheet calculation of the
copula method.

The correct procedure for valuing credit default swaps (traditional or digital),
first to default swaps, and CDOs is to follow a slight variation on the process we
outlined in a corporate bond context in Chapter 19. For the reduced form model, the
steps are as follows:

1. Simulate the risk-free term structure of interest rates as given in Chapters 6
through 9 and summarized in Chapter 10. This should be a simulation with 5 to
10 risk factors driving the term structure of interest rates.

2. Choose a formula and the risk drivers for the liquidity component of credit
spread as discussed in Chapter 17.

3. Choose a formula and the risk drivers for the default intensity process in the
Jarrow model as discussed in Chapter 16. The macroeconomic factors driving
correlated risk can be estimated using historical default data and historical
macroeconomic factors using logistic regression or from observable market
prices of bonds. Twenty-six macroeconomic factors are embedded in the
instructions for the Comprehensive Capital Analysis and Review 2012 of
the Federal Reserve. They provide a good starting point for any serious analyst
of risk:
a. BBB Corporate Yield
b. CPI Inflation Rate
c. Developing Asia Inflation Rate
d. Euro Area Inflation Rate
e. Japan Inflation Rate
f. UK Inflation Rate
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g. Commercial Real Estate Price Index
h. Dow Jones Total Stock Market Index
i. Developing Asia Bilateral Dollar Exchange Rate
j. Euro Area Bilateral Dollar Exchange Rate
k. Japan Bilateral Dollar Exchange Rate
l. UK Bilateral Dollar Exchange Rate

m. House Price Index
n. Mortgage Rate
o. Nominal Disposable Income Growth
p. Nominal GDP Growth
q. Real Disposable Income Growth
r. Real GDP Growth
s. Developing Asia Real GDP Growth
t. Euro Area Real GDP Growth
u. Japan Real GDP Growth
v. UK Real GDP Growth
w. Ten-Year Treasury Yield
x. Three-Month Treasury Yield
y. Unemployment Rate
z. Market Volatility Index—VIX

4. Simulate the random values of the drivers of liquidity risk and the default
intensity for M time periods over N scenarios, consistent with the risk-free term
structure.

Model Risk Alert

One should take care not to make common risk-management assumptions
(i.e., that the macro factors have normally distributed returns and are
independent from period to period) when those common assumptions are
not true.

5. Calculate the default intensity and the liquidity component at each of the M time
steps and N scenarios. Note again, as in Chapter 19, that these will be changing
randomly over time because interest rates and other macro factors are chan-
ging at each time step of each scenario. The simulation of these macro factors is
essential to capturing cyclicality in bond prices and defaults that create corre-
lated defaults and which have a major impact on the equity tranches and junior
tranches of CDOs.

6. Simulate the default/no default of each reference name at each of the M time
steps and N scenarios.

7. Calculate the payments made on the derivative structure given the number and
amount of defaults to that date in each scenario using the “waterfall” described
in the indenture to that structured product.

8. Apply the Jarrow model as we have done in Chapters 16 and 17 to get the zero-
coupon bond prices for the risk-free curve and for each reference name in the
CDO collateral pool or other portfolio. This calculation is very relevant to
tranche value. It was fairly common for naïve investors to argue a CDO tranche
was still worth par “because no principal or interest payment had been missed,”
even though the underlying reference collateral was worth far less than par.
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9. Calculate the derivative’s value at each of the M time steps and N scenarios,
conditional on the number of defaults among the reference names that have
occurred to that point in the simulation.

This is slightly more complicated but not that much more complicated than
the credit risky bond simulation discussed in Chapter 19 and the risk-free yield curve
simulation discussed in Chapters 6 through 10. It relies on the identical interest rate
scenarios and simulation process. Note that if the simulation is done for many
companies with common risk factors driving default, we will see correlated default
behavior that we have discussed throughout this book.

COLLATERALIZED DEBT OBLIGATIONS: A WORKED EXAMPLE
OF REDUCED FORM SIMULATION

In this section, we review how to simulate the correlated default risk of the reference
names underlying a credit portfolio or a collateralized debt obligation. The process is
identical for retail borrowers, small businesses, public firms, and sovereign credits.
Only the driving risk factors and coefficients differ. For simplicity, we focus on two
hypothetical corporations, ABC Company and XYZ Company. We assume we have
completed an extensive historical analysis that proves ABC Company’s one-year
default probability is sensitive to the two-year change in home prices and the real
growth rate in gross domestic product, as shown in Exhibit 20.1.

Similarly, XYZ Company is sensitive to a separate set of macroeconomic factors.
A combination of historical analysis and business judgment establishes that its one-
year default probability has the sensitivity to the two-year change in home prices and
the 10-year yield on government bonds as shown in Exhibit 20.2.

In a reduced form modeling context, theoretical default probabilities are usually
modeled in discrete blocksof time, and thedefault rate in eachperiod is normally given as
a logistic function ofmacroeconomic factors and other risk factors thatmove randomly.
We outlined this procedure in the prior section and in Chapter 16. For simulation
purposes, default probabilities are normally generated for discrete daily, weekly,
monthly, quarterly, or annual time periods. For simulation purposes, as we discussed in
Chapter 16, the logistic formula is an attractive choice for modeling because:

EXHIBIT 20.1 ABC Company One-Year Default Probability and Response to Macro Factors

2-Year Home
Price Return Real Growth Rate of Gross Domestic Product

�4.00% �2.00% 0.00% 2.00% 4.00%

40.00% 2.46% 2.32% 2.19% 2.06% 1.95%
20.00% 3.63% 3.42% 3.23% 3.05% 2.87%
10.00% 4.39% 4.15% 3.92% 3.70% 3.49%
0.00% 5.32% 5.02% 4.74% 4.48% 4.23%
�10.00% 6.42% 6.07% 5.73% 5.42% 5.12%
�20.00% 7.73% 7.31% 6.91% 6.54% 6.18%
�40.00% 11.11% 10.53% 9.98% 9.45% 8.95%
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n It is the maximum likelihood estimator for 0/1 problems like default/no default.
n It will never produce simulated default probabilities outside of the range from 0

to 100 percent.

The logistic function takes the form

P½t� ¼ 1

1þ e
�α�
Pn
i¼1

BiXi

where P[t] is the unannualized default probability over some discrete interval. The
variablesXiare the explanatoryvariables and the alphasand thebetasare thebest-fitting
coefficients that produce the maximum likelihood estimates of default probabilities.

For ABC Company, the coefficients that produce the table of default probabil-
ities above are consistent with this logistic function for one-year time intervals:

PABC½t� ¼ 1

1þ e�ð�3Þ�ð�3X1�2X2Þ

X1 is the annual growth rate in real gross domestic product and X2 is the two-
year change in home prices, both expressed as a decimal. These coefficients can be
derived either from a historical database, like the sample we showed for Lehman
Brothers in Chapter 16, or they can be derived from the numbers in Exhibit 20.1
using the solver function in common spreadsheet software.

For XYZ Company, the coefficients that produce the default probabilities
above as a function of 10-year government yields and the two-year change in home
prices are given here:

PXYZ½t� ¼ 1

1þ e�ð�3Þ�ð3X2�4X3Þ

X2, as before, is the two-year change in home prices and X3 is the 10-year govern-
ment yield, both expressed as a decimal.

EXHIBIT 20.2 XYZ Company One-Year Default Probability and Response to Macro Factors

2-Year Home
Price Return 10 Year Government Yields

1.00% 3.00% 5.00% 7.00% 9.00%

40.00% 1.03% 1.09% 1.15% 1.22% 1.30%
20.00% 2.25% 2.39% 2.53% 2.69% 2.85%
10.00% 3.32% 3.52% 3.73% 3.95% 4.19%
0.00% 4.88% 5.17% 5.47% 5.79% 6.12%
�10.00% 7.11% 7.52% 7.94% 8.39% 8.87%
�20.00% 10.25% 10.81% 11.41% 12.03% 12.68%
�40.00% 20.26% 21.25% 22.27% 23.33% 24.42%
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We can simulate these default probabilities forward for M time steps in N sce-
narios by generating N scenarios for the three macro factors that drive defaults for
these two firms:

n The growth in real gross domestic product
n The two-year change in home prices
n The level of 10-year government yields

ABC Company and XYZ Company have default probabilities that we know
are correlated because they have a common dependence on the two-year change in
home prices as given by the previous tables. Assuming the current real GDP growth is
0 percent and that 10-year government yields are 5.00 percent, a stress test of default
probabilities for both firms with respect to the 2-year change in home prices is as
shown in Exhibit 20.3.

ABC Company and XYZ Company may also have other sources of implicit
correlation if the growth in real domestic product (which directly affects only
ABC Company) and the 10-year government yield (which directly affects only XYZ
Company) are correlated.

Simulating these macro factors forward in an accurate way requires a careful
analyst to specify:

n The probability distribution for each factor’s random movements

Model Risk Alert

Often these distributions are not normally distributed, although that assumption
is common.
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EXHIBIT 20.3 Sensitivity of ABC Company and XYZ Company One-Year Default Proba-
bilities to Two-Year Returns on Home Prices
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n Whether or not the distribution of the factor in period J is in fact independent of
its value in period J � 1

Model Risk Alert

Often, they are not independent, although that independence assumption is
common.

n The correlations between the random factors themselves

In our N-period simulations over M periods, we can value a portfolio of secu-
rities for ABC Company and XYZ Company if we know how spreads move,
conditional on the level of default probabilities for each firm and the three previous
macro factors. We discussed this issue in Chapter 17.

We can value the total collateral in a credit portfolio or collateralized debt
obligation by adding the value of the securities for ABC, XYZ, and all other
reference names included in the collateral pool. With the default/no default data
and valuation data at each of the M time periods in the N scenarios, we can
accurately allocate cash flow and value to each tranche of a CDO and calculate
its value. In an efficient and competitive market (which the CDO market is not),
the sum of the value of all tranches (less the structuring fee of the sponsor
of the CDO) should equal the sum of the value of the reference collateral. Felix
Salmon’s “F9 Model Monkeys” sought to approximate the correct answer in
spreadsheet software using the copula approach that we discuss in an upcoming
section. There is no need to settle for that kind of extremely crude approximation
when this straightforward procedure gives an exact answer conditional on the
macro factors and parameters chosen.

This simple example shows that using reduced form default models as part of a
CDO analysis or as part of a comprehensive enterprise-wide risk management sim-
ulation is powerful and straightforward. It allows the analyst to produce government-
mandated stress tests with respect to each macro factor that is important in driving
defaults. The macro factor links are explicitly derived from either historical data or
current market prices and their history. Any simulation approach that uses ratings,
which we discussed in Chapter 18, as part of the simulation will not have the same
degree of accuracy or transparency with respect to the macro factors that drive risk.
The reason is that the rating agencies have been unable to articulate even the time
horizon over which ratings apply, let alone the exact formulas by which macro
factors affect ratings. With the reduced form approach, the linkages are clear and
based on best practice econometric methodology.

COLLATERALIZED DEBT OBLIGATIONS: PRACTICE

We now turn from best practice risk analytics to the horrifying reality of what took
place in the CDO market during the credit crisis of 2006 to 2011. The spectacular
rise and fall of the collateralized debt obligation market is summarized in the press
release “Global CDO Issuance” of the Securities Industry and Financial Markets
Association:
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Global CDO Issuance
Billions of U.S. Dollars

2004 157.4
2005 251.3
2006 520.6
2007 481.6
2008 61.9
2009 4.3
2010 8.0

The 2010 issuance total is for a partial year. It is obvious from this issuance history
that there has been a complete rejection of the CDO instrument by the investing
public, which experienced tens of billions of dollars of losses that were partially
chronicled in the introduction to this book. The reasons for the market’s demise have
been richly described by journalists and government studies. Perhaps the most com-
prehensive U.S. government review of the abuses that led to the market’s demise is the
Levin report mentioned earlier in this book.11

The authors strongly recommend that this report be reviewed in full, at least
three times, by any investor willing to consider the purchase of any security that looks
or smells like a CDO. At more than 600 pages in length, the Levin report is the
definitive narrative of the greed, corruption, and misbehavior by “F9 Model Mon-
keys” that caused the biggest financial collapse of a generation.

THE COPULA METHOD OF CDO VALUATION: A POSTMORTEM

We close this chapter with a eulogy for the copula approach to CDO simulation. The
copula approach to valuation of collateralized debt obligations has been blamed
for much of the credit crisis. The recent articles in Wired, Mother Jones, Wall Street
Journal, and so on listed earlier in this chapter are three very entertaining examples
of this genre. Rather than placing blame, other commentators emphasize the positive,
saying “There’s plenty of blame to go around, let’s not waste time assigning blame,
let’s move forward.” This section takes a different view than either group. We argue
“Formulas don’t cause losses, people cause losses.” There are lots of lessons to be
learned from the copula formula’s uses and abuses.

This list of lessons is not definitive, but it highlights many of the reasons why and
how financial engineers and management went astray in CDO valuation:

Lesson 1: Senior Management Knew or Should Have Known the Copula Approach
Was Flawed, but They Did Nothing

Robert Rubin famously commented that he did not have “enough experience” on
Wall Street to understand the liquidity puts of CDO tranches that were at the heart
of Citigroup’s CDO related losses. But we are sure Mr. Rubin reads the Wall Street
Journal, which on August 12, 2005, ran an excellent story on page 1 by Mark
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Whitehouse, “Slices of Risk: How a Formula Ignited Market That Burned Some Big
Investors.” The story described David Li’s role in bringing the use of copulas into
finance, and it thenwent on at length on how the technique had failed in theMay 2005
period, causing losses of hundreds of millions of dollars. Did the heads of the audit
committees of the Boards of Directors of Citigroup,Merrill Lynch, and UBS call in the
CEO and chief risk officers and grill them on the use of the copula method in their
rapidly growing CDO businesses? Did Charles Prince or Stanley O’Neal read that
article and put on the brakes? No, they did nothing. People cause losses, not formulas,
even when one of the world’s most important business newspapers warned us all in a
page 1 story.

Lesson 2: The Copula Approach Assumed Away All but One Risk Factor, but
Analysts Used It Anyway

The August 12, 2005 story in the Wall Street Journal was very specific about why
the copula approach caused such losses. It implicitly assumes that there is only one
common risk factor driving the returns on company assets of the reference names
underlying a CDO tranche. Other than this common risk factor, all other risk is
assumed to be idiosyncratic and uncorrelated with the risks of other companies.
We know this is a gross oversimplification; in fact, a March 23, 2009, press release
on www.kamakuraco.com recounts how 40 macro risk factors are used for
modeling correlated default on the Kamakura Risk Information Services (KRIS)
Web-based credit portfolio management tool, KRIS-cpm. For CDO market par-
ticipants, however, the assumption of one common risk factor was hugely
attractive. It made the CDO analysis “Excel friendly” and it made the math
tractable to the smartest 2 percent of Wall Street, Felix Salmon’s “F9 Model
Monkeys.” The copula approach allows the kind of mathematical exposition that
is attractive to academic journals and that one can find in the very interesting
compilation of articles in the book The Definitive Guide to CDOs (edited by
Gunter Meissner, Risk Publications, 2008). The cost to this is that the results from
this highly simplified abstraction to reality are just not accurate. The Wall Street
Journal put it plainly. The implication of one risk factor is that you should be able
to go long one tranche of a CDO and hedge it with the proper short position in
another tranche of the same CDO. This trade caused enormous losses because the
implication of the copula model was plain wrong.

There was another anecdote in the story that seriously called into question the
Merton model of risky debt (see Chapter 18), which is closely linked with the copula
approach. The 1974 classic by Robert Merton assumes that only (Model Risk Alert)
one risk factor, the value of the assets of a company, drives the prices of the firm’s
debt and equity. If this is true, one should be able to buy the debt of a company and
hedge it with a short position in the firm’s common stock. Unfortunately, as the Wall
Street Journal recounted, this implication is simply not true and traders in GM and
Ford lost tons of money in May 2005 using the Mertonesque trading strategy.
Multiple factors drive bond and common stock prices, but people did not want to
hear it. In fact, Jarrow and van Deventer (1998) were very proud to receive hate mail
from a prominent junk bond analyst when they made exactly this point in a 1998
publication.12
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For a detailed study of the lack of accuracy of the highly stylized Merton model
of risky debt, see Campbell, Hilscher, and Szilagyi (2008), a key reference we
highlight in Chapter 18.

Lesson 3: Lots of Correlations Matter in CDO Valuation, but Copula Users
Assumed Only One Correlation Matters

If there are N reference names in a CDO collateral pool, there are N(N � 1)/2 pairs
of companies in the pool. The correlations between the default probabilities of each
pair of companies are of course different. The same is true for the correlation in the
returns on the assets of each pair of companies. The two concepts of correlation are
mathematically linked (for the formula, see Jarrow and van Deventer 2005). Copula
analysts assume (Model Risk Alert) that the pairwise correlations in asset returns are
the same for every one of the N(N � 1)/2 pairs of companies, but this is simply not
true. The fact that it is not true was well known to traders—the proof was simple.
The correlation implied by observable market prices was not the same across tran-
ches of a CDO on the same reference collateral. The assumption was simply wrong,
like the assumption in the Black-Scholes model that implied volatility is constant and
should be the same for stock options with any maturity and strike price.

Why did traders, analysts, and risk managers use such a simple assumption that
they knew to be wrong? For many, the reason was because it was the easy thing to
do. For the very smartest people on Wall Street, who knew how flawed the copula
approach was, they pushed the technique as an easy way to induce investors to buy
CDO tranches at the wrong price. The smart ones used a much more realistic valu-
ation technique and they have the profitability to prove it!

Lesson 4: Default Probabilities Vary Randomly, but Copula Users Assumed Away
This Randomness

There are two closely related assumptions about the default probabilities used in a
copula analysis. The most common assumption is that they are (Model Risk Alert)
constant. A rarer but only slightly better assumption is to assume that (Model Risk
Alert) they drift over time (nonrandomly) in a way that matches an observable term
structure of default probabilities, like those in the CDS market. Unfortunately, these
assumptions are also dramatically untrue. As the 2006–2011 credit crisis showed,
default probabilities rise and fall randomly over the business cycle, driven by com-
mon macro factors like home prices and interest rates. The upshot of assuming away
this randomness is dramatic errors in valuation, particularly from underestimating
the fat tails of losses when the economy turns bad. This was especially devastating
for “super senior” tranches of CDOs.

Lesson 5: Default Can Happen at Any Time, but Copula Users Assumed That Away

A surprisingly large number of copula users employed a (Model Risk Alert) single-
period simulation, including many third-party vendors as explained byMichel Araten
of JP Morgan Chase in a presentation at the ICBI Risk Conference in December in
Geneva a few years ago. In a single-period simulation, defaults can happen only at time
zero or at the end of the single period, not in between. For a CDO of bank trust
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preferred securities, to name one example,maturities can bemore than 30 years, so this
assumption about timing of defaults is extreme. The right approach is obvious—to
simulate default/no default on a multiperiod basis, typically monthly. CDO market
participants, however, generally did not do this. This explains the widely held but
completely false belief that an increase in the single correlation in a copula model will
cause the price of the equity tranche to rise (see Jarrow and van Deventer 2008). That
conclusion about equity tranches is due to the assumption of a single modeling period.
A multiperiod simulation was essential for accuracy, but most analysts and some
vendors clung to a single-period model.

Lesson 6: CDO Analysts Can Be Slaves to Fashion, but At High Costs

Gunter Meissner’s fascinating compilation of articles in The Definitive Guide to
CDOs (Risk Publications, 2008) is definitive proof of the trendiness of the copula
approach. Even though most of the chapters in the book were penned as the current
credit crisis began to unfold, the overwhelming majority of the chapters endorse or
extend the copula method. A reviewer on Amazon.com cited only two chapters in the
book (Chapter 4 on hedging, and Chapter 16 by Jarrow and van Deventer entitled
“CDO Valuation: Fact and Fiction”) that were critical of the copula approach. Even
as events were revealing (again) the flaws of the copula approach that the Wall Street
Journal highlighted in 2005, many were still singing its praises. This is certainly not
the fault of David Li, who first used the copula approach in finance. (It is the fault of
all of us who came after Li but failed to maintain our scientific objectivity about what
works and what does not, and why.)

A multiperiod simulation of CDO values with default probabilities driven up
and down by macroeconomic factors is an exercise in computer science that’s hard to
do without sophisticated third-party risk management software. It’s not fashionable,
because there’s no closed form solution, so you will not see many academic pub-
lications on its implications. Nonetheless, it is the only method that works. That’s
perhaps the most important thing we have learned from the attempt to use the copula
approach for credit portfolio management.

VALUING THE JARROW–MERTON PUT OPTION

We have analyzed the reference names in a credit portfolio or in a collateralized debt
obligation just as if they were loans in a bank lending portfolio or private placements on
thebooksof apension fundor insurance company.Thenext step is to integrate themwith
the liabilitiesof the institution so thatwecanevaluate the Jarrow-Mertonputoptionasan
integrated measure of firm risk. We now turn to that task in the remainder of this book.

NOTES

1. The authors recommend a few classics, however, both because of their timely warning
and their “plain English” warning of what can and did go wrong in the CDS and CDO
markets. We list them here in chronological order:
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n Mark Whitehouse, “Slices of Risk: How a Formula Ignited Market That Burned Some
Big Investors,” Wall Street Journal, August 12, 2005.

n Felix Salmon, “Recipe for Disaster: The Formula that Killed Wall Street,” Wired
Magazine, February 23, 2009.

n Kevin Drum, “The Gaussian Copula,” Mother Jones, February 24, 2009.
n Sam Jones, “Of Couples and Copulas,” Financial Times, April 24, 2009.
n Lisa Pollack, “On the Clairvoyance of Sovereign CDS,” Financial Times, October 10,

2011.
n Robert A. Jarrow, “Problems with Using CDS to Infer Default Probabilities,” Cornell

University and Kamakura Corporation memorandum, January 25, 2012, www
.kamakuraco.com.

n Donald MacKenzie and Taylor Spears, “‘The Formula That Killed Wall Street’? The
Gaussian Copula and the Material Cultures of Modeling,” University of Edinburgh,
June, 2012.

n Felix Salmon, “The Dangerous Gaussian Copula Function,” Reuters, June 21, 2012.

2. In more mathematical terms, Z(t) is standard Brownian motion under a risk-neutral
probability distribution Q with initial value 0 that drives the movements of the market
index M(t).

3. An earlier version of this section appeared in the BankThink column of www
.AmericanBanker.com on June 11, 2012, under the title “Credit Default Swaps: Market
or Mud Pit?” The authors wish to thank the editors for many helpful comments.

4. For the full text, see this link www.kamakuraco.com/Blog/tabid/231/EntryId/371/The-
Credit-Default-Swap-Market-and-Anti-Trust-Considerations.aspx.

5. European Union, “Antitrust: Commission Probes Credit Default Swaps Market,” Rapid,
http://europa.eu/rapid/pressReleasesAction.do?reference¼IP/11/509&format¼HTML
&aged¼0&language¼EN&guiLanguage¼en.

6. Mark Mitchell, “Did The Markit Group, A Black-Box Company Partially Owned by
Goldman Sachs and JP Morgan, Devastate Markets?” Marketrap, www.marketrap.com/
article/view_article/91172/did-the-markit-group-a-black-box-company-partially-owned-
by-goldman-sachs-and-jp-morgan-devastate-markets.

7. U.S. Securities and Exchange Commission, “SEC Charges Hedge Fund Manager and
Bond Salesman in First Insider Trading Case Involving Credit Default Swaps,” www.sec
.gov/news/press/2009/2009–102.htm.

8. Ben Moshinsky, “FSA Said to Review Credit-Default Swaps in Market Abuse Probe,”
Bloomberg, www.bloomberg.com/news/2011–03–25/fsa-said-to-review-credit-default-
swaps-in-market-abuse-probe.html.

9. For a review of trading volume reported by the DTCC, see the following links:

All Reference Names:
www.kamakuraco.com/Blog/tabid/231/EntryId/365/CDS-Trading-Volume-for-
1–090-Reference-Names.aspx

U.S. Banks:
www.kamakuraco.com/Blog/tabid/231/EntryId/366/Credit-Default-Swaps-and-
Deposit-Insurance.aspx

Sovereigns:
www.kamakuraco.com/Blog/tabid/231/EntryId/368/Sovereign-Credit-Default-
Swap-Trading-Volume.aspx
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Sub-Sovereigns and Municipals:
www.kamakuraco.com/Blog/tabid/231/EntryId/367/Municipal-Credit-Default-
Swap-Trading-Volume.aspx

10. Fitch Solutions, “Fitch Solutions: Dell’s CDS Widen 42%; Hewlett Packard Out 95%
Ahead of Earnings,” Yahoo! Finance, http://finance.yahoo.com/news/fitch-solutions-
dells-cds-widen-120600373.html.
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CHAPTER 21
European Options on Bonds

In this chapter, we use the three-factor Heath, Jarrow, and Morton (HJM) yield
curve model to value European options on corporate bonds. As we noted in

Chapter 19, Jarrow (2004) has summarized the conditions under which a risky bond
issuer’s (called ABC Corporation in this chapter) coupon-bearing bond issues can be
analyzed as a portfolio of zero-coupon bonds using the formulas of Chapter 16 and
Chapter 19. We explained in Chapter 17 that we can create today’s yield curve for
ABC Corporation in one of two ways. In method one, we estimate the term structure
of default risk using logistic regression for ABC and then apply the techniques of
Chapter 17 to estimate what the intersection of supply and demand for credit would
be for ABC corporation on that day; this would be the yield curve that we would use
to price ABC securities and derivatives on them. The second method is to collect data
on existing ABC bond prices and apply the yield curve smoothing techniques of
Chapter 5 to extract a smooth, continuous yield curve.

As an example, we looked at the net present value (“dirty price,” which is price
plus accrued interest) on 77 bonds for a prestigious U.S. bond issuer on August 2,
2004. We smoothed the U.S. Treasury curve using the maximum smoothness for-
ward rate approach of Chapter 5. We then solved for the maximum smoothness
forward credit spread curve that minimized the sum of squared pricing errors on the
bonds of this firm, which we call ABC Corporation. The zero-coupon yield curves
for the risk-free curve (lower line) and the ABC Corporation curve (upper line) are
shown in Exhibit 21.1.

We could then apply an HJM interest rate model to either generate Monte Carlo
simulations for both the risk-free and ABC yield curves (this is the most common and
most accurate technique) or to generate an HJM bushy tree. The bushy tree
approach is the preferred approach for American options. We use the three-factor
HJM bushy tree from Chapter 9 for expository purposes. We assume, too, in this
chapter that the bushy tree in Chapter 9 is the ABC Corporation bushy tree. We
could derive it in exactly the same manner that we did in Chapter 9, but we leave that
to the reader.

We will use the following information from Chapter 9:

1. The zero-coupon bonds used as input
2. The volatility assumptions for the three factors
3. The resulting zero-coupon bond prices, zero-coupon bond yields, and uncom-

pounding spot rates of interest
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4. The probability of occurrence of the 4 nodes at time step 1, the 16 nodes at time
step 2, and the 64 nodes that are relevant for time steps 3 and 4

5. The present-value factors for each of those nodes
6. Most importantly, the probability-weighted discount factors for each node

For all of the examples in this chapter, we price derivatives on an underlying
reference bond of ABC Corporation. We choose as our reference instrument the 3
percent bond paying $3 of interest at times 1, 2, 3, and 4 and principal of $100 at
time 4. We could price this bond in one of two ways. We could multiply the cash
flows by the zero-coupon bond prices that we assumed were visible in the market.
We show them again in Exhibit 21.2.

Alternatively, we could populate the cash flow table cash flows received at each
point of time in each state, as shown in Exhibit 21.3.

We then multiply these cash flows by the matching probability-weighted dis-
count factor from the table in Exhibit 21.4.

Regardless of the method chosen, we get the same values because we have been
careful to construct the bushy tree so that the input zero-coupon bond prices are
correctly valued using the bushy tree: 104.7071 is the value for the 3 percent coupon-
bearing bond. The table we will use the most in this chapter is the term structure of
zero-coupon bond prices that will prevail at time 0 (1 state), time 1 (4 states), and
especially time 2 (16 states), because we will be analyzing European options with an
exercise time of 2 years. We see in Exhibit 21.5 that there are 16 combinations of
zero-coupon bonds that mature at time T ¼ 3 and T ¼ 4.
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Maximum Smoothness Forward Rate Smoothing, August 2, 2004
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 21.2 Key Assumptions

Period of Maturity

1 2 3 4

Input Zero-Coupon
Bond Prices 0.9970057865 0.9841101497 0.9618922376 0.9308550992

EXHIBIT 21.3 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 3.0000 3.0000 3.0000 103.0000
3 3.0000 3.0000 3.0000 103.0000
4 3.0000 3.0000 3.0000 103.0000
5 3.0000 3.0000 103.0000
6 3.0000 3.0000 103.0000
7 3.0000 3.0000 103.0000
8 3.0000 3.0000 103.0000
9 3.0000 3.0000 103.0000
10 3.0000 3.0000 103.0000
11 3.0000 3.0000 103.0000
12 3.0000 3.0000 103.0000
13 3.0000 3.0000 103.0000
14 3.0000 3.0000 103.0000
15 3.0000 3.0000 103.0000
16 3.0000 3.0000 103.0000
17 3.0000 103.0000
18 3.0000 103.0000
19 3.0000 103.0000
20 3.0000 103.0000
21 3.0000 103.0000
22 3.0000 103.0000
23 3.0000 103.0000
24 3.0000 103.0000
25 3.0000 103.0000
26 3.0000 103.0000
27 3.0000 103.0000
28 3.0000 103.0000
29 3.0000 103.0000
30 3.0000 103.0000
31 3.0000 103.0000
32 3.0000 103.0000
33 3.0000 103.0000

(Continued)
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EXHIBIT 21.3 (Continued)

Current Time

Row Number 0 1 2 3 4

34 3.0000 103.0000
35 3.0000 103.0000
36 3.0000 103.0000
37 3.0000 103.0000
38 3.0000 103.0000
39 3.0000 103.0000
40 3.0000 103.0000
41 3.0000 103.0000
42 3.0000 103.0000
43 3.0000 103.0000
44 3.0000 103.0000
45 3.0000 103.0000
46 3.0000 103.0000
47 3.0000 103.0000
48 3.0000 103.0000
49 3.0000 103.0000
50 3.0000 103.0000
51 3.0000 103.0000
52 3.0000 103.0000
53 3.0000 103.0000
54 3.0000 103.0000
55 3.0000 103.0000
56 3.0000 103.0000
57 3.0000 103.0000
58 3.0000 103.0000
59 3.0000 103.0000
60 3.0000 103.0000
61 3.0000 103.0000
62 3.0000 103.0000
63 3.0000 103.0000
64 3.0000 103.0000

Risk-Neutral Value 5 104.7071

EXHIBIT 21.4 Probability-Weighted Discount Factors

Current Time

Row Number 0 1 2 3 4

1 1.0000 0.1246 0.0152 0.0018 0.0017
2 0.1246 0.0152 0.0018 0.0017
3 0.2493 0.0305 0.0036 0.0035
4 0.4985 0.0610 0.0073 0.0067
5 0.0155 0.0019 0.0018
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EXHIBIT 21.4 (Continued)

Current Time

Row Number 0 1 2 3 4

6 0.0155 0.0019 0.0018
7 0.0309 0.0038 0.0037
8 0.0619 0.0075 0.0072
9 0.0308 0.0037 0.0035
10 0.0308 0.0037 0.0036
11 0.0616 0.0074 0.0072
12 0.1233 0.0149 0.0141
13 0.0615 0.0073 0.0069
14 0.0615 0.0073 0.0069
15 0.1230 0.0145 0.0139
16 0.2459 0.0291 0.0271
17 0.0019 0.0018
18 0.0019 0.0019
19 0.0038 0.0037
20 0.0076 0.0072
21 0.0019 0.0019
22 0.0019 0.0019
23 0.0038 0.0038
24 0.0077 0.0076
25 0.0038 0.0037
26 0.0038 0.0039
27 0.0077 0.0077
28 0.0153 0.0150
29 0.0076 0.0075
30 0.0076 0.0075
31 0.0153 0.0152
32 0.0306 0.0298
33 0.0038 0.0037
34 0.0038 0.0037
35 0.0076 0.0075
36 0.0151 0.0146
37 0.0038 0.0037
38 0.0038 0.0037
39 0.0076 0.0075
40 0.0152 0.0147
41 0.0076 0.0074
42 0.0076 0.0076
43 0.0153 0.0151
44 0.0306 0.0296
45 0.0150 0.0143
46 0.0150 0.0148
47 0.0300 0.0292
48 0.0599 0.0572

(Continued)
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EXHIBIT 21.4 (Continued)

Current Time

Row Number 0 1 2 3 4

49 0.0075 0.0073
50 0.0075 0.0075
51 0.0150 0.0148
52 0.0301 0.0290
53 0.0076 0.0074
54 0.0076 0.0074
55 0.0151 0.0149
56 0.0302 0.0292
57 0.0152 0.0148
58 0.0152 0.0149
59 0.0304 0.0299
60 0.0608 0.0587
61 0.0298 0.0285
62 0.0298 0.0291
63 0.0596 0.0580
64 0.1192 0.1135

EXHIBIT 21.5 Zero-Coupon Bond Prices

Periods to Maturity

State Name State Number 1 2 3 4

Time 0 0 0.9970 0.9841 0.9619 0.9309
Time 1 S-1 1 0.9788 0.9425 0.8945
Time 1 S-2 2 0.9931 0.9816 0.9636
Time 1 S-3 3 0.9891 0.9692 0.9404
Time 1 S-4 4 0.9866 0.9640 0.9326
Time 2 S-1, S-1 5 0.9557 0.8952
Time 2 S-1, S-2 6 0.9861 0.9551
Time 2 S-1, S-3 7 0.9746 0.9332
Time 2 S-1, S-4 8 0.9531 0.8986
Time 2 S-2, S-1 9 0.9780 0.9461
Time 2 S-2, S-2 10 0.9941 0.9829
Time 2 S-2, S-3 11 0.9919 0.9781
Time 2 S-2, S-4 12 0.9877 0.9691
Time 2 S-3, S-1 13 0.9811 0.9580
Time 2 S-3, S-2 14 0.9860 0.9628
Time 2 S-3, S-3 15 0.9915 0.9681
Time 2 S-3, S-4 16 0.9721 0.9372
Time 2 S-4, S-1 17 0.9784 0.9525
Time 2 S-4, S-2 18 0.9833 0.9572
Time 2 S-4, S-3 19 0.9887 0.9625
Time 2 S-4, S-4 20 0.9694 0.9319
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To get the value of the bond as of time T ¼ 2, we multiply the $3 received at
time T ¼ 3 and the $103 received at time T ¼ 4 by the appropriate zero-coupon
bond price in each state. (We assume that we are doing the analysis one second after
the $3 coupon due at time T ¼ 2 has been paid.) We get a different value for the
bond in each of the 16 states (see Exhibit 21.6).

Now that we know all of the relevant time T ¼ 2 values for the reference
instrument, we can value European options on this instrument.

EXAMPLE: EUROPEAN CALL OPTION ON COUPON-BEARING BOND

We first value a European call option that gives us the right, but not the obligation, to
buy the 3 percent coupon bond at a price of 101 at time T¼ 2, 1 second after the time
T ¼ 2 coupon of $3 has been paid. We assume in this chapter that we exercise this
call option rationally. In later chapters, we discuss retail options where irrational
exercise is a possibility. We exercise our option and buy the bond whenever the time
T ¼ 2 price is more than 101. The cash flow in this case will be the price of the bond
minus the 101 exercise price. If exercise of the option is not rational, the cash flow is
zero. The cash flows attributable to the option are shown in Exhibit 21.7.

We then drop these option values into the cash flow table and multiply them by
the respective probability-weighted discount factor. The cash flow table is shown in
Exhibit 21.8, with the time T ¼ 3 and T ¼ 4 states partially hidden because they are
all zero. The value of the European option to buy the bond at time T ¼ 2 at a price of
101 is 0.5785.

What if the European option were a put option, not a call option? That gives us
the right to sell the bond at a price of 101 at time T ¼ 2. The cash flows from rational
exercise of this put option are shown in Exhibit 21.9.

EXHIBIT 21.6 Value of 3 Percent Bond Maturing at T ¼ 4

State Name State Number Bond Value

Time 2 S-1, S-1 5 95.07198353
Time 2 S-1, S-2 6 101.3313841
Time 2 S-1, S-3 7 99.04814186
Time 2 S-1, S-4 8 95.41694972
Time 2 S-2, S-1 9 100.3865212
Time 2 S-2, S-2 10 104.2211847
Time 2 S-2, S-3 11 103.7175263
Time 2 S-2, S-4 12 102.7851907
Time 2 S-3, S-1 13 101.6150074
Time 2 S-3, S-2 14 102.1228783
Time 2 S-3, S-3 15 102.6855935
Time 2 S-3, S-4 16 99.45226715
Time 2 S-4, S-1 17 101.0392465
Time 2 S-4, S-2 18 101.5442397
Time 2 S-4, S-3 19 102.1037666
Time 2 S-4, S-4 20 98.88886506
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EXHIBIT 21.7 Value of 3 Percent Bond Maturing at T ¼ 4

State Name
State

Number Bond Value
Exercise
Price

Option Cash
Flow

Time 2 S-1, S-1 5 95.07198353 101 0.0000
Time 2 S-1, S-2 6 101.3313841 101 0.3314
Time 2 S-1, S-3 7 99.04814186 101 0.0000
Time 2 S-1, S-4 8 95.41694972 101 0.0000
Time 2 S-2, S-1 9 100.3865212 101 0.0000
Time 2 S-2, S-2 10 104.2211847 101 3.2212
Time 2 S-2, S-3 11 103.7175263 101 2.7175
Time 2 S-2, S-4 12 102.7851907 101 1.7852
Time 2 S-3, S-1 13 101.6150074 101 0.6150
Time 2 S-3, S-2 14 102.1228783 101 1.1229
Time 2 S-3, S-3 15 102.6855935 101 1.6856
Time 2 S-3, S-4 16 99.45226715 101 0.0000
Time 2 S-4, S-1 17 101.0392465 101 0.0392
Time 2 S-4, S-2 18 101.5442397 101 0.5442
Time 2 S-4, S-3 19 102.1037666 101 1.1038
Time 2 S-4, S-4 20 98.88886506 101 0.0000

EXHIBIT 21.8 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.3314 0.0000 0.0000
3 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000
6 3.2212 0.0000 0.0000
7 2.7175 0.0000 0.0000
8 1.7852 0.0000 0.0000
9 0.6150 0.0000 0.0000
10 1.1229 0.0000 0.0000
11 1.6856 0.0000 0.0000
12 0.0000 0.0000 0.0000
13 0.0392 0.0000 0.0000
14 0.5442 0.0000 0.0000
15 1.1038 0.0000 0.0000
16 0.0000 0.0000 0.0000
17 0.0000 0.0000
18 0.0000 0.0000

Row-Neutral Value 5 0.5785
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We again drop these put option cash flows into the cash flow table and multiply
them by the respective probability-weighted discount factor. We show the cash flow
table in Exhibit 21.10, along with the put option value of 1.2099.

We can check that these options values are consistent with no arbitrage in a very
simple way. Consider this trade:

1. Buy the 3 percent bond maturing in T ¼ 4
2. Sell the call option, allowing the option holder to buy the bond from us at 101
3. Buy the put option, allowing us to sell the bond to the put option holder at 101

The cost of this strategy is 104.7071 � 0.5785 þ 1.2099 ¼ 105.3385. Another
way to receive these cash flows would be to buy a bond that pays $3 coupons at time
T ¼ 1 and T ¼ 2 and principal of 101 at T ¼ 2. We drop these cash flows into
the cash flow table in Exhibit 21.11 and verify that the value/cost of this bond is the
same number: 105.3385.

EXAMPLE: COUPON-BEARING BOND WITH EMBEDDED
EUROPEAN CALL OPTION

We now turn to another common structure for retail borrowers, corporate bor-
rowers, and sovereign borrowers. That is, a structure that allows the borrower to
prepay the borrowing. Let’s continue with the case of the 3 percent bond due at time
T ¼ 4 with principal of 100. What if we grant the issuer of the bond the onetime only

EXHIBIT 21.9 Value of 3 Percent Bond Maturing at T ¼ 4

State Name
State

Number Bond Value
Exercise
Price

Option Cash
Flow

Time 2 S-1, S-1 5 95.07198353 101 5.9280
Time 2 S-1, S-2 6 101.3313841 101 0.0000
Time 2 S-1, S-3 7 99.04814186 101 1.9519
Time 2 S-1, S-4 8 95.41694972 101 5.5831
Time 2 S-2, S-1 9 100.3865212 101 0.6135
Time 2 S-2, S-2 10 104.2211847 101 0.0000
Time 2 S-2, S-3 11 103.7175263 101 0.0000
Time 2 S-2, S-4 12 102.7851907 101 0.0000
Time 2 S-3, S-1 13 101.6150074 101 0.0000
Time 2 S-3, S-2 14 102.1228783 101 0.0000
Time 2 S-3, S-3 15 102.6855935 101 0.0000
Time 2 S-3, S-4 16 99.45226715 101 1.5477
Time 2 S-4, S-1 17 101.0392465 101 0.0000
Time 2 S-4, S-2 18 101.5442397 101 0.0000
Time 2 S-4, S-3 19 102.1037666 101 0.0000
Time 2 S-4, S-4 20 98.88886506 101 2.1111
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EXHIBIT 21.10 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 5.9280 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 1.9519 0.0000 0.0000
4 0.0000 5.5831 0.0000 0.0000
5 0.6135 0.0000 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000
10 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000
12 1.5477 0.0000 0.0000
13 0.0000 0.0000 0.0000
14 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000
16 2.1111 0.0000 0.0000
17 0.0000 0.0000
18 0.0000 0.0000

Risk-Neutral Value 5 1.2099

EXHIBIT 21.11 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 104.0000 0.0000 0.0000
2 3.0000 104.0000 0.0000 0.0000
3 3.0000 104.0000 0.0000 0.0000
4 3.0000 104.0000 0.0000 0.0000
5 104.0000 0.0000 0.0000
6 104.0000 0.0000 0.0000
7 104.0000 0.0000 0.0000
8 104.0000 0.0000 0.0000
9 104.0000 0.0000 0.0000
10 104.0000 0.0000 0.0000
11 104.0000 0.0000 0.0000
12 104.0000 0.0000 0.0000
13 104.0000 0.0000 0.0000
14 104.0000 0.0000 0.0000
15 104.0000 0.0000 0.0000
16 104.0000 0.0000 0.0000
17 0.0000 0.0000

Risk-Neutral Value 5 105.3385
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right to prepay at 100 immediately after the time T ¼ 2 coupon of $3 is paid. If the
issuer does not exercise the option, the bond is repaid as scheduled at time T ¼ 4.
What is the true nature of this arrangement? This structure is labeled with the mis-
leading name of “callable bond”; in fact, it involves a put option held by the bond
issuer. The issuer sells a bond maturing at time T ¼ 2 with a 3 percent coupon and
principal of 100 and buys the put option that allows the issuer to compel the holder
to buy another two-year, 3 percent bond maturing at time T¼ 4 at the issuer’s option
at time T ¼ 2 at a price of 100. We can model this structure as the sum of the two-
year bond less the value of the put option or we can model the entire structure
together. The value of the two-year bond is easily calculated either using our input
zero-coupon bonds or via an input to the cash flow table. We show the latter and the
value of 104.3544 in Exhibit 21.12.

The value of the put option on bond that pays a $3 coupon at time T ¼ 3 and
T ¼ 4 and principal of 100 at T ¼ 4 is just the value of the cash flow gains that
accrue to the owner of the put option (the issuer). The put option is exercised in 5
of 16 scenarios, so the bond continues to time T ¼ 4. In the other 10 scenarios,
the bond is called or repaid at time T ¼ 2. Those cash flows are shown in
Exhibit 21.13.

The put cash flows are put into the cash flow table as usual, giving us a value of
0.7245 in Exhibit 21.14.

Alternatively, we can model the full table of cash flows over all four periods.
In the four nodes at time T ¼ 1, cash flow is $3. The put option, extending the bonds
to year 4, is exercised in five scenarios at time T ¼ 2. The time 2 cash flows for these

EXHIBIT 21.12 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 103.0000 0.0000 0.0000
2 3.0000 103.0000 0.0000 0.0000
3 3.0000 103.0000 0.0000 0.0000
4 3.0000 103.0000 0.0000 0.0000
5 103.0000 0.0000 0.0000
6 103.0000 0.0000 0.0000
7 103.0000 0.0000 0.0000
8 103.0000 0.0000 0.0000
9 103.0000 0.0000 0.0000
10 103.0000 0.0000 0.0000
11 103.0000 0.0000 0.0000
12 103.0000 0.0000 0.0000
13 103.0000 0.0000 0.0000
14 103.0000 0.0000 0.0000
15 103.0000 0.0000 0.0000
16 103.0000 0.0000 0.0000
17 0.0000 0.0000

Risk-Neutral Value 5 104.3544
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EXHIBIT 21.13 Value of 3 Percent Bond Maturing at T ¼ 4

State Name
State

Number Bond Value
Exercise
Price

Option Cash
Flow

Time 2 S-1, S-1 5 95.07198353 100 4.9280
Time 2 S-1, S-2 6 101.3313841 100 0.0000
Time 2 S-1, S-3 7 99.04814186 100 0.9519
Time 2 S-1, S-4 8 95.41694972 100 4.5831
Time 2 S-2, S-1 9 100.3865212 100 0.0000
Time 2 S-2, S-2 10 104.2211847 100 0.0000
Time 2 S-2, S-3 11 103.7175263 100 0.0000
Time 2 S-2, S-4 12 102.7851907 100 0.0000
Time 2 S-3, S-1 13 101.6150074 100 0.0000
Time 2 S-3, S-2 14 102.1228783 100 0.0000
Time 2 S-3, S-3 15 102.6855935 100 0.0000
Time 2 S-3, S-4 16 99.45226715 100 0.5477
Time 2 S-4, S-1 17 101.0392465 100 0.0000
Time 2 S-4, S-2 18 101.5442397 100 0.0000
Time 2 S-4, S-3 19 102.1037666 100 0.0000
Time 2 S-4, S-4 20 98.88886506 100 1.1111

EXHIBIT 21.14 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 4.9280 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.9519 0.0000 0.0000
4 0.0000 4.5831 0.0000 0.0000
5 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000
10 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000
12 0.5477 0.0000 0.0000
13 0.0000 0.0000 0.0000
14 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000
16 1.1111 0.0000 0.0000
17 0.0000 0.0000

Risk-Neutral Value 5 0.7245
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five scenarios are $3. For the 4 3 5 ¼ 20 nodes at time T ¼ 3 associated with the
decision to extend the bonds, cash flow is also $3. For the associated 20 nodes at
time T ¼ 4, cash flow is 103. Going back to time T ¼ 2, for the 10 scenarios in which
the put is not exercised, the bonds are repaid at a cash flow of 103. All other nodes
at times 3 and 4 are set to zero because the bonds have been retired. The value of this
callable bond is 103.6299 as shown in Exhibit 21.15.

EXHIBIT 21.15 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 3.0000 103.0000 3.0000 103.0000
3 3.0000 3.0000 3.0000 103.0000
4 3.0000 3.0000 3.0000 103.0000
5 103.0000 0.0000 0.0000
6 103.0000 0.0000 0.0000
7 103.0000 0.0000 0.0000
8 103.0000 0.0000 0.0000
9 103.0000 3.0000 103.0000
10 103.0000 3.0000 103.0000
11 103.0000 3.0000 103.0000
12 3.0000 3.0000 103.0000
13 103.0000 3.0000 103.0000
14 103.0000 3.0000 103.0000
15 103.0000 3.0000 103.0000
16 3.0000 3.0000 103.0000
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000

(Continued)
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We can verify there is no arbitrage by showing that the value of the callable bond
(103.6299) equals the value of the noncall two-year bond (104.3544) less the cost of
the put option (0.7245). One can easily use the solver function in common spread-
sheet software to answer this question: What coupon level causes a new issue bond
that matures in four years with a European call option (i.e., the option to prepay or
the put option to extend) to be valued at 100 percent of par value?

EXHIBIT 21.15 (Continued)

Current Time

Row Number 0 1 2 3 4

34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 3.0000 103.0000
46 3.0000 103.0000
47 3.0000 103.0000
48 3.0000 103.0000
49 0.0000 0.0000
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 0.0000
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 0.0000 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 3.0000 103.0000
62 3.0000 103.0000
63 3.0000 103.0000
64 3.0000 103.0000

Risk-Neutral Value 5 103.6299
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EUROPEAN OPTIONS ON DEFAULTABLE BONDS

This review of European options on bonds emphasizes the power and ease of use of
the HJM framework. Once the bushy tree is set up or the Monte Carlo simulations
have been generated, valuation is quick and easy. We have discussed ABC Corpo-
ration as a risky issuer and taken advantage of the Jarrow insight that the risky zero-
coupon bonds of ABC can be used to value coupon-bearing bonds in the same
manner as if ABC had no credit risk. In analyzing the callable bonds in the prior
example, the issuer holds the option so there is no counterparty risk to be analyzed by
the issuer of the bonds.

In the case of discrete call or put options (i.e., point-in-time credit default swaps)
on the bonds, there is indeed the risk that one’s counterparty on the options may
default. We have ignored that risk here. In Chapter 20, we reviewed the Jarrow
formula for the impact of counterparty risk. In general, we strongly recommend a
simulation approach to counterparty risk as the only realistic way to accurately
capture the joint impact of macroeconomic factors on the default risk and credit
spreads of both the bond issuer and those who hold call or put options on those
securities.

Note that this chapter provides worked examples of how to value the Jarrow-
Merton put option on the entire organization or portfolio as a measure of compre-
hensive risk. The only difference in methodology is that cash flows are generated
from a collection of instruments valued on a collection of yield curves. Modern
computers are expert at adding numbers together. The process is no more complex
than the examples above. Repetition does not make the task more complex. It merely
takes longer.

We close with a brief review of how simpler and less realistic term structure
models can be used to obtain closed form solutions for fixed income options values.
We present them in this chapter for exposition purposes.

Model Risk Alert

We do not recommend using such one-factor term structure models due to their
inaccuracy. This applies, too, to the one-factor Vasicek model described in the
following section.

HJM SPECIAL CASE: EUROPEAN OPTIONS IN THE ONE-FACTOR
VASICEK MODEL

The lack of accuracy of one-factor models was reviewed in great detail in Chapters 3
through10. (Indeed,we recommend that anyone tempted to usewhat follows to review
Chapters 3 through 10 again.) We present this section as an aid to understanding for
those who are mathematically inclined—recall, once more, that those who prefer
mathematics based on unrealistic assumptions over accuracy have been labeled
“F9 Model Monkeys” by the ever-entertaining Felix Salmon (2012) of Reuters.

In this section, we focus on the Vasicek model rather than the HJM three-factor
model used in the rest of the chapter and the rest of the book. We do so to illustrate
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that closed form solutions are possible for options valuation if one makes enough
simplifying (and realism destroying) assumptions.

In Chapter 13 on legacy interest rate models, we introduced the Vasicek model in
which short-term interest rates move randomly according to the stochastic process

dr ¼ αðμ� rÞdt þ σdz

Using the hedging argument from Chapter 13, riskless arbitrage requires that
zero-coupon bonds for all maturities are related to the market price of risk lambda by
the following equation:

Prαðμ� rÞ þ 1
2 σ

2Prr þ Pt � rP

σPr
¼ �λ

Jamshidian (1989) derived the value of a European call option on a zero-coupon
bond. We assume that the call option is to be valued at current time t. It is an option
to purchase a risk-free, zero-coupon bond with maturity at time T2 that is exercisable
at a purchase price K at time T1.

The value of the call option as of time t given the observable short rate r is

Vðr, t, T1, T2, KÞ ¼ Pðr, t, T2ÞNðhÞ � Pðr, t, T1ÞKNðh� σPÞ
where N is the standard cumulative normal distribution. We use the following
definitions:

h ¼ 1

σP
ln

Pðr, t, T2Þ
KPðr, t, T1Þ

2
4

3
5þ σP

2

σP ¼ vF1

and

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2

2α
½1� e�2αðT1�tÞ�

r

F1 T1 � tð Þ ¼ 1

α

�
1� e�αðT1�tÞ

�

The latter expression is the standard deviation of the price of the T2 maturity
zero-coupon bond’s price.

Readers familiar with the Black-Scholes options model will notice a very strong
similarity to the pricing formula in that model. The similarities occur because
the zero-coupon bond’s price is lognormally distributed since its yield is linear in the
short rate of interest and the yield is therefore normally distributed. There are very
important differences in this formulation compared to the Black-Scholes model that
are worth noting:

n The volatility of the bond’s price declines over time and reaches zero at maturity,
which is fully captured by the Jamshidian formulation. It is not captured by the
Black-Scholes model if applied to bond options, since the bond price volatility is
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assumed to be constant in the Black-Scholes model. As we noted earlier, many
traders in caps, floors, and swaptions erroneously live with the Black model’s
assumption of constant bond price volatility, which is a partial explanation for
the volatility “smile” observed when using the Black model for caps, floors, and
swaptions.

n The Jamshidian formulation looks through bond price fluctuations to the eco-
nomic source of the fluctuations, random interest rates, and provides an inter-
nally consistent methodology for bond option valuation. Using the Black-Scholes
model for bond options pricing relies on the dangerous inconsistency that bond
options are being valued using a model that assumes interest rates are constant.

n The Jamshidian formula, in combination with the Vasicek or Extended Vasicek
term structure model, provides a theoretically consistent approach that allows
cross-hedging of a one-year option on a three-year, zero-coupon bond with the
appropriate hedging amount of two-year bonds.

Model Risk Alert

That being said, the one-factor model is too simple, but relative to Black-Scholes, it is
an improvement of considerable magnitude. The Black-Scholes model does not
provide an explanation of the relationship between price changes on bonds with
different maturities.

OPTIONS ON COUPON-BEARING BONDS

Jamshidian notes that the price of any security with a positive amount of contractual
cash flows ai at n points of time in the future is a monotonically decreasing function
of the short rate of interest r. Therefore, the zero-coupon bond formulas for Euro-
pean options can be applied directly to the problem of European options on coupon-
bearing bonds. For each cash flow date, the strike price Ki is set to equal the zero-
coupon bond price as of the exercise date T such that the present value of the
remaining payments on the security as of time T exactly equal the true strike price
on the entire security K. The interest rate r* is the short-term interest rate at which
this is true:

Σ
n

i¼j
aiPðr*, T, TiÞ ¼ K

and

Ki ¼ Pðr*, T, TiÞ

Jamshidian shows that the value of a European option on the entire security is
the weighted sum of options on each cash flow:

Optionðr, t, T, KÞ ¼ Σ
n

i¼j
aiOptionðr, t, T, Ti, KiÞ
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THE JARROW-MERTON PUT OPTION

The worked examples using the three-factor HJM framework and the single-factor
Jamshidian formula for bond options in the legacy Vasicek model both serve an
important purpose: to show that the Jarrow-Merton put option calculation for
measurement of total risk is not complicated or mysterious. It is a calculation that
modern enterprise risk management software should be able to accomplish with ease.
As we shall see in later chapters, the Jarrow-Merton put option as a total risk
measure is far superior to the varied uses of “value at risk” that have been called into
question in the wake of financial institutions’ failures around the world in the 2006–
2011 credit crisis and in more recent times. Before demonstrating that concretely, we
continue to work through other security types to illustrate the power of the HJM
approach.
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CHAPTER 22
Forward and Futures Contracts

In this chapter, we continue the process of valuing the most common instruments on
the balance sheet of major financial institutions around the world. Valuation

enables us to efficiently perform a multiperiod simulation of cash flows and future
values for these instruments, both of which are critical to the ultimate objective—
measuring interest rate risk, market risk, liquidity risk, and credit risk in a consistent
framework via the Jarrow-Merton put option introduced in Chapter 1.

Our focus in this chapter is on forward contracts and futures contracts for
interest rate–related instruments. Careful attention to this issue is important both
from a correct hedging analysis and from an accounting perspective. This chapter
lays the groundwork for the correlation requirements of those standards, both in
terms of valuation and cash flow. In Chapter 20, we warned of the dangers of
collusion and market manipulation in the market for credit default swaps. (In
Chapter 17, on credit spread modeling, we mentioned the legal actions alleging
similar manipulation in the LIBOR market. On June 27, 2012, agencies of the U.S.
government and the UK’s Financial Services Authority levied more than $450 million
in penalties for LIBOR manipulation against Barclays PLC.) We assume perfectly
competitive markets in the following analysis, but we warn readers, as we have
throughout this volume, to make the appropriate adjustments given the nature of the
pricing index and the nature of the counterparty. It is a mistake to assume that (1)
everyone you trade with is Mother Teresa and that (2) you are the smartest one in
the room. Lehman veteran Larry McDonald is often quoted as saying “If you are
playing poker and you can’t find the sucker at the table, it’s probably you.” Beware.

Financial forward and futures contracts are critical everyday tools of risk
management and investment management. Their popularity is probably best sum-
marized by the interest rate futures contracts traded on the Chicago Mercantile
Exchange. Open interest in these contracts has long exceeded trillions of dollars, even
for the most long-dated contracts. Eurodollar futures on June 28, 2012, traded at
maturities as long as nine years forward. Exhibit 22.1 from the CME Group sum-
marizes the open interest in interest rate futures as of May 2012.

This chapter illustrates the important distinctions between forward and futures
contracts of different types, using the tools of Chapter 21 that we developed in the
context of valuing options on zero-coupon and coupon-bearing bonds. Note that we
don’t delve into the detailed contract specifications of specific futures contracts
because the information is overwhelmingly voluminous. Instead, we concentrate on
analytical methods that can be applied to any forward or futures contract with
appropriate adjustments for the details of the instrument. Daily cash flows and
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margin requirements are critical considerations with interest rate futures. We use the
three-factor Heath, Jarrow, and Morton (HJM) bushy tree from Chapter 9 again in
this chapter for ease of exposition. In practice, we would use daily time steps and a
Monte Carlo implementation of the HJM bushy tree. We start first with various
forward contracts and then cover futures contracts.

FORWARD CONTRACTS ON ZERO-COUPON BONDS

The most basic forward contract is a forward contract on the price of a zero-coupon
bond. In this section and the rest of the chapter, we need to make an important
distinction between the value of an existing contract on the books of an investment
manager, insurance firm, or bank and the price of the forward contract quoted in the
market. Before making this distinction clear, a real-world example of a forward
contract on zero-coupon bonds is useful. In this case, the best example is provided by

EXHIBIT 22.1 CME Group Exchange Open Interest Report—Monthly

Open
Interest

Open
Interest

Open
Interest

MAY 2012 MAY 2011 %CHG APR2012 %CHG

Interest Rate Futures
30-YR BOND 741,599 740,953 0.1% 576,675 28.6%
10-YR NOTE 2,012,970 1,973,136 2.0% 1,847,462 9.0%
5-YR NOTE 1,300,391 1,555,969 �16.4% 1,332,831 �2.4%
2-YR NOTE 991,488 1,046,815 �5.3% 950,995 4.3%
FED FUND 553,694 751,787 �26.3% 532,994 3.9%
10-YR SWAP 8,633 13,823 �37.5% 7,973 8.3%
5-YR SWAP 10,210 28,377 �64.0% 8,880 15.0%
MINI

EURODOLLAR 0 1 �100.0% 0 —

EUROYEN 263 825 �68.1% 516 �49.0%
EURODOLLARS 8,658,588 10,202,720 �15.1% 8,811,377 �17.7%
EMINI ED 7 11 �36.4% 7 0.0%
7-YR SWAP 36 631 �94.3% 39 �1.7%
3-MONTH OIS 0 0 — 0 —

3-YR NOTE 0 0 — 0 —

30-YR SWAP 122 640 �80.9% 140 �12.9%
1-MONTH

EURODOLLAR 18,632 10,318 80.6% 18,050 3.2%
ULTRA T-BOND 386,551 378,832 2.0% 357,091 8.2%
OTR 10-YR NOTE 0 410 �100.0% 2 �100.0%
OTR 5-YR NOTE 0 47 �100.0% 0 —

OTR 2-YR NOTE 0 44 �100.0% 0 —

SOVEREIGN
YIELD FUTURE 0 0 0.0% 0 —

EURO BONDS 294 0 — 532 �44.7%
Source: www.cmegroup.com/wrappedpages/web_monthly_report/Web_OI_Report_CMEG.pdf.
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the 90-day bank bill futures contract traded on the Sydney Futures Exchange. For
purposes of this section, we ignore daily mark-to-market requirements and analyze
this contract as a forward, not a futures, contract. (We perform the true futures
analysis later in the chapter.) Our example has the following criteria:

Contract: 90-day Bank Bills, Sydney Futures Exchange

Quotation basis: 100 � yield in percent, quoted to two decimal places

Assumed maturity of underlying bill: 90 days

Valuation formula:

Bank bill contract price ¼ 365ð1000000Þ
365þ 90*Yield

100

The bank bill contract assumes the underlying instrument pays simple interest on
an actual/365-day basis and has a maturity of 90 days. Essentially, the price of
the contract is the price of a 90-day zero-coupon bond with principal amount in
Australian dollars of A$1 million at maturity. The calculation is the same as those we
used in Chapter 4. One of the key features of the Sydney Bank Bill contract, as
opposed to the Eurodollar contracts we will discuss, is that the value of a 0.01
percent change in yield depends on the level of interest rates rather than being a
constant dollar amount like the Eurodollar contract:

Yield (%) A$ Value of 0.01% Yield Increase

9.00% A$23.60
10.00% A$23.49
11.00% A$23.37
12.00% A$23.26

Note that the quotation method (100 � Yield) is irrelevant to valuation—only
the underlying cash flow described by the valuation formula matters for valuation
purposes.

For notational convenience, we do the valuation analysis assuming that the
principal amount on the underlying instrument is A$1 instead of A$1 million. We
know from Chapter 4 that the forward price of this bond in a no-arbitrage world
with perfect competition should be the ratio of zero-coupon bond prices:

Forward bond priceðr, t, T1, T2Þ ¼ Pðr, t, T2Þ
Pðr, t, T1Þ

where T2 is the maturity date of the underlying instrument (in years), T1 is the
maturity date of the forward contract, and t is the current time. This result doesn’t
depend on any particular term structure model since it can be derived using arbitrage
arguments alone. If a financial institution has bought the forward contract at an
exercise price of K, then at the maturity of the forward (time T ¼ T1), the gain will be

Forward and Futures Contracts 515



P(r,T1,T2) � K. Let’s assume that the forward contract we are analyzing is a three-
year forward contract on the one-year zero-coupon bond maturing at time T ¼ 4.
We can use the bushy tree of Chapter 9 and the related one-year zero-coupon bond
prices as of time T ¼ 3 to analyze cash flows to the purchaser of the forward contract
for any given exercise price K. For an exercise price K ¼ 0.97, the cash flows at time
T ¼ 3 on the 64 nodes are shown in Exhibit 22.2.

EXHIBIT 22.2 Gain or Loss on Three-Year Forward Contract on Zero-Coupon Bond
Maturing in Year 2

State Name
State

Number Zero Coupon
Forward
Price Forward Cash Flow

Time 3 S-1, S-1, S-1 21 0.942412737 0.97 �0.0276
Time 3 S-1, S-1, S-2 22 0.947268253 0.97 �0.0227
Time 3 S-1, S-1, S-3 23 0.950832139 0.97 �0.0192
Time 3 S-1, S-1, S-4 24 0.925604805 0.97 �0.0444
Time 3 S-1, S-2, S-1 25 0.969893771 0.97 �0.0001
Time 3 S-1, S-2, S-2 26 0.974741292 0.97 0.0047
Time 3 S-1, S-2, S-3 27 0.98011229 0.97 0.0101
Time 3 S-1, S-2, S-4 28 0.960957928 0.97 �0.0090
Time 3 S-1, S-3, S-1 29 0.950380623 0.97 �0.0196
Time 3 S-1, S-3, S-2 30 0.980599699 0.97 0.0106
Time 3 S-1, S-3, S-3 31 0.969182195 0.97 �0.0008
Time 3 S-1, S-3, S-4 32 0.947852422 0.97 �0.0221
Time 3 S-1, S-4, S-1 33 0.948539838 0.97 �0.0215
Time 3 S-1, S-4, S-2 34 0.953426923 0.97 �0.0166
Time 3 S-1, S-4, S-3 35 0.957013979 0.97 �0.0130
Time 3 S-1, S-4, S-4 36 0.93162263 0.97 �0.0384
Time 3 S-2, S-1, S-1 37 0.960137528 0.97 �0.0099
Time 3 S-2, S-1, S-2 38 0.990666843 0.97 0.0207
Time 3 S-2, S-1, S-3 39 0.979132124 0.97 0.0091
Time 3 S-2, S-1, S-4 40 0.957583373 0.97 �0.0124
Time 3 S-2, S-2, S-1 41 0.978439239 0.97 0.0084
Time 3 S-2, S-2, S-2 42 0.994499441 0.97 0.0245
Time 3 S-2, S-2, S-3 43 0.992391065 0.97 0.0224
Time 3 S-2, S-2, S-4 44 0.988138659 0.97 0.0181
Time 3 S-2, S-3, S-1 45 0.974439351 0.97 0.0044
Time 3 S-2, S-3, S-2 46 1.003747972 0.97 0.0337
Time 3 S-2, S-3, S-3 47 0.997413498 0.97 0.0274
Time 3 S-2, S-3, S-4 48 0.978781276 0.97 0.0088
Time 3 S-2, S-4, S-1 49 0.982545874 0.97 0.0125
Time 3 S-2, S-4, S-2 50 0.987456629 0.97 0.0175
Time 3 S-2, S-4, S-3 51 0.992897691 0.97 0.0229
Time 3 S-2, S-4, S-4 52 0.973493464 0.97 0.0035
Time 3 S-3, S-1, S-1 53 0.977704061 0.97 0.0077
Time 3 S-3, S-1, S-2 54 0.982590617 0.97 0.0126
Time 3 S-3, S-1, S-3 55 0.988004867 0.97 0.0180
Time 3 S-3, S-1, S-4 56 0.96869626 0.97 �0.0013
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If we drop these cash flows into the cash flow table and multiply by the proper
probability-weighted discount factors, we find in Exhibit 22.3 that the value of this
forward position is �0.0022.

We know, however, that we can replicate the cash flows of this forward contract
by making these transactions:

Step 1: Buy zero-coupon bond maturing at time T ¼ 4.

Step 2: Agree to issue a zero-coupon bond with a face value of 0.97 maturing at
time T ¼ 3. The proceeds of this loan for 0.97, at the current yield curve, are
0.9330.

Step 3: At time T ¼ 3, sell zero-coupon bond maturing at time T ¼ 4 and pay
off the loan of 0.97 as it matures. There will be a gain or a loss from doing so
that is identical to the payoff on the forward contract, so the net cash flow of
this alternative strategy to the forward contract should also be �0.0022.

EXHIBIT 22.2 (Continued)

State Name
State

Number Zero Coupon
Forward
Price Forward Cash Flow

Time 3 S-3, S-2, S-1 57 0.977704061 0.97 0.0077
Time 3 S-3, S-2, S-2 58 0.982590617 0.97 0.0126
Time 3 S-3, S-2, S-3 59 0.988004867 0.97 0.0180
Time 3 S-3, S-2, S-4 60 0.96869626 0.97 �0.0013
Time 3 S-3, S-3, S-1 61 0.964921197 0.97 �0.0051
Time 3 S-3, S-3, S-2 62 0.993943537 0.97 0.0239
Time 3 S-3, S-3, S-3 63 0.987670937 0.97 0.0177
Time 3 S-3, S-3, S-4 64 0.969220711 0.97 �0.0008
Time 3 S-3, S-4, S-1 65 0.956873373 0.97 �0.0131
Time 3 S-3, S-4, S-2 66 0.987298898 0.97 0.0173
Time 3 S-3, S-4, S-3 67 0.975803393 0.97 0.0058
Time 3 S-3, S-4, S-4 68 0.954327901 0.97 �0.0157
Time 3 S-4, S-1, S-1 69 0.966171633 0.97 �0.0038
Time 3 S-4, S-1, S-2 70 0.996892813 0.97 0.0269
Time 3 S-4, S-1, S-3 71 0.985285603 0.97 0.0153
Time 3 S-4, S-1, S-4 72 0.963601426 0.97 �0.0064
Time 3 S-4, S-2, S-1 73 0.974819161 0.97 0.0048
Time 3 S-4, S-2, S-2 74 0.979691298 0.97 0.0097
Time 3 S-4, S-2, S-3 75 0.985089571 0.97 0.0151
Time 3 S-4, S-2, S-4 76 0.965837939 0.97 �0.0042
Time 3 S-4, S-3, S-1 77 0.974819161 0.97 0.0048
Time 3 S-4, S-3, S-2 78 0.979691298 0.97 0.0097
Time 3 S-4, S-3, S-3 79 0.985089571 0.97 0.0151
Time 3 S-4, S-3, S-4 80 0.965837939 0.97 �0.0042
Time 3 S-4, S-4, S-1 81 0.956882114 0.97 �0.0131
Time 3 S-4, S-4, S-2 82 0.977817245 0.97 0.0078
Time 3 S-4, S-4, S-3 83 0.973471088 0.97 0.0035
Time 3 S-4, S-4, S-4 84 0.952172548 0.97 �0.0178
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EXHIBIT 22.3 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 �0.0276 0.0000
2 0.0000 0.0000 �0.0227 0.0000
3 0.0000 0.0000 �0.0192 0.0000
4 0.0000 0.0000 �0.0444 0.0000
5 0.0000 �0.0001 0.0000
6 0.0000 0.0047 0.0000
7 0.0000 0.0101 0.0000
8 0.0000 �0.0090 0.0000
9 0.0000 �0.0196 0.0000
10 0.0000 0.0106 0.0000
11 0.0000 �0.0008 0.0000
12 0.0000 �0.0221 0.0000
13 0.0000 �0.0215 0.0000
14 0.0000 �0.0166 0.0000
15 0.0000 �0.0130 0.0000
16 0.0000 �0.0384 0.0000
17 �0.0099 0.0000
18 0.0207 0.0000
19 0.0091 0.0000
20 �0.0124 0.0000
21 0.0084 0.0000
22 0.0245 0.0000
23 0.0224 0.0000
24 0.0181 0.0000
25 0.0044 0.0000
26 0.0337 0.0000
27 0.0274 0.0000
28 0.0088 0.0000
29 0.0125 0.0000
30 0.0175 0.0000
31 0.0229 0.0000
32 0.0035 0.0000
33 0.0077 0.0000
34 0.0126 0.0000
35 0.0180 0.0000
36 �0.0013 0.0000
37 0.0077 0.0000
38 0.0126 0.0000
39 0.0180 0.0000
40 �0.0013 0.0000
41 �0.0051 0.0000
42 0.0239 0.0000
43 0.0177 0.0000
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We can confirm that, indeed,

Forwardð0, 3, 4, :97Þ ¼ Pð0, 4Þ � Pð0, 3ÞK
¼ 0:9308550992� 0:9618922376ð0:97Þ
¼ �0:0022:

This result stems from no-arbitrage arguments and holds for any term structure
model. Leaving aside the existing forward contract purchased for K ¼ 0.97, what
should the exercise priceK of a new forward contract be today? Since no initial cash is
necessary to buy a forward at market, the value of the forward should be zero so that

0 ¼ Pð0, 4Þ � Pð0, 3ÞK
or

K ¼ Pð0, 4Þ=Pð0, 3Þ
We can confirm this result by using the HJM cash flow table and solving for the

level of K that makes the value of the existing futures contract zero.

EXHIBIT 22.3 (Continued)

Current Time

Row Number 0 1 2 3 4

44 �0.0008 0.0000
45 �0.0131 0.0000
46 0.0173 0.0000
47 0.0058 0.0000
48 �0.0157 0.0000
49 �0.0038 0.0000
50 0.0269 0.0000
51 0.0153 0.0000
52 �0.0064 0.0000
53 0.0048 0.0000
54 0.0097 0.0000
55 0.0151 0.0000
56 �0.0042 0.0000
57 0.0048 0.0000
58 0.0097 0.0000
59 0.0151 0.0000
60 �0.0042 0.0000
61 �0.0131 0.0000
62 0.0078 0.0000
63 0.0035 0.0000
64 �0.0178 0.0000

Risk-Neutral Value 5 20.0022
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Turning back to the Sydney forward contract, the observable market price (in
zero-coupon bond terms) equals the forward bond price. In yield terms, as quoted on
the Sydney Futures Exchange, the quoted yield will be

Y*¼ 36500

90

1000000

Forward zero-coupon bond price
� 1

� �

Later in this chapter, we deal with the implications of daily margin requirements
and the possibility that there could be a default (1) either by the Exchange itself or (2)
on the instrument underlying the forward contract in keeping with our interest in an
integrated treatment of interest rate risk, market risk, liquidity risk, and credit risk.
The analysis in this section implicitly assumes that both the Exchange and the
underlying instrument are default free.

Forward Rate Agreements

The design of the Sydney Futures Exchange Bank Bill Contract is one of a relatively
small number of contracts where the underlying instrument is a zero-coupon bond. It
is most common for the underlying instrument to be expressed in terms of an interest
rate. Perhaps the most common forward contract with this structure is the forward
rate agreement (FRA), where the counterparties agree on a strike rateK at maturity T1

based on an underlying rate for an instrument maturing atT2. The cash flow at timeT2

from the FRA is proportional to the FRA rate at maturity and the strike rate K:

Cash flow ¼ BðFRA rate½T1� � KÞ

where the coefficient B reflects the notional principal amount, the maturity of the
underlying instrument, and the interest quotation method used for the FRA contract
(i.e., actual/360 days, actual/365 days, etc.). In this section, we analyze the case where
this interest differential is paid at the maturity of the underlying instrument, T2.
Conventional FRAs normally pay in an economically equivalent way, paying the
present value of this interest rate differential at the maturity of the FRA contract, T1.

We value the contract as if cash flowed at time T1 by taking the simple present
value of T2 cash flow from the perspective of time T1 (the standard FRA convention):

Present value ¼ Pðτ ¼ T2 � T1ÞB½FRA rate� K�

¼ PðτÞB 1

PðτÞ � 1� K

2
4

3
5

¼ B½1� PðτÞð1þ KÞ�
¼ B� BPðτÞð1þ KÞ

Let’s assume that B is A$25 per 1 percent rate change (A$0.25 per basis point)
and that the FRA exercise price is K ¼ 4 percent. You receive any excess of the actual
spot rate over 4 percent and you pay any shortfall of the actual spot rate under
4 percent. The cash flows that are paid at time T ¼ 4 on a one-year underlying FRA
are set out in Exhibit 22.4 for each of the relevant 64 nodes.
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EXHIBIT 22.4 FRA at 4 Percent on One-Year Instrument

State Name State Number
Spot Rate at

Time 3
Exercise Spot

Rate
Cash Flow
Time T 5 4

Time 3 S-1, S-1, S-1 21 6.11% 4.00% 52.77
Time 3 S-1, S-1, S-2 22 5.57% 4.00% 39.17
Time 3 S-1, S-1, S-3 23 5.17% 4.00% 29.28
Time 3 S-1, S-1, S-4 24 8.04% 4.00% 100.94
Time 3 S-1, S-2, S-1 25 3.10% 4.00% �22.40
Time 3 S-1, S-2, S-2 26 2.59% 4.00% �35.22
Time 3 S-1, S-2, S-3 27 2.03% 4.00% �49.27
Time 3 S-1, S-2, S-4 28 4.06% 4.00% 1.57
Time 3 S-1, S-3, S-1 29 5.22% 4.00% 30.53
Time 3 S-1, S-3, S-2 30 1.98% 4.00% �50.54
Time 3 S-1, S-3, S-3 31 3.18% 4.00% �20.51
Time 3 S-1, S-3, S-4 32 5.50% 4.00% 37.54
Time 3 S-1, S-4, S-1 33 5.43% 4.00% 35.63
Time 3 S-1, S-4, S-2 34 4.88% 4.00% 22.12
Time 3 S-1, S-4, S-3 35 4.49% 4.00% 12.29
Time 3 S-1, S-4, S-4 36 7.34% 4.00% 83.49
Time 3 S-2, S-1, S-1 37 4.15% 4.00% 3.79
Time 3 S-2, S-1, S-2 38 0.94% 4.00% �76.45
Time 3 S-2, S-1, S-3 39 2.13% 4.00% �46.72
Time 3 S-2, S-1, S-4 40 4.43% 4.00% 10.74
Time 3 S-2, S-2, S-1 41 2.20% 4.00% �44.91
Time 3 S-2, S-2, S-2 42 0.55% 4.00% �86.17
Time 3 S-2, S-2, S-3 43 0.77% 4.00% �80.83
Time 3 S-2, S-2, S-4 44 1.20% 4.00% �69.99
Time 3 S-2, S-3, S-1 45 2.62% 4.00% �34.42
Time 3 S-2, S-3, S-2 46 �0.37% 4.00% �109.33
Time 3 S-2, S-3, S-3 47 0.26% 4.00% �93.52
Time 3 S-2, S-3, S-4 48 2.17% 4.00% �45.80
Time 3 S-2, S-4, S-1 49 1.78% 4.00% �55.59
Time 3 S-2, S-4, S-2 50 1.27% 4.00% �68.24
Time 3 S-2, S-4, S-3 51 0.72% 4.00% �82.12
Time 3 S-2, S-4, S-4 52 2.72% 4.00% �31.93
Time 3 S-3, S-1, S-1 53 2.28% 4.00% �42.99
Time 3 S-3, S-1, S-2 54 1.77% 4.00% �55.71
Time 3 S-3, S-1, S-3 55 1.21% 4.00% �69.65
Time 3 S-3, S-1, S-4 56 3.23% 4.00% �19.21
Time 3 S-3, S-2, S-1 57 2.28% 4.00% �42.99
Time 3 S-3, S-2, S-2 58 1.77% 4.00% �55.71
Time 3 S-3, S-2, S-3 59 1.21% 4.00% �69.65
Time 3 S-3, S-2, S-4 60 3.23% 4.00% �19.21
Time 3 S-3, S-3, S-1 61 3.64% 4.00% �9.11
Time 3 S-3, S-3, S-2 62 0.61% 4.00% �84.77

(Continued)
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Ifwedrop these into the cash flow table,we get the value�15.4927 inExhibit 22.5.
Note that we can replicate the net present value that will be received under this

transaction at time T ¼ 3. We know B ¼ A$2,500 (since rates are expressed as a
decimal) and the FRA exercise price is 0.04. We replicate this time T ¼ 3 net present
value payoff with the following steps:

Step 1: Buy A$2,500 in principal amount of the zero-coupon bond maturing at
time T ¼ 3. The cost of this investment is P(0,3)2,500.

Step 2: Borrow in the form of a zero-coupon bond with principal A$2,500
(1 þ 0.04) to mature at time T ¼ 4. The proceeds of this borrowing are
P(0,4)[2,500](1.04).

Step 3: At time T ¼ 3 either liquidate the position or invest the proceeds of the
bond purchased in step 1 (A$2,500) in the one-year spot rate maturing at
time T ¼ 4.

No arbitrage requires that the net cost of this strategy be the same as �15.4927
and we can confirm that is the case:

Pð0, 3Þ2, 500� Pð0, 4Þ½2, 500�ð1:04Þ ¼ �15:4927

EXHIBIT 22.4 (Continued)

State Name State Number
Spot Rate at

Time 3
Exercise Spot

Rate
Cash Flow
Time T 5 4

Time 3 S-3, S-3, S-3 63 1.25% 4.00% �68.79
Time 3 S-3, S-3, S-4 64 3.18% 4.00% �20.61
Time 3 S-3, S-4, S-1 65 4.51% 4.00% 12.68
Time 3 S-3, S-4, S-2 66 1.29% 4.00% �67.84
Time 3 S-3, S-4, S-3 67 2.48% 4.00% �38.01
Time 3 S-3, S-4, S-4 68 4.79% 4.00% 19.64
Time 3 S-4, S-1, S-1 69 3.50% 4.00% �12.47
Time 3 S-4, S-1, S-2 70 0.31% 4.00% �92.21
Time 3 S-4, S-1, S-3 71 1.49% 4.00% �62.66
Time 3 S-4, S-1, S-4 72 3.78% 4.00% �5.57
Time 3 S-4, S-2, S-1 73 2.58% 4.00% �35.42
Time 3 S-4, S-2, S-2 74 2.07% 4.00% �48.18
Time 3 S-4, S-2, S-3 75 1.51% 4.00% �62.16
Time 3 S-4, S-2, S-4 76 3.54% 4.00% �11.57
Time 3 S-4, S-3, S-1 77 2.58% 4.00% �35.42
Time 3 S-4, S-3, S-2 78 2.07% 4.00% �48.18
Time 3 S-4, S-3, S-3 79 1.51% 4.00% �62.16
Time 3 S-4, S-3, S-4 80 3.54% 4.00% �11.57
Time 3 S-4, S-4, S-1 81 4.51% 4.00% 12.65
Time 3 S-4, S-4, S-2 82 2.27% 4.00% �43.29
Time 3 S-4, S-4, S-3 83 2.73% 4.00% �31.87
Time 3 S-4, S-4, S-4 84 5.02% 4.00% 25.57
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EXHIBIT 22.5 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 52.7655
2 0.0000 0.0000 0.0000 39.1679
3 0.0000 0.0000 0.0000 29.2759
4 0.0000 0.0000 0.0000 100.9367
5 0.0000 0.0000 �22.3981
6 0.0000 0.0000 �35.2169
7 0.0000 0.0000 �49.2719
8 0.0000 0.0000 1.5707
9 0.0000 0.0000 30.5250
10 0.0000 0.0000 �50.5397
11 0.0000 0.0000 �20.5056
12 0.0000 0.0000 37.5414
13 0.0000 0.0000 35.6299
14 0.0000 0.0000 22.1202
15 0.0000 0.0000 12.2920
16 0.0000 0.0000 83.4900
17 0.0000 3.7937
18 0.0000 �76.4473
19 0.0000 �46.7184
20 0.0000 10.7387
21 0.0000 �44.9103
22 0.0000 �86.1725
23 0.0000 �80.8318
24 0.0000 �69.9907
25 0.0000 �34.4222
26 0.0000 �109.3349
27 0.0000 �93.5170
28 0.0000 �45.8032
29 0.0000 �55.5895
30 0.0000 �68.2432
31 0.0000 �82.1172
32 0.0000 �31.9293
33 0.0000 �42.9890
34 0.0000 �55.7054
35 0.0000 �69.6481
36 0.0000 �19.2117
37 0.0000 �42.9890
38 0.0000 �55.7054
39 0.0000 �69.6481
40 0.0000 �19.2117
41 0.0000 �9.1149

(Continued)
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We can also solve for the implied “price” of new FRA transactions K, recog-
nizing that an FRA transaction at time zero is costless and therefore should have a
value of zero to avoid arbitrage possibilities:

K ¼ Pð0, 3Þ=Pð0, 4Þ � 1

Again, this formula holds for any term structure model because the replication
of the FRA is independent of the term structure model selected. What if the rate
differential between the FRA rate and K is paid on an undiscounted basis at time T1?
We answer that question in the next section.

EURODOLLAR FUTURES-TYPE FORWARD CONTRACTS

What if the market convention regarding FRA payment was that the forward rate
agreement pays its cash flow:

Cash flow ¼ BðFRA rate½T1� � KÞ

EXHIBIT 22.5 (Continued)

Current Time

Row Number 0 1 2 3 4

42 0.0000 �84.7666
43 0.0000 �68.7926
44 0.0000 �20.6082
45 0.0000 12.6759
46 0.0000 �67.8388
47 0.0000 �38.0085
48 0.0000 19.6447
49 0.0000 �12.4680
50 0.0000 �92.2078
51 0.0000 �62.6646
52 0.0000 �5.5663
53 0.0000 �35.4218
54 0.0000 �48.1758
55 0.0000 �62.1597
56 0.0000 �11.5740
57 0.0000 �35.4218
58 0.0000 �48.1758
59 0.0000 �62.1597
60 0.0000 �11.5740
61 0.0000 12.6520
62 0.0000 �43.2850
63 0.0000 �31.8703
64 0.0000 25.5745

Risk-Neutral Value 5 215.4927

524 RISK MANAGEMENT APPLICATIONS: INSTRUMENT BY INSTRUMENT



at the T1 maturity of the FRA contract instead its present value at time T1 or payment
in cash at the T2 maturity of the underlying instrument? An FRA that pays in this
manner is essentially equivalent to a Eurodollar Futures contract with no mark-to-
market margin (i.e., a Eurodollar futures-type forward). Such a Eurodollar futures-
type forward, if modeled after the Chicago Mercantile Exchange Eurodollar futures
contract, would pay $25 for every one basis point differential between the settlement
yield on the futures-type forward and the strike price. Unlike the Sydney Futures
Exchange Bank Bill future discussed in the previous section, the dollar value of a
basis point change in quoted yield is the same for all levels of interest rates under this
type of contract. The cash flow at time T1 under this kind of contract is

Cash flow ¼ B
1

PðτÞ � 1� K

� �
¼ B

PðτÞ � ð1þ KÞB

The cash flows are the same as before but they arrive at time T ¼ 3 instead of
time T ¼ 4. We can calculate the value of this kind of structure by dropping the cash
flows into a different column, the column for time T ¼ 3, in the cash flow table. The
value is �15.4146, as shown in Exhibit 22.6.

EXHIBIT 22.6 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 52.7655 0.0000
2 0.0000 0.0000 39.1679 0.0000
3 0.0000 0.0000 29.2759 0.0000
4 0.0000 0.0000 100.9367 0.0000
5 0.0000 �22.3981 0.0000
6 0.0000 �35.2169 0.0000
7 0.0000 �49.2719 0.0000
8 0.0000 1.5707 0.0000
9 0.0000 30.5250 0.0000
10 0.0000 �50.5397 0.0000
11 0.0000 �20.5056 0.0000
12 0.0000 37.5414 0.0000
13 0.0000 35.6299 0.0000
14 0.0000 22.1202 0.0000
15 0.0000 12.2920 0.0000
16 0.0000 83.4900 0.0000
17 3.7937 0.0000
18 �76.4473 0.0000
19 �46.7184 0.0000
20 10.7387 0.0000
21 �44.9103 0.0000
22 �86.1725 0.0000

(Continued)
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EXHIBIT 22.6 (Continued)

Current Time

Row Number 0 1 2 3 4

23 �80.8318 0.0000
24 �69.9907 0.0000
25 �34.4222 0.0000
26 �109.3349 0.0000
27 �93.5170 0.0000
28 �45.8032 0.0000
29 �55.5895 0.0000
30 �68.2432 0.0000
31 �82.1172 0.0000
32 �31.9293 0.0000
33 �42.9890 0.0000
34 �55.7054 0.0000
35 �69.6481 0.0000
36 �19.2117 0.0000
37 �42.9890 0.0000
38 �55.7054 0.0000
39 �69.6481 0.0000
40 �19.2117 0.0000
41 �9.1149 0.0000
42 �84.7666 0.0000
43 �68.7926 0.0000
44 �20.6082 0.0000
45 12.6759 0.0000
46 �67.8388 0.0000
47 �38.0085 0.0000
48 19.6447 0.0000
49 �12.4680 0.0000
50 �92.2078 0.0000
51 �62.6646 0.0000
52 �5.5663 0.0000
53 �35.4218 0.0000
54 �48.1758 0.0000
55 �62.1597 0.0000
56 �11.5740 0.0000
57 �35.4218 0.0000
58 �48.1758 0.0000
59 �62.1597 0.0000
60 �11.5740 0.0000
61 12.6520 0.0000
62 �43.2850 0.0000
63 �31.8703 0.0000
64 25.5745 0.0000

Risk-Neutral Value 5 215.4146

526 RISK MANAGEMENT APPLICATIONS: INSTRUMENT BY INSTRUMENT



The valuation formulas for this instrument are more complex than the simple no-
arbitrage results given previously.

FUTURES ON ZERO-COUPON BONDS: THE SYDNEY FUTURES
EXCHANGE BANK BILL CONTRACT

From this point on in the chapter, we deal with true futures contracts. A true futures
contract has daily mark-to-market requirements, with cash flow on an existing
contract occurring continuously through its life. Ending cash flow is essentially zero,
since the full amount of the change in observable futures prices over the life of the
contract will have already been paid in cash through the continuous mark-to-market
requirements. We will ignore initial margin payments and the return of these initial
payments since they represent a simple zero-coupon bond-type adjustment to the
formulas that follow.

Like the previous three sections, there is an important distinction between the
market value of an existing futures position V and the observable market price of a
futures contract Q. The first three sections showed the distinct differences between V
andQ for three different types of forward contracts. In this section and the remainder
of the chapter, we note the following:

n The market value V of an existing futures position will always be zero since (1)
the market price of a new futures contract must be zero to avoid arbitrage and
(2) a previously taken futures position is continuously made equivalent to a new
position by continuous margin payments. The observable market price Q of the
future contract and the initial strike rate K on the futures transaction, put in
place at time t0, are related by the fact that cash payments of at least M ¼ K
� Q, the cumulative net loss (gain) on the futures contract, must have been made
to (withdrawn from) the margin account since initiation of the transaction at
time t0. The balance of the margin account is unknown since parties with a
positive margin balance may use the cash proceeds for any purpose.

n This important comment notwithstanding, a trader is always thinking about
their gains or losses in terms of the original rate at which the futures contract
was purchased K and the current market price Q. It is critical to note that
this differential will have already impacted the financial institution’s balance
sheet (i.e., the cash account) and the trader’s focus on the differential K � Q
reflects only a partial view of the impact of the futures contract on the institu-
tion. Most sophisticated institutions are taking both views of the impact of a
futures contract, the trader’s view and the true daily cash flow pattern via the
margin accounts.

These comments require a careful vocabulary to bridge the gap between the
jargon of market participants and financial reality. To a market participant, the value
of a futures contract is Q � K, even though the margin account balance would
be Max(0,K � Q) rather than always being Q � K. These same market participants
are rarely aware of the margin account balance, which is normally managed by an
operational group. To a financial economist, the value is zero. Fortunately, the
interest rate risk of a futures position to both groups is the change in Q that results
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from a change in interest rates, as captured by movements in the single stochastic
factor r (if the Vasicek term structure model applies) or by movements in the three
factors driving our HJM model from Chapter 9. Taking care to remember this dis-
tinction between viewpoints, we ignore the market value of an existing futures
position V and concentrate on determining the observable market price Q.1

In modeling interest rate futures contracts, the most important difference versus
the forward rate contracts discussed earlier in the chapter is easy to summarize. Let’s
assume at timeT ¼ 0 one takes a position in a futures contract maturing at timeT ¼ 3
on the zero-coupon bond maturing at time T ¼ 4. Obviously, at time T ¼ 3, the price
of the maturing futures contract will be forced by arbitrage to exactly equal the time
T ¼ 3 price of the zero-coupon bond maturing at time T ¼ 4. This boundary con-
dition is no different than it is for forward contracts. The difference comes in what
happens at times T ¼ 1 and T ¼ 2. In the case of a forward contract maturing at time
T ¼ 3, nothing happens at times 1 and 2, which is why the cash flows above were zero
for those time periods. We write the price of a futures contract as of time t with
maturity at T ¼ 3 on the zero-coupon bond maturing at T ¼ 4 as F(t,3,4). The time
zero price of the futures contract is F(0,3,4). At time 1, there are four nodes on the
bushy tree and the futures price will be taken on one of four values, F(1,3,4,si) for
i ¼ 1, 2, 3, and 4. At each of these four nodes, there will be cash flow equal to F(1,3,4,
si) � F(0,3,4). This cash flow either represents the withdrawal of a gain from amargin
account or the contribution of a loss back into themargin account. After this cash flow
has occurred at time T ¼ 1, of course, an existing futures position and a new futures
position are identical. Both have zero dollars in the margin account.

At time T ¼ 2, there are 16 nodes and there will be 16 gains or losses on the
futures position relative to the four futures values on the nodes at T ¼ 1.

The analytical derivation of the futures price evolution is nicely done by Chen
(1992) in the Vasicek framework. As the number of risk factors driving interest rates
in an HJM framework gets larger and larger for greater realism, futures prices and
their evolution in general can be most usefully derived by numerical methods. See
Jarrow and Turnbull (1996) for an excellent summary of the general principles that
govern the evolution of futures prices. The need for numerical methods is particularly
true in light of the “cheapest to deliver option” embedded in many bond futures
contracts. We turn to that issue now.

FUTURES ON COUPON-BEARING BONDS: DEALING WITH THE
CHEAPEST TO DELIVER OPTION

In this section, we consider the contract specifications of the Singapore Exchange’s
Japanese government bond (JGB) contract. Let’s assume the coupon rate on the
futures contract is 2 percent:

Notional principal: f50,000,000

Maturity: 10 years

Coupon rate: 2 percent

In actual operation, there will be a number of JGB issues that are deliverable
under the Singapore contract. The seller of the futures contract has a delivery option
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which allows the seller of the futures contract to deliver the cheapest bond if the
seller of the futures contract chooses to hold the contract to maturity. If there are N
deliverable bonds, the exchange will calculate a delivery factor Fi, which specifies the
ratio of the principal amount on the ith deliverable bond to the notional principal of
f50,000,000 that is necessary to satisfy delivery requirements.

One of the bonds at any given time is the cheapest to deliver. After multiplying
the yen coupon amounts and yen principal amount on this bond times the delivery
factor, we will have the j maturities and cash flow amounts underlying the bond
future. The market price of the bond future (as long as only one bond is deliverable) is
the sum of zero-coupon bond futures prices (assuming one yen of principal on each
zero-coupon bond future) times these cash flow amounts Ci:

QBondðt, T0Þ ¼
Xj
i¼1

Qðr, t, TiÞCi

T0 is the maturity date of the bond futures contract. The sensitivity analysis of
bond futures, assuming only one bond is deliverable, is the sum of the sensitivities for
the zero-coupon bond futures portfolio, which replicates the cash flows on the bond.

What about the value of the delivery option? Let us assume that there are two
deliverable bonds and the one-factor Vasicek model is a realistic description of rate
movements. (Model Risk Alert: It is not realistic.) Using the insights of Jamshidian’s
(1989) approach to coupon-bearing bond options valuation, we know that there will
be a level of the short rate r, which we label s*, such that the two bonds are equally
attractive to deliver as of time Tf. Above s*, bond one is cheaper to deliver. Below s*,
bond two is cheaper to deliver. We can solve the partial differential equation for
futures valuation subject to the boundary conditions that the futures price converges
to bond one’s deliverable value above s* and to bond two’s deliverable value below
s*. We also impose the condition that the first and second derivatives of the futures
price are smooth at a short rate level of s*. The result is a special weighted average of
the futures prices that would have prevailed if each bond was the only deliverable
bond under the futures contract. There are other options embedded in common U.S.
and Japanese bond contracts that can be analyzed in a related way. The process is
much more complex in a realistic HJM framework with the 5 to 10 risk factors that
we showed were necessary for realism in Chapter 3.

EURODOLLAR AND EUROYEN FUTURES CONTRACTS

Money market futures have evolved to a fairly standard structure around the world.
The Singapore Exchange futures contracts in U.S. dollars, yen, and Singapore dollars
are all on three-month instruments with a constant currency amount paid at maturity
per basis point change in the price of the contract. The per-basis-point value of rate
changes under each contract is as follows:

U.S. dollars: US$25.00

Yen (Tokyo and London): f2,500

Singapore dollars: SG$25.00
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In each case, the futures price must be equal to the underlying three-month
interest rates, multiplied by the notional principal amount and the appropriate day
count factor to convert the rate to an annual basis. At maturity, the futures price
(actually, the futures rate times notional principal) Q must meet this boundary
condition:

Qðr, T1, T1, T2Þ ¼ B
1

Pðr, T1, T2Þ � 1

� �

B represents the notional principal and annualization factor, T1 is the maturity of the
futures contract in years, and T2 is the maturity of the underlying three-month
instrument so T2 is roughly 0.25 greater than T1.

The market price of the futures contract in the Vasicek model context (ignoring
the annualization factor and notional principal embedded in B) is one over the for-
ward bond price, multiplied by an adjustment factor, minus one. This formula
reduces to the forward rate if interest rate volatility σ is zero. In general, the formulas
for these money market futures contracts (when they can be obtained) are highly
dependent on the term structure model selected.

DEFAULTABLE FORWARD AND FUTURES CONTRACTS

Jarrow and Turnbull (1995) show that, in special circumstances, the adjustment
made in the price of a defaultable instrument is a simple ratio times the value of the
same instrument if it were not defaultable. Many market participants simulate future
values and cash flows of financial forwards and futures on the implicit assumption
that default will not occur. The realization that default of the futures exchange itself
is a possibility, however, should not come as a surprise to anyone who is familiar
with the high correlation in the default probabilities between major financial insti-
tutions that we discussed in the introduction to this book in the 2006–2011 credit
crisis. How should this risk be analyzed? We need to use the simulation technique
outlined in Chapters 19 and 20 to handle this accurately. Accuracy requires us to use
simulation methods outlined in those chapters, although explicit formulaic solutions
can be obtained for highly simplified assumptions.

A careful Monte Carlo simulation like that specified in Chapters 19 and 20 is
essential to recognizing the slim, but real possibility of the default of the futures
exchanges in times of crisis, like the collapse of futures specialist MF Global on
October 30, 2011. We return to this theme in Chapters 36 through 41 in detail.

NOTE

1. For an excellent introduction to this topic, see Chen (1992) and Jarrow and Turnbull
(1996), especially Chapters 6 and 13 of the latter.
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CHAPTER 23
European Options on Forward and

Futures Contracts

This chapter continues our analysis of standard instruments found on the balance
sheet of large financial institutions as we continue with our objective of estab-

lishing a unified measure of interest rate risk, market risk, liquidity risk, and credit
risk. In order to value the Jarrow-Merton put option proposed in Chapter 1 as the
best measure of total risk, we need a methodology for valuation and for simulation
of cash flows and values at many future dates. As in Chapter 22, we need this
capability for European options on forward and futures contracts for three reasons:

n To understand correct hedging amounts from a shareholder value-added per-
spective, as discussed in the early chapters of this book

n To meet the requirements of constantly evolving accounting standards for hedging
n To meet the requirements of regulatory capital calculations like Basel II, Basel III,

and Solvency II

This chapter combines the valuation formulas for futures and forwards from
Chapter 22 and the options approach from Chapter 21. As in Chapters 21 and 22, we
use the three-factor Heath, Jarrow, and Morton (HJM) framework to value options
on forwards and futures. We remind the reader that Chapter 3 illustrated the need for
an interest rate model with 5 to 10 driving risk factors. We use the three-factor HJM
model from Chapter 9 for expositional purposes. In the first edition of this book, we
showed in detail how the one-factor Vasicek model can be used to derive closed form
valuation formulas for this important class of instruments. While this approach
provides many useful insights, we don’t believe that a one-factor model is sufficiently
accurate to emphasize in this volume. Similarly, the $450 million settlement
announced by Barclays PLC on June 27, 2012, for manipulation of the LIBOR market
calls into question the pervasive use of the LIBOR market model for money market
instruments. A more general approach like the HJM approach provides the most
reliable and accurate framework for analysis.

VALUING OPTIONS ON FORWARDS AND FUTURES: NOTATIONS AND
USEFUL FORMULAS

Valuing options on forward and futures contracts can be done in using one of two
methods. First, we can employ the HJM framework using a bushy tree or Monte
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Carlo simulation, properly parameterized, to obtain accurate values and hedges using
a term structure model with a realistic number of risk factors (5 to 10). We use the
Chapter 9 HJM three-factor example for exposition purposes in this chapter. A
second approach, which the authors admire but now judge insufficiently accurate, is
to take a simple term structure model with one or two factors and derive analytical
valuation and hedging formulas. For example, we can take advantage of the Jam-
shidian general solution for security pricing under the Vasicek model from Chapter
21 to obtain analytical solutions.

Market participants have historically preferred analytical solutions over
numerical solutions because of a desire for total control over the calculation on the
part of the trader/analyst. In the modern era, with 64-bit operating systems and
powerful enterprise risk systems, this relentless urge by Felix Salmon’s “F9 Model
Monkeys” is not in the best interest of most financial services firms. For that reason
we emphasize the HJM numerical solutions in this chapter.

Exhibit 23.1 summarizes the current list of interest rate futures and options
contracts on interest rates available at www.cmegroup.com.

Because of the wide array of interest rate options currently available, this chapter
will emphasize options on stylized types of instruments. Space does not permit a
detailed analysis of each contract, and, because contract specifications are rapidly
evolving, such a product-specific focus would soon be rendered obsolete. We start
with options on forward contracts on zero-coupon bonds, as in Chapter 22.

EUROPEAN OPTIONS ON FORWARD CONTRACTS ON
ZERO-COUPON BONDS

In this section, we return to our example from Chapter 22 of a three-year forward
contract on a zero-coupon bond maturing in year 4. The forward contract had an
exercise price of 0.97. The cash flows on such a contract, using the HJM 3 factor
model of Chapter 9, were shown in Exhibits 22.2 and 22.3 of Chapter 22. We
reproduce the cash flow table for the forward contract as Exhibit 23.2, along with the
forward contract’s value of �0.0022.

EXHIBIT 23.1 Interest Rate Pictures and Options Products—CME Group
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EXHIBIT 23.2 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 �0.0276 0.0000
2 0.0000 0.0000 �0.0227 0.0000
3 0.0000 0.0000 �0.0192 0.0000
4 0.0000 0.0000 �0.0444 0.0000
5 0.0000 �0.0001 0.0000
6 0.0000 0.0047 0.0000
7 0.0000 0.0101 0.0000
8 0.0000 �0.0090 0.0000
9 0.0000 �0.0196 0.0000
10 0.0000 0.0106 0.0000
11 0.0000 �0.0008 0.0000
12 0.0000 �0.0221 0.0000
13 0.0000 �0.0215 0.0000
14 0.0000 �0.0166 0.0000
15 0.0000 �0.0130 0.0000
16 0.0000 �0.0384 0.0000
17 �0.0099 0.0000
18 0.0207 0.0000
19 0.0091 0.0000
20 �0.0124 0.0000
21 0.0084 0.0000
22 0.0245 0.0000
23 0.0224 0.0000
24 0.0181 0.0000
25 0.0044 0.0000
26 0.0337 0.0000
27 0.0274 0.0000
28 0.0088 0.0000
29 0.0125 0.0000
30 0.0175 0.0000
31 0.0229 0.0000
32 0.0035 0.0000
33 0.0077 0.0000
34 0.0126 0.0000
35 0.0180 0.0000
36 �0.0013 0.0000
37 0.0077 0.0000
38 0.0126 0.0000
39 0.0180 0.0000
40 �0.0013 0.0000
41 �0.0051 0.0000

(Continued)
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Now consider the simplest possible call option on this forward contract. Let the
option be a European call option with an exercise period of three years, exactly the
maturity of the forward contract. Let the exercise price of the option on the forward
contract be zero. In this case, since the forward contract will converge to the zero-
coupon bond price minus 0.97 at maturity, the call option will be exercised only
when there are gains at the maturity of the futures contract. To value the call option,
we modify the cash flow table above so that it registers only values equal to Maxi-
mum (0, cash flow). When we make this modification, we see the cash flows for the
three-year European call option on this forward contract in Exhibit 23.3.

We drop these cash flows into the cash flow table and multiply times the cor-
responding probability-weighted discount factors from Chapter 9. When we do this,
we see that the value of the three-year call option on this forward contract is 0.0048
in Exhibit 23.4.

What if the option contract were a put option with the same three-year term?
Then the cash flows that would be relevant would be Minimum (0, cash flow). If we

EXHIBIT 23.2 (Continued)

Current Time

Row Number 0 1 2 3 4

42 0.0239 0.0000
43 0.0177 0.0000
44 �0.0008 0.0000
45 �0.0131 0.0000
46 0.0173 0.0000
47 0.0058 0.0000
48 �0.0157 0.0000
49 �0.0038 0.0000
50 0.0269 0.0000
51 0.0153 0.0000
52 �0.0064 0.0000
53 0.0048 0.0000
54 0.0097 0.0000
55 0.0151 0.0000
56 �0.0042 0.0000
57 0.0048 0.0000
58 0.0097 0.0000
59 0.0151 0.0000
60 �0.0042 0.0000
61 �0.0131 0.0000
62 0.0078 0.0000
63 0.0035 0.0000
64 �0.0178 0.0000

Risk-Neutral Value 5 20.0022
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EXHIBIT 23.3 Gain or Loss on Three-Year Forward Contract on Zero-Coupon Bond
Maturing in Year 4

State Name
State

Number
Zero-Coupon
Bond Value

Forward
Price

Forward
Cash Flow

Call Option
Cash Flow

Time 3 S-1, S-1, S-1 21 0.942412737 0.97 �0.0276 0.0000
Time 3 S-1, S-1, S-2 22 0.947268253 0.97 �0.0227 0.0000
Time 3 S-1, S-1, S-3 23 0.950832139 0.97 �0.0192 0.0000
Time 3 S-1, S-1, S-4 24 0.925604805 0.97 �0.0444 0.0000
Time 3 S-1, S-2, S-1 25 0.969893771 0.97 �0.0001 0.0000
Time 3 S-1, S-2, S-2 26 0.974741292 0.97 0.0047 0.0047
Time 3 S-1, S-2, S-3 27 0.98011229 0.97 0.0101 0.0101
Time 3 S-1, S-2, S-4 28 0.960957928 0.97 �0.0090 0.0000
Time 3 S-1, S-3, S-1 29 0.950380623 0.97 �0.0196 0.0000
Time 3 S-1, S-3, S-2 30 0.980599699 0.97 0.0106 0.0106
Time 3 S-1, S-3, S-3 31 0.969182195 0.97 �0.0008 0.0000
Time 3 S-1, S-3, S-4 32 0.947852422 0.97 �0.0221 0.0000
Time 3 S-1, S-4, S-1 33 0.948539838 0.97 �0.0215 0.0000
Time 3 S-1, S-4, S-2 34 0.953426923 0.97 �0.0166 0.0000
Time 3 S-1, S-4, S-3 35 0.957013979 0.97 �0.0130 0.0000
Time 3 S-1, S-4, S-4 36 0.93162263 0.97 �0.0384 0.0000
Time 3 S-2, S-1, S-1 37 0.960137528 0.97 �0.0099 0.0000
Time 3 S-2, S-1, S-2 38 0.990666843 0.97 0.0207 0.0207
Time 3 S-2, S-1, S-3 39 0.979132124 0.97 0.0091 0.0091
Time 3 S-2, S-1, S-4 40 0.957583373 0.97 �0.0124 0.0000
Time 3 S-2, S-2, S-1 41 0.978439239 0.97 0.0084 0.0084
Time 3 S-2, S-2, S-2 42 0.994499441 0.97 0.0245 0.0245
Time 3 S-2, S-2, S-3 43 0.992391065 0.97 0.0224 0.0224
Time 3 S-2, S-2, S-4 44 0.988138659 0.97 0.0181 0.0181
Time 3 S-2, S-3, S-1 45 0.974439351 0.97 0.0044 0.0044
Time 3 S-2, S-3, S-2 46 1.003747972 0.97 0.0337 0.0337
Time 3 S-2, S-3, S-3 47 0.997413498 0.97 0.0274 0.0274
Time 3 S-2, S-3, S-4 48 0.978781276 0.97 0.0088 0.0088
Time 3 S-2, S-4, S-1 49 0.982545874 0.97 0.0125 0.0125
Time 3 S-2, S-4, S-2 50 0.987456629 0.97 0.0175 0.0175
Time 3 S-2, S-4, S-3 51 0.992897691 0.97 0.0229 0.0229
Time 3 S-2, S-4, S-4 52 0.973493464 0.97 0.0035 0.0035
Time 3 S-3, S-1, S-1 53 0.977704061 0.97 0.0077 0.0077
Time 3 S-3, S-1, S-2 54 0.982590617 0.97 0.0126 0.0126
Time 3 S-3, S-1, S-3 55 0.988004867 0.97 0.0180 0.0180
Time 3 S-3, S-1, S-4 56 0.96869626 0.97 �0.0013 0.0000
Time 3 S-3, S-2, S-1 57 0.977704061 0.97 0.0077 0.0077
Time 3 S-3, S-2, S-2 58 0.982590617 0.97 0.0126 0.0126
Time 3 S-3, S-2, S-3 59 0.988004867 0.97 0.0180 0.0180
Time 3 S-3, S-2, S-4 60 0.96869626 0.97 �0.0013 0.0000
Time 3 S-3, S-3, S-1 61 0.964921197 0.97 �0.0051 0.0000

(Continued)
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EXHIBIT 23.3 (Continued)

State Name
State

Number
Zero-Coupon
Bond Value

Forward
Price

Forward
Cash Flow

Call Option
Cash Flow

Time 3 S-3, S-3, S-2 62 0.993943537 0.97 0.0239 0.0239
Time 3 S-3, S-3, S-3 63 0.987670937 0.97 0.0177 0.0177
Time 3 S-3, S-3, S-4 64 0.969220711 0.97 �0.0008 0.0000
Time 3 S-3, S-4, S-1 65 0.956873373 0.97 �0.0131 0.0000
Time 3 S-3, S-4, S-2 66 0.987298898 0.97 0.0173 0.0173
Time 3 S-3, S-4, S-3 67 0.975803393 0.97 0.0058 0.0058
Time 3 S-3, S-4, S-4 68 0.954327901 0.97 �0.0157 0.0000
Time 3 S-4, S-1, S-1 69 0.966171633 0.97 �0.0038 0.0000
Time 3 S-4, S-1, S-2 70 0.996892813 0.97 0.0269 0.0269
Time 3 S-4, S-1, S-3 71 0.985285603 0.97 0.0153 0.0153
Time 3 S-4, S-1, S-4 72 0.963601426 0.97 �0.0064 0.0000
Time 3 S-4, S-2, S-1 73 0.974819161 0.97 0.0048 0.0048
Time 3 S-4, S-2, S-2 74 0.979691298 0.97 0.0097 0.0097
Time 3 S-4, S-2, S-3 75 0.985089571 0.97 0.0151 0.0151
Time 3 S-4, S-2, S-4 76 0.965837939 0.97 �0.0042 0.0000
Time 3 S-4, S-3, S-1 77 0.974819161 0.97 0.0048 0.0048
Time 3 S-4, S-3, S-2 78 0.979691298 0.97 0.0097 0.0097
Time 3 S-4, S-3, S-3 79 0.985089571 0.97 0.0151 0.0151
Time 3 S-4, S-3, S-4 80 0.965837939 0.97 �0.0042 0.0000
Time 3 S-4, S-4, S-1 81 0.956882114 0.97 �0.0131 0.0000
Time 3 S-4, S-4, S-2 82 0.977817245 0.97 0.0078 0.0078
Time 3 S-4, S-4, S-3 83 0.973471088 0.97 0.0035 0.0035
Time 3 S-4, S-4, S-4 84 0.952172548 0.97 �0.0178 0.0000

EXHIBIT 23.4 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000
6 0.0000 0.0047 0.0000
7 0.0000 0.0101 0.0000
8 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000
10 0.0000 0.0106 0.0000
11 0.0000 0.0000 0.0000
12 0.0000 0.0000 0.0000
13 0.0000 0.0000 0.0000
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EXHIBIT 23.4 (Continued)

Current Time

Row Number 0 1 2 3 4

14 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000
16 0.0000 0.0000 0.0000
17 0.0000 0.0000
18 0.0207 0.0000
19 0.0091 0.0000
20 0.0000 0.0000
21 0.0084 0.0000
22 0.0245 0.0000
23 0.0224 0.0000
24 0.0181 0.0000
25 0.0044 0.0000
26 0.0337 0.0000
27 0.0274 0.0000
28 0.0088 0.0000
29 0.0125 0.0000
30 0.0175 0.0000
31 0.0229 0.0000
32 0.0035 0.0000
33 0.0077 0.0000
34 0.0126 0.0000
35 0.0180 0.0000
36 0.0000 0.0000
37 0.0077 0.0000
38 0.0126 0.0000
39 0.0180 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0239 0.0000
43 0.0177 0.0000
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0173 0.0000
47 0.0058 0.0000
48 0.0000 0.0000
49 0.0000 0.0000
50 0.0269 0.0000
51 0.0153 0.0000
52 0.0000 0.0000
53 0.0048 0.0000
54 0.0097 0.0000
55 0.0151 0.0000

(Continued)
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calculate these cash flows, drop them in the cash flow table, and multiply times the
relevant probability-weighted discount factors, we see in Exhibit 23.5 that the value
of this European put option is �0.0070.

We now check to make sure that these valuations are consistent with no arbi-
trage. A forward contract with a three-year maturity and a strike price of 0.97 has a
value of �0.0022. We can replicate this forward contract by (1) buying a three-year
call option on the forward contract at a strike price of zero and (2) selling a three-year
put option on the forward contract at a strike price of zero. The cash flow from this
replication strategy would be �0.0048 þ 0.0070 ¼ 0.0022, exactly the amount of
cash a rational investor would need to receive before the investor would take on a
forward contract with a current value of �0.0022.

EUROPEAN OPTIONS ON FORWARD RATE AGREEMENTS

We now examine the valuation of a European call option on a forward rate agree-
ment with the same terms and cash flows as in Exhibits 22.4 and 22.5 in Chapter 22.
Recall that the FRA from Chapter 22 paid $25 per basis point for every basis point
over the exercise price of 4.00%. Time zero value of this FRA was �15.4927, as
shown in Exhibit 22.5 of Chapter 22. What would be the value of a European call
option to buy this FRA contract with a strike price of zero and an exercise period of
three years? The call option would earn the holder the FRA cash flows such that the
cash flows were Maximum (0, FRA cash flow); that is, only the positive cash flows
from the ownership of the FRA. These cash flows are shown in Exhibit 23.6.

The value of the call option on the FRA is the value of these cash flows. We drop
them into the cash flow table and multiply times the probability-weighted discount
factors to get a call option value of 9.0716 shown in Exhibit 23.7.

If instead we valued a put option on the FRA, the cash flows would be Minimum
(0, FRA cash flow). The value of the put option is shown in Exhibit 23.8 as�24.5643.

EXHIBIT 23.4 (Continued)

Current Time

Row Number 0 1 2 3 4

56 0.0000 0.0000
57 0.0048 0.0000
58 0.0097 0.0000
59 0.0151 0.0000
60 0.0000 0.0000
61 0.0000 0.0000
62 0.0078 0.0000
63 0.0035 0.0000
64 0.0000 0.0000

Risk-Neutral Value 5 0.0048
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EXHIBIT 23.5 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 �0.0276 0.0000
2 0.0000 0.0000 �0.0227 0.0000
3 0.0000 0.0000 �0.0192 0.0000
4 0.0000 0.0000 �0.0444 0.0000
5 0.0000 �0.0001 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 �0.0090 0.0000
9 0.0000 �0.0196 0.0000
10 0.0000 0.0000 0.0000
11 0.0000 �0.0008 0.0000
12 0.0000 �0.0221 0.0000
13 0.0000 �0.0215 0.0000
14 0.0000 �0.0166 0.0000
15 0.0000 �0.0130 0.0000
16 0.0000 �0.0384 0.0000
17 �0.0099 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 �0.0124 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 �0.0013 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 �0.0013 0.0000

(Continued)
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We can again confirm the absence of arbitrage by noting that the total of the cash
flows from a replication strategy (buy the call option and sell the put option,
�9.0716 þ 24.5643) equals the cash flow that an investor would receive for taking
on an existing FRA position (15.4927) currently valued at a loss of 15.4927.

EUROPEAN OPTIONS ON A EURODOLLAR FUTURES-TYPE
FORWARD CONTRACT

In Exhibit 22.6 in Chapter 22, we dealt with a forward contract that pays like the
standard money market futures contracts; that is, at the expiration of the futures
contract or forward contract instead of on the interest payment date of the under-
lying instrument. Options on this type of forward contract are exactly the same as
the analysis in Exhibits 23.7 and 23.8 except for the timing of the cash flows. These
valuations are left as an exercise for the interested reader.

EXHIBIT 23.5 (Continued)

Current Time

Row Number 0 1 2 3 4

41 �0.0051 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 �0.0008 0.0000
45 �0.0131 0.0000
46 0.0000 0.0000
47 0.0000 0.0000
48 �0.0157 0.0000
49 �0.0038 0.0000
50 0.0000 0.0000
51 0.0000 0.0000
52 �0.0064 0.0000
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 �0.0042 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 �0.0042 0.0000
61 �0.0131 0.0000
62 0.0000 0.0000
63 0.0000 0.0000
64 �0.0178 0.0000

Risk-Neutral Value 5 20.0070
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EXHIBIT 23.6 FRA at 4 Percent on One-Year Instrument

State Name
State

Number
Spot Rate
at Time 3

Exercise
Spot Rate

FRA Cash
Flow Time

T 5 4
Call Option
Cash Flow

Time 3 S-1, S-1, S-1 21 6.11% 4.00% 52.77 52.77
Time 3 S-1, S-1, S-2 22 5.57% 4.00% 39.17 39.17
Time 3 S-1, S-1, S-3 23 5.17% 4.00% 29.28 29.28
Time 3 S-1, S-1, S-4 24 8.04% 4.00% 100.94 100.94
Time 3 S-1, S-2, S-1 25 3.10% 4.00% �22.40 0.00
Time 3 S-1, S-2, S-2 26 2.59% 4.00% �35.22 0.00
Time 3 S-1, S-2, S-3 27 2.03% 4.00% �49.27 0.00
Time 3 S-1, S-2, S-4 28 4.06% 4.00% 1.57 1.57
Time 3 S-1, S-3, S-1 29 5.22% 4.00% 30.53 30.53
Time 3 S-1, S-3, S-2 30 1.98% 4.00% �50.54 0.00
Time 3 S-1, S-3, S-3 31 3.18% 4.00% �20.51 0.00
Time 3 S-1, S-3, S-4 32 5.50% 4.00% 37.54 37.54
Time 3 S-1, S-4, S-1 33 5.43% 4.00% 35.63 35.63
Time 3 S-1, S-4, S-2 34 4.88% 4.00% 22.12 22.12
Time 3 S-1, S-4, S-3 35 4.49% 4.00% 12.29 12.29
Time 3 S-1, S-4, S-4 36 7.34% 4.00% 83.49 83.49
Time 3 S-2, S-1, S-1 37 4.15% 4.00% 3.79 3.79
Time 3 S-2, S-1, S-2 38 0.94% 4.00% �76.45 0.00
Time 3 S-2, S-1, S-3 39 2.13% 4.00% �46.72 0.00
Time 3 S-2, S-1, S-4 40 4.43% 4.00% 10.74 10.74
Time 3 S-2, S-2, S-1 41 2.20% 4.00% �44.91 0.00
Time 3 S-2, S-2, S-2 42 0.55% 4.00% �86.17 0.00
Time 3 S-2, S-2, S-3 43 0.77% 4.00% �80.83 0.00
Time 3 S-2, S-2, S-4 44 1.20% 4.00% �69.99 0.00
Time 3 S-2, S-3, S-1 45 2.62% 4.00% �34.42 0.00
Time 3 S-2, S-3, S-2 46 �0.37% 4.00% �109.33 0.00
Time 3 S-2, S-3, S-3 47 0.26% 4.00% �93.52 0.00
Time 3 S-2, S-3, S-4 48 2.17% 4.00% �45.80 0.00
Time 3 S-2, S-4, S-1 49 1.78% 4.00% �55.59 0.00
Time 3 S-2, S-4, S-2 50 1.27% 4.00% �68.24 0.00
Time 3 S-2, S-4, S-3 51 0.72% 4.00% �82.12 0.00
Time 3 S-2, S-4, S-4 52 2.72% 4.00% �31.93 0.00
Time 3 S-3, S-1, S-1 53 2.28% 4.00% �42.99 0.00
Time 3 S-3, S-1, S-2 54 1.77% 4.00% �55.71 0.00
Time 3 S-3, S-1, S-3 55 1.21% 4.00% �69.65 0.00
Time 3 S-3, S-1, S-4 56 3.23% 4.00% �19.21 0.00
Time 3 S-3, S-2, S-1 57 2.28% 4.00% �42.99 0.00
Time 3 S-3, S-2, S-2 58 1.77% 4.00% �55.71 0.00
Time 3 S-3, S-2, S-3 59 1.21% 4.00% �69.65 0.00
Time 3 S-3, S-2, S-4 60 3.23% 4.00% �19.21 0.00
Time 3 S-3, S-3, S-1 61 3.64% 4.00% �9.11 0.00

(Continued)
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EXHIBIT 23.6 (Continued)

State Name
State

Number
Spot Rate
at Time 3

Exercise
Spot Rate

FRA Cash
Flow Time

T 5 4
Call Option
Cash Flow

Time 3 S-3, S-3, S-2 62 0.61% 4.00% �84.77 0.00
Time 3 S-3, S-3, S-3 63 1.25% 4.00% �68.79 0.00
Time 3 S-3, S-3, S-4 64 3.18% 4.00% �20.61 0.00
Time 3 S-3, S-4, S-1 65 4.51% 4.00% 12.68 12.68
Time 3 S-3, S-4, S-2 66 1.29% 4.00% �67.84 0.00
Time 3 S-3, S-4, S-3 67 2.48% 4.00% �38.01 0.00
Time 3 S-3, S-4, S-4 68 4.79% 4.00% 19.64 19.64
Time 3 S-4, S-1, S-1 69 3.50% 4.00% �12.47 0.00
Time 3 S-4, S-1, S-2 70 0.31% 4.00% �92.21 0.00
Time 3 S-4, S-1, S-3 71 1.49% 4.00% �62.66 0.00
Time 3 S-4, S-1, S-4 72 3.78% 4.00% �5.57 0.00
Time 3 S-4, S-2, S-1 73 2.58% 4.00% �35.42 0.00
Time 3 S-4, S-2, S-2 74 2.07% 4.00% �48.18 0.00
Time 3 S-4, S-2, S-3 75 1.51% 4.00% �62.16 0.00
Time 3 S-4, S-2, S-4 76 3.54% 4.00% �11.57 0.00
Time 3 S-4, S-3, S-1 77 2.58% 4.00% �35.42 0.00
Time 3 S-4, S-3, S-2 78 2.07% 4.00% �48.18 0.00
Time 3 S-4, S-3, S-3 79 1.51% 4.00% �62.16 0.00
Time 3 S-4, S-3, S-4 80 3.54% 4.00% �11.57 0.00
Time 3 S-4, S-4, S-1 81 4.51% 4.00% 12.65 12.65
Time 3 S-4, S-4, S-2 82 2.27% 4.00% �43.29 0.00
Time 3 S-4, S-4, S-3 83 2.73% 4.00% �31.87 0.00
Time 3 S-4, S-4, S-4 84 5.02% 4.00% 25.57 25.57

EXHIBIT 23.7 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 52.7655
2 0.0000 0.0000 0.0000 39.1679
3 0.0000 0.0000 0.0000 29.2759
4 0.0000 0.0000 0.0000 100.9367
5 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 1.5707
9 0.0000 0.0000 30.5250
10 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000
12 0.0000 0.0000 37.5414
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EXHIBIT 23.7 (Continued)

Current Time

Row Number 0 1 2 3 4

13 0.0000 0.0000 35.6299
14 0.0000 0.0000 22.1202
15 0.0000 0.0000 12.2920
16 0.0000 0.0000 83.4900
17 0.0000 3.7937
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 10.7387
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 0.0000 12.6759
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 19.6447
49 0.0000 0.0000
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 0.0000
53 0.0000 0.0000
54 0.0000 0.0000

(Continued)
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EXHIBIT 23.7 (Continued)

Current Time

Row Number 0 1 2 3 4

55 0.0000 0.0000
56 0.0000 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 0.0000 12.6520
62 0.0000 0.0000
63 0.0000 0.0000
64 0.0000 25.5745

Risk-Neutral Value 5 9.0716

EXHIBIT 23.8 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 �22.3981
6 0.0000 0.0000 �35.2169
7 0.0000 0.0000 �49.2719
8 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000
10 0.0000 0.0000 �50.5397
11 0.0000 0.0000 �20.5056
12 0.0000 0.0000 0.0000
13 0.0000 0.0000 0.0000
14 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000
16 0.0000 0.0000 0.0000
17 0.0000 0.0000
18 0.0000 �76.4473
19 0.0000 �46.7184
20 0.0000 0.0000
21 0.0000 �44.9103
22 0.0000 �86.1725
23 0.0000 �80.8318
24 0.0000 �69.9907
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EXHIBIT 23.8 (Continued)

Current Time

Row Number 0 1 2 3 4

25 0.0000 �34.4222
26 0.0000 �109.3349
27 0.0000 �93.5170
28 0.0000 �45.8032
29 0.0000 �55.5895
30 0.0000 �68.2432
31 0.0000 �82.1172
32 0.0000 �31.9293
33 0.0000 �42.9890
34 0.0000 �55.7054
35 0.0000 �69.6481
36 0.0000 �19.2117
37 0.0000 �42.9890
38 0.0000 �55.7054
39 0.0000 �69.6481
40 0.0000 �19.2117
41 0.0000 �9.1149
42 0.0000 �84.7666
43 0.0000 �68.7926
44 0.0000 �20.6082
45 0.0000 0.0000
46 0.0000 �67.8388
47 0.0000 �38.0085
48 0.0000 0.0000
49 0.0000 �12.4680
50 0.0000 �92.2078
51 0.0000 �62.6646
52 0.0000 �5.5663
53 0.0000 �35.4218
54 0.0000 �48.1758
55 0.0000 �62.1597
56 0.0000 �11.5740
57 0.0000 �35.4218
58 0.0000 �48.1758
59 0.0000 �62.1597
60 0.0000 �11.5740
61 0.0000 0.0000
62 0.0000 �43.2850
63 0.0000 �31.8703
64 0.0000 0.0000

Risk-Neutral Value 5 224.5643
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European Options on Futures on Coupon-Bearing Bonds

In Chapter 22, we argued that the valuation of futures contracts on coupon-bearing
bonds is best accomplished using numerical methods such as the HJM three-factor
bushy tree or related Monte Carlo simulation. There were three reasons for this
conclusion: First, as we saw in Chapters 3, 5 to 10 risk factors drive interest rates and
there is, in general, no closed form solution for futures in this case; second, daily
mark-to-market cash flows compound the complexity of the futures contract beyond
the complexity of the cash flows on the underlying instrument; third, the cheapest-to-
deliver option embedded in most bond futures contracts requires numerical methods
for an accurate valuation. We saw in Chapter 21 that the Jamshidian bond option
formula makes use of the critical short rate level that triggers the “moneyness” of the
bond option. A similar technique can be used in a one-factor term structure model to
identify the transition points at which the bond that is cheapest to deliver changes
from bond J to bond J þ 1. In a term structure model where many factors drive
interest rates, an option on a bond future that has an embedded cheapest-to-deliver
option is a compound option. In general, this kind of compound option is best
analyzed using the HJM framework rather than via closed form approximations.

European Options on Money Market Futures Contracts

For similar reasons, the HJM framework is the best approach to value and hedge
positions that involve money market futures contracts as well. This challenging task
has been further complicated by the LIBOR manipulation scandal in two dimensions.
First, the manipulation of LIBOR that Barclays admitted on June 27, 2012, pollutes
any historical data set that one would use for LIBOR-based interest rate modeling.
Second, until there is a dramatic reform of setting short-term interest rates for pricing
caps, floors, and swaps, the potential for future manipulation remains. To ignore this
in modeling options on futures would be naïve at best and suicidal at worst. The best
modeling strategy will be dependent on further revelations that emerge from ongoing
investigations into LIBOR manipulation.

DEFAULTABLE OPTIONS ON FORWARD AND FUTURES CONTRACTS

As we noted in Chapter 22, Jarrow and Turnbull (1995) show that, in special cir-
cumstances, the adjustment made to the price of a defaultable instrument is a simple
ratio times the value of the same instrument if it was not defaultable. Can we analyze
the possibility of a default on the options in this chapter in the same way?

As we noted in Chapter 22, the answer is no. Since the macro factors impact
options prices, forward prices, futures prices, and the default probabilities of the
counterparties dealing in the forwards and futures, the neat separation of the credit-
adjusted value of futures and forwards that Jarrow and Turnbull found for simpler
instruments will not generally apply. This doesn’t mean that this approach can’t be
used as a first approximation, but it will significantly understate risk. As JPMorgan
Chase found out in 1998 in a well-known incident with S.K. Securities of Korea,
the default probability of the counterparty can be dangerously correlated with the
amount of money they owe you.1 This is because the same macroeconomic factor
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drives both the legally required payoff on the security at hand and the default
probability of the counterparty. A true credit-adjusted valuation requires the kind of
scenario-specific default probabilities that are embedded in the rich flexibility of the
reduced form models discussed in detail in Chapter 16.

How do we simulate future values and cash flows on options on futures and
forwards in a true default-adjusted fashion? Again, a careful Monte Carlo simulation
like that specified in Chapters 19 and 20 is essential to recognizing the slim, but real
possibility of the default of the futures exchanges in times of crisis. Similarly, the
default of our counterparty on an over-the-counter option on futures and forwards
could be analyzed analytically or numerically. As suggested in the previous chapter,
rather than doing this mathematical derivation, a carefully structured Monte Carlo
simulation can capture the same effects. This is the principal topic inChapters 36 to 41.

NOTE

1. See van Deventer and Imai (2003) for a detailed discussion of this incident.
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CHAPTER 24
Caps and Floors

This chapter was drafted on July 2, 2012, the day that the Barclays PLC chief
executive officer resigned in the wake of the $451 million in fines levied on

Barclays for the manipulation of LIBOR. Barclays Chairman Marcus Agius resigned
on July 1. Given that LIBOR is the most common reference rate that has historically
been used as the reference rate in caps and floors, big changes lie (no pun intended)
ahead for the LIBOR market and the related market in caps and floors. LIBOR and
the market for interest rate derivatives are so tightly tied together that a Heath,
Jarrow, and Morton (HJM) variation called the “LIBOR market model” is described
by some as the industry standard model for pricing interest rate derivatives. The
LIBOR market model is a very useful point of reference and we recommend that
serious readers review Riccardo Rebonato’s excellent book Modern Pricing of
Interest-Rate Derivatives: The LIBOR Market Model and Beyond (John Wiley &
Sons, 2012) for more on that specific implementation. In this chapter, the nature of
the reference rate is irrelevant to the analysis, provided that the reference rate is
determined in a competitive market with transparent price discovery and the usual
assumptions of perfect competition. This description, obviously, does not apply to
LIBOR. Therefore any results from the following methods have to be adjusted for the
result of criminal activity and market manipulation. The authors recommend that
readers initiate no new contracts tied to LIBOR or any other reference rate that does
not represent actual transactions. Even in that case, sham transactions have to be
eliminated from the reference rate calculation.

We now turn from the ethics of financial markets to more pleasant topics. We
are making step-by-step progress in valuing the financial instruments that might be
found on the balance sheet of a major financial institution. To reiterate, our ultimate
objective is the full valuation of the Jarrow-Merton put option on the balance sheet
of the financial institution as the best measure of integrated credit risk, market risk,
liquidity risk, and interest rate risk. The Jarrow-Merton put option is also an
excellent basis for capital allocation, which is discussed in Chapters 36 through 41.
In this chapter, we turn to interest rate caps and floors using the tools from Chapter
23 extensively. We continue to employ the three-factor HJM model implementation
from Chapter 9. Normally, in practice, one would use the parameters from Chapter
9 to value caps and floors using a Monte Carlo simulation. For ease of exposition,
we use the related bushy tree from Chapter 9.

Putting aside the 2012 LIBORmanipulation scandal, interest rate caps and floors
have become, perhaps, the most popular interest rate option–based instrument. They
provide a valuable tool for financial managers interested in controlling their exposure
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to extremely high or extremely low interest rates. They also provide an excellent basis
for the estimation of term structure model parameters as we discussed in Chapter 14.
Common uses of caps and floors include the following examples:

n Limiting the maximum rate paid on a floating-rate loan by purchasing a cap
n Limiting the exposure to an effective floor1 on nonmaturity consumer deposit

rates paid by the bank by purchasing a floor in the open market
n Hedging the prepayment risk on a mortgage portfolio
n Hedging the cancellation risk on a portfolio of life insurance policies
n Insuring that the performance of a fixed income portfolio can only improve as

rates rise

The purchaser of a cap effectively purchases an insurance policy against interest
rate increases. Let’s consider a hedger who has a floating-rate loan tied to a three-
month U.S. dollar reference rate. By purchasing a 3 percent cap, the hedger insures that
they will never pay more than 3 percent on the loan after subtracting payments from
the seller of the cap. If rates rise to 5 percent, the hedger pays 5 percent on the loan, but
receives 2 percent from the person who sold the cap, for a net expense of 3 percent.

Caps and floors are both traded outright and embedded in common banking and
insurance industry assets and liabilities. A number of market conventions deserve
mention here. First, payment for the cap or floor typically takes place at time zero
when the contract is traded outright. Embedded in a loan or deposit, the cap or floor
price would be disguised as an interest rate differential relative to the identical loan or
deposit with no cap or floor. Second, the cap or floor strike rate is stated on the same
basis as the underlying interest rate. For example, the buyer of the cap above is quoted
a strike rate of 3 percent versus a money market reference rate. Most money market
interest rates are quoted on an actual/360 basis, so the cap strike rate interest amounts
are calculated on an actual/360 day basis also. In other markets, actual/365 day cal-
culations are common. Both the money market reference rate and the cap or floor rate
will normally be set from the same reference point (the same “screen” provided by a
vendor of real-time information, such as Reuters, Telerate, or Bloomberg) and use the
same method for counting business days and the same holiday convention.

We abstract from these market conventions in this chapter to ease exposition. For
purposesof this chapter, a strike rate quotedas3percent foramoneymarket rate cap for
a 91-day period would be converted to a decimal strike rate K using the following:

K ¼ 0:03
91

360

In applying the formulas, the strike rate should be converted to this K format to
allow us to abstract from day count and accrual methods in what follows.

Another important market convention is the use of Black’s (1976) futures model
for the quotation of caps and floors prices that we have mentioned often in previous
chapters. The Black-Scholes (1973) option model was perhaps the biggest innovation
in financial theory in the twentieth century, but its well-justified popularity should
not obscure the reasons cited in Chapters 3 through 13 for using a term structure
model approach instead to model interest rate derivatives. Hull (1993) presents a
very lucid explanation of the use of the Black (1976) approximation to cap and floor
valuation and the reasons why a term structure model approach works better. We
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ignore the Black model in what follows, consistent with our de-emphasis on his-
torical approaches that have been passed by.

At this point, we take advantage of our work in previous chapters to illustrate
cap and floor pricing under a term structure model approach using the three-factor
HJM model of Chapter 9.

CAPS AS EUROPEAN OPTIONS ON FORWARD RATE AGREEMENTS

In Chapter 23, we analyzed the European option to buy a forward rate agreement at
the FRA strike rate of K. Looking at the cash flows for an option on an FRA shows
that a cap is really just a special case of an option on an FRA, where the exercise date
of the option on the FRA is the same as the expiration date of the FRA. In a single-
factor Vasicek model, the bond option approach of Jamshidian [1989] from Chapter
21 can be used to derive a closed form solution for caps and floors. We know from
our statistical analysis in Chapter 3 that a one-factor model is not an accurate
description of yield curve movements, so this chapter focuses on numerical methods
using the three-factor HJM model for expository purposes.

FORMING OTHER CAP-RELATED SECURITIES

A wide variety of cap and floor derivatives can be constructed with this basic building
block as a tool:

n Floor prices are calculated in an equivalent way using the formulas for options
on a zero-coupon bond in Chapter 23.

n Longer-term caps are constructed as the sum of a number of caplets.
n Longer-term floors are constructed as the sum of a number of floorlets.
n Collars represent a combination of caps and floors (typically purchasing a cap

and selling a floor).
n Costless collars are created by finding the floor rate Kf, such that the value of the

floor exactly equals the value of the cap with cap rate Kc (or vice versa).

We now supplement our examples from Chapter 23 with additional examples of
caps, floors, and related instruments.

Valuing a Cap

Recall that from Chapter 9, we know the one-year spot rate of interest at times 0, 1, 2,
and 3. There is 1 node at time 0, 4 nodes at time 1, 16 nodes at time 2, and 64 nodes at
time3.Wewill use theone-year spot rateof interest at eachof these nodes as the reference
interest rate in valuing a cap. The reference rate values are given in Exhibit 24.1.

Assume we want to buy a cap on this reference rate with a three-year maturity
that pays us the difference between the ultimate value of the reference rate and our
strike price, which we assume is 3 percent. We assume the reference amount is
$1,000. If we are owed a payment, this payment will be received in arrears at time 4,
the point in time at which interest is paid on the reference security. The cash flows are
calculated as Maximum(0,1000 � (Spot rate � 3%)). The cash flows associated with
this cap are shown in Exhibit 24.2.
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EXHIBIT 24.1 Spot Rate Process

State Row 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%
S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%
S-3, S-3, S-4 44 3.1757%

(Continued)
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EXHIBIT 24.1 (Continued)

State Row 0 1 2 3

S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%

EXHIBIT 24.2 Time Period

State Row 0 1 2 3

S-1, S-1, S-1 1 0 0 31.1062
S-1, S-1, S-2 2 0 0 25.6672
S-1, S-1, S-3 3 0 0 21.7103
S-1, S-1, S-4 4 0 0 50.3747
S-1, S-2, S-1 5 0 1.0407
S-1, S-2, S-2 6 0 0.0000
S-1, S-2, S-3 7 0 0.0000
S-1, S-2, S-4 8 0 10.6283
S-1, S-3, S-1 9 0 22.2100
S-1, S-3, S-2 10 0 0.0000
S-1, S-3, S-3 11 0 1.7977
S-1, S-3, S-4 12 0 25.0166
S-1, S-4, S-1 13 0 24.2520
S-1, S-4, S-2 14 0 18.8481
S-1, S-4, S-3 15 0 14.9168
S-1, S-4, S-4 16 0 43.3960
S-2, S-1, S-1 17 11.5175
S-2, S-1, S-2 18 0.0000
S-2, S-1, S-3 19 0.0000
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EXHIBIT 24.2 (Continued)

State Row 0 1 2 3

S-2, S-1, S-4 20 14.2955
S-2, S-2, S-1 21 0.0000
S-2, S-2, S-2 22 0.0000
S-2, S-2, S-3 23 0.0000
S-2, S-2, S-4 24 0.0000
S-2, S-3, S-1 25 0.0000
S-2, S-3, S-2 26 0.0000
S-2, S-3, S-3 27 0.0000
S-2, S-3, S-4 28 0.0000
S-2, S-4, S-1 29 0.0000
S-2, S-4, S-2 30 0.0000
S-2, S-4, S-3 31 0.0000
S-2, S-4, S-4 32 0.0000
S-3, S-1, S-1 33 0.0000
S-3, S-1, S-2 34 0.0000
S-3, S-1, S-3 35 0.0000
S-3, S-1, S-4 36 2.3153
S-3, S-2, S-1 37 0.0000
S-3, S-2, S-2 38 0.0000
S-3, S-2, S-3 39 0.0000
S-3, S-2, S-4 40 2.3153
S-3, S-3, S-1 41 6.3541
S-3, S-3, S-2 42 0.0000
S-3, S-3, S-3 43 0.0000
S-3, S-3, S-4 44 1.7567
S-3, S-4, S-1 45 15.0704
S-3, S-4, S-2 46 0.0000
S-3, S-4, S-3 47 0.0000
S-3, S-4, S-4 48 17.8579
S-4, S-1, S-1 49 5.0128
S-4, S-1, S-2 50 0.0000
S-4, S-1, S-3 51 0.0000
S-4, S-1, S-4 52 7.7735
S-4, S-2, S-1 53 0.0000
S-4, S-2, S-2 54 0.0000
S-4, S-2, S-3 55 0.0000
S-4, S-2, S-4 56 5.3704
S-4, S-3, S-1 57 0.0000
S-4, S-3, S-2 58 0.0000
S-4, S-3, S-3 59 0.0000
S-4, S-3, S-4 60 5.3704
S-4, S-4, S-1 61 15.0608
S-4, S-4, S-2 62 0.0000
S-4, S-4, S-3 63 0.0000
S-4, S-4, S-4 64 20.2298
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We drop these cash flows into the cash flow table and multiply times the
probability-weighted discount factors from Chapter 9. Exhibit 24.3 shows these cash
flows and produces the value of the cap: $7.7028. Note that the cash flows occur at
time 4 even though the reference interest rate is known at time 3 because interest is
paid in arrears, the normal money market practice.

Valuing a Floor

What if we had agreed to pay our counterparty whenever the reference interest rate
was below 1.5 percent on the same terms as before? Those terms were $1,000 in
the reference money market instrument to be issued at time T ¼ 3 for maturity at
time T ¼ 4. The cash flows on our promise to pay can be written Minimum(0, 1000*
(Spot rate � 1.5%)). Those cash flows are given in Exhibit 24.4.

EXHIBIT 24.3 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 31.1062
2 0.0000 0.0000 0.0000 25.6672
3 0.0000 0.0000 0.0000 21.7103
4 0.0000 0.0000 0.0000 50.3747
5 0.0000 0.0000 1.0407
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 10.6283
9 0.0000 0.0000 22.2100
10 0.0000 0.0000 0.0000
11 0.0000 0.0000 1.7977
12 0.0000 0.0000 25.0166
13 0.0000 0.0000 24.2520
14 0.0000 0.0000 18.8481
15 0.0000 0.0000 14.9168
16 0.0000 0.0000 43.3960
17 0.0000 11.5175
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 14.2955
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
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EXHIBIT 24.3 (Continued)

Current Time

Row 0 1 2 3 4

26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 2.3153
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 2.3153
41 0.0000 6.3541
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 1.7567
45 0.0000 15.0704
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 17.8579
49 0.0000 5.0128
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 7.7735
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 0.0000 5.3704
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 5.3704
61 0.0000 15.0608
62 0.0000 0.0000
63 0.0000 0.0000
64 0.0000 20.2298

Risk-Neutral Value 5 7.7028
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EXHIBIT 24.4 Time Period

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0 0 0.0000
S-1, S-1, S-2 2 0 0 0.0000
S-1, S-1, S-3 3 0 0 0.0000
S-1, S-1, S-4 4 0 0 0.0000
S-1, S-2, S-1 5 0 0.0000
S-1, S-2, S-2 6 0 0.0000
S-1, S-2, S-3 7 0 0.0000
S-1, S-2, S-4 8 0 0.0000
S-1, S-3, S-1 9 0 0.0000
S-1, S-3, S-2 10 0 0.0000
S-1, S-3, S-3 11 0 0.0000
S-1, S-3, S-4 12 0 0.0000
S-1, S-4, S-1 13 0 0.0000
S-1, S-4, S-2 14 0 0.0000
S-1, S-4, S-3 15 0 0.0000
S-1, S-4, S-4 16 0 0.0000
S-2, S-1, S-1 17 0.0000
S-2, S-1, S-2 18 �5.5789
S-2, S-1, S-3 19 0.0000
S-2, S-1, S-4 20 0.0000
S-2, S-2, S-1 21 0.0000
S-2, S-2, S-2 22 �9.4690
S-2, S-2, S-3 23 �7.3327
S-2, S-2, S-4 24 �2.9963
S-2, S-3, S-1 25 0.0000
S-2, S-3, S-2 26 �18.7340
S-2, S-3, S-3 27 �12.4068
S-2, S-3, S-4 28 0.0000
S-2, S-4, S-1 29 0.0000
S-2, S-4, S-2 30 �2.2973
S-2, S-4, S-3 31 �7.8469
S-2, S-4, S-4 32 0.0000
S-3, S-1, S-1 33 0.0000
S-3, S-1, S-2 34 0.0000
S-3, S-1, S-3 35 �2.8592
S-3, S-1, S-4 36 0.0000
S-3, S-2, S-1 37 0.0000
S-3, S-2, S-2 38 0.0000
S-3, S-2, S-3 39 �2.8592
S-3, S-2, S-4 40 0.0000
S-3, S-3, S-1 41 0.0000
S-3, S-3, S-2 42 �8.9066
S-3, S-3, S-3 43 �2.5170
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If we drop these cash flows into the cash flow table shown in Exhibit 24.5, we
can calculate the value of our promise to pay on this floor contract to be �0.6528.

Valuing a Floating Rate Loan with a Cap

We now embed the caps and floors in a loan contract. First, we revert to Chapter 19
and value the cash flows of a loan that pays the spot rate of interest in every period
(see Exhibit 24.1) in arrears and pays the principal of $1,000 at time T ¼ 4. As we
showed in Chapter 19, the value of that loan is the par value of $1,000 because
we are using a valuation yield curve for that borrower, ABC Company, derived from
observable zero-coupon bonds that correctly reflect ABC’s default risk and related
market risk aversion. Exhibit 24.6 shows those cash flows and the resulting valua-
tion, exactly par value of $1,000, which results from multiplying each cash flow
times the relevant probability-weighted discount factor from Chapter 9. Note that, as
in Chapter 9, there is one node with a negative interest rate in row 26 so the period
4 payment is less than par value.

Now let’s embed a cap on the interest rate in the loan of 3.00 percent, applicable
only to the interest payment made at time T ¼ 4 based on the reference rate at time
T ¼ 3. This changes the cash flows to those shown in Exhibit 24.7 and produces a
valuation of $992.2972.

EXHIBIT 24.4 (Continued)

State Row Number 0 1 2 3

S-3, S-3, S-4 44 0.0000
S-3, S-4, S-1 45 0.0000
S-3, S-4, S-2 46 �2.1355
S-3, S-4, S-3 47 0.0000
S-3, S-4, S-4 48 0.0000
S-4, S-1, S-1 49 0.0000
S-4, S-1, S-2 50 �11.8831
S-4, S-1, S-3 51 �0.0659
S-4, S-1, S-4 52 0.0000
S-4, S-2, S-1 53 0.0000
S-4, S-2, S-2 54 0.0000
S-4, S-2, S-3 55 0.0000
S-4, S-2, S-4 56 0.0000
S-4, S-3, S-1 57 0.0000
S-4, S-3, S-2 58 0.0000
S-4, S-3, S-3 59 0.0000
S-4, S-3, S-4 60 0.0000
S-4, S-4, S-1 61 0.0000
S-4, S-4, S-2 62 0.0000
S-4, S-4, S-3 63 0.0000
S-4, S-4, S-4 64 0.0000
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EXHIBIT 24.5 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 0.0000
9 0.0000 0.0000 0.0000
10 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000
12 0.0000 0.0000 0.0000
13 0.0000 0.0000 0.0000
14 0.0000 0.0000 0.0000
15 0.0000 0.0000 0.0000
16 0.0000 0.0000 0.0000
17 0.0000 0.0000
18 0.0000 �5.5789
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 �9.4690
23 0.0000 �7.3327
24 0.0000 �2.9963
25 0.0000 0.0000
26 0.0000 �18.7340
27 0.0000 �12.4068
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 �2.2973
31 0.0000 �7.8469
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 �2.8592
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 �2.8592
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 �8.9066
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EXHIBIT 24.5 (Continued)

Current Time

Row Number 0 1 2 3 4

43 0.0000 �2.5170
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0000 �2.1355
47 0.0000 0.0000
48 0.0000 0.0000
49 0.0000 0.0000
50 0.0000 �11.8831
51 0.0000 �0.0659
52 0.0000 0.0000
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 0.0000 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 0.0000 0.0000
62 0.0000 0.0000
63 0.0000 0.0000
64 0.0000 0.0000

Risk-Neutral Value 5 20.6528

EXHIBIT 24.6 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 3.0032 21.6527 46.3884 1,061.1062
2 3.0032 21.6527 46.3884 1,055.6672
3 3.0032 21.6527 46.3884 1,051.7103
4 3.0032 21.6527 46.3884 1,080.3747
5 6.9105 14.1419 1,031.0407
6 6.9105 14.1419 1,025.9132
7 6.9105 14.1419 1,020.2913
8 6.9105 14.1419 1,040.6283
9 10.9723 26.0890 1,052.2100

(Continued)
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EXHIBIT 24.6 (Continued)

Current Time

Row 0 1 2 3 4

10 10.9723 26.0890 1,019.7841
11 10.9723 26.0890 1,031.7977
12 10.9723 26.0890 1,055.0166
13 13.6107 49.1794 1,054.2520
14 13.6107 49.1794 1,048.8481
15 13.6107 49.1794 1,044.9168
16 13.6107 49.1794 1,073.3960
17 22.4959 1,041.5175
18 22.4959 1,009.4211
19 22.4959 1,021.3126
20 22.4959 1,044.2955
21 5.9835 1,022.0359
22 5.9835 1,005.5310
23 5.9835 1,007.6673
24 5.9835 1,012.0037
25 8.1208 1,026.2311
26 8.1208 996.2660
27 8.1208 1,002.5932
28 8.1208 1,021.6787
29 12.4592 1,017.7642
30 12.4592 1,012.7027
31 12.4592 1,007.1531
32 12.4592 1,027.2283
33 19.2173 1,022.8044
34 19.2173 1,017.7178
35 19.2173 1,012.1408
36 19.2173 1,032.3153
37 14.1486 1,022.8044
38 14.1486 1,017.7178
39 14.1486 1,012.1408
40 14.1486 1,032.3153
41 8.5911 1,036.3541
42 8.5911 1,006.0934
43 8.5911 1,012.4830
44 8.5911 1,031.7567
45 28.6949 1,045.0704
46 28.6949 1,012.8645
47 28.6949 1,024.7966
48 28.6949 1,047.8579
49 22.0883 1,035.0128
50 22.0883 1,003.1169
51 22.0883 1,014.9341
52 22.0883 1,037.7735
53 17.0053 1,025.8313
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EXHIBIT 24.6 (Continued)

Current Time

Row 0 1 2 3 4

54 17.0053 1,020.7297
55 17.0053 1,015.1361
56 17.0053 1,035.3704
57 11.4322 1,025.8313
58 11.4322 1,020.7297
59 11.4322 1,015.1361
60 11.4322 1,035.3704
61 31.5926 1,045.0608
62 31.5926 1,022.6860
63 31.5926 1,027.2519
64 31.5926 1,050.2298

Risk-Neutral Value 5 1,000.0000

EXHIBIT 24.7 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 3.0032 21.6527 46.3884 1,030.0000
2 3.0032 21.6527 46.3884 1,030.0000
3 3.0032 21.6527 46.3884 1,030.0000
4 3.0032 21.6527 46.3884 1,030.0000
5 6.9105 14.1419 1,030.0000
6 6.9105 14.1419 1,025.9132
7 6.9105 14.1419 1,020.2913
8 6.9105 14.1419 1,030.0000
9 10.9723 26.0890 1,030.0000
10 10.9723 26.0890 1,019.7841
11 10.9723 26.0890 1,030.0000
12 10.9723 26.0890 1,030.0000
13 13.6107 49.1794 1,030.0000
14 13.6107 49.1794 1,030.0000
15 13.6107 49.1794 1,030.0000
16 13.6107 49.1794 1,030.0000
17 22.4959 1,030.0000
18 22.4959 1,009.4211
19 22.4959 1,021.3126
20 22.4959 1,030.0000
21 5.9835 1,022.0359
22 5.9835 1,005.5310

(Continued)
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EXHIBIT 24.7 (Continued)

Current Time

Row 0 1 2 3 4

23 5.9835 1,007.6673
24 5.9835 1,012.0037
25 8.1208 1,026.2311
26 8.1208 996.2660
27 8.1208 1,002.5932
28 8.1208 1,021.6787
29 12.4592 1,017.7642
30 12.4592 1,012.7027
31 12.4592 1,007.1531
32 12.4592 1,027.2283
33 19.2173 1,022.8044
34 19.2173 1,017.7178
35 19.2173 1,012.1408
36 19.2173 1,030.0000
37 14.1486 1,022.8044
38 14.1486 1,017.7178
39 14.1486 1,012.1408
40 14.1486 1,030.0000
41 8.5911 1,030.0000
42 8.5911 1,006.0934
43 8.5911 1,012.4830
44 8.5911 1,030.0000
45 28.6949 1,030.0000
46 28.6949 1,012.8645
47 28.6949 1,024.7966
48 28.6949 1,030.0000
49 22.0883 1,030.0000
50 22.0883 1,003.1169
51 22.0883 1,014.9341
52 22.0883 1,030.0000
53 17.0053 1,025.8313
54 17.0053 1,020.7297
55 17.0053 1,015.1361
56 17.0053 1,030.0000
57 11.4322 1,025.8313
58 11.4322 1,020.7297
59 11.4322 1,015.1361
60 11.4322 1,030.0000
61 31.5926 1,030.0000
62 31.5926 1,022.6860
63 31.5926 1,027.2519
64 31.5926 1,030.0000

Risk-Neutral Value 5 992.2972
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To check that there is no arbitrage between the loan market and cap market, the
value of the loan with no cap ($1000.000) less the value of the cap that the lender has
given to the borrower ($7.7028) should equal the value of the loan. We can confirm
that the loan value of $992.2972 matches exactly.

VALUE OF A LOAN WITH A CAP AND A FLOOR

Now we modify the terms of the loan one more time. We assume that the borrower
agrees to a floor of 1.5 percent on the interest payment to be made at time T ¼ 4
based on the reference rate levels prevailing at time T ¼ 3. In that case, the cash flows
are as shown in Exhibit 24.8 and the resulting value of the loan is $992.9501.

In the absence of arbitrage, the loan value should increase by 0.6528 (which is
the value of the floor agreed by the borrower to the lender’s favor) and we confirm
that $992.2972 þ 0.6528 ¼ 992.9501 (after rounding).

EXHIBIT 24.8 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 3.0032 21.6527 46.3884 1,030.0000
2 3.0032 21.6527 46.3884 1,030.0000
3 3.0032 21.6527 46.3884 1,030.0000
4 3.0032 21.6527 46.3884 1,030.0000
5 6.9105 14.1419 1,030.0000
6 6.9105 14.1419 1,025.9132
7 6.9105 14.1419 1,020.2913
8 6.9105 14.1419 1,030.0000
9 10.9723 26.0890 1,030.0000
10 10.9723 26.0890 1,019.7841
11 10.9723 26.0890 1,030.0000
12 10.9723 26.0890 1,030.0000
13 13.6107 49.1794 1,030.0000
14 13.6107 49.1794 1,030.0000
15 13.6107 49.1794 1,030.0000
16 13.6107 49.1794 1,030.0000
17 22.4959 1,030.0000
18 22.4959 1,015.0000
19 22.4959 1,021.3126
20 22.4959 1,030.0000
21 5.9835 1,022.0359
22 5.9835 1,015.0000
23 5.9835 1,015.0000
24 5.9835 1,015.0000

(Continued)
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EXHIBIT 24.8 (Continued)

Current Time

Row 0 1 2 3 4

25 8.1208 1,026.2311
26 8.1208 1,015.0000
27 8.1208 1,015.0000
28 8.1208 1,021.6787
29 12.4592 1,017.7642
30 12.4592 1,015.0000
31 12.4592 1,015.0000
32 12.4592 1,027.2283
33 19.2173 1,022.8044
34 19.2173 1,017.7178
35 19.2173 1,015.0000
36 19.2173 1,030.0000
37 14.1486 1,022.8044
38 14.1486 1,017.7178
39 14.1486 1,015.0000
40 14.1486 1,030.0000
41 8.5911 1,030.0000
42 8.5911 1,015.0000
43 8.5911 1,015.0000
44 8.5911 1,030.0000
45 28.6949 1,030.0000
46 28.6949 1,015.0000
47 28.6949 1,024.7966
48 28.6949 1,030.0000
49 22.0883 1,030.0000
50 22.0883 1,015.0000
51 22.0883 1,015.0000
52 22.0883 1,030.0000
53 17.0053 1,025.8313
54 17.0053 1,020.7297
55 17.0053 1,015.1361
56 17.0053 1,030.0000
57 11.4322 1,025.8313
58 11.4322 1,020.7297
59 11.4322 1,015.1361
60 11.4322 1,030.0000
61 31.5926 1,030.0000
62 31.5926 1,022.6860
63 31.5926 1,027.2519
64 31.5926 1,030.0000

Risk-Neutral Value 5 992.9501
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Variations on Caps and Floors

We saw in Chapters 6 through 9 that it is easy to value a digital option on interest
rates in the HJM framework. Indeed, there are an infinite variety of “derivatives”
that can be priced in the HJM framework. Any function of interest rates can be
dropped into the cash flow table and valued on a risk-neutral basis. Extending the
coverage of the caps and floors to the first three years of the loan is very simple. This
means that the interest rate on the loan will vary only between 1.5 percent and 3.00
percent for the life of the loan. The variety of structures that can be priced (and
hedged) is truly mind-boggling. That being said, only a few of the structures one can
imagine have real value to both borrowers and lenders so there is a practical limit to
the complexity that one sees in the marketplace. As we saw in Chapter 20, in the case
of the CDO market, the level of complexity exceeded the level of complexity that
could be quickly and accurately priced, and the CDO structure has gone into
hibernation, perhaps permanently.

In valuing and hedging complex interest rate derivatives, the analyst must be sure
that the HJM framework is properly adjusted. For example, the simple four-step
bushy tree from the three-factor HJMmodel in Chapter 9 has only four nodes at time
T ¼ 1. If one is pricing instruments with a short-term maturity, the granularity of the
analysis has to be much greater than four outcomes in a bushy tree or Monte Carlo
simulation. The degree of granularity necessary can be calculated explicitly once an
analyst can state the accuracy of valuation that is necessary. One such definition of
accuracy is the sentence “I need the model valuation to be within the bid-offer spread
for this instrument 95 percent of the time.” This defines the maximum sampling error
that can be tolerated, and that in turn defines the number of nodes on a bushy tree or
the number of Monte Carlo scenarios that are needed. See Fishman (1996) for an
example of this calculation.

In the reminder of this book, we cover the most practical variations on interest
rate structures.

MEASURING THE CREDIT RISK OF COUNTERPARTIES ON CAPS
AND FLOORS

All of our comments in Chapters 24 to 26 regarding the valuation of “vulnerable”
derivatives apply here as well. Since the default probability of our counterparty on
the cap or floor is very likely to be driven by interest rate levels, the credit risk–
adjusted valuation of caps and floors will involve either a complex closed form
solution in a reduced form model or (more accurately) the equivalent Monte Carlo
simulation with explicit interest rate drivers of our counterparties’ default proba-
bilities. This is a standard capability of a best practice enterprise risk management
system. Clearly, a 10-year cap on interest rates purchased in the early 1980s from
a soon-to-be bankrupt savings and loan association (driven into bankruptcy by
high interest rates in the United States) is much less valuable than the same cap on
U.S. interest rates provided by a non-U.S. financial institution since their exposure
to U.S. interest rate risk is so much less than a savings and loan association in the
early 1980s, just prior to the worst spike in interest rates in U.S. history.
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Best practice requires that we take this into account in order to avoid the $1
trillion in losses that U.S. taxpayers suffered from failed financial institutions from
the savings and loan crisis. Similarly, a systematic risk factor like home prices drove
much of the second $1 trillion bailout in the United States in the 2006 to 2011 period.
The FDIC Loss Distribution Model announced on December 10, 2003 (and discussed
frequently in this book), does exactly this. Given that the 2006 to 2011 credit crisis
firmly validated the FDIC modeling approach (which unfortunately came too late to
stave off the crisis), one would hope that the probability of the next crisis can be
calculated precisely and early. Perhaps this will lead to preventative action by
bankers and regulators. Then again, perhaps it will not. The readers of this book will
have much to say about that.

NOTE

1. For many years, U.S. bankers felt that there was an interest rate floor on consumer savings
deposits, a rate below which savings deposit rates could not go. Now that we have
extensive experience with extremely low interest rates in Japan, the United States, and
other countries, it is apparent that this floor is effectively zero. What many initially thought
was a floor was more likely the lagged response of consumer savings deposit rates to
changing market rates. See Chapter 30 for more on this issue.
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CHAPTER 25
Interest Rate Swaps and Swaptions

Interest rate swaps have become the most successful over-the-counter derivative
security in the world, and for this reason it is particularly important that we

include their credit-adjusted valuation in this book. We emphasize, in the wake of
the scandal that enveloped Barclays for LIBOR manipulation, that nothing in this
chapter is specific to LIBOR. As in Chapter 24, we assume that the short-term ref-
erence rate and other point on the yield curve from which swap pricing is derived are
determined in a perfectly competitive, transparent market. LIBOR does not fit that
description and it should be rejected as a pricing index by sophisticated (and honest)
market participants.

Even when swap counterparties offer transactions through an AAA-rated special
purpose vehicle, credit-adjusted valuation is critical because the default probabilities
of major financial institutions are highly correlated, as the credit crisis chronology in
the Introduction documents. This means that a guarantee by Bank A of another
investment bank’s special purpose vehicle has much less value than a guarantee by
another entity with a much lower correlation in default probabilities and events
of default.

Valuation and simulation of interest rate swaps and swaptions is also critical to
meet the accounting requirements for hedges under the constantly evolving hedge
accounting requirements of Generally Accepted Accounting Principles (GAAP) in
the United States and International Financial Reporting Standards (IFRS) around the
world. In this chapter, we will continue to employ the three-factor Heath, Jarrow,
and Morton (HJM) framework of Chapter 9 for valuation analysis.

INTEREST RATE SWAP BASICS

The most common plain vanilla interest rate swap between two counterparties calls
for counterparty A to make fixed rate payments at even intervals (normally semi-
annual) to counterparty B and for counterparty B to make floating-rate payments,
typically at three-month or six-month intervals, to counterparty A. Seen from the
perspective of counterparty A, the swap has the same net cash flow as if counterparty
A issued a fixed rate bond and purchased a floating-rate bond (except in the case of
default, where the principal amount is relevant in the bond case but not in the swap
case). From the perspective of counterparty B, the swap cash flows are identical to
the case where counterparty B purchases a fixed rate bond with the proceeds of a
floating-rate bond issue (again, except in the case of default).
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Why are interest rate swaps so popular? The primary reasons include the vast
liquidity of the swap markets in the major currencies, the low issuance costs com-
pared to traditional bonds even under a medium-term note program or shelf regis-
tration, the ease of reversing a position with an offsetting transaction, and the
(historical) lack of daily mark-to-market margin requirements for swap market
participants of good quality. In the wake of the credit crisis of 2006 to 2011, how-
ever, nearly all counterparties now face daily margin requirements, but at least
margins are settled on a net basis rather than on a transaction by transaction basis.
While the cash flows would be the same in either case, the operational efficiency of
margining on net exposure is overwhelming. Operationally, a swap has historically
been much less work than a similar position in interest rate futures with the daily
mark-to-market requirements. In the wake of the pervasive troubles of the largest
swap counterparties, however, the move toward exchange-settled transactions may
well reverse this trend in the years ahead.

Many market participants value swaps as if both the fixed and the floating side
involved principal payments at maturity. Since the amounts net to zero, this is a good
approximation when both parties have zero credit risk. As the credit risk of each
party diverges from zero, this becomes a more dangerous assumption, so we won’t
use it in this chapter.

VALUING THE INTEREST RATE SWAPS

To illustrate the valuation of interest rate swaps in the general HJM valuation frame-
work, we use the assumptions of the three-factor HJM example in Chapter 9. We
assume that the short-term, floating-rate side of the interest rate swap pays at one-year
intervals at the one-year spot rate. We know from Exhibit 9.22 in Chapter 9 that the
value of a bond paying 3 percent interest at annual intervals has a present value of
104.7071. This is the value of the fixed side of a swap when the annual interest rate is 3
percent and we include an exchange of principal. We know from Exhibit 19.9 in
Chapter 19 that the present value of a floating rate transaction with $100 principal
amount thatmatures at timeT ¼ 4 is par: 100.0000. The value of this swap to the party
who receives the fixed rate side and pays the floating-rate side is 104.7071 �
100.0000 ¼ 4.7071. If this were not true, our no-arbitrage assumptions about the
marketplace would be proven false.

This example assumed that the principal amounts were exchanged at maturity. If
we do away with that assumption, we know that the value of $3 received annually
will be equal to the value of the bond (104.7071) less the present value of $100
received in four years. Using our standard zero-coupon bonds as input, we know the
present value of a dollar received in four years is 0.9308550992. This means
the value of $3 received annually is 104.7071 � 93.0855 ¼ 11.6216. We can con-
firm this by simply valuing the fixed coupons using the zero-coupon bond prices we
are given for maturity at times 1, 2, 3, and 4 or, as shown in Exhibit 25.1, we can
insert $3 in the cash flow table at every node on the bushy tree to confirm that the
value of the fixed payments is indeed 11.6216.

Similarly, the floating rate payments, in the absence of arbitrage, should total
100.0000 � 93.0855 ¼ 6.9145. We can confirm this by inserting the floating-rate
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EXHIBIT 25.1 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 3.0000
2 3.0000 3.0000 3.0000 3.0000
3 3.0000 3.0000 3.0000 3.0000
4 3.0000 3.0000 3.0000 3.0000
5 3.0000 3.0000 3.0000
6 3.0000 3.0000 3.0000
7 3.0000 3.0000 3.0000
8 3.0000 3.0000 3.0000
9 3.0000 3.0000 3.0000
10 3.0000 3.0000 3.0000
11 3.0000 3.0000 3.0000
12 3.0000 3.0000 3.0000
13 3.0000 3.0000 3.0000
14 3.0000 3.0000 3.0000
15 3.0000 3.0000 3.0000
16 3.0000 3.0000 3.0000
17 3.0000 3.0000
18 3.0000 3.0000
19 3.0000 3.0000
20 3.0000 3.0000
21 3.0000 3.0000
22 3.0000 3.0000
23 3.0000 3.0000
24 3.0000 3.0000
25 3.0000 3.0000
26 3.0000 3.0000
27 3.0000 3.0000
28 3.0000 3.0000
29 3.0000 3.0000
30 3.0000 3.0000
31 3.0000 3.0000
32 3.0000 3.0000
33 3.0000 3.0000
34 3.0000 3.0000
35 3.0000 3.0000
36 3.0000 3.0000
37 3.0000 3.0000
38 3.0000 3.0000
39 3.0000 3.0000
40 3.0000 3.0000
41 3.0000 3.0000

(Continued)

Interest Rate Swaps and Swaptions 569



payments (but no principal payments) in the cash flow table and confirming the
6.9145 value in Exhibit 25.2.

Alternatively, we can calculate the net cash flow received by the counterparty
who receives the fixed rate payment.

Model Risk Alert

This netting is only appropriate if the two swap counterparties are riskless.

If we calculate the fixed payment less the floating payment at every node, we get
the cash flows in Exhibit 25.3. As shown, the value of the swap should be the value
of the fixed payments less the value of the floating payments, 11.6216 � 6.9145
¼ 4.7071.

We now ask the question “What level of interest rate should prevail on the fixed
side of the swap” for new swaps?

EXHIBIT 25.1 (Continued)

Current Time

Row 0 1 2 3 4

42 3.0000 3.0000
43 3.0000 3.0000
44 3.0000 3.0000
45 3.0000 3.0000
46 3.0000 3.0000
47 3.0000 3.0000
48 3.0000 3.0000
49 3.0000 3.0000
50 3.0000 3.0000
51 3.0000 3.0000
52 3.0000 3.0000
53 3.0000 3.0000
54 3.0000 3.0000
55 3.0000 3.0000
56 3.0000 3.0000
57 3.0000 3.0000
58 3.0000 3.0000
59 3.0000 3.0000
60 3.0000 3.0000
61 3.0000 3.0000
62 3.0000 3.0000
63 3.0000 3.0000
64 3.0000 3.0000

Risk-Neutral Value 5 11.62159
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EXHIBIT 25.2 Time Period

State Row 0 1 2 3 4

S-1, S-1, S-1 1 0.3003 2.1653 4.6388 6.1106
S-1, S-1, S-2 2 0.3003 2.1653 4.6388 5.5667
S-1, S-1, S-3 3 0.3003 2.1653 4.6388 5.1710
S-1, S-1, S-4 4 0.3003 2.1653 4.6388 8.0375
S-1, S-2, S-1 5 0.6911 1.4142 3.1041
S-1, S-2, S-2 6 0.6911 1.4142 2.5913
S-1, S-2, S-3 7 0.6911 1.4142 2.0291
S-1, S-2, S-4 8 0.6911 1.4142 4.0628
S-1, S-3, S-1 9 1.0972 2.6089 5.2210
S-1, S-3, S-2 10 1.0972 2.6089 1.9784
S-1, S-3, S-3 11 1.0972 2.6089 3.1798
S-1, S-3, S-4 12 1.0972 2.6089 5.5017
S-1, S-4, S-1 13 1.3611 4.9179 5.4252
S-1, S-4, S-2 14 1.3611 4.9179 4.8848
S-1, S-4, S-3 15 1.3611 4.9179 4.4917
S-1, S-4, S-4 16 1.3611 4.9179 7.3396
S-2, S-1, S-1 17 2.2496 4.1517
S-2, S-1, S-2 18 2.2496 0.9421
S-2, S-1, S-3 19 2.2496 2.1313
S-2, S-1, S-4 20 2.2496 4.4295
S-2, S-2, S-1 21 0.5984 2.2036
S-2, S-2, S-2 22 0.5984 0.5531
S-2, S-2, S-3 23 0.5984 0.7667
S-2, S-2, S-4 24 0.5984 1.2004
S-2, S-3, S-1 25 0.8121 2.6231
S-2, S-3, S-2 26 0.8121 �0.3734
S-2, S-3, S-3 27 0.8121 0.2593
S-2, S-3, S-4 28 0.8121 2.1679
S-2, S-4, S-1 29 1.2459 1.7764
S-2, S-4, S-2 30 1.2459 1.2703
S-2, S-4, S-3 31 1.2459 0.7153
S-2, S-4, S-4 32 1.2459 2.7228
S-3, S-1, S-1 33 1.9217 2.2804
S-3, S-1, S-2 34 1.9217 1.7718
S-3, S-1, S-3 35 1.9217 1.2141
S-3, S-1, S-4 36 1.9217 3.2315
S-3, S-2, S-1 37 1.4149 2.2804
S-3, S-2, S-2 38 1.4149 1.7718
S-3, S-2, S-3 39 1.4149 1.2141
S-3, S-2, S-4 40 1.4149 3.2315
S-3, S-3, S-1 41 0.8591 3.6354
S-3, S-3, S-2 42 0.8591 0.6093
S-3, S-3, S-3 43 0.8591 1.2483

(Continued)
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EXHIBIT 25.2 (Continued)

State Row 0 1 2 3 4

S-3, S-3, S-4 44 0.8591 3.1757
S-3, S-4, S-1 45 2.8695 4.5070
S-3, S-4, S-2 46 2.8695 1.2864
S-3, S-4, S-3 47 2.8695 2.4797
S-3, S-4, S-4 48 2.8695 4.7858
S-4, S-1, S-1 49 2.2088 3.5013
S-4, S-1, S-2 50 2.2088 0.3117
S-4, S-1, S-3 51 2.2088 1.4934
S-4, S-1, S-4 52 2.2088 3.7773
S-4, S-2, S-1 53 1.7005 2.5831
S-4, S-2, S-2 54 1.7005 2.0730
S-4, S-2, S-3 55 1.7005 1.5136
S-4, S-2, S-4 56 1.7005 3.5370
S-4, S-3, S-1 57 1.1432 2.5831
S-4, S-3, S-2 58 1.1432 2.0730
S-4, S-3, S-3 59 1.1432 1.5136
S-4, S-3, S-4 60 1.1432 3.5370
S-4, S-4, S-1 61 3.1593 4.5061
S-4, S-4, S-2 62 3.1593 2.2686
S-4, S-4, S-3 63 3.1593 2.7252
S-4, S-4, S-4 64 3.1593 5.0230

Risk-Neutral Value 5 6.91449

EXHIBIT 25.3 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 2.6997 0.8347 �1.6388 �3.1106
2 2.6997 0.8347 �1.6388 �2.5667
3 2.6997 0.8347 �1.6388 �2.1710
4 2.6997 0.8347 �1.6388 �5.0375
5 2.3089 1.5858 �0.1041
6 2.3089 1.5858 0.4087
7 2.3089 1.5858 0.9709
8 2.3089 1.5858 �1.0628
9 1.9028 0.3911 �2.2210
10 1.9028 0.3911 1.0216
11 1.9028 0.3911 �0.1798
12 1.9028 0.3911 �2.5017
13 1.6389 �1.9179 �2.4252
14 1.6389 �1.9179 �1.8848
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EXHIBIT 25.3 (Continued)

Current Time

Row 0 1 2 3 4

15 1.6389 �1.9179 �1.4917
16 1.6389 �1.9179 �4.3396
17 0.7504 �1.1517
18 0.7504 2.0579
19 0.7504 0.8687
20 0.7504 �1.4295
21 2.4016 0.7964
22 2.4016 2.4469
23 2.4016 2.2333
24 2.4016 1.7996
25 2.1879 0.3769
26 2.1879 3.3734
27 2.1879 2.7407
28 2.1879 0.8321
29 1.7541 1.2236
30 1.7541 1.7297
31 1.7541 2.2847
32 1.7541 0.2772
33 1.0783 0.7196
34 1.0783 1.2282
35 1.0783 1.7859
36 1.0783 �0.2315
37 1.5851 0.7196
38 1.5851 1.2282
39 1.5851 1.7859
40 1.5851 �0.2315
41 2.1409 �0.6354
42 2.1409 2.3907
43 2.1409 1.7517
44 2.1409 �0.1757
45 0.1305 �1.5070
46 0.1305 1.7136
47 0.1305 0.5203
48 0.1305 �1.7858
49 0.7912 �0.5013
50 0.7912 2.6883
51 0.7912 1.5066
52 0.7912 �0.7773
53 1.2995 0.4169
54 1.2995 0.9270
55 1.2995 1.4864
56 1.2995 �0.5370
57 1.8568 0.4169

(Continued)
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THE OBSERVABLE FIXED RATE IN THE SWAP MARKET

We know from the prior section and Chapter 19 that the floating side of a new swap
should have a market value of par value, 100.0000, if the principal exchange at
maturity is included. We also know, from no-arbitrage principles, that for a new
swap the fixed side should also have a net present value of 100.0000 so that the net
value to the receiver of the fixed rate is 100.0000 � 100.0000 ¼ 0. If this were
not the case, there would be arbitrage opportunities. For what fixed rate will market
value exactly equal par value? We know the answer from Chapter 4.

Dollar coupon amount of fixed coupon bond ¼ Value � PðtnÞ PrincipalPn
i¼1

PðtiÞ

When Value ¼ 100, using the zero-coupon bond prices for time 0 given in Chapter 9,
the par coupon level is 1.78490814. We can verify that a four-year bond with annual
payments at this level and principal of 100 has a net present value of 100.0000 either
using the original zero-coupon bond values and formulas from Chapter 4 or using the
bushy tree from Chapter 9. If we do the latter, we get the cash flows in Exhibit 25.4
and confirm a value of 100.0000.

Similarly, we can do away with the exchange of principal and value the fixed
payments minus the floating-rate payments. When we do so, we confirm in Exhibit
25.5 that the at-market fixed rate swap rate produces a mark-to-market value of the
swap equal to par value of 100.0000.

AN INTRODUCTION TO SWAPTIONS

A swaption is an agreement between two counterparties that allows counterparty
A to enter into an interest rate swap with a previously agreed fixed rate payment C at
the option of counterparty A. Swaptions come in two forms. The constant maturity
form of swaption prescribes that the interest rate swap has a set maturity, say five

EXHIBIT 25.3 (Continued)

Current Time

Row 0 1 2 3 4

58 1.8568 0.9270
59 1.8568 1.4864
60 1.8568 �0.5370
61 �0.1593 �1.5061
62 �0.1593 0.7314
63 �0.1593 0.2748
64 �0.1593 �2.0230
Risk-Neutral Value 5 4.7071
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EXHIBIT 25.4 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 1.7849 1.7849 1.7849 101.78490814
2 1.7849 1.7849 1.7849 101.78490814
3 1.7849 1.7849 1.7849 101.78490814
4 1.7849 1.7849 1.7849 101.78490814
5 1.7849 1.7849 101.78490814
6 1.7849 1.7849 101.78490814
7 1.7849 1.7849 101.78490814
8 1.7849 1.7849 101.78490814
9 1.7849 1.7849 101.78490814
10 1.7849 1.7849 101.78490814
11 1.7849 1.7849 101.78490814
12 1.7849 1.7849 101.78490814
13 1.7849 1.7849 101.78490814
14 1.7849 1.7849 101.78490814
15 1.7849 1.7849 101.78490814
16 1.7849 1.7849 101.78490814
17 1.7849 101.78490814
18 1.7849 101.78490814
19 1.7849 101.78490814
20 1.7849 101.78490814
21 1.7849 101.78490814
22 1.7849 101.78490814
23 1.7849 101.78490814
24 1.7849 101.78490814
25 1.7849 101.78490814
26 1.7849 101.78490814
27 1.7849 101.78490814
28 1.7849 101.78490814
29 1.7849 101.78490814
30 1.7849 101.78490814
31 1.7849 101.78490814
32 1.7849 101.78490814
33 1.7849 101.78490814
34 1.7849 101.78490814
35 1.7849 101.78490814
36 1.7849 101.78490814
37 1.7849 101.78490814
38 1.7849 101.78490814
39 1.7849 101.78490814
40 1.7849 101.78490814
41 1.7849 101.78490814

(Continued)
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EXHIBIT 25.4 (Continued)

Current Time

Row 0 1 2 3 4

42 1.7849 101.78490814
43 1.7849 101.78490814
44 1.7849 101.78490814
45 1.7849 101.78490814
46 1.7849 101.78490814
47 1.7849 101.78490814
48 1.7849 101.78490814
49 1.7849 101.78490814
50 1.7849 101.78490814
51 1.7849 101.78490814
52 1.7849 101.78490814
53 1.7849 101.78490814
54 1.7849 101.78490814
55 1.7849 101.78490814
56 1.7849 101.78490814
57 1.7849 101.78490814
58 1.7849 101.78490814
59 1.7849 101.78490814
60 1.7849 101.78490814
61 1.7849 101.78490814
62 1.7849 101.78490814
63 1.7849 101.78490814
64 1.7849 101.78490814

Risk-Neutral Value 5 100.0000

EXHIBIT 25.5 Maturity of Cash Flow Received

Current Time

Row 0 1 2 3 4

1 0.0000 1.4846 �0.3804 �2.8539 �4.3257
2 1.4846 �0.3804 �2.8539 �3.7818
3 1.4846 �0.3804 �2.8539 �3.3861
4 1.4846 �0.3804 �2.8539 �6.2526
5 1.0939 0.3707 �1.3192
6 1.0939 0.3707 �0.8064
7 1.0939 0.3707 �0.2442
8 1.0939 0.3707 �2.2779
9 0.6877 �0.8240 �3.4361
10 0.6877 �0.8240 �0.1935
11 0.6877 �0.8240 �1.3949
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EXHIBIT 25.5 (Continued)

Current Time

Row 0 1 2 3 4

12 0.6877 �0.8240 �3.7167
13 0.4238 �3.1330 �3.6403
14 0.4238 �3.1330 �3.0999
15 0.4238 �3.1330 �2.7068
16 0.4238 �3.1330 �5.5547
17 �0.4647 �2.3668
18 �0.4647 0.8428
19 �0.4647 �0.3464
20 �0.4647 �2.6446
21 1.1866 �0.4187
22 1.1866 1.2318
23 1.1866 1.0182
24 1.1866 0.5845
25 0.9728 �0.8382
26 0.9728 2.1583
27 0.9728 1.5256
28 0.9728 �0.3830
29 0.5390 0.0085
30 0.5390 0.5146
31 0.5390 1.0696
32 0.5390 �0.9379
33 �0.1368 �0.4955
34 �0.1368 0.0131
35 �0.1368 0.5708
36 �0.1368 �1.4466
37 0.3700 �0.4955
38 0.3700 0.0131
39 0.3700 0.5708
40 0.3700 �1.4466
41 0.9258 �1.8505
42 0.9258 1.1756
43 0.9258 0.5366
44 0.9258 �1.3908
45 �1.0846 �2.7221
46 �1.0846 0.4985
47 �1.0846 �0.6948
48 �1.0846 �3.0009
49 �0.4239 �1.7164
50 �0.4239 1.4732
51 �0.4239 0.2915
52 �0.4239 �1.9924
53 0.0844 �0.7982
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years, regardless of when the swaption was exercised. For example, if the exercise
period on the swaption is two years, the underlying swap would end up being a five-
year swap regardless of whether the swaption was entered into after three months, 12
months, or two years. The fixed maturity date swaption prescribes a maturity date
for the swap at the signing date of the contract, and therefore the effective maturity of
the swap will shorten if exercise is delayed. Consider a three-year swaption of the
fixed maturity type on a swap with an original maturity of 10 years. If the swaption is
exercised after two years, the swap that is entered into will have an eight-year life.

Both forms are common. If the swaption is a European swaption, the two
methods are equivalent.

Valuation of European Swaptions

The valuation of European swaptions is a direct application of European bond options
that we covered in Chapter 21. In that chapter, we showed how to use the HJM three-
factor model from Chapter 9 to value such options. The valuation in a swap context is
nearly identical. If one has the lucky (and extremely unlikely) circumstance where a
one-factor term structure model accurately describes interest rates, Jamshidian’s for-
mula for options on coupon-bearing bonds could be employed.

Model Risk Alert

A one-factor model will probably never be accurate enough for practical use.

As shown previously in this chapter, the market value of a new swap must be
such that the fixed rate on the swap would cause a coupon-bearing bond with the
same payment frequency and maturity date to trade at par.1 This means we can
ignore the floating rate side of the swap for purposes of valuation.2 Therefore, a
swaption that allows the holder to receive the fixed rate side of the swap is a call

EXHIBIT 25.5 (Continued)

Current Time

Row 0 1 2 3 4

54 0.0844 �0.2881
55 0.0844 0.2713
56 0.0844 �1.7521
57 0.6417 �0.7982
58 0.6417 �0.2881
59 0.6417 0.2713
60 0.6417 �1.7521
61 �1.3744 �2.7212
62 �1.3744 �0.4837
63 �1.3744 �0.9403
64 �1.3744 �3.2381
Risk-Neutral Value 5 0.0000
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option to buy the equivalent underlying bond. A swaption that allows the holder to
pay the fixed rate side of the swap is a put option on the equivalent underlying bond.
Having made this translation, the formula is identical to that of Chapter 21’s options
on coupon-bearing bonds.

Valuation of American Swaptions

Because of the intervening cash flows on swaps, there is the possibility of early
exercise on an American swaption and, therefore, the European swaption valuation
approach is only a rough approximation to the value of an American swaption.
Correct valuation requires the numerical methods we analyze in Chapter 27.

Defaultable Interest Rate Swaps and Swaptions

As discussed in the introduction of this chapter, even the existence of AAA-rated
special purpose vehicles does not insulate a financial market participant from the risk
of default by a counterparty on an interest rate swap or swaption. Many firms found
this out the hard way when Lehman Brothers filed for bankruptcy in September
2008. The 2006–2011 credit crises provides an almost uncountable number of cases
where interest rates and other macroeconomic factors (most notably home prices)
drove correlated default risk among counterparties. Therefore, we need to take the
same approach as that discussed in Chapters 19 through 24, using Monte Carlo
simulation of interest rate–driven (and other macro-factor driven) default probabil-
ities to measure the valuation and future distribution of values and cash flows on a
credit-adjusted basis. What this means for swap valuation is that different yield
curves and different HJM bushy trees should be used to value the different legs of
a swap transaction, even if the reference curve used is the same for both halves of the
swap. It is the difference in the value of a promise to pay by Company A and
Company B that causes this slight complication to be necessary.

We now turn to more exotic swap and option structures.

NOTES

1. And for purposes of this chapter, credit risk.
2. We could not ignore the floating side if the floating side involved a non-zero spread from

the pricing index.
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CHAPTER 26
Exotic Swap and Options Structures

A difference of opinion makes a market, and that is the major rationale for the
development of the market in exotic swaps and exotic options. A second and less

happy rationale is the willingness of some market participants to buy and sell
securities without much knowledge of their true value. This is particularly dangerous
in markets such as the LIBOR market (in which manipulation has been admitted)
and the credit default swap market (in which manipulation is suspected and inves-
tigations are under way).

In our quest for an integrated measure of interest rate risk and credit risk, we
need to handle these exotic structures because they are found on the balance sheet of
many institutions both on the buy side and the sell side. Furthermore, two of the
authors are ex-investment bankers. For that reason, we recognize the endless quest of
investment bankers to invent structures that they can value more accurately than
their clients. The collateralized debt obligation market, which we discussed in
Chapter 20, is a classic example. The real purpose of this chapter is not only to value
specific structures but to show that this approach is general enough to apply to new
structures as they emerge. That reflects the great power of the Heath, Jarrow, and
Morton (HJM) framework that we demonstrated in increasingly realistic worked
examples in Chapters 6 through 9. In this chapter, we again employ the three-factor
HJM example from Chapter 9.

In the first sections of this chapter, we show how the HJM framework can be
used to value securities that, at least at one point in their life, were considered exotic.
“Exotic” means both strange and difficult to value, and it is the latter that often
motivates the originators of exotic structures. The examples in this chapter are taken
from actual deals found in the swap portfolio of some major U.S. financial
institutions.

At the end of the chapter, we discuss how to incorporate the potential default of
our counterparty so that we can incorporate these kinds of transactions in our
valuation of the Jarrow-Merton put option as a comprehensive risk measure. We
return to this discussion in great detail in Chapters 36 through 41.

ARREARS SWAPS

In most interest rate swaps, the floating-rate payment is based on LIBOR (we use
LIBOR until an alternative rate based on actual transactions in a competitive and
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transparent market replaces LIBOR as an index) in the relevant currency. If a
normal swap calls for a six-month LIBOR, the LIBOR rate is set on a reference date
six months before the cash interest payment is normally made. In an arrears swap,
the LIBOR rate and payment amount will be made in arrears, that is, shortly be-
fore the cash payment must be made. Therefore, instead of being known six months
in advance and paid at the effective maturity of the underlying index, the rate is set a
few days before payment is due at the end of the six-month period. How do we
value this kind of swap?

As in previous chapters, we can use either simple term structure models (like
Vasicek or Hull and White) to get closed form or algebraic answers (Model Risk
Alert), or we can use a more accurate approach with many risk factors driving
interest rates. Such an approach, which requires numerical methods, is what we do
here based on the framework of the three-factor HJM model. We assume that the
fixed rate side of the swap is the same 3 percent interest rate on the $100 notional
amount that we analyzed in Chapter 25. For exposition purposes, we shorten the
maturity from four years (in Chapter 25) to three years. We again drop those cash
flows into our cash flow table and confirm, after multiplying by the correct
probability-weighted discount factors, that the value of the fixed rate side of the swap
is 8.8290 as shown in Exhibit 26.1.

EXHIBIT 26.1 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 0.0000
2 3.0000 3.0000 3.0000 0.0000
3 3.0000 3.0000 3.0000 0.0000
4 3.0000 3.0000 3.0000 0.0000
5 3.0000 3.0000 0.0000
6 3.0000 3.0000 0.0000
7 3.0000 3.0000 0.0000
8 3.0000 3.0000 0.0000
9 3.0000 3.0000 0.0000
10 3.0000 3.0000 0.0000
11 3.0000 3.0000 0.0000
12 3.0000 3.0000 0.0000
13 3.0000 3.0000 0.0000
14 3.0000 3.0000 0.0000
15 3.0000 3.0000 0.0000
16 3.0000 3.0000 0.0000
17 3.0000 0.0000
18 3.0000 0.0000
19 3.0000 0.0000
20 3.0000 0.0000
21 3.0000 0.0000

(Continued)
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EXHIBIT 26.1 (Continued)

Current Time

Row Number 0 1 2 3 4

22 3.0000 0.0000
23 3.0000 0.0000
24 3.0000 0.0000
25 3.0000 0.0000
26 3.0000 0.0000
27 3.0000 0.0000
28 3.0000 0.0000
29 3.0000 0.0000
30 3.0000 0.0000
31 3.0000 0.0000
32 3.0000 0.0000
33 3.0000 0.0000
34 3.0000 0.0000
35 3.0000 0.0000
36 3.0000 0.0000
37 3.0000 0.0000
38 3.0000 0.0000
39 3.0000 0.0000
40 3.0000 0.0000
41 3.0000 0.0000
42 3.0000 0.0000
43 3.0000 0.0000
44 3.0000 0.0000
45 3.0000 0.0000
46 3.0000 0.0000
47 3.0000 0.0000
48 3.0000 0.0000
49 3.0000 0.0000
50 3.0000 0.0000
51 3.0000 0.0000
52 3.0000 0.0000
53 3.0000 0.0000
54 3.0000 0.0000
55 3.0000 0.0000
56 3.0000 0.0000
57 3.0000 0.0000
58 3.0000 0.0000
59 3.0000 0.0000
60 3.0000 0.0000
61 3.0000 0.0000
62 3.0000 0.0000
63 3.0000 0.0000
64 3.0000 0.0000

Risk-Neutral Value 5 8.829025
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As always, we could have calculated this value using the present value factors for
times 1, 2, and 3 instead of the bushy tree. In the normal swap structure, the floating-
rate cash flow at time T ¼ 1 is determined by the relevant reference rate prevailing
at time T ¼ 0. In this example, however, the reference rate is effectively determined at
time T ¼ 1 for payment (ignoring a few days lag) at time T ¼ 1. Because we have a
three-factor bushy tree from Chapter 9, we have four different reference rate values at
time T ¼ 1, 16 at time T ¼ 2, and 64 at time T ¼ 3. The floating rate interest
payments are simply $100 in notional principal times the prevailing short rate at each
node, paid immediately, not one period later. These cash flows are shown in Exhibit
26.2 and their risk-neutral value is 6.8243.

EXHIBIT 26.2 Time Period

State Row Number 0 1 2 3 4

S-1, S-1, S-1 1 2.1653 4.6388 6.1106 0.0000
S-1, S-1, S-2 2 0.6911 1.4142 5.5667 0.0000
S-1, S-1, S-3 3 1.0972 2.6089 5.1710 0.0000
S-1, S-1, S-4 4 1.3611 4.9179 8.0375 0.0000
S-1, S-2, S-1 5 2.2496 3.1041 0.0000
S-1, S-2, S-2 6 0.5984 2.5913 0.0000
S-1, S-2, S-3 7 0.8121 2.0291 0.0000
S-1, S-2, S-4 8 1.2459 4.0628 0.0000
S-1, S-3, S-1 9 1.9217 5.2210 0.0000
S-1, S-3, S-2 10 1.4149 1.9784 0.0000
S-1, S-3, S-3 11 0.8591 3.1798 0.0000
S-1, S-3, S-4 12 2.8695 5.5017 0.0000
S-1, S-4, S-1 13 2.2088 5.4252 0.0000
S-1, S-4, S-2 14 1.7005 4.8848 0.0000
S-1, S-4, S-3 15 1.1432 4.4917 0.0000
S-1, S-4, S-4 16 3.1593 7.3396 0.0000
S-2, S-1, S-1 17 4.1517 0.0000
S-2, S-1, S-2 18 0.9421 0.0000
S-2, S-1, S-3 19 2.1313 0.0000
S-2, S-1, S-4 20 4.4295 0.0000
S-2, S-2, S-1 21 2.2036 0.0000
S-2, S-2, S-2 22 0.5531 0.0000
S-2, S-2, S-3 23 0.7667 0.0000
S-2, S-2, S-4 24 1.2004 0.0000
S-2, S-3, S-1 25 2.6231 0.0000
S-2, S-3, S-2 26 �0.3734 0.0000
S-2, S-3, S-3 27 0.2593 0.0000
S-2, S-3, S-4 28 2.1679 0.0000
S-2, S-4, S-1 29 1.7764 0.0000
S-2, S-4, S-2 30 1.2703 0.0000
S-2, S-4, S-3 31 0.7153 0.0000

(Continued)
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If both parties to the arrears swap are default free, the arbitrage-free value of the
interest rate swap is easy to calculate without using the cash flow table. If our swap
counterparty receives the fixed rate side and pays the floating-rate side, the value of
the swap is 8.8290 � 6.8243 ¼ 2.0047. Alternatively, we can calculate the net cash
flows and insert them into the cash flow table. We calculate the risk-neutral value of
these net cash flows and get the same value, 2.0047, as shown in Exhibit 26.3.

The equilibrium spread for which an arrears swap has an efficient market value
of zero is easy to calculate. We can either vary the fixed rate on the swap or add (or
subtract) a constant spread from the floating reference rate such that the market
value of the swap is zero. This is easy to do in common spreadsheet software. We let

EXHIBIT 26.2 (Continued)

State Row Number 0 1 2 3 4

S-2, S-4, S-4 32 2.7228 0.0000
S-3, S-1, S-1 33 2.2804 0.0000
S-3, S-1, S-2 34 1.7718 0.0000
S-3, S-1, S-3 35 1.2141 0.0000
S-3, S-1, S-4 36 3.2315 0.0000
S-3, S-2, S-1 37 2.2804 0.0000
S-3, S-2, S-2 38 1.7718 0.0000
S-3, S-2, S-3 39 1.2141 0.0000
S-3, S-2, S-4 40 3.2315 0.0000
S-3, S-3, S-1 41 3.6354 0.0000
S-3, S-3, S-2 42 0.6093 0.0000
S-3, S-3, S-3 43 1.2483 0.0000
S-3, S-3, S-4 44 3.1757 0.0000
S-3, S-4, S-1 45 4.5070 0.0000
S-3, S-4, S-2 46 1.2864 0.0000
S-3, S-4, S-3 47 2.4797 0.0000
S-3, S-4, S-4 48 4.7858 0.0000
S-4, S-1, S-1 49 3.5013 0.0000
S-4, S-1, S-2 50 0.3117 0.0000
S-4, S-1, S-3 51 1.4934 0.0000
S-4, S-1, S-4 52 3.7773 0.0000
S-4, S-2, S-1 53 2.5831 0.0000
S-4, S-2, S-2 54 2.0730 0.0000
S-4, S-2, S-3 55 1.5136 0.0000
S-4, S-2, S-4 56 3.5370 0.0000
S-4, S-3, S-1 57 2.5831 0.0000
S-4, S-3, S-2 58 2.0730 0.0000
S-4, S-3, S-3 59 1.5136 0.0000
S-4, S-3, S-4 60 3.5370 0.0000
S-4, S-4, S-1 61 4.5061 0.0000
S-4, S-4, S-2 62 2.2686 0.0000
S-4, S-4, S-3 63 2.7252 0.0000
S-4, S-4, S-4 64 5.0230 0.0000

Risk-Neutral Value 5 6.82433
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EXHIBIT 26.3 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.8347 �1.6388 �3.1106 0.0000
2 2.3089 1.5858 �2.5667 0.0000
3 1.9028 0.3911 �2.1710 0.0000
4 1.6389 �1.9179 �5.0375 0.0000
5 0.7504 �0.1041 0.0000
6 2.4016 0.4087 0.0000
7 2.1879 0.9709 0.0000
8 1.7541 �1.0628 0.0000
9 1.0783 �2.2210 0.0000
10 1.5851 1.0216 0.0000
11 2.1409 �0.1798 0.0000
12 0.1305 �2.5017 0.0000
13 0.7912 �2.4252 0.0000
14 1.2995 �1.8848 0.0000
15 1.8568 �1.4917 0.0000
16 �0.1593 �4.3396 0.0000
17 �1.1517 0.0000
18 2.0579 0.0000
19 0.8687 0.0000
20 �1.4295 0.0000
21 0.7964 0.0000
22 2.4469 0.0000
23 2.2333 0.0000
24 1.7996 0.0000
25 0.3769 0.0000
26 3.3734 0.0000
27 2.7407 0.0000
28 0.8321 0.0000
29 1.2236 0.0000
30 1.7297 0.0000
31 2.2847 0.0000
32 0.2772 0.0000
33 0.7196 0.0000
34 1.2282 0.0000
35 1.7859 0.0000
36 �0.2315 0.0000
37 0.7196 0.0000
38 1.2282 0.0000
39 1.7859 0.0000
40 �0.2315 0.0000
41 �0.6354 0.0000
42 2.3907 0.0000
43 1.7517 0.0000

(Continued)
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the fixed rate vary and solve for the fixed rate, which produces zero squared error.
The fixed rate that produces a zero value for the swap is 2.3188 percent, a dollar
coupon of $2.3188 instead of $3. When we drop the new net cash flows into the cash
flow table and multiply by the probability-weighted cash flows, we get the confir-
mation in Exhibit 26.4 that the risk-neutral value is 0.

This change in coupon reduces the value of the fixed rate cash flows to 6.8243,
the same as the (unchanged) value of the floating rate cash flows. Alternatively, we
could have increased the value of the floating rate cash flows by a present value
amount of 2.0047 (generated by adding a fixed amount of $3 � 2.3188 to each
floating rate cash flow), while leaving the fixed rate coupon unchanged.

DIGITAL OPTION

Another category is the “digital” category of derivatives that pays either 1 or 0
depending on the level of a random variable. Given our focus on fixed income deriva-
tives, consider the value of a derivative security that pays $1 at time T0 if a short-term
reference rate (such as LIBOR) is greater than or equal to a critical level K. We dem-
onstrated the valuation of such instruments in the examples of Chapters 6 through 9.

EXHIBIT 26.3 (Continued)

Current Time

Row Number 0 1 2 3 4

44 �0.1757 0.0000
45 �1.5070 0.0000
46 1.7136 0.0000
47 0.5203 0.0000
48 �1.7858 0.0000
49 �0.5013 0.0000
50 2.6883 0.0000
51 1.5066 0.0000
52 �0.7773 0.0000
53 0.4169 0.0000
54 0.9270 0.0000
55 1.4864 0.0000
56 �0.5370 0.0000
57 0.4169 0.0000
58 0.9270 0.0000
59 1.4864 0.0000
60 �0.5370 0.0000
61 �1.5061 0.0000
62 0.7314 0.0000
63 0.2748 0.0000
64 �2.0230 0.0000

Risk-Neutral Value 5 2.0047
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EXHIBIT 26.4 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.1536 �2.3200 �3.7918 0.0000
2 1.6278 0.9046 �3.2479 0.0000
3 1.2216 �0.2901 �2.8522 0.0000
4 0.9578 �2.5991 �5.7186 0.0000
5 0.0692 �0.7852 0.0000
6 1.7205 �0.2725 0.0000
7 1.5067 0.2897 0.0000
8 1.0729 �1.7440 0.0000
9 0.3971 �2.9022 0.0000
10 0.9040 0.3404 0.0000
11 1.4597 �0.8609 0.0000
12 �0.5507 �3.1828 0.0000
13 0.1100 �3.1064 0.0000
14 0.6183 �2.5660 0.0000
15 1.1756 �2.1729 0.0000
16 �0.8404 �5.0208 0.0000
17 �1.8329 0.0000
18 1.3767 0.0000
19 0.1876 0.0000
20 �2.1107 0.0000
21 0.1152 0.0000
22 1.7657 0.0000
23 1.5521 0.0000
24 1.1185 0.0000
25 �0.3043 0.0000
26 2.6922 0.0000
27 2.0595 0.0000
28 0.1510 0.0000
29 0.5424 0.0000
30 1.0486 0.0000
31 1.6035 0.0000
32 �0.4040 0.0000
33 0.0384 0.0000
34 0.5470 0.0000
35 1.1048 0.0000
36 �0.9127 0.0000
37 0.0384 0.0000
38 0.5470 0.0000
39 1.1048 0.0000
40 �0.9127 0.0000
41 �1.3166 0.0000
42 1.7095 0.0000

(Continued)
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DIGITAL RANGE NOTES

What if the security only pays a principal amount of $100 and coupon rate of $1 if the
short-term rate is between critical levels K1 and K2? Sticking with our prior example,
let’s assume that the short rate reference rate is measured “in arrears” and that the
bond has a three-year maturity. We assume the critical levels for the reference rate are
2 percent and 4 percent. The short-term spot rate, measured on an arrears basis, is only
between 2 percent and 4 percent in the shaded scenarios given in Exhibit 26.5.

The cash flow on these digital range notes will be a principal payment of $100 at
timeT ¼ 3 and $1 only in the shaded scenarios. The total cash flow on the digital range
notes is dropped into the cash flow tables andmultiplied by the appropriate probability-
weighteddiscount factors to derive the bond value of 97.2304, as shown inExhibit 26.6.

RANGE FLOATER

Another derivative floating rate structure is the so-called “range floater.” Consider a
four-period security that pays the reference rate when the rate is less than a critical
level K, and 0 otherwise. Cash flow is determined in the normal method, that is, at

EXHIBIT 26.4 (Continued)

Current Time

Row Number 0 1 2 3 4

43 1.0705 0.0000
44 �0.8568 0.0000
45 �2.1882 0.0000
46 1.0324 0.0000
47 �0.1608 0.0000
48 �2.4670 0.0000
49 �1.1825 0.0000
50 2.0071 0.0000
51 0.8254 0.0000
52 �1.4585 0.0000
53 �0.2643 0.0000
54 0.2459 0.0000
55 0.8052 0.0000
56 �1.2182 0.0000
57 �0.2643 0.0000
58 0.2459 0.0000
59 0.8052 0.0000
60 �1.2182 0.0000
61 �2.1873 0.0000
62 0.0502 0.0000
63 �0.4064 0.0000
64 �2.7042 0.0000

Risk-Neutral Value 5 0.0000
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EXHIBIT 26.5 Time Period

State Row Number 0 1 2 3 4

S-1, S-1, S-1 1 2.1653 4.6388 6.1106 0.0000
S-1, S-1, S-2 2 0.6911 1.4142 5.5667 0.0000
S-1, S-1, S-3 3 1.0972 2.6089 5.1710 0.0000
S-1, S-1, S-4 4 1.3611 4.9179 8.0375 0.0000
S-1, S-2, S-1 5 2.2496 3.1041 0.0000
S-1, S-2, S-2 6 0.5984 2.5913 0.0000
S-1, S-2, S-3 7 0.8121 2.0291 0.0000
S-1, S-2, S-4 8 1.2459 4.0628 0.0000
S-1, S-3, S-1 9 1.9217 5.2210 0.0000
S-1, S-3, S-2 10 1.4149 1.9784 0.0000
S-1, S-3, S-3 11 0.8591 3.1798 0.0000
S-1, S-3, S-4 12 2.8695 5.5017 0.0000
S-1, S-4, S-1 13 2.2088 5.4252 0.0000
S-1, S-4, S-2 14 1.7005 4.8848 0.0000
S-1, S-4, S-3 15 1.1432 4.4917 0.0000
S-1, S-4, S-4 16 3.1593 7.3396 0.0000
S-2, S-1, S-1 17 4.1517 0.0000
S-2, S-1, S-2 18 0.9421 0.0000
S-2, S-1, S-3 19 2.1313 0.0000
S-2, S-1, S-4 20 4.4295 0.0000
S-2, S-2, S-1 21 2.2036 0.0000
S-2, S-2, S-2 22 0.5531 0.0000
S-2, S-2, S-3 23 0.7667 0.0000
S-2, S-2, S-4 24 1.2004 0.0000
S-2, S-3, S-1 25 2.6231 0.0000
S-2, S-3, S-2 26 �0.3734 0.0000
S-2, S-3, S-3 27 0.2593 0.0000
S-2, S-3, S-4 28 2.1679 0.0000
S-2, S-4, S-1 29 1.7764 0.0000
S-2, S-4, S-2 30 1.2703 0.0000
S-2, S-4, S-3 31 0.7153 0.0000
S-2, S-4, S-4 32 2.7228 0.0000
S-3, S-1, S-1 33 2.2804 0.0000
S-3, S-1, S-2 34 1.7718 0.0000
S-3, S-1, S-3 35 1.2141 0.0000
S-3, S-1, S-4 36 3.2315 0.0000
S-3, S-2, S-1 37 2.2804 0.0000
S-3, S-2, S-2 38 1.7718 0.0000
S-3, S-2, S-3 39 1.2141 0.0000
S-3, S-2, S-4 40 3.2315 0.0000
S-3, S-3, S-1 41 3.6354 0.0000
S-3, S-3, S-2 42 0.6093 0.0000
S-3, S-3, S-3 43 1.2483 0.0000
S-3, S-3, S-4 44 3.1757 0.0000
S-3, S-4, S-1 45 4.5070 0.0000

(Continued)
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EXHIBIT 26.5 (Continued)

State Row Number 0 1 2 3 4

S-3, S-4, S-2 46 1.2864 0.0000
S-3, S-4, S-3 47 2.4797 0.0000
S-3, S-4, S-4 48 4.7858 0.0000
S-4, S-1, S-1 49 3.5013 0.0000
S-4, S-1, S-2 50 0.3117 0.0000
S-4, S-1, S-3 51 1.4934 0.0000
S-4, S-1, S-4 52 3.7773 0.0000
S-4, S-2, S-1 53 2.5831 0.0000
S-4, S-2, S-2 54 2.0730 0.0000
S-4, S-2, S-3 55 1.5136 0.0000
S-4, S-2, S-4 56 3.5370 0.0000
S-4, S-3, S-1 57 2.5831 0.0000
S-4, S-3, S-2 58 2.0730 0.0000
S-4, S-3, S-3 59 1.5136 0.0000
S-4, S-3, S-4 60 3.5370 0.0000
S-4, S-4, S-1 61 4.5061 0.0000
S-4, S-4, S-2 62 2.2686 0.0000
S-4, S-4, S-3 63 2.7252 0.0000
S-4, S-4, S-4 64 5.0230 0.0000

EXHIBIT 26.6 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 1.0000 0.0000 100.0000 0.0000
2 0.0000 0.0000 100.0000 0.0000
3 0.0000 1.0000 100.0000 0.0000
4 0.0000 0.0000 100.0000 0.0000
5 1.0000 101.0000 0.0000
6 0.0000 101.0000 0.0000
7 0.0000 101.0000 0.0000
8 0.0000 100.0000 0.0000
9 0.0000 100.0000 0.0000
10 0.0000 100.0000 0.0000
11 0.0000 101.0000 0.0000
12 1.0000 100.0000 0.0000
13 1.0000 100.0000 0.0000
14 0.0000 100.0000 0.0000
15 0.0000 100.0000 0.0000
16 1.0000 100.0000 0.0000
17 100.0000 0.0000
18 100.0000 0.0000
19 101.0000 0.0000
20 100.0000 0.0000
21 101.0000 0.0000
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EXHIBIT 26.6 (Continued)

Current Time

Row Number 0 1 2 3 4

22 100.0000 0.0000
23 100.0000 0.0000
24 100.0000 0.0000
25 101.0000 0.0000
26 100.0000 0.0000
27 100.0000 0.0000
28 101.0000 0.0000
29 100.0000 0.0000
30 100.0000 0.0000
31 100.0000 0.0000
32 101.0000 0.0000
33 101.0000 0.0000
34 100.0000 0.0000
35 100.0000 0.0000
36 101.0000 0.0000
37 101.0000 0.0000
38 100.0000 0.0000
39 100.0000 0.0000
40 101.0000 0.0000
41 101.0000 0.0000
42 100.0000 0.0000
43 100.0000 0.0000
44 101.0000 0.0000
45 100.0000 0.0000
46 100.0000 0.0000
47 101.0000 0.0000
48 100.0000 0.0000
49 101.0000 0.0000
50 100.0000 0.0000
51 100.0000 0.0000
52 101.0000 0.0000
53 101.0000 0.0000
54 101.0000 0.0000
55 100.0000 0.0000
56 101.0000 0.0000
57 101.0000 0.0000
58 101.0000 0.0000
59 100.0000 0.0000
60 101.0000 0.0000
61 100.0000 0.0000
62 101.0000 0.0000
63 101.0000 0.0000
64 100.0000 0.0000

Risk-Neutral Value 5 97.2304

Exotic Swap and Options Structures 591



time T0 based on the level of an underlying zero-coupon bond with maturity T1, with
cash flowing at time T ¼ 1. We can use the previous spot rates, adjusted for payment
with the normal one-period lag after the interest rate is determined, to calculate the
payments on this $100 four-period note. Let’s assume that K is 3 percent and any
spot rate value over 3 percent results in a coupon payment of zero. Exhibit 26.7
shows the cash flows on the note at each node of the bushy tree. The risk-neutral
value of this structure is 96.5770.

EXHIBIT 26.7 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 0.3003 2.1653 0.0000 100.0000
2 0.3003 2.1653 0.0000 100.0000
3 0.3003 2.1653 0.0000 100.0000
4 0.3003 2.1653 0.0000 100.0000
5 0.6911 1.4142 100.0000
6 0.6911 1.4142 102.5913
7 0.6911 1.4142 102.0291
8 0.6911 1.4142 100.0000
9 1.0972 2.6089 100.0000
10 1.0972 2.6089 101.9784
11 1.0972 2.6089 100.0000
12 1.0972 2.6089 100.0000
13 1.3611 0.0000 100.0000
14 1.3611 0.0000 100.0000
15 1.3611 0.0000 100.0000
16 1.3611 0.0000 100.0000
17 2.2496 100.0000
18 2.2496 100.9421
19 2.2496 102.1313
20 2.2496 100.0000
21 0.5984 102.2036
22 0.5984 100.5531
23 0.5984 100.7887
24 0.5984 101.2004
25 0.8121 102.6231
26 0.8121 99.6266
27 0.8121 100.2593
28 0.8121 102.1679
29 1.2459 101.7764
30 1.2459 101.2703
31 1.2459 100.7153
32 1.2459 102.7228
33 1.9217 102.2804

592 RISK MANAGEMENT APPLICATIONS: INSTRUMENT BY INSTRUMENT



OTHER DERIVATIVE SECURITIES

As we discussed in Chapter 25, literally any fixed income derivative structure can be
analyzed in this framework due to the richness of the HJM framework. Basis swaps,
which exchange one floating-rate structure for another; CMT constant maturity
swaps, which pay the par coupon bond yield at each point in time versus a more
traditional floating-rate index; amortizing interest rate swaps; and many other

EXHIBIT 26.7 (Continued)

Current Time

Row Number 0 1 2 3 4

34 1.9217 101.7718
35 1.9217 101.2141
36 1.9217 100.0000
37 1.4149 102.2804
38 1.4149 101.7718
39 1.4149 101.2141
40 1.4149 100.0000
41 0.8591 100.0000
42 0.8591 100.6093
43 0.8591 101.2483
44 0.8591 100.0000
45 2.8695 100.0000
46 2.8695 101.2864
47 2.8695 102.4797
48 2.8695 100.0000
49 2.2088 100.0000
50 2.2088 100.3117
51 2.2088 101.4934
52 2.2088 100.0000
53 1.7005 102.5831
54 1.7005 102.0730
55 1.7005 101.5136
56 1.7005 100.0000
57 1.1432 102.5831
58 1.1432 102.0730
59 1.1432 101.5136
60 1.1432 100.0000
61 0.0000 100.0000
62 0.0000 102.2686
63 0.0000 102.7252
64 0.0000 100.0000

Risk-Neutral Value 5 96.5770
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structures fit into the same basis structure. The only task that is fairly mechanical is to
correctly calculate the cash flows at each node of the HJM bushy tree or at each point
in time for N Monte Carlo scenarios in the HJM framework. All of these numerical
solutions have related interest rate sensitivity statistics. Hedging portfolios can be
derived for each individual transaction or (more efficiently from an execution point
of view) for the aggregated interest rate risk position of the organization. Shifts in the
zero-coupon bond prices input at any of the maturities (in our example, that is at
times 1, 2, 3, and 4) produce deltas in value with respect to that particular point on
the yield curve. Shifts in interest rate volatility assumptions produce the multifactor
vega equivalents of vega in the one-factor Black-Scholes options model. The class of
securities that we have not yet valued is the class that involves an American option.
We turn to that problem in the next chapter. Before doing so, however, we turn as
usual to the impact of credit risk on the previous valuation framework.

CREDIT RISK AND EXOTIC DERIVATIVES STRUCTURES

For all of the instruments we have analyzed in Chapters 19 through 26, we face a
common dilemma. If we assume that the default probability of our counterparty is
independent of the factors that drive payoffs on the instrument, then we make the
same (potentially huge) mistake that JPMorgan Chase made in the famous 1998
incident with SK Securities, which is discussed in depth by van Deventer and Imai
(2003). This mistake was repeated by a wave of financial institutions in the 2006–
2011 credit crisis when they ignored home price risk and its correlated impact on the
value of RMBS, CDOs, and credit default swaps of both individual firms and indi-
vidual securities. This “default risk independence” assumption is very seductive
because as Jarrow and Turnbull show, for many structures the impact of credit risk
on the value of a structure just becomes a simple multiplier of the original valua-
tion formula. As dangerous as this simplification can be, it is a better approximation
than doing nothing. And “doing nothing,” it’s sad to say, was one of the most
common risk management techniques prior to the recent credit crisis.

As is the case with the other structures discussed in the last few chapters, the
authors believe that such an “independence” assumption is particularly dangerous in
the case of derivative instrument credit risk (even in the presence of AAA-rated
special purpose vehicles) for two reasons. First, interest rates clearly have an impact,
and potentially a substantial impact, on the default probabilities of financial insti-
tutions as we have learned time and time again in incidents ranging from the savings
and loan crisis to the Asia crisis. This increased default risk comes not necessarily
from interest rate mismatches, but from the increase in the default probabilities of
almost every counterparty on the balance sheet of the financial institution. Second,
there is a tremendous concentration of market share in the derivatives business, and
the default of any one of those institutions has a double impact, as we saw with the
failures of Lehman Brothers and Bear Stearns in 2008 and the effective failures of
firms like AIG and Merrill Lynch. Just one default would adversely affect 10 to 20
percent of the derivatives transactions on the books of an institution (since market
shares of the major derivatives players are typically in the 10 to 20 percent range)
and it would cause an important market disruption. It would require a huge wave
of derivatives to be analyzed and replaced with another counterparty, one whose
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default probability is most likely highly correlated with the institution that has
defaulted. One bankruptcy lawyer told us that “the few remaining staff of Lehman
Brothers are being less than helpful in calculating the net exposure my client has with
Lehman.” This macro factor risk is much broader than the impact of interest rates
alone. Home prices (remember Japan and 2006–2011 in the United States and
Europe), commercial real estate, exchange rates, oil prices, and a very wide array of
other factors can have similar massive correlated impacts on risk.

For that reason, we think the valuation and simulation of interest rate exotic
structures have to be analyzed using the same process outlined beginning in Chapters
19 and 20:

1. Default probabilities of all counterparties should be explicitly linked to key
macroeconomic factors.

2. Interest rate and other macro factor simulation will impact both the payoffs due
on the structure and the default probabilities and zero-coupon bond prices of
each risky counterparty.

3. The true credit-adjusted value and cash flow can then be accurately derived.

Any other strategy is the financial equivalent of sticking your head in the sand
and ignoring the problem, because you don’t want to face the reality of the problem.
Fortunately for shareholders, depositors and deposit insurance funds of various
nations, regulators from the Basel Committee on Banking Supervision, the Financial
Services Authority in the United Kingdom, and the array of banking regulators in the
United States are focusing on this issue with the intensity it deserves. We do the same
in Chapters 36 through 41.
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CHAPTER 27
American Fixed Income Options

In Chapters 21 through 26, we have emphasized the valuation of securities where
the option embedded in the security was exercisable at only one date. These

European options, as we have shown, generally have explicit analytical solutions in
the Vasicek family of term structure models. As we saw in Chapter 3, however, one-
factor interest rate models are very inaccurate models of interest rate movements. In
this chapter, we continue to emphasize numerical solutions using the example of the
three-factor Heath, Jarrow, and Morton (HJM) model from Chapter 9. In previous
chapters, we have frequently remarked that an HJM Monte Carlo simulation was
the preferred valuation methodology, with an HJM bushy tree used only for expo-
sitional purposes. In this chapter, the situation is reversed. Using the bushy tree
approach is the most accurate technique for valuing American fixed income options.
Monte Carlo simulation, even using the HJM approach, is one notch lower in
accuracy for reasons we explain. Please note, however, that, even in the case of a one-
factor term structure model, numerical methods are necessary for the accurate val-
uation of American fixed income options. This is even truer when the issuer of the
security has a positive probability of default. The interaction of the security’s payoffs
with the credit risk of the issuer has interesting and important implications.

The major advances in computer science since the first volume of this book was
published have dramatically relaxed the computational constraints that formerly
motivated the use of closed form solutions instead of highly accurate multifactor
simulations or bushy trees. The increasing use of 64-bit operating systems, with their
huge expansion in available memory, makes the techniques in this chapter available
at the transaction level for the entire enterprise.

We note also that the Jarrow-Merton put option, the key integrated risk measure
that we focus on in this volume, can be thought of as an American option. The bank
deposit insurance provided by the Federal Deposit Insurance Corporation in the
United States is effectively an American put option on the value of deposits provided
to depositors and paid for by the banks themselves (if priced correctly) and taxpayers
(if priced incorrectly). Bank deposit insurance is an American option, because the
bank can default at any time, not just one point in time like a European option.

Much of the early work on lattice or bushy tree valuations of American options
was done using the popular Hull and White (1990b, 1993b, 1994a) trinomial lattice.
The lattice was initially developed for one-factor term structure models and then
expanded to the two-factor case. As we saw in Chapter 3, between 5 and 10 factors
are needed to accurately model even a relatively transparent yield curve like that for
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U.S. Treasury securities. A one- or two-factor model is simply not a good approxi-
mation to actual yield curve movements, and a lattice based on these assumptions
will not capture some of the yield curve movements (e.g., yield curve twists) that can
have a big impact on the exercise of an American option, such as the prepayment
option on a mortgage in the United States and Japan.

The reason for devoting the bulk of this and the two following chapters to
American fixed income options is that almost all financial institutions have the
majority of their balance sheets devoted to American fixed income options, explicitly
or implicitly. A brief list of examples shows how critical this topic is. Typical
American options on financial institution balance sheets include:

n The right to terminate a life insurance policy in return for receipt of its surrender
value

n The right to resign as the customer of an investment management firm
n The right to prepay a mortgage loan
n The right to withdraw as a bank from the consumer deposit gathering business
n The right to withdraw almost any consumer bank deposit at any time either at

par or upon the payment of an early withdrawal penalty
n The right of a corporate borrower to declare bankruptcy
n The right of a financial institution to pay dividends
n The right to exercise a foreign exchange option
n The right to exercise a standard swaption contract

The list of examples is almost endless. Needless to say, the topic at hand is a
critical one.

AN OVERVIEW OF NUMERICAL TECHNIQUES FOR FIXED INCOME
OPTION VALUATION

Financial market participants generally use one of six approaches to the valuation of
American fixed income options:

n Analytical approximations
n Monte Carlo simulation
n Bushy trees
n Finite difference methods
n Binomial lattices (a special case of the bushy tree, because the tree “recombines”)
n Trinomial lattices (another special case of bushy tree)

Analytical approximations are not sufficiently accurate for us to devote time to
here. We will discuss the alternatives to the bushy tree after first using the three-factor
Heath, Jarrow, and Morton framework from Chapter 9 on two examples of fixed
income options, a callable fixed rate bond and a prepayable amortizing loan. There is
a wide variety of American fixed income options in everyday finance, but loans and
bonds that are callable or prepayable (the terms have the equivalent economic
meaning) are particularly numerous.
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AN EXAMPLE OF VALUATION OF A CALLABLE BOND WITH A
THREE-FACTOR HJM BUSHY TREE

In Chapter 9, we analyzed the value of a bond with $100 in principal outstanding
that pays 3 percent interest annually and matures at time T ¼ 4. The cash flows on
the bond and its valuation in Chapter 9, 104.7071, are reproduced here in Exhibit
27.1. The valuation is calculated by multiplying the cash flows in the cash flow table
times the corresponding probability-weighted discount factors that were displayed
in Chapter 9.

In Chapter 14, we assumed that we could observe prices of callable fixed rate
coupon bonds, where the call option was European in nature: the bonds could be
prepaid or “called” at only one point in time. In this example, we assume that the
bonds could be called at any time. In the context of our four-step bushy tree from
Chapter 9, “any time” effectively means the bonds can be called at time 0, time 1,
time 2, or time 3, prior to maturity at time 4. If we need to evaluate the call option’s

EXHIBIT 27.1 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 3.0000 3.0000 3.0000 103.0000
3 3.0000 3.0000 3.0000 103.0000
4 3.0000 3.0000 3.0000 103.0000
5 3.0000 3.0000 103.0000
6 3.0000 3.0000 103.0000
7 3.0000 3.0000 103.0000
8 3.0000 3.0000 103.0000
9 3.0000 3.0000 103.0000
10 3.0000 3.0000 103.0000
11 3.0000 3.0000 103.0000
12 3.0000 3.0000 103.0000
13 3.0000 3.0000 103.0000
14 3.0000 3.0000 103.0000
15 3.0000 3.0000 103.0000
16 3.0000 3.0000 103.0000
17 3.0000 103.0000
18 3.0000 103.0000
19 3.0000 103.0000
20 3.0000 103.0000
21 3.0000 103.0000
22 3.0000 103.0000
23 3.0000 103.0000
24 3.0000 103.0000
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EXHIBIT 27.1 (Continued)

Current Time

Row Number 0 1 2 3 4

25 3.0000 103.0000
26 3.0000 103.0000
27 3.0000 103.0000
28 3.0000 103.0000
29 3.0000 103.0000
30 3.0000 103.0000
31 3.0000 103.0000
32 3.0000 103.0000
33 3.0000 103.0000
34 3.0000 103.0000
35 3.0000 103.0000
36 3.0000 103.0000
37 3.0000 103.0000
38 3.0000 103.0000
39 3.0000 103.0000
40 3.0000 103.0000
41 3.0000 103.0000
42 3.0000 103.0000
43 3.0000 103.0000
44 3.0000 103.0000
45 3.0000 103.0000
46 3.0000 103.0000
47 3.0000 103.0000
48 3.0000 103.0000
49 3.0000 103.0000
50 3.0000 103.0000
51 3.0000 103.0000
52 3.0000 103.0000
53 3.0000 103.0000
54 3.0000 103.0000
55 3.0000 103.0000
56 3.0000 103.0000
57 3.0000 103.0000
58 3.0000 103.0000
59 3.0000 103.0000
60 3.0000 103.0000
61 3.0000 103.0000
62 3.0000 103.0000
63 3.0000 103.0000
64 3.0000 103.0000

Risk-Neutral Value 5 104.7071
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impact more granularly, we would simply increase the number and shorten the length
of the time steps in the bushy tree. Please note that a Bermudan option is an option
that can be exercised at many points in time but not at any time. In the context of this
example, one could imagine that a bond could be called at time 2 or time 3 but not at
time 0 or time 1. This is a special case of a Bermudan option. The bond would
be described as “four years, noncall two.” We assume that the call option can be
exercised at any of the nodes of the lattice except the maturity date (because calling at
that time is identical with normal principal and interest payments at maturity).
Bermudan option analysis is identical except that the option to call or prepay is
turned off at some points in time.

How would a rational corporate treasurer or bond investor value the proba-
bility that this 3 percent, four-year bond would be prepaid? (We use “called” when
discussing bonds, “prepaid” when discussing loans.) These probabilities need to be
assessed in order to appropriately populate the cash flow table for HJM valuation.
The value of the bond at time zero, and the decision about whether to call the bond
at time zero, depends on what the bond issuer would do at the four nodes at time
T ¼ 1. At each of the four nodes at T ¼ 1, there are a set of four more nodes at time
T ¼ 2, and the time 1 behavior depends on what the bond issuer would do at time
2. Finally, at each of the 16 nodes at time T ¼ 2, there are four nodes at time T ¼ 3
and the time 2 behavior depends on the actual decisions that the bond issuer would
make at time T ¼ 3, where there are 64 nodes. This is a dynamic programming
problem that we need to analyze in a recursive fashion. We start at the end of the
bond’s life and set our call strategy for the 64 nodes at time T ¼ 3. Having done
that, we step backward in time to the 16 nodes at time T ¼ 2. Because we know
what the time T ¼ 3 actions are, we can deduce what to do on the 16 nodes at
time T ¼ 2. We then repeat the process and step backward in time to time T ¼ 1
(four nodes) and time T ¼ 0 (one node). This gives us the cash flows at each
node. We insert these cash flows in the HJM cash flow table, multiply by the
appropriate probability-weighted discount factors, and get the risk-neutral value.
We do that now.

First we analyze whether or not to call the bonds at time T ¼ 3 at each of the 64
nodes. We assume the decision is made immediately after time T ¼ 3 interest of $3 is
paid. The analysis is simple. We multiple the zero-coupon bond price for a bond
maturing at T ¼ 4 as of time 3 for that state st times the cash flow of $103 to get the
net present value of the no-call strategy, P(3, 4, st)103. If this present value is more
than 100, we call the bonds now and pay $100 in principal at time T ¼ 3 in addition
to the $3 in interest paid one second earlier. If the present value is $100 or less, we
leave the bonds outstanding and pay $103 at time T ¼ 4. Exhibit 27.2 analyzes the
call or no-call decision at each node at time T ¼ 3.

Based on these rational call strategies, the cash flows on a bond that could be
called only at time T ¼ 3 are given in Exhibit 27.3. The value of this bond, a “four-
year noncall 3” bond, would be 104.2480, less than the noncall version of the bond.

Having done the call analysis for time T ¼ 3, we now step backward in time to
the 16 nodes at time T ¼ 2. At each of those 16 nodes, we look at the 64 nodes at
time T ¼ 3 and study the net present value of the no-call strategy as of time T ¼ 2.
The net present value as of time T ¼ 2 is a function of the discount factor, shift
probability, and time T ¼ 3 value if the bonds are not called at time T ¼ 2. Recall
the shift probabilities from Chapter 9, which we reproduce here as Exhibit 27.4.
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EXHIBIT 27.2 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 Action?

1 0.0000 0.0000 0.0000 97.0685 No Call
2 0.0000 0.0000 97.5686 No Call
3 0.0000 0.0000 97.9357 No Call
4 0.0000 0.0000 95.3373 No Call
5 0.0000 99.8991 No Call
6 0.0000 100.3984 Call
7 0.0000 100.9516 Call
8 0.0000 98.9787 No Call
9 0.0000 97.8892 No Call
10 0.0000 101.0018 Call
11 0.0000 99.8258 No Call
12 0.0000 97.6288 No Call
13 0.0000 97.6996 No Call
14 0.0000 98.2030 No Call
15 0.0000 98.5724 No Call
16 0.0000 95.9571 No Call
17 98.8942 No Call
18 102.0387 Call
19 100.8506 Call
20 98.6311 No Call
21 100.7792 Call
22 102.4334 Call
23 102.2163 Call
24 101.7783 Call
25 100.3673 Call
26 103.3860 Call
27 102.7336 Call
28 100.8145 Call
29 101.2022 Call
30 101.7080 Call
31 102.2685 Call
32 100.2698 Call
33 100.7035 Call
34 101.2068 Call
35 101.7645 Call
36 99.7757 No Call
37 100.7035 Call
38 101.2068 Call
39 101.7645 Call
40 99.7757 No Call
41 99.3869 No Call
42 102.3762 Call

(Continued)
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EXHIBIT 27.2 (Continued)

Current Time

Row Number 0 1 2 3 Action?

43 101.7301 Call
44 99.8297 No Call
45 98.5580 No Call
46 101.6918 Call
47 100.5077 Call
48 98.2958 No Call
49 99.5157 No Call
50 102.6800 Call
51 101.4844 Call
52 99.2509 No Call
53 100.4064 Call
54 100.9082 Call
55 101.4642 Call
56 99.4813 No Call
57 100.4064 Call
58 100.9082 Call
59 101.4642 Call
60 99.4813 No Call
61 98.5589 No Call
62 100.7152 Call
63 100.2675 Call
64 98.0738 No Call

EXHIBIT 27.3 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 3.0000 3.0000 3.0000 103.0000
3 3.0000 3.0000 3.0000 103.0000
4 3.0000 3.0000 3.0000 103.0000
5 3.0000 3.0000 103.0000
6 3.0000 103.0000 0.0000
7 3.0000 103.0000 0.0000
8 3.0000 3.0000 103.0000
9 3.0000 3.0000 103.0000
10 3.0000 103.0000 0.0000
11 3.0000 3.0000 103.0000
12 3.0000 3.0000 103.0000
13 3.0000 3.0000 103.0000
14 3.0000 3.0000 103.0000
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EXHIBIT 27.3 (Continued)

Current Time

Row Number 0 1 2 3 4

15 3.0000 3.0000 103.0000
16 3.0000 3.0000 103.0000
17 3.0000 103.0000
18 103.0000 0.0000
19 103.0000 0.0000
20 3.0000 103.0000
21 103.0000 0.0000
22 103.0000 0.0000
23 103.0000 0.0000
24 103.0000 0.0000
25 103.0000 0.0000
26 103.0000 0.0000
27 103.0000 0.0000
28 103.0000 0.0000
29 103.0000 0.0000
30 103.0000 0.0000
31 103.0000 0.0000
32 103.0000 0.0000
33 103.0000 0.0000
34 103.0000 0.0000
35 103.0000 0.0000
36 3.0000 103.0000
37 103.0000 0.0000
38 103.0000 0.0000
39 103.0000 0.0000
40 3.0000 103.0000
41 3.0000 103.0000
42 103.0000 0.0000
43 103.0000 0.0000
44 3.0000 103.0000
45 3.0000 103.0000
46 103.0000 0.0000
47 103.0000 0.0000
48 3.0000 103.0000
49 3.0000 103.0000
50 103.0000 0.0000
51 103.0000 0.0000
52 3.0000 103.0000
53 103.0000 0.0000
54 103.0000 0.0000
55 103.0000 0.0000

(Continued)
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EXHIBIT 27.3 (Continued)

Current Time

Row Number 0 1 2 3 4

56 3.0000 103.0000
57 103.0000 0.0000
58 103.0000 0.0000
59 103.0000 0.0000
60 3.0000 103.0000
61 3.0000 103.0000
62 103.0000 0.0000
63 103.0000 0.0000
64 3.0000 103.0000

Risk-Neutral Value 5 104.2480

EXHIBIT 27.4 Shift Probabilities

Current Time

Scenario Row Number 0 1 2 3

S-1, S-1, S-1 1 100% 12.50% 12.50% 12.50%
S-1, S-1, S-2 2 12.50% 12.50% 12.50%
S-1, S-1, S-3 3 25.00% 25.00% 25.00%
S-1, S-1, S-4 4 50.00% 50.00% 50.00%
S-1, S-2, S-1 5 12.50% 12.50%
S-1, S-2, S-2 6 12.50% 12.50%
S-1, S-2, S-3 7 25.00% 25.00%
S-1, S-2, S-4 8 50.00% 50.00%
S-1, S-3, S-1 9 12.50% 12.50%
S-1, S-3, S-2 10 12.50% 12.50%
S-1, S-3, S-3 11 25.00% 25.00%
S-1, S-3, S-4 12 50.00% 50.00%
S-1, S-4, S-1 13 12.50% 12.50%
S-1, S-4, S-2 14 12.50% 12.50%
S-1, S-4, S-3 15 25.00% 25.00%
S-1, S-4, S-4 16 50.00% 50.00%
S-2, S-1, S-1 17 12.50%
S-2, S-1, S-2 18 12.50%
S-2, S-1, S-3 19 25.00%
S-2, S-1, S-4 20 50.00%
S-2, S-2, S-1 21 12.50%
S-2, S-2, S-2 22 12.50%
S-2, S-2, S-3 23 25.00%

604 RISK MANAGEMENT APPLICATIONS: INSTRUMENT BY INSTRUMENT



EXHIBIT 27.4 (Continued)

Current Time

Scenario Row Number 0 1 2 3

S-2, S-2, S-4 24 50.00%
S-2, S-3, S-1 25 12.50%
S-2, S-3, S-2 26 12.50%
S-2, S-3, S-3 27 25.00%
S-2, S-3, S-4 28 50.00%
S-2, S-4, S-1 29 12.50%
S-2, S-4, S-2 30 12.50%
S-2, S-4, S-3 31 25.00%
S-2, S-4, S-4 32 50.00%
S-3, S-1, S-1 33 12.50%
S-3, S-1, S-2 34 12.50%
S-3, S-1, S-3 35 25.00%
S-3, S-1, S-4 36 50.00%
S-3, S-2, S-1 37 12.50%
S-3, S-2, S-2 38 12.50%
S-3, S-2, S-3 39 25.00%
S-3, S-2, S-4 40 50.00%
S-3, S-3, S-1 41 12.50%
S-3, S-3, S-2 42 12.50%
S-3, S-3, S-3 43 25.00%
S-3, S-3, S-4 44 50.00%
S-3, S-4, S-1 45 12.50%
S-3, S-4, S-2 46 12.50%
S-3, S-4, S-3 47 25.00%
S-3, S-4, S-4 48 50.00%
S-4, S-1, S-1 49 12.50%
S-4, S-1, S-2 50 12.50%
S-4, S-1, S-3 51 25.00%
S-4, S-1, S-4 52 50.00%
S-4, S-2, S-1 53 12.50%
S-4, S-2, S-2 54 12.50%
S-4, S-2, S-3 55 25.00%
S-4, S-2, S-4 56 50.00%
S-4, S-3, S-1 57 12.50%
S-4, S-3, S-2 58 12.50%
S-4, S-3, S-3 59 25.00%
S-4, S-3, S-4 60 50.00%
S-4, S-4, S-1 61 12.50%
S-4, S-4, S-2 62 12.50%
S-4, S-4, S-3 63 25.00%
S-4, S-4, S-4 64 50.00%
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The discount factors that are relevant are the one-period, zero-coupon bond
prices as of time T ¼ 2 for maturity at T ¼ 3 for each of the 16 nodes or states,
P(2, 3, st). Those discount factors are shown in column 2 of Exhibit 27.5, which we
derived in Chapter 9.

If the bonds are called at time T ¼ 3, the time T ¼ 3 value is the payoff of the
bonds ($100) plus the time T ¼ 3 interest payment ($3), for a total of $103. If the
bonds are not called at time T ¼ 3, the time T ¼ 3 value is the sum of the $3 interest
payment made at time T ¼ 3 plus the time T ¼ 3 risk-neutral value of the final
payment of $103. We gave these risk-neutral values as of time T ¼ 3 in Exhibit 27.8.

For each of the 16 nodes at time T ¼ 2, we now calculate the risk-neutral value
of the no-call strategy at time T ¼ 2. This analysis is identical to the valuation of a
one-period, zero-coupon bond that could have alternative payoffs, depending on the
state. Exhibit 27.6 shows the call/no-call analysis for each of the 16 nodes. If the net
present value of not calling at time T ¼ 2 is greater than 100, the bonds will be
called. If the net present value of not calling at time T ¼ 2 is less than or equal to 100,
the bonds will not be called.

Take the first node at time T ¼ 2 in Exhibit 27.6. Using the evolution of states
from Chapter 9, the first node is a Shift 1 state to get to time T ¼ 1 followed by
another Shift 1 to get to time T ¼ 2. Each of the first four rows in the columns
labeled “probability” and “Time 3 value” represent the shift values and Time 3
values (derived as above) for Shifts 1, 2, 3, and 4 to reach time T ¼ 3. We multiply
the probability of each Time 3 value by the probability of the state and then discount
by the appropriate risk-neutral discount factor (in the state of node 1 at time T ¼ 2,
this discount factor is 0.9557) to get the time 2 value of 95.0720. Since this time 2
value is 100 or less, the decision at node 1 for time T ¼ 2 is “no call.” The same
analysis is repeated for all 16 nodes.

EXHIBIT 27.5 Three-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2

1 0.9619 0.9425 0.9557
2 0.9816 0.9861
3 0.9692 0.9746
4 0.9640 0.9531
5 0.9780
6 0.9941
7 0.9919
8 0.9877
9 0.9811
10 0.9860
11 0.9915
12 0.9721
13 0.9784
14 0.9833
15 0.9887
16 0.9694
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EXHIBIT 27.6 Call/No-Call Analysis

Time 2
Node

Time 2
Value Action?

Discount
Factor

Time 3
Node Probability

Time 3
Value

1 95.0720 No Call 0.9557 1 0.1250 100.0685
0.9557 2 0.1250 100.5686
0.9557 3 0.2500 100.9357
0.9557 4 0.5000 98.3373

2 101.0477 Call 0.9861 5 0.1250 102.8991
0.9861 6 0.1250 103.0000
0.9861 7 0.2500 103.0000
0.9861 8 0.5000 101.9787

3 98.9261 No Call 0.9746 9 0.1250 100.8892
0.9746 10 0.1250 103.0000
0.9746 11 0.2500 102.8258
0.9746 12 0.5000 100.6288

4 95.4169 No Call 0.9531 13 0.1250 100.6996
0.9531 14 0.1250 101.2030
0.9531 15 0.2500 101.5724
0.9531 16 0.5000 98.9571

5 99.9293 No Call 0.9780 17 0.1250 101.8942
0.9780 18 0.1250 103.0000
0.9780 19 0.2500 103.0000
0.9780 20 0.5000 101.6311

6 102.3874 Call 0.9941 21 0.1250 103.0000
0.9941 22 0.1250 103.0000
0.9941 23 0.2500 103.0000
0.9941 24 0.5000 103.0000

7 102.1703 Call 0.9919 25 0.1250 103.0000
0.9919 26 0.1250 103.0000
0.9919 27 0.2500 103.0000
0.9919 28 0.5000 103.0000

8 101.7325 Call 0.9877 29 0.1250 103.0000
0.9877 30 0.1250 103.0000
0.9877 31 0.2500 103.0000
0.9877 32 0.5000 103.0000

9 100.9479 Call 0.9811 33 0.1250 103.0000
0.9811 34 0.1250 103.0000
0.9811 35 0.2500 103.0000
0.9811 36 0.5000 102.7757

10 101.4524 Call 0.9860 37 0.1250 103.0000
0.9860 38 0.1250 103.0000
0.9860 39 0.2500 103.0000
0.9860 40 0.5000 102.7757

11 101.9623 Call 0.9915 41 0.1250 102.3869
0.9915 42 0.1250 103.0000

(Continued)
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We now revise the cash flow table to recognize rational call behavior at either
time T ¼ 2 or time T ¼ 3. If the bonds are called at node k at time T ¼ 2, all states
that stem from node k at times T ¼ 3 and T ¼ 4 will have cash flows of zero. The
cash flow at node k at time T ¼ 3 will have a cash flow equal to the sum of the $3
interest plus the repayment of the $100 principal, for a total of $103. The revised
cash flow table is shown in Exhibit 27.7. When these cash flows are multiplied times
the appropriate probability-weighted discount factors, we get a risk-neutral value for
this “four-year noncall 2” bond equal to 103.5473.

We now step back one more time step to determine our optimal call/no-call
strategy from the perspective of the four nodes at time T ¼ 1. The analysis is identical
to the exercise that we went through for the 16 nodes at time T ¼ 2. The proba-
bilities for Shifts 1, 2, 3, and 4 are unchanged. The discount factors for a one-period,
zero-coupon bond as of time T ¼ 1 to mature at time T ¼ 2 depends on the state,
P(1, 2, st). The values for these one-period, zero-coupon bonds were given in
Chapter 9. We reproduce them here in Exhibit 27.8.

We now calculate the probability-weighted Time 1 values of the possible out-
comes of the time T ¼ 2 nodes. Those calculations parallel the calculation of the
Time 2 values. If the time 1 risk-neutral value of no call is greater than 100, we call
the bonds. If the risk-neutral value of no call is 100 or less, the decision is no call.
Exhibit 27.9 shows the call/no-call strategy at time T ¼ 1.

EXHIBIT 27.6 (Continued)

Time 2
Node

Time 2
Value Action?

Discount
Factor

Time 3
Node Probability

Time 3
Value

0.9915 43 0.2500 103.0000
0.9915 44 0.5000 102.8297

12 99.1233 No Call 0.9721 45 0.1250 101.5580
0.9721 46 0.1250 103.0000
0.9721 47 0.2500 103.0000
0.9721 48 0.5000 101.2958

13 100.3484 Call 0.9784 49 0.1250 102.5157
0.9784 50 0.1250 103.0000
0.9784 51 0.2500 103.0000
0.9784 52 0.5000 102.2509

14 101.0227 Call 0.9833 53 0.1250 103.0000
0.9833 54 0.1250 103.0000
0.9833 55 0.2500 103.0000
0.9833 56 0.5000 102.4813

15 101.5794 Call 0.9887 57 0.1250 103.0000
0.9887 58 0.1250 103.0000
0.9887 59 0.2500 103.0000
0.9887 60 0.5000 102.4813

16 98.7374 No Call 0.9694 61 0.1250 101.5589
0.9694 62 0.1250 103.0000
0.9694 63 0.2500 103.0000
0.9694 64 0.5000 101.0738
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EXHIBIT 27.7 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 3.0000 103.0000 3.0000 103.0000
3 3.0000 3.0000 3.0000 103.0000
4 3.0000 3.0000 3.0000 103.0000
5 3.0000 0.0000 0.0000
6 103.0000 0.0000 0.0000
7 103.0000 0.0000 0.0000
8 103.0000 0.0000 0.0000
9 103.0000 3.0000 103.0000
10 103.0000 103.0000 0.0000
11 103.0000 3.0000 103.0000
12 3.0000 3.0000 103.0000
13 103.0000 3.0000 103.0000
14 103.0000 3.0000 103.0000
15 103.0000 3.0000 103.0000
16 3.0000 3.0000 103.0000
17 3.0000 103.0000
18 103.0000 0.0000
19 103.0000 0.0000
20 3.0000 103.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000

(Continued)
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The results show that the bonds are called in three out of the four nodes at time
T ¼ 1. We now revise our call-adjusted cash flow table so that there are no cash
flows on any branches of the bushy tree that follow a “call” decision at time T ¼ 1.
The results of this adjustment are shown in Exhibit 27.10. The risk-neutral valuation
for this “four-year noncall 1” bond is 102.4060.

Now,what happens ifwe step backonemore period andallow thebond tobe called
at time 0 (which would be the case if the bond had been issued some periods before)? Of

EXHIBIT 27.7 (Continued)

Current Time

Row Number 0 1 2 3 4

43 0.0000 0.0000
44 0.0000 0.0000
45 3.0000 103.0000
46 103.0000 0.0000
47 103.0000 0.0000
48 3.0000 103.0000
49 0.0000 0.0000
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 0.0000
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 0.0000 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 3.0000 103.0000
62 103.0000 0.0000
63 103.0000 0.0000
64 3.0000 103.0000

Risk-Neutral Value 5 103.5473

EXHIBIT 27.8 Two-Year, Zero-Coupon Bond Price

Current Time

Row Number 0 1 2

1 0.9841 0.9788 1
2 0.9931 1
3 0.9891 1
4 0.9866 1
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EXHIBIT 27.9 Call/No-Call Strategy at T ¼ 1

Time 1
Node

Time 1
Value Action?

Discount
Factor

Time 2
Node Probability

Time 2
Value

1 97.7083 No Call 0.9788 1 0.1250 98.0720
0.9788 2 0.1250 103.0000
0.9788 3 0.2500 101.9261
0.9788 4 0.5000 98.4169

2 102.2843 Call 0.9931 5 0.1250 102.9293
0.9931 6 0.1250 103.0000
0.9931 7 0.2500 103.0000
0.9931 8 0.5000 103.0000

3 101.4485 Call 0.9891 9 0.1250 103.0000
0.9891 10 0.1250 103.0000
0.9891 11 0.2500 103.0000
0.9891 12 0.5000 102.1233

4 100.9941 Call 0.9866 13 0.1250 103.0000
0.9866 14 0.1250 103.0000
0.9866 15 0.2500 103.0000
0.9866 16 0.5000 101.7374

EXHIBIT 27.10 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 3.0000 3.0000 3.0000 103.0000
2 103.0000 103.0000 3.0000 103.0000
3 103.0000 3.0000 3.0000 103.0000
4 103.0000 3.0000 3.0000 103.0000
5 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000
7 0.0000 0.0000 0.0000
8 0.0000 0.0000 0.0000
9 0.0000 3.0000 103.0000
10 0.0000 103.0000 0.0000
11 0.0000 3.0000 103.0000
12 0.0000 3.0000 103.0000
13 0.0000 3.0000 103.0000
14 0.0000 3.0000 103.0000
15 0.0000 3.0000 103.0000
16 0.0000 3.0000 103.0000
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000

(Continued)
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EXHIBIT 27.10 (Continued)

Current Time

Row Number 0 1 2 3 4

22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 0.0000
49 0.0000 0.0000
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 0.0000
53 0.0000 0.0000
54 0.0000 0.0000
55 0.0000 0.0000
56 0.0000 0.0000
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 0.0000 0.0000
62 0.0000 0.0000
63 0.0000 0.0000
64 0.0000 0.0000

Risk-Neutral Value 5 102.4060
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course, the answer is obvious; since the risk-neutral value if not called is 102.4060, it
is cheaper to pay the bonds off now at 100. Using the format of our prior analysis,
we replicate this pricing and reach the call conclusion as shown in Exhibit 27.11.

The cash flow table for this strategy is not very interesting. At time zero, the
bonds pay 100 and all other cash flows are zero. Risk-neutral value is, of course, 100.
While this may not be visually interesting, it is analytically interesting because bonds
get called all the time and we have just demonstrated the analysis one would go
through to make an accurate decision in this regard using the three-factor HJM
model of Chapter 9.

WHAT IS THE PAR COUPON ON A CALLABLE BOND?

Given that a 3 percent callable bond is “in the money” on the option to call the bond,
one might ask, “What coupon level produces a mark-to-market value of par on the
assumption that the bonds are a new issue and will not be called at time zero?”
The answer can be obtained by using the solver function in common spreadsheet
software to iterate the coupon and option-adjusted valuation in the HJM framework.
The option-adjusted par coupon is 1.8647 percent. The cash flows that result from
the optimal call strategy are given in Exhibit 27.12. All nodes that show a cash flow
equal to 101.8647 represent a call decision. All nodes that show a cash flow equal to
1.8647 represent a no-call decision.

This calculation has an enormous set of applications above and beyond the
pricing of new issue bonds or swaptions at fair value. It is used for transfer pricing
and performance measurement for assets or liabilities which themselves have an
embedded call option. All of the real-world instruments listed in the introduction to
this chapter require a similar kind of American fixed income options analysis.
Because of the power of the HJM framework, our probability-weighted discount
factors do not change just because the instrument involves an American fixed income
option. Only the cash flows used to populate the cash flow table change.

AN EXAMPLE OF VALUATION OF A RATIONALLY PREPAID
AMORTIZING LOAN

By transaction count, a huge proportion of the assets held by major financial insti-
tutions around the world that involve an American fixed income option are consumer

EXHIBIT 27.11 Call Conclusion

Time 0
Node

Time 0
Value Action?

Discount
Factor

Time 1
Node Probability

Time 1
Value

1 102.4060 Call 0.9970 1 0.1250 100.7083
0.9970 2 0.1250 103.0000
0.9970 3 0.2500 103.0000
0.9970 4 0.5000 103.0000
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EXHIBIT 27.12 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 1.8647 1.8647 1.8647 101.8647
2 101.8647 1.8647 1.8647 101.8647
3 1.8647 1.8647 1.8647 101.8647
4 1.8647 1.8647 1.8647 101.8647
5 0.0000 1.8647 101.8647
6 0.0000 1.8647 101.8647
7 0.0000 1.8647 101.8647
8 0.0000 1.8647 101.8647
9 1.8647 1.8647 101.8647
10 1.8647 1.8647 101.8647
11 101.8647 1.8647 101.8647
12 1.8647 1.8647 101.8647
13 1.8647 1.8647 101.8647
14 1.8647 1.8647 101.8647
15 1.8647 1.8647 101.8647
16 1.8647 1.8647 101.8647
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 1.8647 101.8647
34 101.8647 0.0000
35 101.8647 0.0000
36 1.8647 101.8647
37 1.8647 101.8647
38 101.8647 0.0000
39 101.8647 0.0000
40 1.8647 101.8647
41 0.0000 0.0000
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loans of some sort. Home mortgage loans, second trust deed/home equity loans, and
auto loans commonly have an amortizing structure. We demonstrate the slight dif-
ferences in the cash flow tables that result from an amortizing structure in the next two
chapters. The process of valuation, however, is nearly identical to the one used in
this chapter. We now turn to alternative techniques for valuation American fixed
income options.

Monte Carlo Simulation

Monte Carlo simulation is justifiably popular in financial markets and in this vol-
ume, but it must be used with great care. Adams and van Deventer (1993) have
discussed the reasons for such caution in detail. In general, if highly accurate closed
form/analytical solutions exist, Monte Carlo simulation is not the fastest way to get
an accurate answer. In the case of American fixed income options, where an accurate
analytical solution is not available for a large number of interest rate risk factors,
Monte Carlo simulation has to be used with care. We explain why in this section.

EXHIBIT 27.12 (Continued)

Current Time

Row Number 0 1 2 3 4

42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 1.8647 101.8647
46 101.8647 0.0000
47 1.8647 101.8647
48 1.8647 101.8647
49 1.8647 101.8647
50 101.8647 0.0000
51 101.8647 0.0000
52 1.8647 101.8647
53 1.8647 101.8647
54 1.8647 101.8647
55 101.8647 0.0000
56 1.8647 101.8647
57 1.8647 101.8647
58 1.8647 101.8647
59 101.8647 0.0000
60 1.8647 101.8647
61 1.8647 101.8647
62 1.8647 101.8647
63 1.8647 0.0000
64 1.8647 103.0000

Risk-Neutral Value 5 100.0000
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In general, however, Monte Carlo simulation’s limitations can be summarized
as follows:

n As Hull (1993) notes, “one limitation of the Monte Carlo simulation approach is
that it can be used only for European-style derivative securities” (334). To cor-
rectly value an American option, one measures value (as we did previously) by
working backward from maturity to calculate value, assuming at each decision
point that the option holder does the rational thing. Monte Carlo works by
projecting one interest rate path at a time, so there is not enough information at
any point on that path to correctly analyze whether or not an American option
holder should prepay. For this reason, Monte Carlo simulation almost always
requires the user to specify a decision rule regarding what the holder of the option
should do in any given interest rate scenario, often in the form of a prepayment
table or prepayment function in the case of a prepayment option. We analyze the
implications of these approaches, which are very common, in the next two
chapters. The use of a prepayment table or function is putting the cart before the
horse, since the user has to guess how the option will be exercised before the user
knows what the option is worth. Rather than going through this error-filled
exercise, we think most users would get better results by just guessing the value of
the option directly as we have done so far in this chapter in the HJM framework!

n The calculation speed of Monte Carlo techniques is slow for problems where
there is a small number of random variables. One example would be the case of a
single-factor term structure model with a few time steps. A bushy tree or Hull
and White lattice would normally give an accurate and fast answer in this
(Model Risk Alert) unrealistic circumstance. Monte Carlo does have a speed
advantage for problems with a large number of random variables, and it is this
case that is typical for a complete analysis of integrated interest rate risk and
credit risk. In that circumstance, the HJM framework needs to be used to gen-
erate the Monte Carlo scenarios.

n Monte Carlo simulation by definition does not use all possible scenarios for
valuation. There are an infinite number of interest rate scenarios, and Monte
Carlo simulation, due to its speed problems, inevitably requires the user to use
too few scenarios in the interests of time. In Chapters 36 to 41, we devote some
time to this issue of the number of scenarios necessary to achieve statistical
significance of a risk measure like value at risk. Some horrible mistakes have
been made by some large institutions that we discussed in Chapter 10 and again
at length in later chapters.

n As a result of using less than all possible scenarios, Monte Carlo simulations
have sampling error, which results from “throwing the dice” too few times.
Many users of Monte Carlo simulation are under the mistaken impression that
the beautiful probability distribution that is displayed on their computer screen
reflects the true uncertainty about the value of a security as measured by Monte
Carlo. Nothing could be farther from the truth. If you call a major securities firm
to get a bid on a mortgage security, you get a bid in the form of one number, not
a probability distribution. The beautiful probability distribution reflects the
inaccuracy or sampling error of the technique itself, and this kind of graph
reflects a weakness of Monte Carlo, not a strength. This kind of sampling error
can lead to very serious problems when calculating hedge amounts. In most of
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the circumstances we discuss in the following chapters, there is no realistic
alternative to a Monte Carlo simulation and sampling error, and like the
warning label on prescription medications, is a risk that needs to be dealt with
on the basis of complete information.

n To reduce sampling error to a meaningful level, a sophisticated analyst can
calculate the number of simulations required for an answer with sampling error
small enough to allow decision making to be based on the Monte Carlo results.1

n Sampling error becomes even more important when basing hedges on the results of
Monte Carlo simulation. The authors feel that the primary purpose of the calcu-
lations in this book are to define action, rather than simply to describe the amount
of risk an institution currently has. Knowing how much risk you have without
knowing what to do about it is nearly useless from a credit risk, market risk,
liquidity risk and an interest rate risk perspective. Consider a hedger who values his
portfolio using only 200 simulations via Monte Carlo (one of the three largest
banks in North America that has used fewer scenarios than this as recently as 2010
for enterprise-wide risk management). The result shows a value of 100 and a
sampling error standard deviation of, say, 2. This means that there is roughly a 65
percent probability that the true value lies between 98 and 102. In order to
determine the proper amount of the hedge, the analyst shifts rates up by 10 basis
points and repeats the analysis, getting a value of 99 and a sampling error standard
deviation of 2 again. The analyst concludes that the “delta” of his portfolio is 100–
99 ¼ 1 and wants to base his hedge on this result. This is fine, as far as it goes, but
the delta has sampling error also. The sampling error on the delta is a function of
the sampling error on the two simulation runs, and it is calculated as follows:

σHedge Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2Run 1 þ σ2Run 2

q

In the example given, the sampling error of the hedge delta of 1.00 works out to
2.828. What does it mean for the precision of the hedge? It means that there is a 36.2
percent chance that the hedge amount is not only the wrong magnitude but the
wrong sign! This is a career-ending error that has happened often enough on Wall
Street that it’s become a familiar story.2

n The delta from a Monte Carlo simulation can only be derived from doing the
calculation twice (or preferably three times for securities with high convexity),
further aggravating its speed disadvantages. For simulations with a large number
of macro factors driving total risk, there is a delta for each risk factor as well.

n Monte Carlo simulations must be done on the basis of the risk-neutral dis-
tributions of all random variables for accurate valuation, an adjustment that
many users fail to make.

On the plus side, Monte Carlo simulation has a number of advantages that
should not be overlooked:

n It is sometimes the only alternative where the cash flow is path dependent, as
imprecise as it might be in that case. A bushy tree can also handle path dependence
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accurately and should not be overlooked as an alternative. Longstaff and
Schwartz (2001) make a creative suggestion on how to enhance the accuracy of
Monte Carlo simulation when a bushy tree approach is not available.

n Monte Carlo has speed advantages for problems with a large number of vari-
ables. Generally, this means three or more variables. Recent regulatory stress
tests employ 20 to 40 macroeconomic variables, so Monte Carlo is almost an
automatic choice for stress testing. This is typically the case for the integrated
interest rate risk, market risk, liquidity risk, and credit risk analysis that is the
central focus of this book.

n Monte Carlo is relatively simple to implement, although a shockingly small
number of enterprise risk management software firms have both built such a
system and successfully commercialized it.

Conclusions

What are our conclusions about Monte Carlo simulation? First of all, it is a tool that
all users should have access to. Risk management software packages that don’t
clearly display the sampling error of both value and hedges derived from Monte
Carlo simulation calculations should be used with extreme caution. With this caveat,
Monte Carlo simulation is essential to the complete integrated analysis of credit risk,
market risk, liquidity risk, and interest rate risk. Finally, Monte Carlo needs to be
supplemented with the other techniques in this chapter in order to be used with
efficiency and accuracy. For example, in a multiperiod Monte Carlo simulation that
requires valuation at each point in time, closed form solutions can be used for this
valuation when they are available, and the other techniques discussed below can be
used when they are not available. The authors believe this “hybrid Monte Carlo”
approach is firmly established as the best-practice approach for integrated risk
management, subject to the caveats above.

FINITE DIFFERENCE METHODS

Finite difference methods are more complex but more general solution methods
commonly used in engineering applications. Finite difference methods provide a
direct general solution of the partial differential equation (that defines the price of
a callable security), unlike lattice methods, which model the evolution of the random
variables. These methods fall into two main groups, explicit and implicit finite dif-
ference methods. The explicit finite difference methods are equivalent to the lattice
methods. Implicit methods are more robust in the types of problems that they can
handle, but implicit methods are computationally more difficult. Both methods
usually use a grid-based calculation method, rather than the lattice approach, to
arrive at numerical solutions.

Finite difference methods can be used to solve a wide range of derivative product
valuation problems, and they are not restricted to a small number of stochastic
processes (i.e., normal or lognormal) that describe how the random variable moves.
These methods can be used to value both American- and European-style options.
Like lattice methods, the valuation by finite difference methods is performed by
stepping backward through time. This is a one-stage process under the finite
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difference method; there is no need to model the evolution of the random variable
before the valuation can be performed.

The authors believe that the finite difference method, in its grid rather than a
lattice implementation, is a very useful tool for most institutions. But its use to date in
the financial services industry has been on single instrument valuation in a derivatives
trading context, rather than a tool that has been successfully embedded in an
enterprise-wide risk management system.

BINOMIAL LATTICES

A binomial lattice (also called a binomial tree) is a discrete time model for describing
the movement of a random variable whose movements at each node on the tree can
be reduced to an up or down movement with a known probability. Unlike the
one-factor bushy tree used in Chapter 6 in the HJM context, the binomial lattice
is usually constructed by constraining the nature of movements of the underlying
(usually single) random variable. The model is usually specified so that an upward
movement followed by a downward movement gives the same value as a downward
movement followed by an upward movement; this means there will be three possible
values of the random variable at the end of the second time interval and k þ 1
possible values at the end of time interval k. This recombining nature of the lattice is
what makes it different from the bushy trees used in Chapters 6 through 9. In the
most realistic risk applications, constraining random variable movements to
recombine reduces accuracy substantially.

Jarrow (1996) uses the binomial tree concept for modeling interest rate move-
ments, and Jarrow and Turnbull (1996) show how the same kind of tree (with
appropriate modifications) can be used for modeling stock price movements. The
binomial lattice can be used to value American-style options as well as European-
style options.

TRINOMIAL LATTICES

In a number of papers with important theoretical and practical implications, Hull
and White (1990, 1993b, 1994a) developed the trinomial lattice valuation technique,
which has quickly established itself as a popular valuation technique, not only for the
Vasicek model and its extended version (the Hull and White model), but also for a
number of other single-factor term structure models that are Markov in nature. A
trinomial lattice (also called a trinomial tree) is a discrete time model for describing
the movement of a random variable whose movements at each node on the tree can
be reduced to one of three possibilities: an up movement, a down movement, or no
change. The model is specified so that an upward movement followed by a down-
ward movement and a downward movement followed by an upward movement give
the same value as two movements where no change occurs; this means there will be
three possible values of the random variable at the end of the first time interval and
k þ 2 possible values at the end of time interval k. This recombining feature max-
imizes the efficiency of the calculation.
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The additional outcome at each node provides an additional degree of freedom
that enhances the power of the model; trinomial lattices can be used to model
almost any Markov stochastic process, including ones in which the parameters are
functions of time and the random variable itself. In modeling interest rate–related
derivatives, it allows rates to be modeled so that the current term structure of interest
rates and term structure of rate volatility are matched exactly by the modeling
process. This offsets the more complicated calculations of the values at the ends of
each branch. The trinomial lattice can be used to value American as well as
European-style options.

In recent years, the Hull and White lattice approach has been overshadowed by
the more general HJM approach, with deals with a large number of interest rate risk
factors much more easily, as we have demonstrated in Chapters 6 through 9.

HJM VALUATION OF AMERICAN FIXED INCOME OPTIONS WHEN
DEFAULT RISK IS PRESENT

How does the possibility of default affect the call option on an ABC Company 10-
year bond that is callable at any time after five years? The credit model and the option
are not separable because they impact each other in the following ways:

n The value of the call option is reduced by the possibility that ABC company
defaults before it is able to exercise the call option.

n The value of the call option is reduced by the possibility that ABC’s default
probability is so high when exercising the call is rational that it cannot raise the
cash to retire the bonds by calling them.

n The potential losses from default are reduced by the possibility that the bonds
have been called before default can occur.

This complex interaction is typical of multipayment callable instruments that
range from home mortgages to auto loans to bonds issued by corporations and
governmental agencies. How is the HJM bushy tree or Monte Carlo modified to
handle this interaction, particularly in the key case (our constant focus) where
interest rates and other macroeconomic factors are drivers of default probability
levels? We discussed the appropriate adjustments in Chapters 17, 19, and 20 but we
review them again here.

Jarrow and Turnbull (1995) describe this process in detail. At each node on the
bushy tree, the default probability of the counterparty will take on a different value
because the default probabilities vary by time and level of interest rates. Also, at each
node on the lattice, the company can either default or not default. If the company is in
default, the payoff on the security is its defaulted value.3

Jarrow (1999) goes on to show in detail how to construct lattice and bushy tree
valuation techniques for the Jarrow model described in Chapter 16, where the default
intensity is driven by both interest rates and other macroeconomic factors.

In this chapter, we have assumed that the American option is exercised “ratio-
nally,” with no considerations other than the obvious financial considerations
driving exercise. We now turn to “irrational” exercise of American options and
discuss the implications for integrated enterprise risk management.
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NOTES

1. Sophisticated users of the enterprise risk management system constructed by the authors
and described on www.kamakuraco.com routinely do simulations with hundreds of
thousands or millions of scenarios.

2. A major New York bank reported a loss of more than $100 million after discovering the
Monte Carlo simulation routine it was using to value its portfolio was producing a
“gamma” (or second derivative) with the wrong sign; the loss was the magnitude of
the mark-to-market error discovered after using a more sophisticated technique to value
the same portfolio.

3. In the Jarrow-Turnbull (1995) case, this is principal times recovery rate; in the Jarrow
(1999, 2001) and Duffie-Singleton (1999) models, this is the recovery rate times the value
of the security just an instant before default.
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CHAPTER 28
Irrational Exercise of Fixed

Income Options

As we continue to progress toward the mark to market of the entire balance sheet
of a financial institution—and in a way that integrates interest rate risk, market

risk, liquidity risk, and credit risk—we have to deal with this reality: The vast
majority (by transaction count) of financial institutions’ investments are extensions
of credit to individuals or small businesses whose creditworthiness is inseparable
from the creditworthiness of the proprietor. Moreover, in Chapter 29, we deal with
securitized pools of assets where the same problems exist.

One reason why the analysis of consumer-related financial products is so com-
plex is the so-called “irrationality” of consumers. Perhaps the most prominent
example from a Wall Street perspective is the mortgage market, which is at the heart
of the 2006–2011 credit crisis. Mortgages are often prepaid when current mortgage
rates are higher than the borrower’s mortgage rate, and many borrowers fail to
prepay even when rates have fallen far below the rate on their loan. In the credit
crisis, this was usually due to the fact that the house price had fallen so low that it
was worth less than the principal on the loan. Besides these common examples of
irrationality, partial prepayments are common, something that is impossible in a
traditional Black-Scholes context or in the context of the fixed income options
analysis we explored in Chapter 21. In both of those cases, options exercise is “all or
nothing,” so many observers classify partial prepayments by consumers as irrational.

As a working assumption, the hypothesis that borrowers are not very intelligent
runs contrary to the assumptions behind all developments in modern financial theory
over the 40 years since the Black-Scholes options formula was first published. The
perception of irrationality is simply a shorthand description for the fact that lenders
and academic researchers do not have enough data to see through the individual loan
or loan pool data to understand why the individual borrower’s behavior is more
rational than it appears at first glance. We believe even more strongly that the
underlying assumption of rationality is the right one since one of us has failed to
refinance his mortgage loan in the past, even though it must seem irrational from the
bank’s perspective. The bank was simply unaware that the first edition of this book
was more important than a few yen earned from refinancing a Japanese mortgage in
the midst of writing the book. Once the book was done, the “irrational” author
suddenly regained his rationality from the bank’s perspective.

The need to deal with hard-to-explain consumer behavior is essential for accu-
rate risk management in the insurance, investment management, and banking
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industries. Insurance companies must deal with the reality that some traditional
whole life insurance policyholders will cancel their policies in return for the surrender
value when interest rates rise, putting the policy back to the insurance company.
Investment managers who suffer poor performance know that some customers of the
firm will put their ownership in a mutual fund back to the investment management
company. Bankers who make home equity loans know that some of these loans will
be called (as in Chapter 27) or prepaid by the borrower. Bankers also know that
some time-deposit customers will put the deposit back to the bank and willingly pay
an early withdrawal penalty when rates rise in order to earn more on their funds.
Without dealing with the correct degree of irrational consumer behavior behind
these products, institutions can neither price nor hedge their risk properly. This
chapter deals explicitly with a method for doing so.

In the last section of the chapter, we explore the strong synergies between our
approach to irrational behavior and the credit-adjusted valuation and simulation we
have been discussing in earlier chapters.

ANALYSIS OF IRRATIONALITY: CRITERIA FOR A
POWERFUL EXPLANATION

The irrationality problem is so all-pervasive that we deal with the problem in general
terms in this chapter. We deal with alternative approaches to irrationality in Chapter
29. This approach has two virtues. First, it will help us deal with the problem from a
fresh perspective, unburdened by conventional wisdom. Second, armed with a general
solution, we can compare this general solution to the conventional wisdom and judge
the relative strengths of the two approaches without prejudice. In Chapter 29, armed
with the tools of this chapter, we analyze all the traditional practices of mortgage-
related products in light of both this chapter and the truths revealed (or confirmed) by
the 2006–2011 credit crisis. In this chapter, however, we need to establish principles
that will solve problems in insurance, investment management, and in banking. They
have to apply equally well to call options, put options, and securities that are callable
but have rate caps and floors as well. A few basic principles come to mind:

1. A general approach to irrational behavior should take advantage of, to as great
an extent as possible, the advances in finance in the past 40 years.

All derivative pricing theory is based on the premise of no-arbitrage and
rational behavior. Behavioral finance has revealed that, in many cases, “rational
behavior” leads to exceptions that turn out to be rational after all, if only the
academic researchers had made more realistic assumptions in the first place. If
all consumers were totally irrational, we would not need to price the options
embedded in retail finance products, because the exercise of those options would
be truly random and uncorrelated with economic events. Portfolio theory
would allow us to argue that we can diversify away this random behavior and
ignore the option all together. The reality, as we shall see in Chapter 29, how-
ever, is that consumer behavior is highly correlated with economic variables and
behavior is not totally irrational. It is this mixture of rational and irrational
behavior (which, in fact, is largely due to rational acts based on unobservable
information), that makes the problem both important and difficult.
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We need, then, an approach that allows us to scale the degree of irrationality
to fit the particular product, company, and market at hand. We need an
approach where consumer action is partially rational so we can use the first 27
chapters of this book.

2. History is not necessarily a good guide to the future, so we want to be able to
derive the level of irrationality implied by observable market prices as a sup-
plement to the analysis of historical behavior.

Wall Street firms have spent millions of dollars examining historical data for
clues to consumer behavior as reflected in historical prepayment activity. As we
shall see in Chapter 29, this work has been at best partly satisfactory. For
financial institutions that need to make an immediate decision about the proper
hedge for a security, whose market price and local rate sensitivity (i.e., the value
change for small changes in interest rates) is observable, the historical approach
can be too slow, too inaccurate, and too expensive. The parallels in the debate
about the use of historical volatility versus implied volatility in the Black-Scholes
options model are very strong. We want an approach that gives us the implied
level of irrationality. Most bankers who price retail banking products that
contain embedded options come to the conclusion that most products are
unprofitable if the options risk is fully hedged. Bankers implicitly recognize that
consumers are partially rational and that a partial hedge is necessary. How can
we use market data to calculate exactly how much rationality is embedded in a
given product?

3. Any model of irrationality must be able to explain observable phenomenon in
pools of consumer-related securities: path-dependent prepayment behavior,
decreased interest rate sensitivity over time (burnout), and a lower propensity to
exercise embedded options as the financial product nears its expiration.

4. The model must allow for very rapid calculation time and maximum use of
analytical solutions for security valuation.

One approach that meets these criteria is the transactions cost approach, which
we explain in the next section.

THE TRANSACTIONS COST APPROACH

Over the past 20 years, the rational approach to irrational behavior has steadily
gained prominence among both academics (see McConnell and Singh 1994 and
Stanton 1995 for early examples) and practitioners as the best method to model
consumer behavior. The rational, or transactions cost, approach holds that con-
sumers are rational but exercise their options subject to transactions costs. These
transaction costs can be both explicit financial costs (the points from refinancing a
mortgage or the penalty for early withdrawal of bank deposits) and more subtle costs
that reflect the fact that consumers are maximizing a utility function with more
arguments in it than the present value of rational action in one specific aspect of their
lives. For example, someone with a life insurance policy that rationally should be
canceled and reinitiated at current market pricing may have a serious disease that
would cause the applicant to be rejected at the health check on the new policy. The
disease is a transactions cost that at least partially blocks rational action. J. Thurston
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Howell III, the wealthy castaway in the old American sitcom Gilligan’s Island, may
fail to refinance the mortgage on his ski chalet in Zermatt because his chartered yacht
has run aground on some deserted desert island without a Bloomberg screen to keep
him abreast of the benefits of refinancing. In our case, the principal amount of our
bank time deposits is so small (since other investments are so superior in risk-adjusted
yield), that the benefits of early withdrawal of our time deposits, while positive, are
smaller than the cost of the time it takes to go to the bank and negotiate the trans-
action. The cost of our time is a transactions cost. Finally, in the 2006–2011 credit
crisis, the impact of home prices on both the desire and the ability to prepay a
mortgage is a hugely important factor in whether the mortgage repays or not. The
“underwater” amount by which the loan balance exceeds the current home price
value can be thought of as a large transaction cost as well.

The objective of the transactions cost approach is to firmly divorce rational from
irrational behavior. Accordingly, the transactions cost function can be any time-
dependent function that is not dependent on the level of interest rates. Determinants
of the level of transactions costs could be any of the following:

n Time to maturity on the security
n The level of the coupon on the security
n The fixed dollar cost of exercising the option embedded in the security
n The dollar opportunity cost of the time it takes to exercise the embedded option
n The value of the collateral on the loan, relative to the loan balance
n The month of the year, recognizing that the transactions cost of refinancing a

home in Alaska in January is higher than the cost in August
n The date of origination of the security
n The length of time the security has been outstanding without the embedded

option being exercised

There are an endless number of factors that can go into the transactions cost
function. In short, however, as of current time t, all of these factors are nonrandom
functions of time. We call this transactions cost function X and make it, without loss
of generality, a function of the remaining time to maturity on the security:

Transactions cost ¼ Xðt, TÞ ¼ XðτÞ

We can model any degree of irrationality using this function. If the consumer is a
retired Salomon Brothers partner living in Greenwich with a Bloomberg screen in his
living room and a healthy bank account, X ¼ 0. The consumer is totally rational. If
the consumer is working hard on a book on risk management, X is infinity, the
consumer is totally irrational, and no embedded options will be exercised. Any level
of irrationality in between these two extremes can be modeled in the same way. We
illustrate the approach for European options in the next section.

IRRATIONAL EXERCISE OF EUROPEAN OPTIONS

In Chapter 21, we analyzed the value of a European option on a zero-coupon bond
using both the three-factor Heath, Jarrow, and Morton (HJM) framework and

Irrational Exercise of Fixed Income Options 625



Jamshidian’s valuation formula from the one-factor Vasicek term structure model.
How would the analysis of a European option in Chapter 21 differ from the results
presented in that chapter if there were barriers to options exercise due to transactions
costs? If the option at issue is a European option, the time-dependent nature of
the transactions costX is irrelevant with regard to a single European option. Only the
level of X that will prevail at the exercise time T1 matters, so we drop the time-
dependent notation. The only difference between the rationally exercised option on a
zero-coupon bond P in Chapter 21 and the irrationally exercised option is easy to
state. The “irrational” holder of a fixed income option exercises it only when the
short rate of interest on date T1 reaches a critical level s* (in the Vasicek context) or
state st in the HJM context such that:

Pðs*, T1, T2Þ ¼ KþX

When X is zero, the analysis produces the same answer as the assumption that
the option is exercised rationally. If X is infinity, the option will never be exercised,
and the option is worthless from the perspective of the holder. We illustrate the
power of this formulation with a specific example.

THE IRRATIONAL EXERCISE OF AMERICAN OPTIONS

In Chapter 27, we reviewed the fundamentals of the pricing of American fixed income
options. An American call option was valued on the premise of rational behavior
throughout the life of the call, such that the holder of the call always acted in such away
as to maximize the value of the call. In the case of a callable security, the holder of the
call always acts in such a way as to minimize the value of the security. Working
backward, one period frommaturity, the holder of the call is assumed to prepay if there
is even a one cent advantage of prepayment at par when compared to the present value
of leaving the security outstanding at least one more period.

In the case of an irrationally exercised American call option, at every point
(working backward from maturity) the holder of an option to call their bond or loan
with principal amount B will exercise that call option only if:

Value if prepayment option unexercised . BðτÞ þXðτÞ

That is, exercise will take place at that point in time and at that state of interest
rates only if the present value of the security—if the call option is left unexercised—
exceeds the principal amount B by more than the transactions cost X prevailing at
that instant in time. The fact that X varies over time will result in a very rich array of
realistic behavior in securities modeled in this way.

A Worked Example Using an Amortizing Loan with Rational and
Irrational Prepayment Behavior

In this example, we modify the American options analysis of Chapter 27 using the
three-factor HJM valuation framework from Chapter 9. In Chapter 27, we analyzed
a bullet bond with all principal ($100) due at the maturity of the bond at time T ¼ 4.
In this section, we assume instead that the loan has a more common structure for
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consumer credits, an amortizing structure with a level payment that ultimately retires
all principal at maturity at T ¼ 4. If the loan has a principal amount at time 0 and a
2.00 percent coupon rate, the reader can verify that the loan will have annual pay-
ments of $26.2624, divided into interest and principal payments due at each annual
time period (we use annual, not monthly, periods for expositional convenience) as
shown in Exhibit 28.1.

If there are infinitely high transactions costs, the loan will never be prepaid and
we will have cash flows of $26.2624 at times T ¼ 1, 2, 3, and 4 and in every state or
at each node on the HJM bushy tree. This is shown in Exhibit 28.2, where the
valuation comes from dropping these cash flows into the cash flow table that is then
multiplied by the same probability-weighted discount factors that we have employed
since Chapter 9. Exhibit 28.2 shows a risk-neutral value of 101.7369.

In a no-arbitrage world, this value should equal the product of our annual cash
flow $26.2624 and the sum of the zero-coupon bond prices for maturity at times 1, 2,
3, and 4 used as inputs to the HJM bushy tree: 0.9970057865, 0.9841101497,
0.9618922376, and 0.9308550992. (The reader can verify that value is indeed
101.7369, consistent with Chapter 9 and the formulas of Chapter 4.) How do the
cash flows vary if the borrower under this loan is completely rational with zero
transactions costs? We use the same analysis we employed in Chapter 27 to answer
this question. We start at the last options exercise point, time T ¼ 3, and analyze the
optimal options exercise policy. We prepay or call the loan whenever the risk-neutral
value of the payment $26.2624 due at time T ¼ 4 is more than the principal that
remains on the loan ($25.7474 as shown in Exhibit 28.1) after making the payment
of $26.2624 due at time T ¼ 3. Exhibit 28.3 gives the rational prepayment behavior
for each of the 64 nodes on the HJM bushy tree at time T ¼ 3.

The cash flows that result from this call strategy at time T ¼ 3 (ignoring our
ability to call or prepay the loan at times T ¼ 1 and 2) are shown in Exhibit 28.4.

Following the procedures of Chapter 27, we then step back to time T ¼ 2 and
again reexamine the optimal call or prepayment strategy. When we do that, we may
decide to prepay the loan on a branch of the bushy tree for which prepaying at time
T ¼ 3 was also rational. In this case, once the prepayment is made at time T ¼ 2, the

EXHIBIT 28.1 Scheduled Amortization

Scheduled Amortization

Coupon Rate: 2.0000%
Time 0 Book Value 100
Periods to Maturity 4
Periodic Payment Amount 26.2624

Period Number Initial Principal Amount Paid Interest Principal Ending Principal

0 100.0000 100.0000
1 100.0000 26.2624 2.0000 24.2624 75.7376
2 75.7376 26.2624 1.5148 24.7476 50.9900
3 50.9900 26.2624 1.0198 25.2426 25.7474
4 25.7474 26.2624 0.5149 25.7474 0.0000
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EXHIBIT 28.2 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 26.2624 26.2624 26.2624 26.2624
2 26.2624 26.2624 26.2624 26.2624
3 26.2624 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 26.2624 26.2624 26.2624
6 26.2624 26.2624 26.2624
7 26.2624 26.2624 26.2624
8 26.2624 26.2624 26.2624
9 26.2624 26.2624 26.2624
10 26.2624 26.2624 26.2624
11 26.2624 26.2624 26.2624
12 26.2624 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 26.2624 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 26.2624 26.2624
18 26.2624 26.2624
19 26.2624 26.2624
20 26.2624 26.2624
21 26.2624 26.2624
22 26.2624 26.2624
23 26.2624 26.2624
24 26.2624 26.2624
25 26.2624 26.2624
26 26.2624 26.2624
27 26.2624 26.2624
28 26.2624 26.2624
29 26.2624 26.2624
30 26.2624 26.2624
31 26.2624 26.2624
32 26.2624 26.2624
33 26.2624 26.2624
34 26.2624 26.2624
35 26.2624 26.2624
36 26.2624 26.2624
37 26.2624 26.2624
38 26.2624 26.2624
39 26.2624 26.2624
40 26.2624 26.2624
41 26.2624 26.2624
42 26.2624 26.2624
43 26.2624 26.2624
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EXHIBIT 28.2 (Continued)

Current Time

Row Number 0 1 2 3 4

44 26.2624 26.2624
45 26.2624 26.2624
46 26.2624 26.2624
47 26.2624 26.2624
48 26.2624 26.2624
49 26.2624 26.2624
50 26.2624 26.2624
51 26.2624 26.2624
52 26.2624 26.2624
53 26.2624 26.2624
54 26.2624 26.2624
55 26.2624 26.2624
56 26.2624 26.2624
57 26.2624 26.2624
58 26.2624 26.2624
59 26.2624 26.2624
60 26.2624 26.2624
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624

Risk-Neutral Value 5 101.7369

EXHIBIT 28.3 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 Action?

1 0.0000 0.0000 0.0000 24.7500 No Call
2 0.0000 0.0000 24.8775 No Call
3 0.0000 0.0000 24.9711 No Call
4 0.0000 0.0000 24.3086 No Call
5 0.0000 25.4717 No Call
6 0.0000 25.5990 No Call
7 0.0000 25.7401 No Call
8 0.0000 25.2370 No Call
9 0.0000 24.9593 No Call
10 0.0000 25.7529 Call

(Continued)
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EXHIBIT 28.3 (Continued)

Current Time

Row Number 0 1 2 3 Action?

11 0.0000 25.4530 No Call
12 0.0000 24.8929 No Call
13 0.0000 24.9109 No Call
14 0.0000 25.0393 No Call
15 0.0000 25.1335 No Call
16 0.0000 24.4666 No Call
17 25.2155 No Call
18 26.0173 Call
19 25.7143 No Call
20 25.1484 No Call
21 25.6961 No Call
22 26.1179 Call
23 26.0625 Call
24 25.9509 Call
25 25.5911 No Call
26 26.3608 Call
27 26.1944 Call
28 25.7051 No Call
29 25.8040 Call
30 25.9330 Call
31 26.0759 Call
32 25.5663 No Call
33 25.6768 No Call
34 25.8052 Call
35 25.9474 Call
36 25.4403 No Call
37 25.6768 No Call
38 25.8052 Call
39 25.9474 Call
40 25.4403 No Call
41 25.3411 No Call
42 26.1033 Call
43 25.9386 Call
44 25.4540 No Call
45 25.1298 No Call
46 25.9288 Call
47 25.6269 No Call
48 25.0629 No Call
49 25.3740 No Call
50 26.1808 Call
51 25.8759 Call
52 25.3065 No Call
53 25.6011 No Call
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EXHIBIT 28.3 (Continued)

Current Time

Row Number 0 1 2 3 Action?

54 25.7290 No Call
55 25.8708 Call
56 25.3652 No Call
57 25.6011 No Call
58 25.7290 No Call
59 25.8708 Call
60 25.3652 No Call
61 25.1300 No Call
62 25.6798 No Call
63 25.5657 No Call
64 25.0063 No Call

EXHIBIT 28.4 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 26.2624 26.2624 26.2624 26.2624
2 26.2624 26.2624 26.2624 26.2624
3 26.2624 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 26.2624 26.2624 26.2624
6 26.2624 26.2624 26.2624
7 26.2624 26.2624 26.2624
8 26.2624 26.2624 26.2624
9 26.2624 26.2624 26.2624
10 26.2624 52.0098 0.0000
11 26.2624 26.2624 26.2624
12 26.2624 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 26.2624 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 26.2624 26.2624
18 52.0098 0.0000
19 26.2624 26.2624
20 26.2624 26.2624
21 26.2624 26.2624
22 52.0098 0.0000

(Continued)
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EXHIBIT 28.4 (Continued)

Current Time

Row Number 0 1 2 3 4

23 52.0098 0.0000
24 52.0098 0.0000
25 26.2624 26.2624
26 52.0098 0.0000
27 52.0098 0.0000
28 26.2624 26.2624
29 52.0098 0.0000
30 52.0098 0.0000
31 52.0098 0.0000
32 26.2624 26.2624
33 26.2624 26.2624
34 52.0098 0.0000
35 52.0098 0.0000
36 26.2624 26.2624
37 26.2624 26.2624
38 52.0098 0.0000
39 52.0098 0.0000
40 26.2624 26.2624
41 26.2624 26.2624
42 52.0098 0.0000
43 52.0098 0.0000
44 26.2624 26.2624
45 26.2624 26.2624
46 52.0098 0.0000
47 26.2624 26.2624
48 26.2624 26.2624
49 26.2624 26.2624
50 52.0098 0.0000
51 52.0098 0.0000
52 26.2624 26.2624
53 26.2624 26.2624
54 26.2624 26.2624
55 52.0098 0.0000
56 26.2624 26.2624
57 26.2624 26.2624
58 26.2624 26.2624
59 52.0098 0.0000
60 26.2624 26.2624
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624
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cash flows at times T ¼ 3 and 4 on this branch of the bushy tree are set to zero. We
set the strategy for time T ¼ 2 and then step back to time T ¼ 1 and repeat the
process. When we do that, we get the cash flows and valuation shown in Exhibit 28.5
for zero transactions costs and a 100 percent rational borrower.

If the borrower is not allowed to prepay at time 0, the loan has a value of
101.4234. If the borrower is allowed to prepay at time zero, the borrower (if he is
totally rational) will prepay so that

EXHIBIT 28.5 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 26.2624 26.2624 26.2624 26.2624
2 102.0000 26.2624 26.2624 26.2624
3 102.0000 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 0.0000 26.2624 26.2624
6 0.0000 26.2624 26.2624
7 0.0000 26.2624 26.2624
8 0.0000 26.2624 26.2624
9 0.0000 26.2624 26.2624
10 0.0000 52.0098 0.0000
11 0.0000 26.2624 26.2624
12 0.0000 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 77.2524 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000

(Continued)
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Value ¼Minimumðpar value; risk-neutral value if not prepaidÞ
¼Minimumð100, 101:4234Þ
¼ 100

Now, let’s allow our client to be rational but subject to transactions costs. If
prepayment is allowed at time zero, we know that the loan will be prepaid and have a
time zero value of 100 for any transactions cost that is 101.4234 � 100 ¼ 1.4234 or
less. Let’s take a more interesting case. Let’s assume that the loan was made one second
earlier and that time T ¼ 1 is the borrower’s first opportunity to prepay. Let’s assume
we can see the loan trading in the secondary market at a net present value (price
plus accrued interest, consistent with our comments in Chapter 4) of 101.56. What

EXHIBIT 28.5 (Continued)

Current Time

Row Number 0 1 2 3 4

36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 0.0000
49 26.2624 26.2624
50 52.0098 0.0000
51 52.0098 0.0000
52 26.2624 26.2624
53 26.2624 26.2624
54 26.2624 26.2624
55 52.0098 0.0000
56 26.2624 26.2624
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624

Risk-Neutral Value 5 101.4234
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constant transactions cost (relevant to exercise at times T ¼ 1, 2, and 3) is implied by
this market price? We use iteration with respect to the transaction cost in common
spreadsheet software to find the answer. Note that the typical solver function isn’t very
helpful in this case because our valuation answer is in some sense a step function,
rather than a smooth continuous function, due to the size of the time steps and the
small number of branches on the bushy tree relative to what would be used in practice.
We find that a transactions cost of $0.92 produces a value of 101.56 and generates the
cash flows (and implied prepayment strategies) shown in Exhibit 28.6.

We now turn to the implications of the transactions cost approach to modeling
irrational behavior.

EXHIBIT 28.6 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 26.2624 26.2624 26.2624 26.2624
2 102.0000 26.2624 26.2624 26.2624
3 26.2624 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 0.0000 26.2624 26.2624
6 0.0000 26.2624 26.2624
7 0.0000 26.2624 26.2624
8 0.0000 26.2624 26.2624
9 26.2624 26.2624 26.2624
10 26.2624 26.2624 26.2624
11 26.2624 26.2624 26.2624
12 26.2624 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 26.2624 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000

(Continued)
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IMPLIED IRRATIONALITY AND HEDGING

When irrationality is modeled in this way, the level of irrationality can be implied
from observable market prices just like implied volatility in the Black-Scholes model,
achieving one of our primary objectives for a model of irrationality. Almost no
observable security reflects the behavior of one consumer, so the best replication of
the market price movement of a given security reflects a combination of irrational

EXHIBIT 28.6 (Continued)

Current Time

Row Number 0 1 2 3 4

33 26.2624 26.2624
34 26.2624 26.2624
35 26.2624 26.2624
36 26.2624 26.2624
37 26.2624 26.2624
38 26.2624 26.2624
39 26.2624 26.2624
40 26.2624 26.2624
41 26.2624 26.2624
42 26.2624 26.2624
43 26.2624 26.2624
44 26.2624 26.2624
45 26.2624 26.2624
46 26.2624 26.2624
47 26.2624 26.2624
48 26.2624 26.2624
49 26.2624 26.2624
50 26.2624 26.2624
51 26.2624 26.2624
52 26.2624 26.2624
53 26.2624 26.2624
54 26.2624 26.2624
55 26.2624 26.2624
56 26.2624 26.2624
57 26.2624 26.2624
58 26.2624 26.2624
59 26.2624 26.2624
60 26.2624 26.2624
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624

Risk-Neutral Value 5 101.5589
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behavior by many consumers. Using standard HJM procedures, we know the value
of the loan as time changes from time 0 to one of the four shift states at time T ¼ 1.
From these value changes, we can solve for the hedging position that generates zero
risk; that is, a return equal to the return on the money market fund (an investment for
one period at the risk-free rate).

This powerful insight of the HJM framework gives us an alternative to historical
research on prepayment behavior—we can imply the degree of rationality of pre-
payment behavior from observable prices. We have the tools for efficient hedging of
securities that contain irrationally exercised embedded options, and we can achieve
very fast calculation times with much greater accuracy than we could using the legacy
prepayment tools discussed in the next chapter, historical prepayment functions, or
prepayment tables. We close this chapter by exploring the links between our credit
risk analysis of Chapters 16 and 17 and prepayment analysis.

CREDIT RISK AND IRRATIONAL PREPAYMENT BEHAVIOR

One of the realities of consumer lending is that consumers appear irrational in the
three ways discussed in the previous example:

n They sometimes fail to prepay when they should.
n They sometimes prepay when they shouldn’t.
n They often partially prepay instead of fully prepaying as they should.

In each of these cases, the word “should” stems from an analysis of the con-
sumer’s behavior that is based only on what the lender knows—the terms of the loan
and not much else. Many of these allegedly irrational acts stem from the complex
interaction of the long-term creditworthiness and financial well-being of the bor-
rower and the loan itself. We can give rational explanations for each of these types of
irrational behavior:

n They sometimes fail to prepay when they should.
n Case A: The price of the home may be less than the principal amount of the

loan and the consumer may not have enough liquid financial assets to bridge
this gap. This is extremely common in the wake of the 2006–2011 credit crisis
and home price collapse.

n Case B: The consumer may be in financial distress and unable to qualify for a
new loan.

n Case C: The consumer may be on a one-year sabbatical at the University
of Tahiti.

n Case D: The loan may be so close to maturity that the benefits of refinancing
are not worth the costs of going through the process.

n Case E: The consumer’s personal wealth may now be so great that they
have no intention of borrowing any more money and prepayment may
simply be delayed until the consumer has enough liquid assets to prepay
with cash.
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There are many other similar examples we could give to further illustrate
this point.

n They sometimes prepay when they shouldn’t.
Even in this circumstance, there are many explanations that are quite

rational for this superficially irrational response, many of which again are due to
the creditworthiness and net worth of the consumer:
n Case A: The borrower may have sold the house (due to the famous trio of

death, divorce, or relocation).
n Case B: The borrower may have just received very large payments from

structuring CDOs for Goldman Sachs in the credit crisis; prepaying the
mortgage is in fact a better risk-adjusted investment than U.S. Treasuries since
the credit risk of the now very wealthy consumer is the same as the Treasury:
zero. The mortgage is prepaid because it has a higher yield than Treasuries
and the lender is not reflecting the borrower’s credit risk correctly.

n Case C: The borrower may have been a problem borrower in the past and
prepays the loan simply because the borrower can no longer tolerate a rela-
tionship with a financial institution that has pursued overly aggressive tactics
to get the borrower current on the loan; this is a common refrain from con-
sumers these days.

n They often partially prepay instead of fully prepaying as they should.
This phenomenon is inconsistent with the “all-or-nothing” implications of

fixed income options explained in Chapters 21 and 27, but it is a very common
practice. It has a lot in common with the partial drawdowns of commercial lines
of credit and with revolving charge card balances that we discuss in later
chapters.
n Case A: The consumer’s credit quality has improved considerably since the

mortgage was granted and the true market mortgage rate for the consumer is
now less than the rate on the loan, but the bank doesn’t know this. The
consumer signals this by prepaying in whatever amounts fit his total financial
plan.

n Case B: Market interest rates are now lower but the consumer’s total financial
plan suggests that occasional partial prepayments are better than refinancing
the loan. There are a number of reasons why this may be the case. Most
revolve around the fact that partial prepayments are less costly (with “cost”
broadly defined) to the consumer than one lump-sum prepayment.

We explore the implications of these links between credit risk, market risk,
liquidity risk, and interest rate risk and prepayment behavior for the Jarrow-Merton
put option as a measure of integrated risk in detail using U.S. mortgage and consumer
loan data in the next chapter.
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CHAPTER 29
Mortgage-Backed Securities and

Asset-Backed Securities

We are now in the “home stretch” as we prepare for the comprehensive Jarrow-
Merton put option as a measure of integrated credit risk, market risk, liquidity

risk, and interest rate risk. Our task in this chapter is to apply the analysis of option
exercise subject to transaction costs from the previous chapter to portfolios or pools
of loans. The authors feel strongly that this should be done on a transaction-level
basis, loan by loan, rather than analyzing the pool or portfolio as if that pool was a
single transaction. If there is one lesson from the 2006–2011 credit crisis, it is that
failure to do the analysis of securitized loans at the transaction level is a recipe for
disaster. The complete disappearance of the collateralized debt obligation (CDO)
market, outlined in Chapter 20, came about as more and more investors realized that
the complexity of that structure was intentional; it was a convenient way to dis-
courage investors from looking closely at the underlying collateral. It facilitated the
unending attempts by Wall Street to sell investors lumps of coal packaged as “early
stage diamonds.”1

The credit crisis came about because the process of securitization helped to
obscure the true nature of the underlying mortgages that were the ultimate collateral
in mortgage-backed securities that were in turn, after being split into tranches, used
as collateral in CDOs. These mortgages presented loans whose principal was greater
than the value of the underlying house and whose borrowers where the prototypical
NINJAs (“no income, no job, and no assets”). Investors ignored these huge red flags
because they did not want to spend the time or money to investigate what they were
buying at the transaction level. If ever the reader feels the same way, go home
immediately or call in sick to work. No structured product should ever be purchased
without transaction-level due diligence. If the reader’s institution cannot afford the
time or money to do this, it should not be buying structured products.

From a computer science and financial theory perspective, there is no reason for
allowing unnecessary data aggregation from the structuring process to obscure our
analysis of the risk-adjusted return on the mortgages and consumer loans that make
up the ultimate collateral in a structured product. We illustrate the reasons for this
view during the course of the chapter and illustrate how the traditional approaches
to prepayment are, in fact, off track because of attempts to value a pool of loans as if
they were a single very large loan. Even if one ignores the impact of home prices on
defaults and prepayments, the traditional methods for measuring the interest rate
risk of pools of loans were misguided attempts to shortcut a loan-by-loan analysis.
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We use the concept of transactions costs in Chapter 28 to illustrate the pitfalls of
common Wall Street shortcuts, such as prepayment rates, prepayment tables, prepay-
ment functions—and “involuntary prepayment” known to normal human beings as
default. We also introduce a more modern approach to joint modeling of default and
prepayment on pools of loans, multinomial logit. Finally, we close with some comments
on the ultimate securitized product, the valuation of mortgage-servicing rights.

TRANSACTIONS COSTS, PREPAYMENTS, DEFAULT,
AND MULTINOMIAL LOGIT

In Chapter 28, we analyzed rational prepayment, in which the decision rule was a
simple question and its answer: Which strategy minimizes the net present value of my
borrowing costs, prepaying now or deciding one period from now? In Chapter 28,
the probability of prepaying now was assumed to be 100 percent if that option
lowered the present value of costs. In this section, we add another tool to the
transactions cost technique for analyzing prepayments and defaults.

Traditional asset and liability management (ALM) has ignored mortgage
defaults and focused on interest rate–driven and mortgage age–driven prepayment.
The events of the 2006–2011 credit crisis have made it more obvious that prepay-
ment and default are intimately linked and that home prices are a critical driver of
both probabilities. This section explains how mortgage prepayment and default are
modeled on an integrated basis using multinomial logit. This technique can be
applied both to a single mortgage loan and (more likely) to a pool of mortgage loans
on a loan-by-loan basis.

The events of the 2006–2011 period have made it clear that the sole focus on a
single macroeconomic factor, interest rates, has been insufficiently robust to prevent
the effective failures of institutions such as Lehman Brothers, Washington Mutual,
New Century, IndyMac, Countrywide, FNMA (Fannie Mae), and FHLMC (Freddie
Mac). The more modern approach to risk management is a fully integrated approach
to credit risk, market risk, liquidity risk, and interest rate risk, the central theme of
this book. In the context of traditional interest rate risk management, default was
almost always ignored by most practitioners for two reasons:

n Credit risk was in a “separate risk silo” managed by others.
n Most silo-focused interest rate risk assessment software was incapable of

modeling default even if the analyst had wanted to do so.

Both of these constraints, one political and one technical, have now been removed
at institutions at the forefront of best practice risk management. One of the tasks
triggered by this new approach to integrated risk is that the traditional assumptions of
ALM have to be modernized, one by one. In no area is this truer than in mortgage
prepayment and default analysis. The techniques traditionally used for mortgage
prepayment analysis can be listed briefly as follows:

n Constant prepayment rate (CPR), either expressed as a conditional prepayment
rate (annualized basis) or as a single monthly mortality rate. This assumption
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ignores the impact of interest rates and home prices on prepayment. It is also
derived from behavior of mortgage pools rather than individual loan data.

n Prepayment rate as a linear function of mortgage age, interest rates, and mort-
gage attributes. This approach also ignores home prices as a driving factor and is
derived from pooled behavior rather than individual loan behavior.

n Prepayment tables where the prepayment rate is driven by a table of N
explanatory factors, typically the same factors as the linear prepayment function.
Again, these tables are typically derived from pools of mortgages and the related
prepayment rate on the pool.

n Rational prepayment models, based on the all-or-nothing valuation of the
mortgage on an American option basis. Again, default and home prices are often
ignored. Chapter 28 explained this approach in detail, with default risk incor-
porated if the rational prepayment analysis uses a valuation yield curve that
reflects the probability of default.

n Rational prepayment subject to transaction costs, which recognizes the true
transaction costs of refinancing and other implicit costs that cause the prepay-
ment on mortgages to be less frequent than the fully rational approach would
predict. We introduced this approach in the latter half of Chapter 28 as well.

In all of these approaches, the amount of prepayment that occurs, given market
conditions, is never random. Given the inputs to each of these techniques, the pre-
payment amount is known with certainty.

Best practice approaches differ in three key dimensions:

n Prepayment is recognized as being random, just like default, although the
probability of prepayment can be estimated just like a default probability.

n Prepayment and default are being analyzed at the individual loan level. The fact
that those who analyzed mortgage collateral at the loan level fared much better
than investors who did not (i.e., asset-backed CDO investors and the rating
agencies) during the credit crisis has not been lost on senior management.

n Default and prepayment are increasingly being modeled as mutually exclusive
events that are modeled together, not separately.

The first step forward in recognizing home prices and other loan-specific inputs
in the prepay/don’t prepay decision and the default/no-default outcome was the use
of logistic regression. Logistic regression is commonly used to model events that have
only binary 0/1 outcomes, like we saw in Chapter 16 on reduced form credit models.
Many analysts have applied this technique to mortgage prepayment and default,
estimating separate logistic regressions for these two events. The impact of common
risk factors like home prices, interest rates, and mortgage age can be explicitly taken
into account on a loan-by-loan basis.

This logistic regression–based approach has many extremely attractive
attributes:

n Default and prepayment are recognized as random events, not events that are
predicted with certainty.

n Previously ignored factors such as home prices can be incorporated into both
prepayment and default modeling on a consistent basis.
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n Loss given default can be recognized as related to default probability by modeling
home prices forward and using those home prices as inputs to the default and
prepayment probability functions. In a default scenario, the simulated value of the
home allows one to derive loss given default after applying appropriate liquida-
tion costs and time lags.

Emerging best practice is to use multinomial logit to deal with two practical
problems that arise when independent logistic regressions are used:

n With independent logistic regressions, the modeler is uncertain about which
probability to apply first in a given period and a given scenario: the simulation of
prepay/don’t prepay or the simulation of default/don’t default.

n Similarly, it’s possible that the probabilities of prepayment and default could add
up to more than 100 percent.

In order to deal with these issues, a number of advanced techniques can be
employed. One of the most popular techniques is multinomial logit, which allows N
potential outcomes instead of the binary 0/1 outcomes assumed in normal logistic
regression. Here are a number of potential specifications of the outcomes from a
multinomial logistic regression:

Model A Outcomes

n Default
n Prepayment
n Neither of the above

Model B Outcomes

n Default
n Prepayment for interest rate reasons, remaining in the same house
n Prepayment because of relocation
n None of the above

Model C Outcomes

n Default for purely nonmedical financial reasons
n Default triggered by medical expenses
n Prepayment because of divorce
n Prepayment because of interest rate reasons
n Prepayment because of job relocation
n Prepayment because of voluntary relocation
n None of the above

These multiple outcomes offer the analyst and risk manager a much more precise
assessment of the impact of interest rates and home prices on the value of a pool of
mortgage loans. The multinomial logit coefficients, given the explanatory variables
chosenby theanalyst, arederivedeitherusing jointmaximumlikelihoodestimationorby
estimating a logistic regression for each outcome and making appropriate adjustments.
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For those institutions that place a priority on correctly understanding risk-
adjusted shareholder value creation and business strategy, the logistic and multino-
mial logistic approaches are an essential step forward. In the next few sections, we
compare this best practice approach with legacy approaches to modeling prepay-
ment. With few exceptions, these legacy approaches ignore default risk.

LEGACY PREPAYMENT ANALYSIS OF MORTGAGE-BACKED SECURITIES

The valuation and analysis of mortgages, both fixed and floating rate, are some of the
most complex analytical problems in U.S. financial markets. As mentioned previ-
ously, much of this difficulty stems from the confusion between analysis of a single
mortgage and analysis of a portfolio or pool of mortgages. Douglas Breeden (1994),
one of the leading U.S. researchers in finance, former chief executive officer of
mortgage fund manager Smith Breeden, and now Dean of the Duke University
Business School, commented about the problem as follows:

[M]ortgages are viewed as far too complicated to value precisely and rig-
orously, even with the Black-Scholes model and the many improvements
developed in the eighteen subsequent years.

As we saw in Chapter 28, and as we can confirm using multinomial logit,
accurate valuation of mortgage-backed securities and other pools of consumer loans
is a complex interaction of credit risk, interest rate levels, and prepayment behavior.
The purpose of this section is to take a second look at mortgage-backed securities in
the light of the implications of that chapter: that the transactions cost approach
promises dramatic improvements in the speed and accuracy of credit-adjusted val-
uation and risk analysis for consumer loans on both an individual loan level and a
portfolio level. Before looking at the implications of that approach, we look first at
traditional industry practice.

Legacy Approaches: Prepayment Speeds and
the Valuation of Mortgages

Prior to the 2006–2011 credit crisis, Wall Street analysis of mortgage-backed secu-
rities relied almost exclusively on prepayment models as a means of analyzing the
embedded options in mortgage-backed securities. The prepayment models, in com-
bination with Monte Carlo simulation, produce another number as output—the
option-adjusted spread (OAS) on a mortgage-backed security. In the next few sec-
tions, we pose a number of questions and attempt to answer them:

n Do prepayment models have an options component?
n Are prepayment speeds predictable enough to use as an input for the option-

adjusted valuation of mortgages?
n Is the truth about prepayment speeds obvious enough that sophisticated market

participants can reach a consensus about their levels?
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Most prepayment models have an objective similar to our objectives throughout
this book:

1. Security valuation on a credit-adjusted and option-adjusted basis
2. Measurement of interest rate sensitivity
3. Accurate hedges
4. Guidance on “rich/cheap” analysis for security selection

Prepayment speed models come in five basic varieties:

1. Models in which the prepayment speed is a function of time, but not rate levels.
Examples are the lifetime prepayment speed models of the Public Securities
Association (PSA), conditional (or constant) prepayment rate (CPR), and single
monthly mortality (SMM).

2. Tables in which different prepayment speeds are assigned depending on the
remaining maturity of the mortgage, the coupon level, and the current level of
interest rates. We call this the prepayment table approach.

3. Prepayment functions, which are typically derived from historical data on pre-
payments and include more inputs than a prepayment table to provide the
accurate prepayment speed. Over a long period of time, linear prepayment
functions have been the most common functional form used.

4. Logistic regression models, like those we used in Chapter 16, to fit default
probability formulas to historical default databases. These logistic regression
models are relatively new in prepayment analysis, but offer great promise for
understanding the probability of prepayment based on historical behavior of
individual borrowers.

5. Multinomial logistic regression, which we described previously as the best
practice approach for joint modeling of default and prepayment.

Analytically, the constant prepayment speed models are the simplest. Prepay-
ment tables, which are one step up in complexity, assume that we can accurately
forecast prepayment speeds. Prepayment functions assume the future will be like the
historical data set that produced the estimates used in the prepayment function.
The same is true for logistic regression models to some extent. How well do these
models work?

Constant Prepayment Speeds Are Simply a Principal
Amortization Assumption

The most important point to make about the PSA, CPR, and SMM analysis is that
they have no options component at all. They represent an assumption about principal
amortization and make it quite clear that the rate of principal amortization does not
depend on the level of interest rates. As a result, there is no rational consumer
response to lower rates at all reflected in these three models. A higher prepayment
speed lowers the level of principal outstanding. A higher prepayment speed also has
the impact of increasing cash flow on the mortgage in the early years and decreasing
it in later years, effectively shortening its duration. These cash flows are not sto-
chastic and do not depend on the level of interest rates.
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The single-speed approach to prepayment analysis does not work very well. One
way many market participants have sought to improve the accuracy of prepayment
analysis is by creating a prepayment table that specifies what prepayment rates will
be at different times in different interest rate environments. Typically, a prepayment
table will contain at least two dimensions (and usually more), one for each payment
and another for various levels of refinancing advantage, the spread between the rate
on the mortgage loan being analyzed and the current coupon rate on new mortgages.
If there are five interest rate tiers and 360 payments, 1,800 input numbers will be
required as inputs to the valuation and hedging analysis.

Breeden (1994) takes a very interesting look at Wall Street’s ability to forecast
prepayment speeds, and we use data from his study liberally in this section. First, he
shows that Wall Street typically lacks consensus on the best constant lifetime pre-
payment speed for a given security. He then shows that the Wall Street estimates of
prepayment speeds on a 10 percent FNMA mortgage-backed security maturing in
2018 ranged from 20 percent to 40 percent as of December 1992.

Breeden also shows that the conditional prepayment rates as a function of the
coupon on the mortgage-backed security and the refinancing incentive have been
very unstable and have been inconsistent with rationality in many cases. Prepayment
speeds for high-coupon mortgages have often been lower than prepayment speeds for
low-coupon mortgages (a phenomenon called “burnout,” shorthand for the fact that
the most interest rate–sensitive borrowers in a pool of loans leave the pool
first via refinancing, reducing the interest rate sensitivity of the pool over time). In
fact, it is easier to guess the value of an embedded prepayment option directly than it is
to guess the prepayment rates needed as inputs to a formula to calculate option values.

LEGACY APPROACHES: OPTION-ADJUSTED SPREAD

Given the difficulties with prepayment models in general, what are the implications
for the option-adjusted spread quotations common on Wall Street? First, we should
summarize the OAS procedures, for OAS refers more to the procedures used than
it does to the true concept of the risky spread on mortgages. Typically, analysts do
the following:

n They assume a prepayment function or prepayment table is true.
n They assume that Monte Carlo simulation is a good method for valuing an

American option to prepay, ignoring the concerns voiced in Chapter 27.
n They solve for the spread over a risk-free interest rate, which provides a calcu-

lated value for the mortgage-backed security that matches the observable value.

In addition to the comments in Chapter 27 about the fundamental problems with
the use of Monte Carlo simulation in the valuation of American option-related
securities, OAS analysis typically incorporates these errors:

1. The refinancing incentive is not measured on a matched maturity basis.
Within the prepayment table, the refinancing incentive in the current market

is measured in order to choose the correct prepayment rate from the prepayment
table or prepayment function. This is measured as the difference between the rate
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on the mortgage being analyzed and the rate on a new 30-year fixed rate
mortgage. This sounds good at first glance, but a closer look gives cause for
serious concern. If there are five years remaining on the mortgage, we are
comparing its five-year rate with the 30-year loan and assuming that refinancing
is done on the basis of an “apples-to-oranges” comparison. In a swap trading
unit or an investment management firm, anyone who said 30-year bonds are
better than five-year bonds because their yield is higher would lose their job.
This sort of comparison, however, is embedded in almost all OAS analysis.
Why? Historical data on mortgage rates includes only rates at new issue
maturities (typically 15 and 30 years in the United States) and the analysts had
no other data to measure refinancing spread. The reason for the choice of
measure is clear, but it is an important source of inaccuracy.

2. The refinancing incentive is measured on the basis of a 30-year mortgage rate,
which does not include a premium for the call provisions of the loan.

Within the Monte Carlo simulation routine, there is no capability to cal-
culate how much the premium should be on a new mortgage that is callable
compared to a hypothetical noncall mortgage. Why? You have a “chicken-and-
egg problem”—using Monte Carlo and a prepayment table, we need to know
what the option is worth in order to calculate what the option is worth! All of
the refinancing incentives measured within the Monte Carlo routine are nor-
mally done assuming the mortgage is noncallable, introducing another source of
error.

3. The prepayment table should be path-dependent, but it is not.
If rates start at 6 percent, jump to 12 percent for 10 years, and then fall to 4

percent, the prepayment function and prepayment tables will produce the same
prepayment speed prediction as if rates started at 6 percent, fell to 3 percent for
10 years, and then jumped to 4 percent. Clearly, that should not be the case.
Monte Carlo is often relied upon on the rationale that prepayments are path
dependent. We discuss that comment in more detail below, but it is clear Monte
Carlo replaces a path-dependence problem in the prepayment rates themselves
with a path-dependence problem in the prepayment table.

4. The OAS will match the market value of the observable security, but not its
interest rate risk.

Why? For the same reason that the single prepayment speed model did not
work. We have two equations (value and rate sensitivity) we want to solve
simultaneously, but only OAS to adjust in order to do this. We can match both
only by accident.

OAS is the “plug” or balancing number that offsets all of the errors inherent in
Monte Carlo analysis and the four problems above. It is not surprising, given the lack
of consensus on Wall Street about prepayment rates, that median broker estimates of
OAS show very strange patterns when plotted by coupon level. Breeden (1994) cites
data for the third quarter of 1989 and the fourth quarter of 1992, which show
investors could double their spread theoretical OAS by simply buying an MBS with a
different coupon level, even though this discrepancy is public information widely
disseminated by Wall Street firms. In light of the 2006–2011 credit crisis and the drop
in home prices, traditional prepayment models have gone seriously “off the tracks”
and a repeat of the Breeden study would show that even more serious errors exist now.
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The fact that this difference in OAS was not arbitraged away is due to the
market’s view that the OAS numbers were not accurate and that the spread dif-
ferential was not real. Wall Street did not bid up the price of the MBS with the
widest reported OAS relative to the MBS with the lowest MBS. Clearly, OAS
numbers are taken with a grain of salt by market participants. Gregg Patruno
(1994) of Goldman, Sachs & Co. summarizes a common view, “The standard
measure of mortgage relative value . . . OAS does not account for the complete
nature of prepayment risk. Rather, it adjusts for the optionality due to interest rate
fluctuations under the presumption that prepayment rates are a known, permanent
function of interest rates” (53).

Patruno also suggests both the reason for the problems with OAS and a potential
solution to the problem: “Homeowners are willing to refinance if the financial
incentive is high enough to meet their requirements. We use the measure of refi-
nancing incentive actually considered by typical homeowners and their bankers—not
an abstract interest differential or ad hoc statistical artifact, but the real dollar savings
expected on an after tax basis, taking into account an appropriate mix of available
mortgage rates and points” (47). In other words, the only way to effectively model
consumer prepayment behavior is to consider the rational value of the option to
prepay. Patruno concludes that “the levels of current mortgage rates and transactions
costs determine what fraction of the homeowners in the distribution should be
considered willing to refinance” (47). The credit crisis also made it clear that the
value of the home, relative to the principal on the loan, had a major impact on
the ability of a borrower to prepay.

For these reasons, the authors believe that the transactions cost approach of
Chapter 28, as analyzed by McConnell and Singh (1994) and Stanton (1995), sup-
plemented by multinomial logistic regression for prepayment and default analysis,
represents best practice.

IMPLICATIONS FOR OAV SPREAD, CMOs, AND ARMs

The primary reason for the lack of OAS consensus among Wall Street firms is that all
of the assumptions being made are assumptions about the borrower. It is no wonder
that consensus is impossible. Instead, we recommend the option-adjusted value
(OAV) spread. Let us consider a corporate treasurer who has to choose between
issuing a seven-year noncall bond or a 10-year bond that is noncallable for seven
years. We modeled this structure in Chapter 27. He makes the decision in a
straightforward way. First, he asks for the rate on a comparable Treasury seven-year
noncall bond and calculates his spread over Treasuries. Second, he calculates (since
no observable Treasury is a “10 years noncall seven” bond) what the coupon would
be on a 10-year noncall seven Treasury bond that trades at par value, using the
techniques of Chapter 27. His spread on the 10-year noncall seven bond issue is
the difference between his coupon and the Treasury’s coupon. He issues the bond
with the lowest spread.

Collateralized mortgage obligations (CMOs) and adjustable rate mortgages
(ARM) can be analyzed using the HJM approach, like the example in Chapter 9, as a
variation on our results in Chapter 28.
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LOGISTIC REGRESSION, CREDIT RISK, AND PREPAYMENT

Logistic regression is another powerful tool that we are familiar with from its use in
modeling default probabilities for retail, small business, and large corporations using
a historical database of defaults. In a similar way, we can use logistic regression to
model the probability of prepayment. With this technique we can combine variables
like the following, as explanatory variables for prepayment:

n The net present value benefit of prepaying as of the current observation (which
captures the interest rate benefits of prepayment)

n The current value of the house relative to the principal balance of the out-
standing loan

n The age of the loan
n The months remaining before maturity
n The month (to capture seasonality)
n Direct transactions costs of refinancing (points, fees, etc.)
n The default probability of the borrower, as captured directly by internal models

or by some kind of internal credit rating
n Any other relevant consumer credit bureau approach

The coefficients of this logistic regression essentially let us derive the transactions
costs that we implied previously. They also automate the adjustments for seasonality
that we would also have to make in the approach of the previous section. The result is
an extremely powerful integration of credit risk, interest rate risk, and prepayment
risk that significantly advances the accuracy of our ability to model the Jarrow-
Merton put option, our integrated measure of risk for the full balance sheet.
Multinomial logistic regression is best practice because it gives integrated probabil-
ities for default and prepayment. For those making the transition from legacy tech-
niques, however, the logistic regression approach is a nice intermediate step on the
way to a full multinomial logistic implementation.

MORTGAGE-SERVICING RIGHTS: THE ULTIMATE
STRUCTURED PRODUCT2

One of the lessons of the 2006–2011 credit crisis of was that the conventional wis-
dom can be a dangerous thing. The conventional wisdom in early 2006 said that
“home prices in the United States do not go down” and that the copula method was
an accurate method for valuing tranches of collateralized debt obligations. Another
complex security valuation issue is becoming increasingly important: the valuation of
mortgage-servicing rights. Exhibit 29.1 shows the reported valuations for mortgage-
servicing rights for eight large U.S. financial services firms between December 31,
2009, and September 30, 2011. The aggregate reported value of mortgage-servicing
rights has declined from $62.5 billion to $35.6 billion in 21 months. Even at the
lower valuation, the very large absolute value attributed to mortgage-servicing rights
and the tremendous volatility of the valuation in the current market makes an
examination of the conventional wisdom essential from both a risk management and
corporate governance point of view.
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One of the things that these figures make obvious is that the mortgage-servicing
business is an enormously concentrated business with highly skewed market shares.
Another obvious point is that the percentage of total market capitalization for these
firms that is attributable to mortgage-servicing rights is very large. Mortgage-
servicing rights are classified as a Level 3 asset for accounting purposes because there
are very few observable traded prices and because many of the inputs to a reasonable
valuation are also unobservable and the result, in the end, of educated guesses. If
there is model risk in reported mortgage-servicing rights valuation, equity market
participants need to be informed of these model risks, and those hedging mortgage-
servicing rights need to take great care because of potential errors in both the amount
and direction of the hedging needed.

AN INTRODUCTION TO THE VALUATION
OF MORTGAGE-SERVICING RIGHTS

As is common in the risk management business, the head of a mortgage-servicing
rights hedging program once said “I don’t care about accuracy, I just want to do the
same MSR calculation as everybody else.” Therein lies the problem. What if
“everybody else” is just seven firms? How can they be sure that there are no errors in
this complex valuation calculation? One approach is to survey all of the other par-
ticipants in the market, which is commonly done, to insure consistency. Unfortu-
nately, the assumptions that home prices do not go down and that copulas are
appropriate for CDO valuation were consistent modeling assumptions in U.S.
financial markets in 2006. The consistency alone is not sufficient to establish accu-
racy. The recent controversy about the manipulation of the U.S. dollar LIBORmarket
during the credit crisis, when the U.S. dollar LIBOR panel consisted of 16 firms,
illustrates another risk: the risk that the eight firms who dominate the mortgage-
servicing business have an economic incentive to agree on a valuation methodology
that maximizes the value of this large asset. For all of these reasons, an independent
approach of maximum accuracy in valuing mortgage-servicing rights is essential.

EXHIBIT 29.1 Kamakura Corporation: Reported Valuations of Mortgage-Servicing Rights
(USD millions)

Mortgage
Servicer

December 31,
2009

December 31,
2010

September 30,
2011

Bank of America 19,465 14,900 7,880
Wells Fargo 17,123 15,886 13,769
JP Morgan Chase 15,531 13,649 7,833
Citigroup 6,530 4,554 2,852
US Bancorp 1,749 1,837 1,466
Sun Trust 936 1,439 1,033
BB&T 832 830 573
First Horizon 303 207 151

Total 62,469 53,302 35,557

Source: Kamakura Corporation, SEC filings.
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Starting from the ground up, one can approach the valuation of mortgage-
servicing rights as the valuation of a fixed income (broadly defined) security subject
to default risk and prepayment risk. Mortgage-servicing rights, like all of the other
securities valued in prior chapters, can be valued in the HJM framework.3

In the next section, we follow Lin, Chu, and Prather (2006) and decompose
mortgage-servicing rights into their component cash flows and compare the “con-
ventional wisdom” and best practice.

COMPARING BEST PRACTICE AND COMMON PRACTICE IN VALUING
AND HEDGING MORTGAGE-SERVICING RIGHTS

There are so many differences between best practice and common practice in valuing
and hedging mortgage-servicing rights that we will have to be brief to keep this
section of reasonable length. We address these differences point by point.

Valuation Yield Curve for Cash Flows

Best practice discounts cash flows using a series of yield curves, depending on the
nature of the cash flows, particularly when some cash flows are best valued in
nominal dollars and some are best valued in real dollars. Common practice discounts
all cash flows at the same yield curve, typically the U.S. dollar LIBOR-swap curve.
The use of this curve is usually justified with the phrase “all mortgage market par-
ticipants use the swap curve for hedging.” Unfortunately, that has nothing to do with
whether the curve is appropriate for valuation. As we shall see, the right valuation
curve depends on the characteristics of the mortgage-servicing right (MSR) cash flow
component’s credit risk, prepayment risk, and inflation sensitivity (real or nominal).
The LIBOR-swap curve has a number of serious problems when employed for val-
uation. We list many of those problems here:

1. As the fines of $450 million levied on Barclays in 2012 for LIBOR manipulation
confirm, the LIBOR curve has been manipulated and is no longer a legitimate
tool for hedging.

2. Market participants commonly assume that fixed rate mortgage yields are a
simple spread over an interpolated swap yield at two key maturities, such as the
2-year and 10-year interpolated swap rate at an effective maturity of six years.
This assumption is false. Over the period from January 8, 2004, to November
17, 2011, using weekly data, the appeal of using swap rates for valuation is
deceptively attractive, as shown by the high correlations of swap yields (all over
86 percent) with the 30-year conventional fixed rate mortgage rate. The true
relationship between swap and Treasury yields and fixed rate mortgage yields is
more complex, as we discuss next.

3. Using conventional 30-year fixed rate conventional mortgage reported on the
Federal Reserve H15 statistical release, the interpolated 2- and 10-year swap
rates explain only 82.8 percent of the weekly variation in fixed rate mortgage
yields with a standard error of 30.47 basis points.

By contrast, a simple linear regression using multiple points (13) on both the
swap curve and the U.S. Treasury curve explains 98.17 percent of the weekly
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variation in fixed ratemortgage yields with a standard error only one-third as big as
the conventional wisdom, 9.9 basis points. The conventional wisdom, to bench-
mark valuation off of two points of the LIBOR-swap curve or off of the entire swap
curve alone, has no basis in the facts. TheU.S.Treasury curve plays at least as great a
role in the movements of the 30-year fixed rate mortgage yield as does the LIBOR-
swap curve and there is much less risk of manipulation by market participants.

4. The spread between the 30-year swap yield and the matched maturity Treasury
yield has been consistently negative since October 24, 2008. The reason for this
negative spread is the difference in credit exposures in the two yield curves. A
default by the U.S. government, which is no longer an unthinkable possibility,
puts potentially the entire principal amount at risk. If there is a default by a swap
counterparty, the amount at risk is, at a maximum, the change in the present
value of the swap position since its value at origination (which would be zero for
a swap done “at market” at the time). With the increase in the perceived risk of
the U.S. government, the spread between the swap yield at 30 years and the 30-
year U.S. Treasury yield has been negative on 749 business days from February
9, 2006, to November 17, 2011. Over the same period, the 10-year spread
between the swap curve and the U.S. Treasury curve has been negative for 67
days, with the first negative spread reported on January 21, 2009.

It is unthinkable for market participants to value mortgage-servicing rights by
discounting at yields below U.S. Treasury yields given the current relative default risk
of mortgages and the U.S. Treasury. There is no legitimate argument that justifies
such a valuation choice. The graph in Exhibit 29.2 from December 2, 2011, plots the
zero-coupon yields, using advanced yield curve smoothing techniques, for the swap
curve versus the U.S. Treasury curve. The negative spread at 30 years contaminates
the spread at much shorter maturities (on this date, maturities 13 years and over),
so the choice of the swap curve as a valuation yield curve is a dramatic error. The short
end of the curve shows a hump in discount rates for the LIBOR-swap curve because the
credit risk of one-, three-, and six-month LIBOR is incompatible with the credit risk of
the swap yields used for one-year and longer maturities, as discussed above.

Simulation of Random Movements in Yields

The conventional wisdom for simulating the random interest rate environment when
valuing mortgage-servicing rights is embedded in legacy asset and liability manage-
ment systems. For the most part, these systems rely only on one-factor models of the
term structure. As commonly implemented, these one-factor models imply that
changes in yields can only (1) all rise together, (2) all fall together, or (3) all remain
unchanged. Unfortunately, this implication of one-factor term structure models is
false as we discussed at length in Chapter 3. With respect to the simulation of random
interest rates, the conventional wisdom is dramatically wrong and is in violation of
the Basel Committee on Banking Supervision’s December 31, 2010, Revised Basel II
Framework for Market Risk, which requires on page 12 that

For material exposures to interest rate movements in the major currencies
and markets, banks must model the yield curve using a minimum of six risk
factors.
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Because the conventional wisdom assumes away the yield curve twists that are
very heavy influences on mortgage prepayments and defaults, the resulting valuations
could potentially be grossly incorrect.

The Role of Home Prices in Defaults and Prepayments

The conventional wisdom in the servicing of a whole loan portfolio is to assume a
constant default rate that is not influenced by home prices or interest rates. This
assumption is false, and that is well recognized by many. They are constrained by
legacy asset and liability systems to use a valuation assumption that they know to be
false. Default rates are very sensitive to home prices. A recent study by Kamakura
Corporation of the mortgage default rate reported by the U.S. Mortgage Bankers
Association found that the change in home prices is statistically significant in pre-
dicting defaults, with a t-score equivalent well above the t-score level of 2 that is
normally the benchmark for judging statistical significance. Modern enterprise risk
systems allow mortgage-servicing rights valuation with default rates that are deter-
mined by the simulated random movements in home prices, interest rates, and other
key factors. The erroneous assumption of constant default rates is avoided.

Similarly, it is very common in the valuation of mortgage-servicing rights to
assume a constant, linear, or tabular prepayment function in which home prices play
no role. This assumption is also false. Recent publications by Calhoun and Deng
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(2002) and Campbell and Cocco (2011) are among many research papers that
document the very significant role of home prices in prepayment as well.

Other Sources of Cash Flow Related to Mortgage-Servicing Rights

The total cash flow from mortgage-servicing rights can be broken into components as
follows:

n Net servicing fee, equal to the gross servicing fee less guarantee fee, if any
n Net cost to service
n Net cash flow triggered by delinquency and default
n Float on taxes and insurance
n Float on principal and interest
n Float and costs from prepayments

Themagnitude and very existence of these cash flows depends on the probabilities
of default, partial prepayment, and prepayment in full, which have beenmisspecified in
the conventional approach tovaluingmortgage-servicing rights as explainedpreviously.

There are many other significant errors that can be made in valuing individual
components of cash flow. The cost of service, for example, might be assumed to
constant, but that assumption is false. The cost of service is affected both by inflation
and by the economies of scale in servicing relative to other competitors. The float on
taxes and insurance could be calculated on the assumption that taxes and insurance
are constant, but that assumption is also false. Both taxes and the cost of insurance are
strongly linked to the value of the house. One might assume, as a better approxima-
tion, that home prices are correlated with inflation. Unfortunately, looking at corre-
lation between the Case-Shiller home price indices and the consumer price index shows
a wild variation in the linkages.4

The float on principal and interest and the float and costs from prepayments are
complex derivatives that depend not just on interest rates but also on home prices.
The conventional wisdom ignores the home price linkage. Stated more precisely,
analysts recognize the linkages but they are constrained by legacy systems that are
unable to take advantage of this economic reality. A modern state-of-the-art enter-
prise risk management system avoids this valuation error.

Incorrect Hedging of Mortgage-Servicing Rights

The conventional wisdom notes that mortgage-servicing rights are to be reported at
market value under generally accepted accounting principles. The corollary to that
fact, however, is wrong—the conventional wisdom concludes that, since these market
values are random, mortgage-servicing rights need to be hedged. That conclusion is
potentially wildly incorrect, for a simple reason. Market participants have simply
ignored the “factory” that services mortgages (other than assuming the constant
dollar cost above). This factory is not marked to market on the balance sheet under
GAAP, but, in fact, the value of the operations center (buildings, software, hardware,
staff, and so on) rises and falls with the value of mortgage-servicing rights in a highly
correlated way. By ignoring this link and partial or full offset, those who hedge may
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in fact be increasing risk, not reducing it. Take the example of a scenario like that of
2006 to 2011, when U.S. home prices have fallen sharply. This reduces the value of
mortgage-servicing rights (because default rates have increased), but it also has
reduced the cost of being a participant in the operational processing of mortgages.
For example, if all of the mortgages being serviced defaulted, what would happen?
The present value of labor costs of mortgage servicing would essentially go to zero,
because all staff would be laid off. The present value of computer hardware needs
would go to zero, because the hardware used would be sold or moved to other
businesses. The present value cost of software used would go to zero (in the case of
annual rental pricing, since the contract would be terminated) or be sharply reduced
(in the case of perpetual license pricing, since the maintenance fee would be termi-
nated). If the mortgage-servicing business were terminated, the value of the related
buildings and land would go to their value of the next best use.

In short, there is a natural offset of some or all of the variation in the value of
mortgage-servicing rights. The conventional wisdom, however, has completely for-
gotten this simply because the accountants treat mortgage-servicing rights and the
physical and intellectual property of the operations center differently. This is a very
common source of risk management disasters, in which risk managers pay attention
to the accountants and ignore the true economics of what they are trying to hedge.

CONCLUSION

Among mortgage-backed securities broadly defined, the valuation of mortgage-
servicing rights is both the most complex and the best illustration of why best
practices need to be employed in valuing mortgage-backed securities in general. The
conventional wisdom in the valuation of mortgage-servicing is notoriously sticky
because there are so few market participants in the business and because reported
values are so large. There is no one inside the mortgage-servicing industry with a
vested interested in pointing out that the emperor’s new clothes may be a bit
threadbare. Only the accountants and regulators who would have to deal with any
markdowns in value have downside risk. The shareholders and taxpayers who would
ultimately have to pay were one of the large servicing banks to fail are not given
sufficient information to make their own judgments about the value of mortgage-
servicing rights. As pointed out earlier, tens of billions of dollars in value relies on a
series of assumptions that are known to be false.

We now turn to another major modeling issue in enterprise risk management and
the correct valuation of the Jarrow-Merton put option on the firm: the valuation of
nonmaturity deposits.

NOTES

1. Two key publications are essential reading for investors who own or are considering an
investment in securitized transactions:

n United States Senate, Special Committee on Investigations, Wall Street and the
Financial Crisis: Anatomy of a Financial Collapse [“The Levin Report”], Majority
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and Minority Staff Report, April 13, 2011 (discussed in Chapter 18 and pictured in
Exhibit 18.9).

n Michael Lewis, The Big Short: Inside the Doomsday Machine (New York: Thorndike
Press, 2010).

Both of these exceptionally detailed books describe exactly how the process of securi-
tization is designed to hide the flaws of the ultimate collateral in a structured product.

2. The authors would like to thank our colleague Mark Slattery for his helpful comments on
this section.

3. Che-chun Lin, Ting-heng Chu, and Larry J. Prather, “Valuation of Mortgage Servicing
Rights with Foreclosure Delay and Forbearance Allowed,” Review of Quantitative
Finance and Accounting, 26 (2006): 41--54 provides an introduction to this approach.

4. Documented in “Risk Management Strategies for Individual Investors, Part 4: Home Prices
and Inflation,” Kamakura blog, June 1, 2009, www.kamakuraco.com.
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CHAPTER 30
Nonmaturity Deposits

In this chapter, we turn our attention to the liability side of the balance sheet of
financial institutions, in particular to deposits of commercial banks. This is partic-

ularly appropriate in light of massive deposit runoffs in the credit 2006–2011 crisis,
which we document later in this chapter and in Chapter 37 on liquidity risk. This
focus on deposits is also critical to correct valuation of the Jarrow-Merton put option
as the best comprehensive measure of integrated credit risk and interest rate risk in the
commercial banking sector. Why? Because we need to value a put option that includes
both assets and liabilities of the financial institution because some of the liabilities may
be providing a hedge of the assets. One of the advantages of the reduced form credit
modeling technology of Chapter 16 is that it can handle the complex liability structure
that is typical of large financial institutions, whereas the Merton model of Chapter 18
assumes a single zero-coupon bond as a liability. In fact, it is the multiperiod cash
flows of nonmaturity deposits that explained much of the drama of the credit crisis.

The bulk of bank deposits and insurance liabilities are made up of securities
with explicit maturities, although they are often putable (back to the bank or
insurance company) by the consumer who supplied the funds, whether they come in
the form of a time deposit or life insurance policy. These liabilities can be analyzed
with the techniques of Chapters 27 and 28, even if the consumer’s right to put the
security back to the financial institution is exercised irrationally. A substantial
portion, however, of the liabilities of major banks worldwide consists of non-
maturity deposits. Similarly, the funds supplied to mutual fund managers of fixed
income funds also have no specific maturities. This chapter is relevant to both types
of liabilities, but we will refer to them as nonmaturity deposits within a banking
industry context from here on. These deposits have no specific maturity, and
individual depositors can freely add or subtract balances as they wish. Most
importantly, there is no way to distinguish new clients from old clients because the
same interest rates are paid to both, unlike a certificate of deposit where the rates
are changing constantly for new clients. The interest rate on nonmaturity deposits is
usually, but not always, a function of open market interest rates. Similarly, the level
of deposit balances in aggregate often moves in sympathy with open market interest
rates. With the strong trend in mark-to-market–based risk management in banking,
all bankers are faced with the difficult task of calculating the mark-to-market value
of these nonmaturity deposits. This chapter provides an introduction to that dif-
ficult topic.
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In September 1993, the Federal Reserve Board (1993) published proposed reg-
ulations for interest rate risk and capital adequacy. In its regulations, the Federal
Reserve Board noted “the inherent difficulties in determining the appropriate
treatment of non-maturity deposits.” In this chapter, we use the Heath, Jarrow, and
Morton (HJM) interest rate framework of Chapters 6 through 9 to measure the
mark-to-market value of deposits. We do this in a way that is theoretically rigorous
and yet easy to apply in practice. Most of the arguments that are applied here to the
valuation of nonmaturity deposits can be applied equally well to the valuation of
charge card loans, where again the balance as well as the rate on the loan fluctuates
in response to market rate movements.1

THE VALUE OF THE DEPOSIT FRANCHISE

When we measure the value of deposits, what is it that we are trying to measure?
Here “value” means the present value of future costs. If the bank had issued a bond
to finance its assets, the value of the bond is its present value—the present value of
future payments that the bank must make on the security that it has issued.

In the case of nonmaturity deposits, the value of the deposit could also mean
the premium that a third party would be willing to pay above the face value of the
deposits to assume ownership of the bank’s deposit franchise.2 In this case, value
means the net present value benefit of owning the deposit franchise—the value of
cash provided by depositors less the present value cost of the deposit franchise.

In what follows, we use the word “value” to refer to the present value of the cost of
the deposit franchise, exactly in keeping with the analogy of the bank as bond issuer.
The net present value benefit of having the deposit franchise can be calculated from
the valuation formulas presented below by subtracting the values we calculate from the
face value of the deposit. For example, the present value cost of $1,000 face value of
savings deposits might be $650. The net present value benefit of the deposit franchise is
$1,000 � $650 or $350. All references to value below refer to the present value of the
cost of the franchise, $650.

We also initially assume that the deposit franchise is guaranteed by a riskless third
party, which is the case (in theory) in the United States and many other countries. This
allows us to avoid dealing with the complexities of bankruptcy risk. We deal with that
explicit risk later in the chapter.

Some bankers prefer to focus on the value of specific nonmaturity deposits
owned by current clients; that is, valuing only deposit accounts on the books of the
bank today and ignoring future business. This orientation has a logical basis because
we don’t value the franchise of any other business line on the bank balance sheet.

There is a good reason, however, for looking at the franchise for valuation. The
pricing of nonmaturity deposits is exactly the same for new customers as it is for old
customers. The bank cannot control the flow of new demand deposit accounts or
savings deposit accounts by changing pricing to attract new clients without imme-
diately making the same price change on existing accounts. This is not the case for
auto loans or consumer certificates of deposit or any other account on the balance
sheet of the bank except for the charge card business. For this reason, we think the
focus on the franchise is the right one, but we recognize that some will disagree.
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TOTAL CASH FLOW OF NONMATURITY DEPOSITS

The first step in valuing nonmaturity deposits is to isolate the total cash flows from
the deposit franchise. Total costs consist of the following elements:

Total deposit cost cash flows in a given time period

¼ Interest paid on the deposit

þ Noninterest expense of servicing the deposit

� Noninterest revenue from the deposit franchise

� Net increase in deposit balances

Many readers will be surprised to see the net increase in deposit balances sub-
tracted from costs in the equation above. The net change in deposit balances on many
deposit products is the single most important cash flow in the valuation process, and
yet many analysts ignore this important determinant of value.

In the valuation of any security, total cash flow is the basic building block of
valuation. For most securities, the maturity date is fixed and cash flow from principal
stems from a predetermined payment schedule associated with that security. In the
case of the nonmaturity deposit, however, the security is a perpetual one and prin-
cipal is never “returned.” Instead, changes in deposit balances are simply another
source of cash flow. A simple example illustrates the point.

Let us consider a deposit category with balances of $1,000 where the sum of
interest expense and processing costs is 2 percent of balances annually. Let’s assume
that this cash flow occurs at the end of every year. Let’s also assume that the balances
on this account grow at 2 percent a year, and that balances also increase in a one-time
jump at the end of each year. What is the net cash flow associated with this account?
On December 31 of each year, 2 percent of the deposit amount flows out in the form
of interest expense and processing costs, and it flows back in on the same day in the
form of increased deposit balances. The net cash flow from the deposit franchise is
zero every year forever.

The present value cost of this deposit is zero because there is never net cash
inflow or outflow. Since the present value cost is zero, the net present value or
premium that would be paid to gain this deposit franchise is $1,000, calculated
as above: The deposit balance $1,000 minus the present value of deposit costs ($0)
is $1,000.

This example is deceptively simple: it is consistent with common sense, and yet it
will lead us to some surprising conclusions about the value of nonmaturity deposits.
We will analyze the value of nonmaturity deposits in what follows using realistic
assumptions about random deposit rate and balance behavior. This is covered in
more detail in Jarrow and van Deventer (1996, 1998) and Janosi, Jarrow, and Zullo
(1999), which provide explicit closed form solutions for a commonly used one-factor
term structure model. Step-by-step examples using a one-factor term structure model
can also be found in the first edition of this book. In this volume, however, consistent
with our conclusions in Chapter 3, we believe that a one-factor model is not accurate
enough to meet the current twenty-first century best practice standard. In this
chapter, we continue to use the three-factor HJM framework of Chapter 9.
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As in Chapters 19 through 29, we use the probability-weighted discount factors
from Chapter 9 to value nonmaturity deposits. Our task in this section is to calculate
the cash flows on each node of the bushy tree (or in each scenario of an HJM-based
Monte Carlo simulation) that stem from the nonmaturity deposit cash flows.

SPECIFYING THE RATE AND BALANCE MOVEMENT FORMULAS

Step 1 in the valuation process is to specify how nonmaturity deposit rates, nonin-
terest income, and noninterest expense vary with interest rates and other macro-
economic factors. Step 2 is to specify a similar formula for the variation in deposit
balances. In this example, we ignore the credit risk of the institution. Later in this
chapter, we explicitly incorporate the risk of the bank in light of actual experiences of
“too big to fail” banks during the 2006–2011 credit crisis.

Model Risk Alert

It is very important for a bank that has never had credit problems previously to
realize that its own data is “too good” for fitting the rate and balance relationships.
Accurate relationships can only be based on data from both “good” and “bad”
banks; if we do not fit the relationships in this way, they cannot possibly capture the
behavior of nonmaturity deposits at a distressed bank in an accurate way.

Let’s assume we compile such a data set and we derive a relationship for the sum
of deposit interest plus noninterest expense less noninterest revenue for the bank in
question. Assume that the effective deposit rate is as follows:

Effective deposit rate ¼ 0:10%þ 0:2ðLagged one-period spot rateÞ

We are implicitly assuming that the effective deposit interest at time T ¼ k is the
effective rate at time T ¼ k (which depends on the spot rate at time T ¼ k � 1). We
base this calculation on the one-period spot rates from Chapter 9 (Exhibit 30.1).

Using the effective deposit rate formula above, we calculate the effective deposit
rate at each node of the bushy tree. The rates we derive are shown in Exhibit 30.2.

In order to calculate the dollars of effective interest paid, we need to model
deposit balances. With all of the caveats above still in mind, we derive a deposit
balance equation that has the following terms:

Deposit balance ¼ 1:005ðLagged deposit balanceÞ
� 200ðLagged one-period spot rateÞ

This gives the deposit balances for each node of the bushy tree in Exhibit 30.3,
assuming our time 0 initial balance is $1,000.

The effective dollar amount of deposit interest (which includes noninterest
expense less noninterest income on deposits) is the product of the rates in Exhibit
30.2 and the balances in Exhibit 30.3 for each node of the three. This dollar cash
outflow is shown in Exhibit 30.4 as a positive number, just like interest on a bond.
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EXHIBIT 30.1 Spot Rate Process

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%
S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%
S-3, S-3, S-4 44 3.1757%
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EXHIBIT 30.1 (Continued)

State Row Number 0 1 2 3

S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%

EXHIBIT 30.2 Effective Deposit Rate Paid

State Row Number 0 1 2 3 4

S-1, S-1, S-1 1 0.1601% 0.5331% 1.0278% 1.3221%
S-1, S-1, S-2 2 0.1601% 0.5331% 1.0278% 1.2133%
S-1, S-1, S-3 3 0.1601% 0.5331% 1.0278% 1.1342%
S-1, S-1, S-4 4 0.1601% 0.5331% 1.0278% 1.7075%
S-1, S-2, S-1 5 0.2382% 0.3828% 0.7208%
S-1, S-2, S-2 6 0.2382% 0.3828% 0.6183%
S-1, S-2, S-3 7 0.2382% 0.3828% 0.5058%
S-1, S-2, S-4 8 0.2382% 0.3828% 0.9126%
S-1, S-3, S-1 9 0.3194% 0.6218% 1.1442%
S-1, S-3, S-2 10 0.3194% 0.6218% 0.4957%
S-1, S-3, S-3 11 0.3194% 0.6218% 0.7360%
S-1, S-3, S-4 12 0.3194% 0.6218% 1.2003%
S-1, S-4, S-1 13 0.3722% 1.0836% 1.1850%
S-1, S-4, S-2 14 0.3722% 1.0836% 1.0770%
S-1, S-4, S-3 15 0.3722% 1.0836% 0.9983%
S-1, S-4, S-4 16 0.3722% 1.0836% 1.5679%
S-2, S-1, S-1 17 0.5499% 0.9303%
S-2, S-1, S-2 18 0.5499% 0.2884%
S-2, S-1, S-3 19 0.5499% 0.5263%

(Continued)
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EXHIBIT 30.2 (Continued)

State Row Number 0 1 2 3 4

S-2, S-1, S-4 20 0.5499% 0.9859%
S-2, S-2, S-1 21 0.2197% 0.5407%
S-2, S-2, S-2 22 0.2197% 0.2106%
S-2, S-2, S-3 23 0.2197% 0.2533%
S-2, S-2, S-4 24 0.2197% 0.3401%
S-2, S-3, S-1 25 0.2624% 0.6246%
S-2, S-3, S-2 26 0.2624% 0.0253%
S-2, S-3, S-3 27 0.2624% 0.1519%
S-2, S-3, S-4 28 0.2624% 0.5336%
S-2, S-4, S-1 29 0.3492% 0.4553%
S-2, S-4, S-2 30 0.3492% 0.3541%
S-2, S-4, S-3 31 0.3492% 0.2431%
S-2, S-4, S-4 32 0.3492% 0.6446%
S-3, S-1, S-1 33 0.4843% 0.5561%
S-3, S-1, S-2 34 0.4843% 0.4544%
S-3, S-1, S-3 35 0.4843% 0.3428%
S-3, S-1, S-4 36 0.4843% 0.7463%
S-3, S-2, S-1 37 0.3830% 0.5561%
S-3, S-2, S-2 38 0.3830% 0.4544%
S-3, S-2, S-3 39 0.3830% 0.3428%
S-3, S-2, S-4 40 0.3830% 0.7463%
S-3, S-3, S-1 41 0.2718% 0.8271%
S-3, S-3, S-2 42 0.2718% 0.2219%
S-3, S-3, S-3 43 0.2718% 0.3497%
S-3, S-3, S-4 44 0.2718% 0.7351%
S-3, S-4, S-1 45 0.6739% 1.0014%
S-3, S-4, S-2 46 0.6739% 0.3573%
S-3, S-4, S-3 47 0.6739% 0.5959%
S-3, S-4, S-4 48 0.6739% 1.0572%
S-4, S-1, S-1 49 0.5418% 0.8003%
S-4, S-1, S-2 50 0.5418% 0.1623%
S-4, S-1, S-3 51 0.5418% 0.3987%
S-4, S-1, S-4 52 0.5418% 0.8555%
S-4, S-2, S-1 53 0.4401% 0.6166%
S-4, S-2, S-2 54 0.4401% 0.5146%
S-4, S-2, S-3 55 0.4401% 0.4027%
S-4, S-2, S-4 56 0.4401% 0.8074%
S-4, S-3, S-1 57 0.3286% 0.6166%
S-4, S-3, S-2 58 0.3286% 0.5146%
S-4, S-3, S-3 59 0.3286% 0.4027%
S-4, S-3, S-4 60 0.3286% 0.8074%
S-4, S-4, S-1 61 0.7319% 1.0012%
S-4, S-4, S-2 62 0.7319% 0.5537%
S-4, S-4, S-3 63 0.7319% 0.6450%
S-4, S-4, S-4 64 0.7319% 1.1046%
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EXHIBIT 30.3 Deposit Balance

State
Row

Number 0 1 2 3 4

S-1, S-1, S-1 1 1000 1004.399359 1005.090811 1000.838591 993.6215439
S-1, S-1, S-2 2 1004.399359 1005.090811 1000.838591 994.7093495
S-1, S-1, S-3 3 1004.399359 1005.090811 1000.838591 995.5007146
S-1, S-1, S-4 4 1004.399359 1005.090811 1000.838591 989.7678473
S-1, S-2, S-1 5 1008.039251 1007.287888 1006.116177
S-1, S-2, S-2 6 1008.039251 1007.287888 1007.141678
S-1, S-2, S-3 7 1008.039251 1007.287888 1008.266076
S-1, S-2, S-4 8 1008.039251 1007.287888 1004.19867
S-1, S-3, S-1 9 1007.226895 1004.898457 999.4809481
S-1, S-3, S-2 10 1007.226895 1004.898457 1005.966125
S-1, S-3, S-3 11 1007.226895 1004.898457 1003.563401
S-1, S-3, S-4 12 1007.226895 1004.898457 998.9196377
S-1, S-4, S-1 13 1006.699225 1000.280387 994.431393
S-1, S-4, S-2 14 1006.699225 1000.280387 995.5121719
S-1, S-4, S-3 15 1006.699225 1000.280387 996.2984252
S-1, S-4, S-4 16 1006.699225 1000.280387 990.6025894
S-2, S-1, S-1 17 1008.580276 1005.319685
S-2, S-1, S-2 18 1008.580276 1011.73896
S-2, S-1, S-3 19 1008.580276 1009.360652
S-2, S-1, S-4 20 1008.580276 1004.764079
S-2, S-2, S-1 21 1011.882739 1012.534979
S-2, S-2, S-2 22 1011.882739 1015.835956
S-2, S-2, S-3 23 1011.882739 1015.408698
S-2, S-2, S-4 24 1011.882739 1014.541409
S-2, S-3, S-1 25 1011.455288 1011.266338
S-2, S-3, S-2 26 1011.455288 1017.25936
S-2, S-3, S-3 27 1011.455288 1015.993923
S-2, S-3, S-4 28 1011.455288 1012.176821
S-2, S-4, S-1 29 1010.587609 1012.08771
S-2, S-4, S-2 30 1010.587609 1013.100006
S-2, S-4, S-3 31 1010.587609 1014.209924
S-2, S-4, S-4 32 1010.587609 1010.194894
S-3, S-1, S-1 33 1008.419563 1008.900784
S-3, S-1, S-2 34 1008.419563 1009.918093
S-3, S-1, S-3 35 1008.419563 1011.033508
S-3, S-1, S-4 36 1008.419563 1006.998595
S-3, S-2, S-1 37 1009.433304 1009.919594
S-3, S-2, S-2 38 1009.433304 1010.936903
S-3, S-2, S-3 39 1009.433304 1012.052318
S-3, S-2, S-4 40 1009.433304 1008.017405
S-3, S-3, S-1 41 1010.544807 1008.32672
S-3, S-3, S-2 42 1010.544807 1014.378858
S-3, S-3, S-3 43 1010.544807 1013.100938

(Continued)
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EXHIBIT 30.3 (Continued)

State
Row

Number 0 1 2 3 4

S-3, S-3, S-4 44 1010.544807 1009.246184
S-3, S-4, S-1 45 1006.524045 1002.542593
S-3, S-4, S-2 46 1006.524045 1008.983766
S-3, S-4, S-3 47 1006.524045 1006.597345
S-3, S-4, S-4 48 1006.524045 1001.985091
S-4, S-1, S-1 49 1007.315059 1005.349076
S-4, S-1, S-2 50 1007.315059 1011.72826
S-4, S-1, S-3 51 1007.315059 1009.364806
S-4, S-1, S-4 52 1007.315059 1004.79694
S-4, S-2, S-1 53 1008.331656 1008.207056
S-4, S-2, S-2 54 1008.331656 1009.227375
S-4, S-2, S-3 55 1008.331656 1010.346091
S-4, S-2, S-4 56 1008.331656 1006.299237
S-4, S-3, S-1 57 1009.44629 1009.327263
S-4, S-3, S-2 58 1009.44629 1010.347583
S-4, S-3, S-3 59 1009.44629 1011.466299
S-4, S-3, S-4 60 1009.44629 1007.419444
S-4, S-4, S-1 61 1005.414202 1001.42911
S-4, S-4, S-2 62 1005.414202 1005.904074
S-4, S-4, S-3 63 1005.414202 1004.990898
S-4, S-4, S-4 64 1005.414202 1000.39531

EXHIBIT 30.4 Dollars of Effective Deposit Interest Paid

State Row Number 0 1 2 3 4

S-1, S-1, S-1 1 0 1.607682952 5.357681289 10.28629259 13.13690932
S-1, S-1, S-2 2 1.607682952 5.357681289 10.28629259 12.06924105
S-1, S-1, S-3 3 1.607682952 5.357681289 10.28629259 11.2910385
S-1, S-1, S-4 4 1.607682952 5.357681289 10.28629259 16.90022365
S-1, S-2, S-1 5 2.401254888 3.856278353 7.252236034
S-1, S-2, S-2 6 2.401254888 3.856278353 6.226803129
S-1, S-2, S-3 7 2.401254888 3.856278353 5.100063266
S-1, S-2, S-4 8 2.401254888 3.856278353 9.163972455
S-1, S-3, S-1 9 3.217546831 6.248265922 11.43606209
S-1, S-3, S-2 10 3.217546831 6.248265922 4.986396862
S-1, S-3, S-3 11 3.217546831 6.248265922 7.385773262
S-1, S-3, S-4 12 3.217546831 6.248265922 11.99034362
S-1, S-4, S-1 13 3.747066285 10.83891692 11.78440529
S-1, S-4, S-2 14 3.747066285 10.83891692 10.72128438
S-1, S-4, S-3 15 3.747066285 10.83891692 9.946409118
S-1, S-4, S-4 16 3.747066285 10.83891692 15.53185521
S-2, S-1, S-1 17 5.546356067 9.352983719
S-2, S-1, S-2 18 5.546356067 2.91807482
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EXHIBIT 30.4 (Continued)

State Row Number 0 1 2 3 4

S-2, S-1, S-3 19 5.546356067 5.311785732
S-2, S-1, S-4 20 5.546356067 9.906068025
S-2, S-2, S-1 21 2.222811019 5.474953142
S-2, S-2, S-2 22 2.222811019 2.139550082
S-2, S-2, S-3 23 2.222811019 2.572492288
S-2, S-2, S-4 24 2.222811019 3.450195764
S-2, S-3, S-1 25 2.654219501 6.316598889
S-2, S-3, S-2 26 2.654219501 0.257574701
S-2, S-3, S-3 27 2.654219501 1.542930847
S-2, S-3, S-4 28 2.654219501 5.400716108
S-2, S-4, S-1 29 3.528808672 4.607870266
S-2, S-4, S-2 30 3.528808672 3.586922162
S-2, S-4, S-3 31 3.528808672 2.465161455
S-2, S-4, S-4 32 3.528808672 6.511365296
S-3, S-1, S-1 33 4.884246203 5.610372958
S-3, S-1, S-2 34 4.884246203 4.588631364
S-3, S-1, S-3 35 4.884246203 3.465977256
S-3, S-1, S-4 36 4.884246203 7.515297078
S-3, S-2, S-1 37 3.865852116 5.616038434
S-3, S-2, S-2 38 3.865852116 4.593260396
S-3, S-2, S-3 39 3.865852116 3.469469892
S-3, S-2, S-4 40 3.865852116 7.522900523
S-3, S-3, S-1 41 2.746884995 8.339680704
S-3, S-3, S-2 42 2.746884995 2.250575495
S-3, S-3, S-3 43 2.746884995 3.542401908
S-3, S-3, S-4 44 2.746884995 7.419319643
S-3, S-4, S-1 45 6.782949956 10.03953363
S-3, S-4, S-2 46 6.782949956 3.604997158
S-3, S-4, S-3 47 6.782949956 5.99863577
S-3, S-4, S-4 48 6.782949956 10.59255922
S-4, S-1, S-1 49 5.457292121 8.045364743
S-4, S-1, S-2 50 5.457292121 1.642413629
S-4, S-1, S-3 51 5.457292121 4.024164678
S-4, S-1, S-4 52 5.457292121 8.595731266
S-4, S-2, S-1 53 4.437733033 6.216865446
S-4, S-2, S-2 54 4.437733033 5.193422523
S-4, S-2, S-3 55 4.437733033 4.068888916
S-4, S-2, S-4 56 4.437733033 8.124937832
S-4, S-3, S-1 57 3.317475236 6.223772934
S-4, S-3, S-2 58 3.317475236 5.199187042
S-4, S-3, S-3 59 3.317475236 4.07340024
S-4, S-3, S-4 60 3.317475236 8.133982473
S-4, S-4, S-1 61 7.35814311 10.026471
S-4, S-4, S-2 62 7.35814311 5.569890521
S-4, S-4, S-3 63 7.35814311 6.482568131
S-4, S-4, S-4 64 7.35814311 11.0503297
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The last step in the cash flow calculation is to calculate the change in deposit
balances. An increase in deposit balances is a negative number because that repre-
sents cash in. A decrease in deposit balances is shown as a positive number, because
we are trying to value the cost of the deposit franchise and a reduction in balances is a
reduction in principal, like a principal payment on a bond. Exhibit 30.5 shows the
net cash outflow on the deposit franchise at each node of the tree, with the additional

EXHIBIT 30.5 Change in Deposit Balance (Net Cash Outflow)

State
Row

Number 0 1 2 3 4

S-1, S-1, S-1 1 0 �4.399358842 �0.691452301 4.252219768 993.6215439
S-1, S-1, S-2 2 �4.399358842 �0.691452301 4.252219768 994.7093495
S-1, S-1, S-3 3 �4.399358842 �0.691452301 4.252219768 995.5007146
S-1, S-1, S-4 4 �4.399358842 �0.691452301 4.252219768 989.7678473
S-1, S-2, S-1 5 �3.639892243 �2.197076488 1006.116177
S-1, S-2, S-2 6 �3.639892243 �2.197076488 1007.141678
S-1, S-2, S-3 7 �3.639892243 �2.197076488 1008.266076
S-1, S-2, S-4 8 �3.639892243 �2.197076488 1004.19867
S-1, S-3, S-1 9 �2.827535996 0.1923542 999.4809481
S-1, S-3, S-2 10 �2.827535996 0.1923542 1005.966125
S-1, S-3, S-3 11 �2.827535996 0.1923542 1003.563401
S-1, S-3, S-4 12 �2.827535996 0.1923542 998.9196377
S-1, S-4, S-1 13 �2.2998659 4.810424629 994.431393
S-1, S-4, S-2 14 �2.2998659 4.810424629 995.5121719
S-1, S-4, S-3 15 �2.2998659 4.810424629 996.2984252
S-1, S-4, S-4 16 �2.2998659 4.810424629 990.6025894
S-2, S-1, S-1 17 �0.541024597 1005.319685
S-2, S-1, S-2 18 �0.541024597 1011.73896
S-2, S-1, S-3 19 �0.541024597 1009.360652
S-2, S-1, S-4 20 �0.541024597 1004.764079
S-2, S-2, S-1 21 �3.843488146 1012.534979
S-2, S-2, S-2 22 �3.843488146 1015.835956
S-2, S-2, S-3 23 �3.843488146 1015.408698
S-2, S-2, S-4 24 �3.843488146 1014.541409
S-2, S-3, S-1 25 �3.416037252 1011.266338
S-2, S-3, S-2 26 �3.416037252 1017.25936
S-2, S-3, S-3 27 �3.416037252 1015.993923
S-2, S-3, S-4 28 �3.416037252 1012.176821
S-2, S-4, S-1 29 �2.548357804 1012.08771
S-2, S-4, S-2 30 �2.548357804 1013.100006
S-2, S-4, S-3 31 �2.548357804 1014.209924
S-2, S-4, S-4 32 �2.548357804 1010.194894
S-3, S-1, S-1 33 �1.192668141 1008.900784
S-3, S-1, S-2 34 �1.192668141 1009.918093
S-3, S-1, S-3 35 �1.192668141 1011.033508
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assumption that we terminate our valuation as of time T ¼ 4 by having all deposits
“mature” or run off.

The total cash outflow on the deposit franchise is the sum of the effective interest
paid in Exhibit 30.4 and the net cash outflow on the deposit franchise shown in
Exhibit 30.5. We add these numbers at each node of the bushy tree to get the cash
flow cost of the deposit franchise at each node of the bushy tree. We drop those
numbers into the cash flow table in Exhibit 30.6 and derive the risk-neutral value
(cost) of this nonmaturity deposit franchise with an initial balance of $1,000. That
value is $946.7281.

In a rational world, a bank would be willing to pay up to $1,000 � 946.7281
¼ 53.2719 to buy this deposit franchise, a premium of 5.32719 percent above par
value of the deposits.

EXHIBIT 30.5 (Continued)

State
Row

Number 0 1 2 3 4

S-3, S-1, S-4 36 �1.192668141 1006.998595
S-3, S-2, S-1 37 �2.206409321 1009.919594
S-3, S-2, S-2 38 �2.206409321 1010.936903
S-3, S-2, S-3 39 �2.206409321 1012.052318
S-3, S-2, S-4 40 �2.206409321 1008.017405
S-3, S-3, S-1 41 �3.317912606 1008.32672
S-3, S-3, S-2 42 �3.317912606 1014.378858
S-3, S-3, S-3 43 �3.317912606 1013.100938
S-3, S-3, S-4 44 �3.317912606 1009.246184
S-3, S-4, S-1 45 0.702850045 1002.542593
S-3, S-4, S-2 46 0.702850045 1008.983766
S-3, S-4, S-3 47 0.702850045 1006.597345
S-3, S-4, S-4 48 0.702850045 1001.985091
S-4, S-1, S-1 49 �0.615834518 1005.349076
S-4, S-1, S-2 50 �0.615834518 1011.72826
S-4, S-1, S-3 51 �0.615834518 1009.364806
S-4, S-1, S-4 52 �0.615834518 1004.79694
S-4, S-2, S-1 53 �1.632431249 1008.207056
S-4, S-2, S-2 54 �1.632431249 1009.227375
S-4, S-2, S-3 55 �1.632431249 1010.346091
S-4, S-2, S-4 56 �1.632431249 1006.299237
S-4, S-3, S-1 57 �2.747065465 1009.327263
S-4, S-3, S-2 58 �2.747065465 1010.347583
S-4, S-3, S-3 59 �2.747065465 1011.466299
S-4, S-3, S-4 60 �2.747065465 1007.419444
S-4, S-4, S-1 61 1.285023047 1001.42911
S-4, S-4, S-2 62 1.285023047 1005.904074
S-4, S-4, S-3 63 1.285023047 1004.990898
S-4, S-4, S-4 64 1.285023047 1000.39531
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EXHIBIT 30.6 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 �2.7917 4.6662 14.5385 1,006.7585
2 �2.7917 4.6662 14.5385 1,006.7786
3 �2.7917 4.6662 14.5385 1,006.7918
4 �2.7917 4.6662 14.5385 1,006.6681
5 �1.2386 1.6592 1,013.3684
6 �1.2386 1.6592 1,013.3685
7 �1.2386 1.6592 1,013.3661
8 �1.2386 1.6592 1,013.3626
9 0.3900 6.4406 1,010.9170
10 0.3900 6.4406 1,010.9525
11 0.3900 6.4406 1,010.9492
12 0.3900 6.4406 1,010.9100
13 1.4472 15.6493 1,006.2158
14 1.4472 15.6493 1,006.2335
15 1.4472 15.6493 1,006.2448
16 1.4472 15.6493 1,006.1344
17 5.0053 1,014.6727
18 5.0053 1,014.6570
19 5.0053 1,014.6724
20 5.0053 1,014.6701
21 �1.6207 1,018.0099
22 �1.6207 1,017.9755
23 �1.6207 1,017.9812
24 �1.6207 1,017.9916
25 �0.7618 1,017.5829
26 �0.7618 1,017.5169
27 �0.7618 1,017.5369
28 �0.7618 1,017.5775
29 0.9805 1,016.6956
30 0.9805 1,016.6869
31 0.9805 1,016.6751
32 0.9805 1,016.7063
33 3.6916 1,014.5112
34 3.6916 1,014.5067
35 3.6916 1,014.4995
36 3.6916 1,014.5139
37 1.6594 1,015.5356
38 1.6594 1,015.5302
39 1.6594 1,015.5218
40 1.6594 1,015.5403
41 �0.5710 1,016.6664
42 �0.5710 1,016.6294
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This example shows that there is nothing mysterious or different about the
valuation (and by extension, hedging) of nonmaturity deposits. Using the standard
HJM methodology like our example of Chapter 9, we populate the bushy tree with
the appropriate cash flows and valuation follows directly. The same process gives us
information for market risk (value at risk) and liquidity risk (cash flow at risk) from
the nonmaturity deposit franchise. This is the power of the HJM framework in
action. Results are both more accurate and simpler to derive than the purely math-
ematical approaches we cited earlier in the chapter, which rely on one-factor term
structure models.

THE IMPACT OF BANK CREDIT RISK ON DEPOSIT
RATES AND BALANCES

We learned one more time in the 2006–2011 credit crisis that deposit insurance does
not mean deposits will not run off if the bank has credit problems. Northern Rock
PLC was seized by the Bank of England early in 2008 even after the Bank of England

EXHIBIT 30.6 (Continued)

Current Time

Row Number 0 1 2 3 4

43 �0.5710 1,016.6433
44 �0.5710 1,016.6655
45 7.4858 1,012.5821
46 7.4858 1,012.5888
47 7.4858 1,012.5960
48 7.4858 1,012.5777
49 4.8415 1,013.3944
50 4.8415 1,013.3707
51 4.8415 1,013.3890
52 4.8415 1,013.3927
53 2.8053 1,014.4239
54 2.8053 1,014.4208
55 2.8053 1,014.4150
56 2.8053 1,014.4242
57 0.5704 1,015.5510
58 0.5704 1,015.5468
59 0.5704 1,015.5397
60 0.5704 1,015.5534
61 8.6432 1,011.4556
62 8.6432 1,011.4740
63 8.6432 1,011.4735
64 8.6432 1,011.4456

Risk-Neutral Value 5 946.7281
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declared its full support for Northern Rock late in 2007. Similarly, as we discuss in
detail in Chapter 37, the U.S. Federal Reserve lent more than $1 trillion to both U.S.
and international financial institutions in the 2008–2009 period, even though almost
all of them were beneficiaries of U.S. government deposit insurance. Exhibit 30.7,
provided by Kamakura Corporation, shows that Wachovia Bank was forced to
borrow $29 billion on October 6, 2008, from the Federal Reserve and that it
increased borrowings to $36 billion on October 8 because its liquid asset holdings
were insufficient to fully pay off deposits withdrawn by depositors of all types.

How do we take the impact of the bank’s own risk into account in the analysis
above? We make that modification in this section. In a sense, nonmaturity deposits
have an embedded put option or credit default swap that is triggered when a bank’s
risk hits a high enough level. In our example above, we are assuming that all
deposits run off at time T ¼ 4. If we incorporate credit risk, it will affect deposit
rates and balances at times 1, 2, or 3. One sample modification is to say the fol-
lowing: the deposit balance will follow the equation above except when the bank’s
one-period funding cost (the spot rate, not the deposit rate) is 4.00 percent or
higher. In this circumstance, it is assumed that 70 percent of the bank’s deposits
run off immediately. This happens at 8 of the 64 nodes at time T ¼ 3, as seen in
Exhibit 30.8.

The risk-neutral cost of the nonmaturity deposit franchise rises slightly to
$948.2673, because the effective maturity of the nonmaturity deposits is shortened.
While the impact on value is relatively small in this example, the impact on cash flow
at risk at time T ¼ 3 is very, very large. In Chapters 36 through 41, we will analyze
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EXHIBIT 30.7 Wachovia Bank NA, Primary, Secondary, and Other Extensions of Credit by
the Federal Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 30.8 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 �2.7917 4.6662 706.6626 294.6586
2 �2.7917 4.6662 706.6626 295.4432
3 �2.7917 4.6662 706.6626 296.0126
4 �2.7917 4.6662 706.6626 291.8598
5 �1.2386 1.6592 1,013.3684
6 �1.2386 1.6592 1,013.3685
7 �1.2386 1.6592 1,013.3661
8 �1.2386 1.6592 1,013.3626
9 0.3900 6.4406 1,010.9170
10 0.3900 6.4406 1,010.9525
11 0.3900 6.4406 1,010.9492
12 0.3900 6.4406 1,010.9100
13 1.4472 706.8309 295.6470
14 1.4472 706.8309 296.4236
15 1.4472 706.8309 296.9871
16 1.4472 706.8309 292.8769
17 5.0053 1,014.6727
18 5.0053 1,014.6570
19 5.0053 1,014.6724
20 5.0053 1,014.6701
21 �1.6207 1,018.0099
22 �1.6207 1,017.9755
23 �1.6207 1,017.9812
24 �1.6207 1,017.9916
25 �0.7618 1,017.5829
26 �0.7618 1,017.5169
27 �0.7618 1,017.5369
28 �0.7618 1,017.5775
29 0.9805 1,016.6956
30 0.9805 1,016.6869
31 0.9805 1,016.6751
32 0.9805 1,016.7063
33 3.6916 1,014.5112
34 3.6916 1,014.5067
35 3.6916 1,014.4995
36 3.6916 1,014.5139
37 1.6594 1,015.5356
38 1.6594 1,015.5302
39 1.6594 1,015.5218
40 1.6594 1,015.5403
41 �0.5710 1,016.6664
42 �0.5710 1,016.6294
43 �0.5710 1,016.6433

(Continued)
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the impact of deposit outflows on the bankruptcy risk of the organization in much
more detail.

CASE STUDY: GERMAN THREE-MONTH NOTICE SAVINGS DEPOSITS3

In this section, we use the Kamakura Risk Manager enterprise-wide risk management
system to value and analyze the interest rate sensitivity of three-month notice savings
deposits in Germany. Instead of the three-factor HJM model we have illustrated
earlier, we use a one-factor model consistent with the papers by Janosi and colleagues
(1999) and Jarrow and van Deventer (1996, 1998). This data set is of interest
because it is perhaps the longest deposit history available. There are 469 monthly
observations on the deposit balance data running from December 1959 to December
1998. There are 361 monthly observations on the deposit rate running from June
1967 to February 1999. Note that these figures are national deposit figures, rather
than the numbers for a particular bank. As such, they dramatically understate the
risk of deposit outflows. With this caveat, we proceed.

The valuation yield curve derived in Kamakura Risk Manager was based on
April 28, 1999, interest rates in Germany, including 1-month, 3-month, 6-month,

EXHIBIT 30.8 (Continued)

Current Time

Row Number 0 1 2 3 4

44 �0.5710 1,016.6655
45 7.4858 1,012.5821
46 7.4858 1,012.5888
47 7.4858 1,012.5960
48 7.4858 1,012.5777
49 4.8415 1,013.3944
50 4.8415 1,013.3707
51 4.8415 1,013.3890
52 4.8415 1,013.3927
53 2.8053 1,014.4239
54 2.8053 1,014.4208
55 2.8053 1,014.4150
56 2.8053 1,014.4242
57 0.5704 1,015.5510
58 0.5704 1,015.5468
59 0.5704 1,015.5397
60 0.5704 1,015.5534
61 8.6432 1,011.4556
62 8.6432 1,011.4740
63 8.6432 1,011.4735
64 8.6432 1,011.4456

Risk-Neutral Value 5 948.2673
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9-month, and 12-month money market rates and 2-year, 3-year, 5-year, 7-year,
10-year, 15-year, 20-year, and 30-year Deutsche Mark interest rate swap rates. The
maximum smoothness forward rate smoothing technique of Chapter 5 was selected
for yield curve smoothing. The speed of mean reversion α was set at 0.01 and the
interest rate volatility σ in the extended Vasicek model was set at 0.008.

Kamakura Risk Manager was used to fit the deposit interest rate regression of
the Jarrow and van Deventer (1998) model to the deposit rate history. The regression
explains deposit rate variation as a function of the lagged deposit rate, a constant,
and short-term interest rates in Germany. The resulting relationship explains 98.76
percent in monthly variation of the three-month notice savings deposit rate, and the
relationship realistically says, all other things being equal, that a 100 basis point
move in short-term open market rates in Germany leads to a two basis point move in
the same month in the deposit rate. Of course, the long-term equilibrium level of the
deposit rate is much higher than this because of the impact of the lagged deposit rate.

The deposit balance relationship was also fitted in Kamakura Risk Manager using
linear regression. The relationship explains 99.97 percent of the variation in deposit
balances and shows quite clearly that (all other things being equal) a rise in money
market rates in Germany lowers savings deposit balances—disintermediation takes
place as has been found in many countries.

This excellent fit comes in spite of the impact of the unification with East Ger-
many during the life of the data set, which caused a jump in deposit balances.

Using representative assumptions on long-term deposit balance levels, three-
month notice deposits in Germany were found to have a present value cost of about
67 percent of their nominal amount and a negative duration of 2.29 years. This
means that, all other things being equal, when interest rates rise, the present value
cost of the deposits actually declines because of the reduction in balances that comes
about as noted above. This is identical to the experience of the U.S. savings and loan
industry during its high interest rate crisis in the late 1970s and 1980s.

Negative duration was also found for parallel shifts in the German yield curve,
much the same as found by Chase Manhattan Bank in its own analysis of the
effective interest rate sensitivity of nonmaturity deposits in the United States in the
1980s and 1990s.4

THE REGULATORS’ VIEW

The regulatory agencies around the world clearly have a strong interest in valuation
of nonmaturity deposits. James O’Brien (2000) of the Board of Governors of the
Federal Reserve takes a Monte Carlo simulation approach to the valuation of
nonmaturity deposits with a strong similarity to the Jarrow and van Deventer
model. The National Credit Union Administration of the United States in December
2001 commissioned a study of nonmaturity deposit evaluation techniques by
National Economic Research Associates, with David Ellis and James Jordan (2001)
as lead authors. We urge readers with a strong interest in this topic to review both
papers in detail.5
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CONCLUSION

The default probability of the financial institution offering nonmaturity deposits to
consumers is a critical determinant of nonmaturity deposit balances and rates. This in
turn has a big impact on the valuation and risk of both the firm as a whole and
nonmaturity deposits in particular. We revisit these issues in great detail in Chapters
36 through 41.

NOTES

1. For more on both deposit and charge card valuation, see Jarrow and van Deventer (1996,
1998) and Janosi, Jarrow, and Zullo (1999).

2. The average premium paid by purchasers of failed bank deposit franchises was 2.32
percent in 1,225 auctions run through October 28, 1994, by the Resolution Trust Cor-
poration in the United States. The highest premium paid was 25.33 percent. Most of the
deposits auctioned (more than 70 percent on average) were time deposits, which would be
expected to have very low premiums.

3. The authors would like to thank Robert Fiedler, formerly of Deutsche Bank, and Karin
Gradischnig of Reuters for helpful comments on this section.

4. Private conversation with Dr. Robert Selvaggio, formerly of Chase Manhattan Bank.
5. The O’Brien (2000) paper is available at this link: www.federalreserve.gov/pubs/feds/2000/

200053/200053pap.pdf. The Ellis and Jordan (2001) paper is available at the website of
the NCUA: http://www.ncua.gov/resources/documents/alm/almnmdeposits.pdf.
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CHAPTER 31
Foreign Exchange Markets

In this chapter, we continue to progress toward our integrated measure of interest
rate risk, market risk, liquidity risk, and credit risk using the Jarrow-Merton put

option concept from Chapter 1. A high percentage of smaller financial institutions
have the luxury of financial assets and liabilities that are almost all denominated in a
single currency. In fact, due in part to the advent of the euro, the percentage of
financial institutions in this situation is rising. Nonetheless, for most of the largest
financial institutions, foreign currency risk is a critical element of total risk. As van
Deventer and Imai (2003) showed with respect to the Korean Development Bank and
many other issuers, credit risk and foreign exchange rates of the home country can
move very strongly together.

The Heath, Jarrow, and Morton (HJM) term structure model approach of
Chapters 6 through 9 again provides a sound foundation with which to approach
foreign currency denominated securities and derivatives. This chapter is heavily
based on the HJM approach to foreign exchange (FX) options valuation of Amin
and Jarrow (1991) and their paper, “Pricing Foreign Currency Options under Sto-
chastic Interest Rates.” The variety of FX-related securities is great, but we will limit
ourselves to an introductory view of the HJM approach’s implications for FX
analysis. In this chapter, we concentrate solely on foreign exchange forward con-
tracts and European options on the spot foreign exchange rate. Foreign exchange
futures contracts and options on FX futures involve a combination of the techniques
in this chapter and those in Chapters 22 and 23, but we leave such analysis as
advanced exercises for interested readers.1

The realism of the HJM term structure model framework is essential for
modeling of foreign currency derivatives in order to minimize the model error
inherent in the legacy versions of FX options formulas, which assumed that interest
rates in both countries are constant.

SETTING THE STAGE: ASSUMPTIONS FOR THE DOMESTIC
AND FOREIGN ECONOMIES

Initially, we adopt the assumptions of Amin and Jarrow (1991). Later in the chapter,
we discuss how the three-factor HJM model from Chapter 9 can be used in a way
consistent with the Amin and Jarrow approach.
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Amin and Jarrow base their model, without loss of generality, on four indepen-
dent standard Brownian motions, which are commonly used in the HJM framework
and in the legacy term structure models reviewed in Chapter 13. Amin and Jarrow
assume that interest rates in both countries 1 and 2 are driven by a two-factor interest
rate model like the model of Chapter 8. They assume that interest rates are driven in
country 1 by risk factors 1 and 2. They assume that interest rates in country 2 are
driven by risk factors 2 and 3. The presence of risk factor 2 as a driver of interest rates
in both countries means that we can model correlated interest rate movements in this
framework, whether that correlation is positive or negative. In both countries 1 and 2,
HJM no-arbitrage conditions are imposed and the resulting random evolution of
interest rates in each country is similar to the modeling in Chapter 8. The authors note
that “the analysis is easily generalized to a finite number of independent Brownian
motions with any subset common across the two term structures” (Amin and Jarrow,
1991, 313). This is consistent with our findings in Chapter 3 that 5 to 10 risk factors
drive interest rate movements.

The link between the two countries is the spot exchange rate. Amin and Jarrow
assume that all three of the risk factors introduced so far are allowed to impact the
spot exchange rate, allowing for correlation with the interest rate risk factors in
both countries. To these three factors, they add a fourth independent risk factor,
which drives the spot exchange rate but not interest rates in either country. Amin
and Jarrow note that, since there are four sources of risks in this economy, in
general it will require four unique assets to hedge total risk. With the addition
of three assumptions (concerning complete markets, existence of a unique asset-
specific martingale measure, and independence of the market prices of risk for the
four risk factors), the authors derive no arbitrage conditions, showing that the result
is consistent with the HJM conditions imposed on one country as in Chapters 6
through 9.

This framework allows the valuation of any European or American-style con-
tingent claim in this two-country economy. The authors illustrate valuation techni-
ques in the special case where the volatilities of the risk factors are nonstochastic,
deterministic functions of time (like our interest rate assumptions of Chapter 6 for the
one-factor HJM interest rate model). They go on to derive closed form solutions for
options on the spot exchange rate, the pricing of forwards and futures, and the
pricing of options on forwards and futures.

FOREIGN EXCHANGE FORWARDS

The pricing of foreign exchange forwards can be set by an arbitrage argument that
doesn’t rely on any of the assumptions above. Let’s assume it’s time t and the
observable forward price of country 2 currency at time T is a function of the spot rate
S and interest rates in the two countries is H(t,T,S). Let’s assume we want to invest,
from the perspective of our position in country 1, in country 2 currency for T years
and maximize our currency 2 holdings at time T. We define P1 ¼ P1(t,T) as the T
maturity country 1 zero-coupon bond and P2 ¼ P2(t,T) as the country 2 T maturity
zero-coupon bond. Assume that country 1 is the U.S. and country 2 is Japan. S andH
both represent the dollar cost of one yen. There are two investment strategies:
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Strategy 1

1. Borrow P1 dollars, which will become $1 at time T.
2. Sell $1 forward at current time t for yen deliverable at time T, which will gen-

erate yen proceeds of 1/H

Strategy 2

1. Borrow P1 dollars.
2. At current time t, convert the dollars to P1/S yen at the spot exchange rate S.
3. Invest P1/S yen in a zero-coupon yen bond maturing at time T, resulting in time

T yen proceeds of P1/(SP2).

To avoid arbitrage, the results of these two strategies must be equal, so the
forward rate H must equal:

Hðt, T, SÞ ¼ SP2

P1

This well-known expression makes it clear that the forward rate depends on all
of the risk factors that determine domestic interest rates, foreign interest rates, and
the spot foreign exchange rate. With this as background, we turn to numerical val-
uation of foreign currency derivatives in the HJM framework.

NUMERICAL METHODS FOR VALUATION OF
FOREIGN CURRENCY DERIVATIVES

Jarrow and Turnbull (1996, Chapter 11) discuss the construction of a lattice to
model movements of the spot foreign exchange rate in the special case where (1) the
spot foreign exchange rate is lognormally distributed and (2) interest rates are con-
stant. In the Amin and Jarrow example, four risk factors drive interest rates in both
countries (two factors each, with one factor affecting both countries) and the spot
exchange rate. In Chapter 9, we showed how to construct a bushy tree for interest
rates in one country when there are three random factors. Using these insights, how
should we value foreign currency derivatives? The elegant mathematics in Amin and
Jarrow, even using a restricted number of interest rate factors, is complex. At the
same time, the assumptions are too severe to be realistic. This leaves numerical
methods as the only realistic alternative for valuation. As in Chapters 6 through 9,
the two principal tools to use are Monte Carlo simulation and bushy trees.

To do Monte Carlo simulation with the Amin and Jarrow assumptions, we
would simulate the movements of the four risk factors at M points in time and over
N scenarios. At each point in time for each scenario, the Amin and Jarrow/HJM
no-arbitrage restrictions give us the complete term structure of interest rates (as we
derived in Chapter 8) from the two factors affecting each country plus a no-arbitrage
simulated value of the spot rate. From the expression for H above, we would also
have a complete term structure of forward foreign exchange rates. For most of the
securities we have studied in Chapters 19 through 30, we can determine the cash
flows in the base currency at each point in time. We discount at the correct HJM
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discount factor (using the value of the money market fund equal to the compounded
investment in the spot rate from time 0 onward) to get valuation.

What about the three-factor HJM example of Chapter 9? How would we use
that in a foreign exchange context? Let’s assume that there are three factors driving
interest rates in country 1, three other (nonoverlapping) factors driving interest rates
in country 2, and one unique factor driving the spot rate. In this special case, it is easy
to describe the augmented bushy tree that would result. As in Chapter 9, at time step
1, we would have four nodes on the tree for country 1 interest rates with a complete
term structure of interest rates at each node. We would have four independent nodes
at time step 1 for country 2 as well. For the value of the spot rate, the random
variation of the spot rate is driven by only one factor and the drift term is constrained
by the no-arbitrage conditions in Amin and Jarrow. We can model the spot rate
movements with an up shift and a down shift, properly constrained by no-arbitrage
restrictions. Therefore, at time step 1 we will have two values for the spot rate, four
country 1 term structures, and four country 2 term structures. From the expression
for forward rates H given previously, this means that there are 2 3 4 3 4 ¼ 32 term
structures of forward foreign exchange rates at time step 1.

What about time step 2? Let’s assume that the volatility assumptions for the spot
rate are such that a bushy tree results (i.e., the lattice does not recombine). At time
step 2, then, we have four values for the spot rate, 16 nodes or term structures for
country 1, and 16 term structures for country 2. This means that at time step 2 there
will be 4 3 16 3 16 ¼ 1,024 term structures for forward foreign exchange rates. At
time step 3, there will be 8 3 64 3 64 ¼ 32,768 term structures for forward rates.
While this means that a lot of numbers will get thrown around, this is what com-
puters are for: they do what they are told. In the world of 64-bit operating systems, it
is a routine task.

What happens when one or more of the three factors in country 1 and 3 factors
in country 2 are shared? And what if some of these factors affect the spot rate? This
will affect the construction of the bushy tree (just as it impacts the results of a Monte
Carlo simulation), but the result is still completely consistent with the no-arbitrage
restrictions of Amin and Jarrow/HJM.

Before closing the chapter, we finish with a brief review of the results from a one-
factor term structure model.

LEGACY APPROACHES TO FOREIGN EXCHANGE OPTIONS VALUATION

Hilliard, Madura, and Tucker (HMT) (1991) assume that bond prices in country 1
and country 2 follow the one-factor Vasicek stochastic process and that the spot rate
follows a lognormal process with the form given in the previous section.

Model Risk Alert

We include the HMT results here for expository purposes, but the one-factor Vasicek
model is not accurate enough to meet best practice standards.

Prior to Amin and Jarrow (1991), the most popular model of foreign ex-
change options had been the Garman and Kohlhagen (1983) model, a variation
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on the Black-Scholes model that assumes that the interest rates in country 1 and
country 2 are constant at levels r1 and r2. Garman and Kohlhagen show that the
value of a European call option maturing at time T from the perspective of time t to
purchase one unit of country 2’s currency at a strike price of K is

Vðt, T, S, r1, r2Þ ¼ Se�r2τNðhÞ � Ke�r1τNðh� σs
ffiffiffi
τ

p Þ

where

τ ¼ T � t

and

h ¼
ln S

K

� 	þ τ r1 � r2 þ σ2s
2

h i
σs
ffiffiffi
τ

p

When interest rates change, the volatility used in the option calculation must
change. Interest rates in both countries and their instantaneous correlation with the
spot rate have an impact on the variance in the price of forward foreign exchange for
delivery at time T. HMT show that the value of the call option under the stochastic
interest rate case is

Vðt, T, S, r1, r2, KÞ ¼ P1ðr1, t, TÞ½Hðt, T, S, r1, r2ÞNðh*Þ � KNðh*� vhÞ�
¼ SP2ðr2, t, TÞNðh*Þ � P1ðr1, t, TÞKNðh*� vhÞ

where

h* ¼
ln Hðt, T, S, r1, r2Þ

K

� �
þ 1

2 v
2
h

vh

and vh is the variance of the price of the forward foreign exchange rate H at time T
from the perspective of time t.

Using our standard notation for each country for the volatility of interest rates in
each country as of time T from the perspective of time t:

v2i ðt, TÞ ¼
σ2i
2αi

½1� e�2αiτ�

and

Fi ¼ 1

αi
½1� e�αiτ�

allows us to write vh as in HMT as

v2h ¼ σ2s τþM2 þM5 þ 2ðρs1σsM1 � ρs2σsM4 � ρ12M3Þ
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where HMT use the notation

M1 ¼ σ1
α1
½τ� F1�

M2 ¼ σ21
α2
1

½τ-2F1� þ v21
α2
1

M3 ¼ σ1σ2
α1α2

τ� F1 � F2 þ 1

α1 þ α2

�
1� e�ðα1þα2Þτ

�2
4

3
5

M4 ¼ σ2
α2
½τ� F2�

M5 ¼ σ22
α2
2

½τ� 2F2� þ v22
α2
2

IMPLICATIONS OF A TERM STRUCTURE MODEL-BASED
FX OPTIONS FORMULA

In an environment where the correlation between risk exposures, as popularized by
the value-at-risk (VaR) approach we discuss in later chapters, is a very high priority,
the HJM term structure model approach to FX option valuation provides an
immense improvement over the constant interest rate–based Garman-Kohlhagen
approach:

n Correlation between country 1 interest rates, country 2 interest rates, and the
spot rate are explicitly recognized.

n The option valuation can be stress tested for changes in any risk factor and any
parameter in the Amin and Jarrow/HJM framework.

n The Amin and Jarrow formulation explicitly recognizes that the volatility of the
spot rate at time T, the option exercise date, is directly affected by the volatility
of all risk factors driving interest rates in the two countries. The more traditional
approach ignores this source of volatility.

n Interest rate–related hedges stemming from FX options and forward positions
can be done using the general HJM approach. The number of hedging instru-
ments has to equal the number of risk factors for a “perfect hedge” (which comes
about only when the model is true). We discuss this in more detail in later
chapters, in a way fully consistent with all other fixed income and interest rate
derivative hedging. Hedges using maturities other than the maturity of the FX
option can be calculated and put into place. Like its relative the Black-Scholes
model, the Garman-Kohlhagen model’s fixed interest rate assumption makes this
impossible without some additional (and contradictory) assumptions.

All of these benefits are powerful ones, and they come with an ease of use far
superior to complex but inaccurate closed form solutions.
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THE IMPACT OF CREDIT RISK ON FOREIGN EXCHANGE
RISK FORMULAS

The HMT FX option formula in this chapter, like the Garman-Kohlhagen model,
implicitly assumes that our options counterparty is riskless. As JPMorgan Chase
discovered in 1998 in a $500 million FX dispute with SK Securities of Korea, it is
much more likely that the default probability of the counterparty rises sharply as the
amount of money owed on the FX position increases.2 For this reason it is very
important for FX rates to be explicitly modeled as drivers of default probabilities so
that the default probabilities of all international counterparties will vary properly as
exchange rates move.

A failure to incorporate this critical link with credit risk will result in a sub-
stantial understatement of total risk and of the correlation between the default
probabilities in broad classes of borrowers.

We return to this point in Chapters 36 through 41 frequently as we value the
Jarrow-Merton put option as a comprehensive measure of total risk—interest rate
risk, market risk, liquidity risk, credit risk, and foreign exchange risk.

NOTES

1. For an excellent reference on this topic, see Chapter 11 in Jarrow and Turnbull (1996).
2. See van Deventer and Imai (2003) for a discussion of this incident.
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CHAPTER 32
Impact of Collateral on Valuation Models

The Example of Home Prices in the Credit Crisis

The 2006–2011 credit crisis has reemphasized what careful bankers have known
for decades—collateral can have a significant impact on mitigating the credit risk

of a particular loan structure. Lack of such collateral can have the opposite effect,
which became obvious when slight declines in home prices triggered almost instan-
taneous defaults on mortgage loans made at 100 percent loan-to-value ratio levels.
That is, those loans for which lenders were willing to lend 100 percent of the
appraised value of the house on the assumption that increases in the home price
would soon restore a prudent level of collateral.

In this chapter, we add collateralized transactions to our list of assets and lia-
bilities that can be valued in a total risk management framework. Again, our
objective in this effort is to be able to value the Jarrow-Merton put option on the
value of the assets (and liabilities) of the firm as a measure of total integrated risk,
including interest rate risk, market risk, liquidity risk, and credit risk.

THE IMPACT OF CHANGING HOME PRICES ON COLLATERAL VALUES
IN THE CREDIT CRISIS

Up until 2006 in the United States and until the peak of the Japanese bubble in
December 1989, bankers were willing to lend as much as 100 percent of the value of
the home in the form of a first mortgage loan. This compares to a much more pru-
dent, long-term “normal” level of an 80 percent loan-to-value ratio. What happened
in the United States was a crushing collapse in home prices and an immediate
response by mortgage loan borrowers. Exhibit 32.1 shows the change in the Case-
Shiller home price index for Los Angeles (upper line) and for a 10-city composite
(lower line) from 1987 to 2011.

As home prices fell, lenders began scrambling to check collateral values in
anticipation of defaults and the default and prepayment behavior of home owners
immediately changed to reflect the “new reality” of falling home prices. In Chapters
27 and 28, we analyzed prepayment and default modeling where behavior by con-
sumers was potentially “irrational.” In this chapter, we return to the amortizing loan
structure with rational prepayment from Chapter 28 and revisit our conclusions in
the light of changing collateral values, namely the price of the home. While we discuss
mortgages and home prices exclusively in this chapter, the analysis is nearly identical
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for any form of lending where collateral is part of the overall lending arrangement.
The key question we need to address is this: How does the value of the collateral vary
with the changes in prepayment and default experience on the loan? We address that
issue in the next section.

MODELING VARIATIONS IN COLLATERAL VALUES

In Chapter 31, we used Amin and Jarrow (1991) to study FX derivatives modeling in
a Heath, Jarrow, and Morton (HJM) context. In this chapter, we turn to another
critical paper by Amin and Jarrow (1992), “Pricing Options on Risky Assets in a
Stochastic Interest Rate Economy.” This paper presents a general framework for
modeling the value of any asset under no-arbitrage assumptions in an HJM interest
rate environment such as that illustrated in Chapters 6 through 9. The authors show
that the expected return on the asset will be a premium to the spot risk-free rate of
interest that depends on a number of factors:

n The risk factors that affect the value of the risk asset
n The volatility of the risky asset’s returns as a function of these risk factors
n The market price of risk for each of these risk factors
n The level of the spot rate of the risk-free term structure
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EXHIBIT 32.1 Case-Schiller Home Price Index for Los Angeles and 10-City Composite,
January 1987 to November 2011, Not Seasonally Adjusted
Sources: Kamakura Corporation; Standard & Poor’s.
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What does this mean for our mortgage loan example? It means that we need to
tie the price of the home to each of these factors, most notably to the level of the spot
rate of the risk-free rate of interest. Amin and Jarrow (1992, 220, equation (3.7)),
specify the expected return on the risky asset, in this case the underlying home that
is collateral on a mortgage loan, in this way:

μðt, xÞ � rðtÞ ¼ �
Xd
i¼1

δiðt, xÞniðtÞ

The μ term refers to the expected return on the risky asset, our home used as col-
lateral. The r(t) term refers to the risk-free rate. The δ terms are the volatilities with
respect to the d risk factors impacting the value of the home via home price returns.
The first n of these d terms will be related to the random interest rate economy. The
n(t) terms refer to the market prices of risk for each factor. We captured these terms
in our HJM “bushy tree” in Chapters 6 through 9. We now use these insights of
Amin and Jarrow on the rationally prepaid mortgage loan of Chapter 28.

THE IMPACT OF COLLATERAL VALUES ON A RATIONALLY
PREPAID MORTGAGE

In Chapter 28, we analyzed rational prepayment behavior by the borrower on an
amortizing mortgage with a principal of $100, annual amortization, a four-period
maturity, and a coupon rate of 2.00 percent. The value of this mortgage and the
resulting cash flows are reproduced in Exhibit 32.2. We derived a mark-to-market
value using the three-factor Heath, Jarrow, and Morton framework of Chapter 9.
That value was 101.4234.

In that chapter, we ignored the value of the home and talked about the various
ways in which borrower default and prepayment behavior can be jointly modeled.
Best practice in that regard is multinomial logit. In this chapter, we deal with a
special case that assumes a special type of rationality on the part of the borrower:
(1) the borrower will always prepay if (starting at time T ¼ 1) the risk-neutral
value is greater than the principal value on the loan and (2) the borrower will
default (a so-called “strategic default”) if the value of the home is too low relative
to the terms on the loan. We discuss the possible meanings of “too low” in the
context of our example.

Step 1 in this process is to use the Amin and Jarrow (1992) insights to model the
price of the home. For ease of exposition, we assume that the market is completely
indifferent to variations in home prices. This means that the market price of risk is
zero and that the expected return on the home should be equal to the risk-free rate on
each of the nodes of the bushy tree used in Chapters 9 and 28. Recall that the spot
rates on each of the nodes on the bushy tree take on the values in Exhibit 32.3.

What volatility should we use for home price movements? For ease of exposition,
we make a false assumption that was very commonly made in the credit crisis and
hereby invoke a Model Risk Alert: we assume that the returns on home prices are
independent from period to period (they are not). If we make this assumption and run
a regression to predict the annual returns of home prices in Los Angeles as a function
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EXHIBIT 32.2 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 26.2624 26.2624 26.2624 26.2624
2 102.0000 26.2624 26.2624 26.2624
3 102.0000 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 0.0000 26.2624 26.2624
6 0.0000 26.2624 26.2624
7 0.0000 26.2624 26.2624
8 0.0000 26.2624 26.2624
9 0.0000 26.2624 26.2624
10 0.0000 52.0098 0.0000
11 0.0000 26.2624 26.2624
12 0.0000 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 77.2524 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000

(Continued)
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of the one-year risk free rate, we find an r-squared of zero and a standard error of the
regression equal to 0.13271528. We use this value for the sigma of home price
returns. For simplicity, we want to model home prices with an upshift and downshift
like we did for interest rates in Chapter 6. We need the mean return on the price of
the house to equal the one-period risk-free rate of interest r and we need the variance
of home price returns such that σ ¼ 0.13271528. The upshifts and downshifts
that satisfy these constraints, given that the length of the period is Δ ¼ 1, are
the following:

Upshift ¼ rþ σ

Downshift ¼ r� σ

How do we calculate these shifts in the context of our bushy interest rate tree in
Chapter 9? Recall that we have four nodes on the bushy tree at time T ¼ 1, 16 at
T ¼ 2, and 64 at T ¼ 3. Our first shift is from Time 0 to Time T ¼ 1. There is only
one spot rate at time 0, so we have two values of home prices that can prevail at time
T ¼ 1, the upshift value and the downshift value. The upshift value is the spot rate

EXHIBIT 32.2 (Continued)

Current Time

Row Number 0 1 2 3 4

42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 0.0000
49 26.2624 26.2624
50 52.0098 0.0000
51 52.0098 0.0000
52 26.2624 26.2624
53 26.2624 26.2624
54 26.2624 26.2624
55 52.0098 0.0000
56 26.2624 26.2624
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624

Risk-Neutral Value 5 101.4234
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EXHIBIT 32.3 Spot Rate Process

State Row Number 0 1 2 3

S-1, S-1, S-1 1 0.3003% 2.1653% 4.6388% 6.1106%
S-1, S-1, S-2 2 0.6911% 1.4142% 5.5667%
S-1, S-1, S-3 3 1.0972% 2.6089% 5.1710%
S-1, S-1, S-4 4 1.3611% 4.9179% 8.0375%
S-1, S-2, S-1 5 2.2496% 3.1041%
S-1, S-2, S-2 6 0.5984% 2.5913%
S-1, S-2, S-3 7 0.8121% 2.0291%
S-1, S-2, S-4 8 1.2459% 4.0628%
S-1, S-3, S-1 9 1.9217% 5.2210%
S-1, S-3, S-2 10 1.4149% 1.9784%
S-1, S-3, S-3 11 0.8591% 3.1798%
S-1, S-3, S-4 12 2.8695% 5.5017%
S-1, S-4, S-1 13 2.2088% 5.4252%
S-1, S-4, S-2 14 1.7005% 4.8848%
S-1, S-4, S-3 15 1.1432% 4.4917%
S-1, S-4, S-4 16 3.1593% 7.3396%
S-2, S-1, S-1 17 4.1517%
S-2, S-1, S-2 18 0.9421%
S-2, S-1, S-3 19 2.1313%
S-2, S-1, S-4 20 4.4295%
S-2, S-2, S-1 21 2.2036%
S-2, S-2, S-2 22 0.5531%
S-2, S-2, S-3 23 0.7667%
S-2, S-2, S-4 24 1.2004%
S-2, S-3, S-1 25 2.6231%
S-2, S-3, S-2 26 �0.3734%
S-2, S-3, S-3 27 0.2593%
S-2, S-3, S-4 28 2.1679%
S-2, S-4, S-1 29 1.7764%
S-2, S-4, S-2 30 1.2703%
S-2, S-4, S-3 31 0.7153%
S-2, S-4, S-4 32 2.7228%
S-3, S-1, S-1 33 2.2804%
S-3, S-1, S-2 34 1.7718%
S-3, S-1, S-3 35 1.2141%
S-3, S-1, S-4 36 3.2315%
S-3, S-2, S-1 37 2.2804%
S-3, S-2, S-2 38 1.7718%
S-3, S-2, S-3 39 1.2141%
S-3, S-2, S-4 40 3.2315%
S-3, S-3, S-1 41 3.6354%
S-3, S-3, S-2 42 0.6093%
S-3, S-3, S-3 43 1.2483%

(Continued)

Impact of Collateral on Valuation Models 687



0.00300321 þ σ and the downshift value is the spot rate 0.00300321 � σ. We show
the resulting percentage shift in home prices in Exhibit 32.4.

What do we do to model home price movements from time T ¼ 1 to time T ¼ 2?
We have two potential home price values as of time 1, Homereturn(1, up) and
Homereturn(1, down). We have four different interest rate shifts from time 0 to time
1, though, so there are four potential mean shift values and, therefore, four upshifts
in home prices and four downshifts in home prices from time T ¼ 1 to time T ¼ 2.
We label them Homereturn(2, shift 1, up), Homereturn(2, shift 1, down), Home-
return(2, shift 2, up), Homereturn(2, shift 2, down), Homereturn(2, shift 3, up),
Homereturn(2, shift 3, down), Homereturn(2, shift 4, up), Homereturn(2, shift 4,
down). Using the four values for the one-period spot rate at time T ¼ 1 and the same
home price σ gives these eight potential changes in home prices from time T ¼ 1 to
time T ¼ 2 in Exhibit 32.5.

EXHIBIT 32.4 Percentage Shift in Home Prices

Period Time T 5

1

Upshift Downshift
0.135718489 �0.129712077

EXHIBIT 32.3 (Continued)

State Row Number 0 1 2 3

S-3, S-3, S-4 44 3.1757%
S-3, S-4, S-1 45 4.5070%
S-3, S-4, S-2 46 1.2864%
S-3, S-4, S-3 47 2.4797%
S-3, S-4, S-4 48 4.7858%
S-4, S-1, S-1 49 3.5013%
S-4, S-1, S-2 50 0.3117%
S-4, S-1, S-3 51 1.4934%
S-4, S-1, S-4 52 3.7773%
S-4, S-2, S-1 53 2.5831%
S-4, S-2, S-2 54 2.0730%
S-4, S-2, S-3 55 1.5136%
S-4, S-2, S-4 56 3.5370%
S-4, S-3, S-1 57 2.5831%
S-4, S-3, S-2 58 2.0730%
S-4, S-3, S-3 59 1.5136%
S-4, S-3, S-4 60 3.5370%
S-4, S-4, S-1 61 4.5061%
S-4, S-4, S-2 62 2.2686%
S-4, S-4, S-3 63 2.7252%
S-4, S-4, S-4 64 5.0230%
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Let’s assume that the home price was $125 when the loan of $100 was initially
made, a loan to value ratio of 80 percent. What possible home values prevail at time
T ¼ 2? We apply the upshift and downshift to get two home price values at time
T ¼ 1. When we apply the eight shift percentages in Exhibit 32.5 to both of the
potential T ¼ 1 home prices, we have 16 possible values for home prices at time
T ¼ 2. Those values are shown in Exhibit 32.6.

EXHIBIT 32.5 Returns on Collateral by State and Collateral Value Shift

Period Time T 5

1 2

Upshift Downshift Upshift Downshift
0.135718489 �0.129712077 0.154368006 �0.111062561

0.139625806 �0.12580476
0.143687587 �0.121742979
0.146325938 �0.119104629

EXHIBIT 32.6 Returns on Collateral by State and Collateral Value Shift

Period Time T 5

1 2

Row
Number Upshift Downshift

Shift
Scenario Upshift

Shift
Scenario Downshift

1
141.9648111 108.7859903

Upshift
1-Up 163.8796359

Upshift
1-Down 126.1978357

2 Upshift
2-Up 161.7867623

Upshift
2-Down 124.1049621

3 Upshift
3-Up 162.3633923

Upshift
3-Down 124.6815921

4 Upshift
4-Up 162.7379452

Upshift
4-Down 125.056145

5 Downshift
1-Up 125.5790667

Downshift
1-Down 96.70393968

6 Downshift
2-Up 123.9753219

Downshift
2-Down 95.10019488

7 Downshift
3-Up 124.4171868

Downshift
3-Down 95.54205978

8 Downshift
4-Up 124.7042024

Downshift
4-Down 95.82907535
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The lowest home price value prevailing at time T ¼ 1 is $108.79 and at time
T ¼ 2 is $95.10. Neither of these home price values is low enough to block rational
prepayment or to cause strategic default. That is because the lender was prudent and
would only lend $100 against a $125 house. You can see the scheduled loan principal
balances in Exhibit 32.7, which is reproduced from Chapter 28.

What if the initial home price had been $100 instead? The simulated home prices
would have been 20 percent lower, at the levels shown in Exhibit 32.8.

The home prices simulation drop to a low of $87.03 at time T ¼ 1 and $76.08 at
time T ¼ 2. At this point, the analysis of what the borrower will do gets complex, as
shown in the shaded cells of Exhibit 32.9.

At time T ¼ 1, would the borrower prepay on the loan, paying $102, to live in a
house worth $87.03? Surprisingly, we don’t know enough to answer the question. If
the borrower is Warren Buffett and the home is his childhood home, the borrower
would repay no matter what (because he is cash rich and because he wants to stay in
that specific house). If the borrower is living paycheck to paycheck, he may only have
enough money to make the scheduled payment of $26.2624. The remaining funds
that would be needed to prepay the loan ($75.7376, the principal still outstanding
after making the scheduled payment) would have to be borrowed. If the house is now
worth only $87.03, he would need to get a loan equal to 87 percent of home value. If
lenders will now only lend 80 percent of home value, the homeowner does not have
enough money to prepay.

What about time T ¼ 2? The home, at its low point, is only worth $76.08. If the
borrower makes the scheduled payment of $26.2624 at time T ¼ 2, the remaining
principal outstanding is $50.99. If the borrower has the money to pay $26.2624, it’s
rational to keep the house and make the payment. What if the borrower only has
$20? Before making the payment, the principal outstanding is $75.7376. The house
is worth only $76.08. The borrower loses almost nothing by walking away from the
loan and moving in with his brother. In lots of circumstances, this is what may well
happen and that is why the multinomial logit probabilities of default and prepayment
are such a critical overlay over rational prepayment and rational strategic default.
They help predict very accurately rational acts by borrowers that appear “irrational”

EXHIBIT 32.7 Scheduled Amortization

Coupon Rate: 2.0000%
Time 0 Book Value 100
Periods to Maturity 4
Periodic Payment Amount 26.2624

Period
Number Initial Principal Amount Paid Interest Principal Ending Principal

0 100.0000 100.0000
1 100.0000 26.2624 2.0000 24.2624 75.7376
2 75.7376 26.2624 1.5148 24.7476 50.9900
3 50.9900 26.2624 1.0198 25.2426 25.7474
4 25.7474 26.2624 0.5149 25.7474 0.0000
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EXHIBIT 32.9 Maturity of Cash Flow Received

Current Time

Row Number 0 1 2 3 4

1 0.0000 26.2624 26.2624 26.2624 26.2624
2 102.0000 26.2624 26.2624 26.2624
3 102.0000 26.2624 26.2624 26.2624
4 26.2624 26.2624 26.2624 26.2624
5 0.0000 26.2624 26.2624
6 0.0000 26.2624 26.2624
7 0.0000 26.2624 26.2624
8 0.0000 26.2624 26.2624
9 0.0000 26.2624 26.2624
10 0.0000 52.0098 0.0000
11 0.0000 26.2624 26.2624

(Continued)

EXHIBIT 32.8 Returns on Collateral by State and Collateral Value Shift

Period Time T 5

1 2

Row
Number Upshift Downshift

Shift
Scenario Upshift

Shift
Scenario Downshift

1
113.5718489 87.02879226

Upshift
1-Up 131.1037087

Upshift
1-Down 100.9582685

2 Upshift
2-Up 129.4294098

Upshift
2-Down 99.28396966

3 Upshift
3-Up 129.8907138

Upshift
3-Down 99.74527366

4 Upshift
4-Up 130.1903562

Upshift
4-Down 100.044916

5 Downshift
1-Up 100.4632534

Downshift
1-Down 77.36315174

6 Downshift
2-Up 99.18025752

Downshift
2-Down 76.08015591

7 Downshift
3-Up 99.53374944

Downshift
3-Down 76.43364782

8 Downshift
4-Up 99.76336189

Downshift
4-Down 76.66326028
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EXHIBIT 32.9 (Continued)

Current Time

Row Number 0 1 2 3 4

12 0.0000 26.2624 26.2624
13 26.2624 26.2624 26.2624
14 26.2624 26.2624 26.2624
15 77.2524 26.2624 26.2624
16 26.2624 26.2624 26.2624
17 0.0000 0.0000
18 0.0000 0.0000
19 0.0000 0.0000
20 0.0000 0.0000
21 0.0000 0.0000
22 0.0000 0.0000
23 0.0000 0.0000
24 0.0000 0.0000
25 0.0000 0.0000
26 0.0000 0.0000
27 0.0000 0.0000
28 0.0000 0.0000
29 0.0000 0.0000
30 0.0000 0.0000
31 0.0000 0.0000
32 0.0000 0.0000
33 0.0000 0.0000
34 0.0000 0.0000
35 0.0000 0.0000
36 0.0000 0.0000
37 0.0000 0.0000
38 0.0000 0.0000
39 0.0000 0.0000
40 0.0000 0.0000
41 0.0000 0.0000
42 0.0000 0.0000
43 0.0000 0.0000
44 0.0000 0.0000
45 0.0000 0.0000
46 0.0000 0.0000
47 0.0000 0.0000
48 0.0000 0.0000
49 26.2624 26.2624
50 52.0098 0.0000
51 52.0098 0.0000
52 26.2624 26.2624
53 26.2624 26.2624
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simply because we don’t have complete information about the borrower (he only has
$20 and he can move in with his brother if he needs to).

How do we carry the analysis out to time T ¼ 3? From the perspective of time
T ¼ 2, we know that there are 16 different possible home values. There are 16
different spot rates that could prevail, so there are 16 3 16 ¼ 256 mean values of
the home that could be simulated. We have an upshift and a downshift in home prices
for each of these mean values, for a total number of potential home prices equal to 16
3 16 3 2 ¼ 512. From a computer science perspective, this is a small number and
this is exactly what an enterprise-wide risk management system is designed to do.

CONCLUSIONS ABOUT THE IMPACT OF COLLATERAL VALUES

In the mortgage market during the 2006–2011 credit crisis, lenders and investors
overlooked the huge impact on value that a collapse in collateral values can bring
about. Others, typically agents originating but not keeping mortgages, knew about
the risks but had no reason to care, since they did not keep the mortgages. Home
price risk was identified as a key driver of the failure of U.S. banking companies by
Jarrow and colleagues (2003) in their FDIC loss distribution model, but this basic
fact of banking fundamentals was forgotten in one of the largest acts of mass amnesia
in the history of finance.

For all types of loans and all types of collateral, simulating the interaction of
collateral values and borrower behavior is critical to getting an accurate assessment
of the Jarrow-Merton put option. We turn next to a related issue, the valuation of
lines of credit.

EXHIBIT 32.9 (Continued)

Current Time

Row Number 0 1 2 3 4

54 26.2624 26.2624
55 52.0098 0.0000
56 26.2624 26.2624
57 0.0000 0.0000
58 0.0000 0.0000
59 0.0000 0.0000
60 0.0000 0.0000
61 26.2624 26.2624
62 26.2624 26.2624
63 26.2624 26.2624
64 26.2624 26.2624

Risk-Neutral Value 5 101.4234
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CHAPTER 33
Pricing and Valuing Revolving

Credit and Other Facilities

The events of the 2006–2011 credit crisis and pervasive regulatory references to
“exposure at default” highlight the need to thoroughly understand what drives

the balances outstanding on revolving credit facilities. Once that understanding is
gained, we can proceed to valuation and simulation in order to add revolving credit
facilities to the list of instruments that can be valued in our ongoing quest to price
the Jarrow-Merton put option of Chapter 1 as our primary measure of compre-
hensive risk.

We turn to that task in this chapter, but we start with a bit of history that we
hinted at in the introduction to this book. Perhaps the most dramatic drawdown of a
commercial paper backup facility was the August 16, 2007 announcement by
Countrywide Financial that it was drawing down 100 percent of its backup facilities.
One of the authors was literally in the head office of Countrywide on that date. The
announcement was more than an admission that Countrywide was having trouble
rolling over its commercial paper; it was an admission that Countrywide was out of
options and this was a borrowing of last resort. As chronicled in the Introduction,
Countrywide was acquired shortly thereafter by Bank of America, which in turn
received massive injections of capital from the U.S. government in October 2008.

U.S. institutions were not the only firms that had to draw on back-up lines of
credit during the credit crisis. As part of its support for troubled firms, the Federal
Reserve established the Commercial Paper Funding Facility. Royal Bank of Scotland
was a major borrower, taking down more than $21 billion under this facility, as
shown in the graph in Exhibit 33.1 provided by Kamakura Corporation.

Both Countrywide and Royal Bank of Scotland were forced to draw on these
facilities because their credit risk had risen so high that the supply of funds to them from
traditional sources was largely cut off. Exhibit 33.2, provided by Kamakura Corpo-
ration, shows the one-year default probabilities for Royal Bank of Scotland and
Countrywide from January 1, 2007, through October 31, 2009. The Countrywide
graph ends with its January 2008 acquisition by Bank of America. The one-year
default probability for RBS exceeded 60 percent at its peak.

With this history as background, we plunge into our evaluation of loan com-
mitments and revolving credits. As we will see, financial distress is just one of the
many reasons why such a facility may be drawn down.
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ANALYZING REVOLVING CREDIT AND OTHER FACILITIES

In Chapter 30, we dealt with the risk measurement and valuation of nonmaturity
deposits in detail. Those instruments (and their asset side counterparty, retail charge
card balances) have balances that fluctuate up and down randomly at the option of
the depositor. The accounts have no explicit maturity, although the Jarrow-van
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EXHIBIT 33.1 Borrowings from the Commercial Paper Funding Facility by Entities Sponsored
by the Royal Bank of Scotland Group, October 1, 2008, to October 31, 2009
Sources: Kamakura Corporation; Federal Reserve.

EXHIBIT 33.2 Royal Bank of Scotland Group
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Deventer methodology (1998) implicitly assumes that the deposit franchise has a
finite ending date. On both the balance side and the interest rate side, the non-
maturity deposit formulation of Jarrow and van Deventer (1998) explicitly incor-
porates open-market interest rates as a major determinant of deposit balances and
deposit interest rates.

Can we use this kind of analysis to value revolving credits? On the surface, there
are many parallels. Deposit balances and revolving credit balances can be zero for an
extended period of time and then suddenly spring into use. Similarly, other deposits
will show a randomly fluctuating balance over a long period of time just like an
“evergreen” line of credit.

It is tempting to use the Jarrow-van Deventer methodology for nonmaturity
deposits if it were not for one major assumption they make that doesn’t hold
in this case—they assume that the borrower of the nonmaturity deposits (the
bank) is riskless because of government deposit insurance. In a parallel way, they
assume that the credit risk of charge card borrowers is nonzero, but known with
certainty. Unfortunately, nothing could be further from the truth in the case of
revolving credits. In what follows, we draw on the insights of Chava and Jarrow
(2003, 2008).

FLUCTUATING CREDIT RISK AND REVOLVING CREDIT DRAWDOWNS

The changing credit quality of a borrower, along with randomly fluctuating cash
needs that are linked in part to credit quality, is at the heart of the analysis of
revolving credits. Cash needs are fluctuating for various reasons, above and beyond
the credit distress we discussed above:

n The fundamental business of the borrower may have highly seasonal revenues
(as in retailing, agriculture, and tourism) but expenses that are nonseasonal.

n The fundamental business of the borrower may have very steady revenues but
highly seasonal cash needs (like farming).

n Cash flows of the business are not perfectly predictable due to normal uncer-
tainties of client payments on the asset side and payments to suppliers on the
liability side.

n Scheduled payments may not occur due to operational issues (a wire transfer
failure) or credit quality problems on the part of either the company or its clients.

n The deteriorating credit quality of the borrower may shut off some sources of
funding that may need to be replaced with a bank line of credit.

n Conversely, improving credit quality on the part of the borrower may open up
new sources of funding that decrease the need for usage on the line of credit.

All of these factors contribute greatly to the need for a special understanding of
revolving lines of credit, but it is the last three factors that are most important. If
the only factors driving line of credit usage were the first three factors, we could use
the Jarrow-van Deventer approach to nonmaturity deposit valuation in this context
without hesitation. Alternatively, we could simply project the drawdown dates and
implied forward interest rates and use the Heath, Jarrow, and Morton (HJM) dis-
counting of Chapter 9 and 19 to calculate valuation directly.
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INCORPORATING LINKS BETWEEN CREDIT QUALITY AND LINE USAGE

In van Deventer and Imai (2003) there is an extensive discussion of the JPMorgan
Chase–SK Securities incident of 1998 where the amount of money owed to
JPMorgan Chase by SK Securities and the default probability of SK’s special purpose
vehicle borrowing the money were strongly correlated. The very nature of the
revolving line of credit has this issue at its heart—one of the primary uses of proceeds
and one of the primary motivations of line of credit usage is for commercial paper
backup lines. These lines are intended to provide an alternative source of funding in
the event of a disruption in the commercial paper market in general or in case the
borrower is unable to issue commercial paper, presumably because of credit quality
problems. The Countrywide and Royal Bank of Scotland examples are just two of
very many such incidents in the 2006–2011 credit crisis.

Providers of revolving lines of credit walk a fine line—they know that this change
in credit quality is the primary motivator of the line and the lender guesses that the
potential deterioration in credit quality will not be so severe that the lender is not
fully compensated for the risk they are taking. It goes without saying that the default
probabilities of all borrowers with lines of credit and the usage under the lines of
credit are driven by a set of macroeconomic factors common to many of the bor-
rowers. We discussed this issue extensively in Chapters 19 and 20. In both the
Countrywide and Royal Bank of Scotland cases, it was home price declines that
triggered a severe cash need by both firms.

The cash needs under the line of credit are the sum of a number of influences:

CðtÞ ¼ C1ðtÞ þ C2ðλÞ þ C3ðλ1, λ2, : : :λnÞ þ ZðtÞ
Cash needs at any point in time consist of a time-dependent expected amount,

which can vary seasonally, plus an amount that depends on the default intensity of
the borrower λ, plus a third amount that depends on the default intensities of the
major counterparties of the business, which we write λ1, λ2, . . . λn. The final term is
a random term. We don’t mean to suggest any particularly functional form for these
cash flow needs. In Chapters 36 and 47, we suggest precisely how these cash flow
needs can be modeled and forecast.

Unfortunately, the multiperiod nature of the usage on a line of credit means that
the Merton model we reviewed in Chapter 18 is completely unsuited as a framework
for line of credit valuation and estimating exposure at default. What we need instead
is the kind of continuous time variation that is described by a function like that above
or in the Jarrow-van Deventer nonmaturity deposit model.

Once we specify how the cash needs of a company vary with its own default risk
and the relevant macroeconomic factors, we can proceed directly to valuation of the
line of credit, simulation of cash needs, expected exposure at default, and the full
probability distribution over time and in dollar terms of exposure of default. This
analysis is completely analogous to the “own firm” risk assessment that we explore
in Chapters 36 and 37.

IS A LINE OF CREDIT A PUT OPTION ON THE DEBT OF THE ISSUER?

Lines of credit are often thought of as a put option on the floating rate debt of the
borrower. This view is almost, but not exactly, correct. Using the analogy with
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the nonmaturity deposit modeling of Chapter 30, part of the cash needs listed in the
previous section has nothing to do with credit risk. They typically reflect the sea-
sonality of the business. Given random interest rates and a constant default
intensity of the borrower λ, this noncredit risk–related cash need can be valued
directly in a closed form solution using the HJM examples in Chapters 9 and 19.
The second component of cash need comes from potential changes in the credit
quality of the borrower’s major business counterparties. In a sense, the portfolio of
accounts receivable that are held by the borrower are a collection of debt instru-
ments like those we modeled in Chapter 19 on credit risky bonds. These too have a
known solution in the reduced form modeling framework; see the worked examples
in Chapter 19.

In some cases, the credit quality of the business counterparties of the borrower
affects cash flow in a more complex way than a default/no default kind of model.
A rise in default probability of ABC Company, for example, may lengthen the terms
of payment, for example, without triggering default. These kinds of influences of
the default probability of ABC Company can be modeled like small portfolios of digital
default swaps that are triggered, not so much by the event of default, but by the level
of the default probability reaching a certain range. The graph of the default proba-
bilities of Countrywide and Royal Bank of Scotland, in fact, could be used to (with
hindsight) do exactly this.

The final default intensity–related component of cash needs of the company is
the term C2(λ) in the previous cash need function. This function is undoubtedly a
complex nonlinear function of the default probability that reflects sources of funding
like the commercial paper market. As we discuss in Chapter 37, issuers of commercial
paper rated A3/P3 have dramatically less access to commercial paper than more
highly rated issuers. As the Countrywide and RBS examples show, market partici-
pants don’t need to wait for a ratings change to withdraw their interest in the
commercial paper of a given issuer.

Similarly, a much larger universe of institutions can buy investment grade bonds
(we prefer the term “low-default probability bonds”) than can buy noninvestment
grade bonds (or “high-default probability bonds”). All of these factors affect the
function C2(λ). Another factor comes into play as well. Even if the company holds
relatively liquid assets, it may become obvious to other market participants that the
company is in trouble if the default probability exceeds a certain level. The infamous
Long-Term Capital Management incident in 1998 illustrates the result—in a market
that is not perfectly liquid, other market participants will lower their bid prices for
the assets held by the company because they know credit problems will force the
company to take any price. (We return to this theme in detail in Chapter 37.) In
summary, the cash flows generated by the C2(λ) term have a nature much like that of
a range floater in credit derivatives terms. For a given range of default intensity, cash
flows will take on a particular value. In the Jarrow model, the straightforward nature
of the default intensity function gives us a good chance of a closed form valuation for
this component of draws on the line of credit. Chava and Jarrow (2003, 2008) use
nested logistic regressions to model the probability of a credit crisis for ABC Com-
pany and, given that the liquidity crisis has occurred, the probability of a default in
their valuation of lines of credit. (The analysis parallels the analysis of irrational
exercise of fixed income options in Chapter 28.) Instead of modeling partial pre-
payments, however, we are modeling partial drawdowns of the line of credit.
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Multinomial logistic regression is the best practice approach to modeling events like
these where there are n possible outcomes, not just two outcomes (i.e., no drawdown
or 100 percent drawdown).

The final component of cash flow needs is the random term Z(t). If we have
properly included all of the macro factors driving cash flows in the other terms of the
cash flow function, then we can make an argument that Z(t) has mean zero and that
diversification arguments with respect to the Z(t) term’s impact on valuation will
prevail. This is an insight of Jarrow, Lando, and Yu (2005).

The upshot of this microfocused discussion of the determinants of cash needs on
a line of credit is that a finely detailed analysis of cash needs will allow us to do a high
quality valuation and simulation of lines of credit and exposure at default. Most of
what we need to do has already been discussed in other chapters in this book. What
little we need to add to do a complete job on lines of credit risk analysis will be
discussed in detail in Chapters 36 and 37. We next turn to equity-linked instruments
in our quest to value the Jarrow-Merton put option.
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CHAPTER 34
Modeling Common Stock and Convertible

Bonds on a Default-Adjusted Basis

A very large proportion of the world’s financial institutions are substantial direct or
indirect owners of common stock and convertible bonds. Financial institutions,

via their own pension funds, often have a large exposure to equities that is
overlooked in risk analysis. In addition, the direct investment in equity-related
securities is large and linked in a complex way with other assets and liabilities on the
balance sheet.

Many sophisticated investors have major concerns with the inconsistency in their
management of fixed income and equity portfolios. Credit risk is typically given lots
of attention on the fixed income side and ignored on the equity side. Risk analysis of
a position in IBM bonds and IBM common stock is typically done in a way that
recognizes the losses of default on the bonds and ignores the simultaneous impact of
default on the common stock of IBM. This inconsistency should be very troubling to
management, boards of directors, and regulators of the financial institutions
involved. The inconsistency stems from the largely independent development of
financial theory for fixed income securities and for equities. In the latter case, a
fundamental premise of the capital asset pricing model and arbitrage pricing theory
is that the returns on common stocks are normally distributed. (Model Risk Alert:
This assumption is false.) Exhibit 34.1, provided by Kamakura Corporation, shows
that there is a 0.32 percent probability that the stock price of Citigroup is zero at the
end of one year. This is the best estimate, on an annualized basis, that Citigroup will
be bankrupt over that time horizon, using the reduced form models of Chapter 16.
The other maturities in Exhibit 34.1 show the bankruptcy probabilities, all on an
annualized basis, at different time horizons.

The existence of bankruptcy is inconsistent with the assumption of normally
distributed returns. While bankruptcy risk was explicitly noted in the early models of
Merton (1973), it has been largely ignored in practice. This has massive implications
for measured risk. For example, if one calculated the mean monthly returns and
volatility of monthly returns for Lehman Brothers and Bear Stearns from 1990 to
2007, they would have implied that the probability of a �100 percent return in one
month (due to bankruptcy) was 0.000000 percent. The failure of both firms in 2008
shows that the explicit recognition of bankruptcy in the modeling of common stock
and convertible bonds is essential for realism.
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Credit risk on the equity side has another more subtle form as well, a topic we
introduced in Chapter 2. Many fund managers are judged on their performance
versus an equity benchmark, such as the S&P 500 index in the United States. If a
company is a member of the list of 500 companies making up the index, it has to be
of fairly good credit quality. If the company’s default probability rises to a certain
level, the odds that it is removed from the S&P 500 index become very high. If the
company is to be dropped, the announcement is normally made after the close of
business. The stock will drop dramatically at the opening the next day, leaving the
fund manager with a large loss versus the index because the weakened company is no
longer in the index, but the fund manager still has the position from the previous day.
This credit risk–related loss can be substantial and has also been almost completely
overlooked by many financial institutions. Campbell, Hilscher, and Szilagyi (2011),
in a paper given the Markowitz award for the best paper in the Journal of Investment
Management, show that high default risk equity portfolios persistently underperform
other equity portfolios after making all of the standard industry adjustments for risk-
adjusted return calculations.

With this as background, we move on to a discussion of how to incorporate
common stock and convertible bonds on the list of instruments that we can value as
we progress toward our objective—valuing the Jarrow-Merton put option on com-
pany assets and liabilities as the comprehensive, integrated measure of interest rate
risk, market risk, liquidity risk, foreign exchange risk, and credit risk.

MODELING EQUITIES: THE TRADITIONAL
FUND MANAGEMENT APPROACH

For more than 40 years, it has been the fund management industry standard to model
the return on a common stock as a linear combination of the return on various other
factors. This approach is justified by assuming that stock prices are lognormally

EXHIBIT 34.1 Citigroup Inc.
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distributed and, therefore, their returns are normally distributed. A linear combi-
nation of normally distributed inputs produces the desired normal distribution. This
approach dates to the original formulation of the capital asset–pricing model, where
the original single factor was the return on the market. In this model, the return
on the common stock of company J is the sum of the risk-free rate and its beta times
the return on the market less the risk-free rate plus a random error term. For decades,
there has been an enormous amount of research on correctly measuring the corre-
lation between the returns on the common stock of company J and the return on the
market. The beta is the measure of this correlation of returns.

Fund managers quickly realized that there were multiple factors driving common
stock returns, some of which were macroeconomic factors (like those in the reduced
form credit models of Chapter 16) and some of which were company specific. The
company-specific factors included things like company size, its price earnings ratio,
its industry sector, and so on. Many of these factors, too, are incorporated in the
reduced form default probability models of Chapter 16. It is fairly common for a
fund manager to be using a multifactor model of common stock returns to manage
tracking error, the amount of potential deviation between the return on the fund
manager’s portfolio and the return on the index.

What is wrong with this approach?
It totally ignores both the direct and indirect impact of default. Clearly, when a

company has a 1 percent probability of bankruptcy, a normal distribution can’t be an
accurate portrayal of the potential distribution of returns on the common stock,
because there is a 1 percent probability that the return will be minus 100 percent!1

Moreover, in the indirect risk category, there is a large drop in the common stock
price that would occur if the company is dropped from the S&P index for credit risk–
related or other reasons.

The great strength of this approach, however, is that it already incorporates
many of the macroeconomic factors and company-specific factors that are related to
default risk—they are just not used properly for default-adjusted tracking error
management. We turn now to general assumptions about common stock price
movements in the derivatives world.

MODELING EQUITIES: THE DERIVATIVES APPROACH

In the derivatives world, key assumptions about the movement in equity prices also
employ the lognormal assumption about stock price movements that results in
normally distributed returns on common stock. As we noted in our term structure
analysis of Chapters 3 through 10 and in Chapter 18 on the Merton model of risky
debt, the analytical benefits of this assumption can be so powerful that it is worth the
cost of glossing over some real-world realities.

Typically, in the derivatives world, the stock price itself is used as a random
factor without modeling the N macroeconomic and company-specific factors driving
movements in the stock price. This is due in large part because the primary focus of
derivatives analysts, dating from the original options model of Black and Scholes
(1973), is on synthetic replication of the derivative with an appropriate position in
the common stock. Jarrow and Turnbull (1996) discuss the importance of this
argument in detail.
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It is argued that because movements in the price of the derivative can be hedged
by appropriate positions in the common stock, we don’t need to know the drivers of
returns on the common stock.

For most of the past 40 years, equity derivatives valuation formulas have largely
assumed away both the potential default of the counterparty on an option on
common stock and the potential default of the issuer of the common stock underlying
the derivative. Lately, the issue of these two potential defaults has been getting a lot
more attention in the literature and the real world for two reasons. First, the 2006–
2011 credit crisis has made it obvious that default risk is a massive risk management
issue. Second, because of the insights triggered by the Jarrow and Turnbull (1995)
reduced form credit model and research by many other talented researchers, it is now
well understood how to deal with credit risk issues explicitly.

MODELING EQUITIES: A CREDIT RISK–ADJUSTED APPROACH

The Merton (1974) model of risky debt, which we discussed in Chapter 18, is not just
a model of debt prices. It is implicitly a single-factor model of equity prices where the
value of a company’s common stock is a function of the value of company assets.
Similarly, the Shimko, Tejima, and van Deventer (1993) model implies that the value
of a company’s common stock is a function of a one-factor Vasicek interest rate term
structure and the value of company assets, which in turn can have any arbitrary
correlation with interest rates. As we discussed in Chapters 16, 17, and 18, tests of
the consistency of these models with relative movements in common stock prices and
credit spreads on bonds have proved to be disappointing. Consequently, the Merton
insights have not been used by equity market participants to the extent they have
been used in the debt markets.

Jarrow and Turnbull (1995) present a framework for modeling equity securities
on a full credit-adjusted basis. Using a simplified assumption of a constant default
intensity, they assume that stock prices are lognormally distributed and driven by
random interest rates and a company-specific risk factor, which can have any cor-
relation with interest rates, provided the company does not go bankrupt. They
assume that the stock price drops to zero in the event of bankruptcy. Jarrow and
Turnbull show that, under these assumptions, the risk-neutral drift term in the
common stock’s return formula has to increase by the instantaneous probability of
default. This has a number of important implications for modeling not only the
common stock but also options on a credit-risky company’s common stock and
convertible bonds, which we discuss below.

Using the Jarrow-Turnbull framework for modeling common stock returns, we
can directly address all of the concerns expressed in the first sections of this chapter
while preserving (in modified form) the multifactor approach to explaining lognor-
mally distributed returns.

Jarrow (1999) takes this approach still further and models common stock in a
framework with a random default intensity driven by interest rates and macro factors
as discussed in Chapter 16. A common stock pays dividends until bankruptcy, when
the value of common stock goes to zero. Amin and Jarrow (1992) provide the general
framework for the valuation of risky assets and derivatives on them in an economy
where the risk-free term structure is driven by n random factors (like we analyzed in
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Chapters 6 through 9) and d other random factors. Our analysis of foreign exchange
risk (Chapter 31) and the value of collateral (Chapter 32) take advantage of these
insights. Amin and Jarrow show that the excess return on a risky asset over the
instantaneous spot rate of interest is a function of these d risk factors, the volatility δ
of the risky asset’s return with respect to each risk factor, and the market price of risk
n associated with each risk factor:

μðt, xÞ � rðtÞ ¼ �
Xd
i¼1

δiðt, xÞniðtÞ

If this constraint were not imposed on the risky asset’s expected return, one could
achieve excess risk-adjusted returns by buying the risky asset and hedging each of the
risk factors. If one estimates the excess return over the risk-free rate using one-year
returns on the common stock of Citigroup, the joint importance of random interest
rates and other macro factors is extremely obvious. For expositional purposes, we
use 244 overlapping annual intervals from January 1991 to April 2011 and fit
a linear relationship between the excess return variable and the change in one-year
U.S. Treasury yields. The excess return is calculated by subtracting the one-year U.S.
Treasury yield at the beginning of the one-year interval from the one-year return on
Citigroup common stock. We ignore dividends and the many econometric problems
with this specification to emphasize more important aspects of the results, which are
summarized in Exhibit 34.2.

First, the change in the one-year interest rate is statistically significant with a
coefficient that is large in magnitude. It is not a surprise to find that interest rates are an
important driver of the common stock returns of Citigroup. Second, interest rates
explain only 7.6 percent of the total variation in Citigroup common stock returns.
Other macroeconomic factors make a large contribution to returns as does the non-
zero default probability of the firm. This default probability, in turn, depends on an
overlapping set of macro factors such as those we discussed in Chapters 19 and 20.
The annual standard deviation of these missing variables is an extremely large 0.34.

Jarrow (1999) shows how to explicitly incorporate the possibility that the
underlying risky asset could fall to zero value with a default intensity λ, consistent
with the Jarrow and Turnbull (1995) reduced form model and our exposition in
Chapter 16.

A full exploitation of the virtues of the Jarrow and the Amin and Jarrow (1992)
approach has been embedded in state-of-the-art risk management systems that we
describe in Chapters 36 through 41. In this chapter, we restrict our detailed com-
ments on equity derivatives on the common stock of a credit risky company to the
Jarrow and Turnbull (1995) and closely related approaches.

OPTIONS ON THE COMMON STOCK OF A COMPANY
THAT CAN GO BANKRUPT

Jarrow and Turnbull (1995) use their model for the common stock of a company
that can go bankrupt, to value put and call options on that credit-risky
common stock.
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EXHIBIT 34.2 Citigroup Inc. Regression Statistics

Regression Statistics

Multiple R 0.282568644
R Square 0.079845038
Adjusted R Square 0.076042745
Standard Error 0.340355258
Observations 244

ANOVA

df SS MS F Significance F

Regression 1 2.432580696 2.432580696 20.99917957 7.36384E–06
Residual 242 28.03369182 0.115841702
Total 243 30.46627252

Coefficients Standard Error t Stat P-value Lower 95% Upper 95% Lower 95.0% Upper 95.0%

Intercept �0.010609215 0.022581687 �0.469815013 0.638910254 �0.055090964 0.033872533 �0.055090964 0.033872533
Change in 1-Year

U.S. Treasury
Yields 6.831973477 1.490887962 4.582486177 7.36384E–06 3.895199806 9.768747147 3.895199806 9.768747147
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They reach a very powerful and yet intuitive conclusion. The zero-coupon bond
prices in the call options formula become the zero-coupon bond prices extracted
from the yield curve of the risky company (see Chapters 5, 16, 17, and 19 for how
to do this) instead of from the risk-free yield curve. These risky zero-coupon bond
prices directly reflect the default intensity of the issuer, as we discussed in Chapters
16, 17, and 19.

Using the Jarrow and Turnbull (1995) formula for options on the common stock
of a firm that can go bankrupt, we can explain much of the volatility smile issues
with the constant interest rate/no default Black-Scholes options model. As many
analysts have noted, equity options prices seem to be based on a probability distri-
bution that reflects much greater downside risk than a simple lognormal distribution
on stock price would imply. This is due to the risk of default (among other things), and
the Jarrow-Turnbull model will improve the volatility smile problems because it deals
with this increased downside risk directly. Moreover, the Jarrow-Turnbull model can
be used to imply the probability of default from equity options on a company that
can go bankrupt.

CONVERTIBLE BONDS OF A COMPANY THAT CAN GO BANKRUPT

The same approach proposed by Jarrow-Turnbull (1995) can be applied to con-
vertible bonds, which contain a complex set of options controlled by both the issuer
and by the holder of the bonds. After many years of trying to model convertible
bonds as a combination of the straight bond and an option on the common stock,
hedge funds and other analysts have employed both structural and reduced form
modeling approaches. Three recent papers by Ayache, Forsyth, and Vetzal (2003);
Andersen and Buffum (2003); and Bermudez and Webber (2003) show great promise
in tackling one of the most complex securities on the balance sheet of financial
institutions. Ultimately, one should use a bushy tree like the three-factor HJM
example, coupled with a bushy tree of stock prices much like the collateral bushy tree
of home prices that we employed in Chapter 32 on the impact of collateral.

Convertible bonds normally contain a call option granted to the issuer to call
the bonds at a preset schedule of call prices. Separately, the holder of the convertible
bonds has an option to convert the bonds normally to a preset number of common
shares. This option is maintained for a prespecified number of days even if the
bonds are called by the issuer to allow time for conversion. Both of these options
are significantly affected by the probability of default, which is why initial
approaches that ignored default led to large losses at hedge funds investing in
convertible bonds.

Many of the recent papers on convertible bond valuation combine reduced
form default intensities with the finite difference method of securities valuation that
we discussed in earlier chapters. Andersen and Buffum (2003) note that “While it
is in principle possible to build convertible bond models using the structural
approach . . . the reduced-form approach is, by far, the most natural for trading
applications and shall be the sole focus of this paper” (page 2). At this stage it is safe
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to say that tremendous progress is being made on the valuation of convertible
securities on a full credit-adjusted basis and they can be included in valuation of
the Jarrow-Merton put option, our integrated measure of credit risk and interest
rate risk.

NOTE

1. We note that, even in the event of bankruptcy, in many cases common stock prices do not
drop to zero in large part because of the common violation of absolute priorities of debt
holders over equity holders. This is another of the many challenges facing analysts using
the Merton model of risky debt from Chapter 18.
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CHAPTER 35
Valuing Insurance Policies and

Pension Obligations

Our final chapter in individual instrument valuation and simulation is focused on
insurance policies and pension obligations, since insurance companies and pen-

sion funds make up a substantial proportion of the world’s financial institutions. To
reiterate, our objective in reviewing valuation and simulation methodologies is
to incorporate the insurance liabilities and pension liabilities in the Jarrow-Merton
put option on the financial institution’s assets and liabilities. We want to use a
consistent methodology to calculate this comprehensive measure of integrated
interest rate risk, market risk, liquidity risk, foreign exchange risk, and credit risk.

This is particularly interesting to discuss for insurance and pension obligations
because the links with what we have already covered are so strong and yet so few
members of the financial community would acknowledge that that is the case. We
hope that this chapter assists in narrowing this perception gap.

First, we start with life insurance policies and then move to pension obligations
and property and casualty insurance.

LIFE INSURANCE: MORTALITY RATES VS. DEFAULT PROBABILITIES

The analogy between the mortality rate on a life insurance policy and the default
probability on a bond of a particular issuer is very strong. Exhibit 35.1 shows annual
mortality rates for a 50-year-old male (upper line) and 50-year-old female (lower
line) taken from the U.S. Society of Actuaries RP-2000 mortality tables.

The mortality rate graph is surprisingly similar in shape and meaning to the
evolution of the one-year default probability for Tokyo Electric Power prior to its
nationalization by the Japanese government on May 8, 2012.

Like default or bankruptcy,mortality ona life insurancepolicy is a zero/one kindof
event. The fundamental approach to measuring mortality risk was proposed by D. R.
Cox (1972). The “Cox process” that he developed is in fact the same Cox process used
in reduced formmodeling in the Jarrow (1999, 2001) and Duffie and Singleton (1999)
credit models that we discussed in Chapter 16. The mathematics is identical. The term
structure of mortality rates is very directly related to the term structure of default
probabilities that we can observe for Tokyo Electric Power Corporation on May 8,
2012, shown in Exhibit 35.2. Default probability changes over time are shown in
Exhibit 35.3.
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This parallel is so strong and so obvious to financial academics that Jarrow
(2012) described the relationship between credit default swaps, which we discussed
in Chapter 20, and life insurance in this way in his paper “Problems with Using CDS
to Infer Default Probabilities”:

It is commonly believed that credit default swap (CDS) implied probabilities
provide unbiased estimates of a corporation’s or sovereign’s actual default
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probabilities or credit risk. The purpose of this paper is to show why this
common belief is false using an intuitive analogy between CDS and life
insurance premiums. For life insurance, the difficulties of using insurance
premiums to imply the mortality probability are crystal clear. The difficulties
are unraveling the impact of risk premium, counterparty risk, market fric-
tions, and strategic trading. These difficulties are well known in the aca-
demic literature (references are provided below). Of course, all is not lost
because there is no need to use these implied probabilities. Readily available
actuarial based mortality tables are used to determine mortality probabili-
ties. And insurance premium implied mortality probabilities are not used for
risk management nor in regulation.

The other strong parallel between life insurance and credit risk, as Jarrow
implies, is the progressive use of logistic regression to determine the probability of the
event (bankruptcy as in Chapter 16 or mortality in this chapter) with more precision
than we would get from a simple table (a transition matrix with default probability
by ratings grade or a mortality table like the graph in Exhibit 35.1). A recent paper by
Guizhou Hu (n.d.) shows how mortality rate prediction can be improved by incor-
porating explanatory variables that are much more detailed than those in mortality
tables (age, male or female, smoker or nonsmoker); among the variables he mentions
are the following:

n Systolic blood pressure
n Total cholesterol
n Body mass index
n Smoker or nonsmoker
n Albumin
n Physical activity—i.e., light, moderate, or heavy
n Income

EXHIBIT 35.3 Tokyo Electric Power Co Inc./Profile
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All of these input variables are specific to the insured, just like the accounting and
stock price inputs to the Jarrow-Chava model of Chapter 16 are specific to the firm
being modeled.

Cyclicality in Default Probabilities and Mortality Rates

Logistic regression can also confirm the importance of cyclicality in mortality just as
it does (as required by the Basel Capital Accords) for default. Any Japanese banker
can tell you that the mortality rate of his co-workers is much different when the
Nikkei stock index is below f10,000 than it was when it was nearly f39,000 in
December 1989. Similarly, just as there is seasonality in the default of small busi-
nesses, there is seasonality in mortality that is logical and predictable (due to factors
like weather, stresses of the school calendar year, low stress of summer vacations,
and so on).

Valuing Life Insurance Policies

Life insurance policies are closely related to digital default swaps that we discussed
in Chapter 20. The protection buyer on the digital default swap called a “life
insurance policy” is (usually) the insured. The insured is also the reference name on
the digital life insurance policy. The counterparty on the digital life insurance policy
is the life insurance company. The amount paid on the digital life insurance policy in
the event of default is the policy amount. The only significant difference is the
maturity—term life insurance policies, which have an explicit maturity, are almost
literally identical to digital default swaps. A whole life policy runs until mortality or
until canceled. Ignoring the cancellation provisions, it’s like an infinite maturity
digital default swap except that we know the term structure of mortality/default
probabilities approaches 100 percent in time. In fact, the graph for age 120 in
Exhibit 35.1 would have been 100 percent, the amount specified in the Society of
Actuaries RP-2000 tables for that age.

What about cancellation privileges? This is a real option of the insured that can
be exercised rationally or irrationally as discussed in the prepayment context in
Chapters 27 to 29. It is rational to cancel when (1) the mortality risk of the insured
becomes lower than that implied in the current policy, allowing the insured to
reinsure at a lower rate; or (2) when the insured becomes so wealthy that they no
longer need insurance (they save money by not paying the insurance company costs
embedded in the policy and effectively self-insure). Irrational cancellation (like irra-
tional prepayment) is usually for a good reason unknown to the insurance company.
The financial condition of the insured, for example, may have deteriorated so much
that they can’t afford the premiums, even though they need the insurance.

What about investment options on a whole life policy? We know from finance
theory that an option to switch from one instrument at its market price to another
instrument at its market price has zero value, since there is no benefit to the options
holder (if we ignore transactions costs). Many of the investment options in a life
insurance policy have this nature. To the extent there is a real benefit to the holder of
the insurance policy from the investment options offered, we can value them using
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the techniques in other chapters in this book using the default-adjusted approaches
from Chapter 19 (corporate bonds) or Chapter 20 (default swaps or CDOs).

One of the key benefits of life insurance to the buyer is the ability to defer taxes
on the investment income of a whole life insurance policy. This tax deferral is of
course a real benefit to the buyer of the insurance policy, relative to making the
identical investments in the name of the insured. The value of this benefit to the buyer
of the insurance policy depends on the state of the tax code now and in the future, the
source and variability of income now and in the future, and the default probability of
the insurance company. Clearly, valuing these tax benefits with precision is a chal-
lenge, and one that we’re happy to defer to another time.

PENSION OBLIGATIONS

Defined benefit pension obligations have a very interesting mix of terms that com-
bine part of the life insurance problem with more traditional financial instruments.
The U.S. Social Security System is exactly such an obligation.1 One advantage of a
pension fund in an economic sense is the ongoing stream of current payments for
future pension benefits from both employees and their employers. The present value
of this cash inflow from any one employee, say Mr. Jones, depends on three factors:
(1) the mortality probability of Mr. Jones (he could be unlucky enough to pass away
before leaving employment and receiving pension benefits); (2) the probability that
Mr. Jones will change jobs and end up contributing to a different pension fund; and
(3) the probability of default of Mr. Jones’ employer. The liabilities of a pension
fund, the future payments to the beneficiaries of the fund, depend on the mortality
rate of the pension beneficiary, just like a life insurance policy. The difference is that
the payments are made in the opposite circumstance of a life insurance policy—they
are paid while the beneficiary is still living, and a “default event” terminates this
stream of cash flows just like a mortgage default terminates payments on a mortgage
held by a bank. In this sense, the future streams of pension payments are each a
digital default swap of sorts again, except the key probability used in valuation is the
probability of no mortality prior to the payment, not the probability of bankruptcy/
mortality relevant to valuing a life insurance policy.

For defined benefit pension plans, which is our focus in this section, there are
normally a complex set of rules or circumstances that determine when and how
pension benefits are increased over time. Similarly, even with government pension
insurance, there is the probability that the pension fund defaults on its obligations to
the pension beneficiaries. Both of these complexities can be dealt with using a
combination of the previous life insurance analysis and the techniques of other
chapters. In particular, the increased use of the logistic regression technique and
reduced form modeling approach allows for comprehensive credit-adjusted risk
management of both the assets and liabilities of a pension fund.

One of the greatest fallacies in the world of legacy pension analytics is the
assumption of a portfolio return on the assets of the pension fund. This assumed
return has huge political implications, in the case of a government-sponsored pension
fund, if an analysis of the fund uses this assumed return in the calculation of whether
or not the pension fund is “underfunded.” A more rational analysis marks to market
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both the assets and the liabilities of the pension fund using the techniques of this
book. Discounting the mortality adjusted cash flows of the liabilities at the risk-free
rate is the liability risk-neutral value on the assumption that the liabilities must and
will be paid. Discounting the liabilities at any higher discount rate implies it is
economically and politically acceptable for the pension fund to default on its obli-
gations to pensioners. Similarly, any form of valuation on the asset side that allows
assets to be marked at a higher value than their market value (like the previous
assumed return) is a thinly disguised ploy to overstate the financial health of the
pension fund.2

PROPERTY AND CASUALTY INSURANCE

Property and casualty insurance differs from life insurance in two dimensions: the
term of the insurance contract is typically shorter and the events being insured are
quite diverse, ranging from auto insurance to catastrophic weather-related events.
Aside from events that are acts of nature, like weather and earthquakes, logistic
regression again plays a powerful role in both pricing and risk management of lia-
bilities on a property and casualty insurance contract. The price of an auto insurance
policy depends on factors such as the following:

n The age of the driver
n The sex of the driver (in some jurisdictions)
n The health of the driver (if the data is available)
n The income of the driver (again, if the data is available)
n The driving history of the driver
n The amount of driving to be done (and the possibility that the true amount is not

disclosed)
n The type of car being insured (i.e., a bus or a sports car)
n The value of the car being insured
n The place in which the car will be stored (a deserted urban parking lot in a high-

crime area or a locked garage in a gated community)
n The place in which the car will be driven (i.e., Manhattan or rural France)

In addition, it is an empirical question whether macroeconomic factors have an
impact on both the probability of an insured event and the payout on the occurrence
of the event. Clearly, we know from the statistics on new auto sales that new sales of
cars decline in bad times so the average age of all cars being driven increases during
recessions. This in turn would be expected to affect the probability of a claim and the
payout on the claim. For this reason, depending on the nature of the insured event, it
is often the case that macro factors drive the probability of an insurance payout just
like they affect the probability of default in the reduced form credit models of
Chapter 16. When this is the case, it is essential that these macroeconomic factors are
incorporated in policy pricing and total balance sheet risk management or the risk of
providing the policy can be dramatically underestimated. If these macro factors are
relevant, they will increase the correlation in the occurrence of insured events and the
fat tails of the loss distribution.
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THE JARROW-MERTON PUT OPTION

In many insurance companies and pension funds, there is a sharp division between
the investment or asset side of the organization and the insurance or liability side of
the organization. The investment function is dominated by finance experts and the
liability side is dominated by insurance experts and actuaries. This contrasts sharply
with risk management at banks and securities firms where asset and liability man-
agement on a joint basis has been standard for 40 years.

Looking at the risk on only one side of the balance sheet at a time is dangerous
because common macro factors drive the risk on both sides of the balance sheet. If
you are looking at only half the picture, it is impossible for management, the board of
directors, and regulators to have an accurate view of total risk. How can we value the
Jarrow-Merton put option on the assets and liabilities of the firm as a comprehensive
integrated measure of interest rate and credit risk if half of the information is missing
or based on a completely different and totally inconsistent set of assumptions (e.g.,
assuming that the assets of the pension fund will return a compounded rate of 12
percent annually for the next 30 years)?

Perhaps the most tragic recent example of the damage caused by these “Great
Walls of China” in the insurance industry is the joint impact of the 2011 Sendai
tsunami and Fukushima nuclear disaster in Japan. Japanese life insurance compa-
nies were very heavily invested in the bonds of Tokyo Electric Power Company at
the same time mortality rates and property and casualty damages rates sky-
rocketed in the aftermath of the tsunami. If the Japanese government had not
rescued Tokyo Electric Power, the default probabilities for TEPCO shown above
make it clear that a “double whammy” of wrong way risk on the asset and liability
sides would have occurred.

Fortunately, as we have seen in this chapter, the mathematics of credit risk
models is taken directly from insurance expert Cox and there is no conceptual
barrier to integrated risk management in the insurance industry. There is literally
no difference in the mathematical approach, so there are only emotional and
political reasons for the long-standing divide between the actuaries and the
investment side of the organization when it comes to risk management. The best-
practice insurance companies are solving this problem by moving actuaries to the
investment side of the organization and investment managers to the insurance side
of the organization. Integrated risk management teams that have both actuaries
and finance experts are being established and a common view of integrated risk is
widely recognized as necessary and desirable. Insurance firms are increasingly
bringing in chief risk officers from the banking business who are determined to
break down the legacy Chinese walls between the actuaries and the rest of the
organization. We expect that the traditional “walls” down the middle of insurance
companies and pension funds will break down rapidly in the years ahead. That, in
the end, is good for all concerned.

We now step back and do exactly that, ourselves. We look at the entire integrated
risk of the entire organization in the next six chapters, now that we have completed
our transaction-level survey of best-practice valuation techniques.
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NOTES

1. We encourage readers to explore the excellent paper on this topic by Samir Soneji of
Darmouth and Gary King of Harvard, “Statistical Security for Social Security,” Harvard
University Working Paper, June 30, 2011.

2. A recent study, Stanford Institute for Economic Policy Research, “Going for Broke:
Reforming California’s Public Employee Pension Systems,” April 2010, made this
particularly clear with respect to the pension funds overseen by the State of California.
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CHAPTER 36
Value-at-Risk and Risk Management
Objectives Revisited at the Portfolio

and Company Level

In Chapter 1, we defined risk management in a practical way:

Risk management is the discipline that clearly shows management the risks
and returns of every major strategic decision at both the institutional level and
the transaction level. Moreover, the riskmanagement discipline shows how to
change strategy in order to bring the risk return trade-off into line with the
best long- and short-term interests of the institution.

In Chapter 1, we noted that this definition of risk management includes within
it the overlapping and inseparable subdisciplines, such as:

n Credit risk
n Market risk
n Asset and liability management
n Liquidity risk
n Capital allocation
n Regulatory capital calculations
n Operational risk
n Performance measurement
n Transfer pricing

Our primary focus in this book is to show how to execute the practice of risk
management in a way that is fully integrated and makes no distinction between these
subdisciplines. We do that in this chapter.

THE JARROW-MERTON PUT OPTION AS A MEASURE OF TOTAL RISK:
AN EXAMPLE

Value-at-risk (VaR) as a risk measure has dominated the past 20 years of risk ana-
lytics, especially for traded instruments. The authors grant that this focus was
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well-intended. Alas, as the large JPMorgan Chase credit trading losses of 2012 and
the listing of large institution losses in the introduction to this book make clear, the
VaR concept has not worked well in preventing losses and failures at the institutions
that have relied on it. In the rest of this chapter, we draw a clear distinction between
VaR and best practice, state-of-the-art risk management.

Unlike VaR, the Jarrow-Merton put option as a measure of total risk is an
observable, tradable number. Exhibit 36.1 shows put option prices on the common
stock of Citigroup prevailing on July 25, 2012.

This data is available, often in real time, on websites accessible even to retail
investors, let alone CEOs of major financial institutions. The chart makes a number
of things much more clear that the kind of value-at-risk calculations outlined by
Jorion’s (2006) classic overview of the subject:

n All assets and liabilities contribute to total risk, not just traded assets.
n Total risk is what matters, not just a narrow definition of market risk.
n Risk has a term structure and the price of protection against total risk changes as the

time horizon expands beyond the myopic 10- to 30-day focus of most VaR analysis.

The Jarrow-Merton put option allows a risk analyst to definitively answer
practice questions on capital adequacy. Exhibit 36.2, the data behind the graph in
Exhibit 36.1, gives us the ability to deal with a number of questions very specifically.
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EXHIBIT 36.1 Citigroup Put Option Prices as Percent of Stock Price ($25.7582) and Days to
Maturity, July 25, 2012
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EXHIBIT 36.2 Citigroup Put Option (Last) Price as Percent of Stock Price, July 25, 2012

Days to Maturity of Option Contract

In-the-Money Amount
Strike Price 0 1 23 58 86 114 140 177 233 541

13 0.000% 0.078% 0.194% 0.427% 0.893% 0.971%
14 0.000% 0.078% 0.194% 0.660% 0.776% 0.893% 2.096% 1.708%
15 0.000% 0.039% 0.621% 0.505% 0.699% 0.854% 1.475% 1.980% 5.358%
16 0.000% 0.078% 0.272% 0.776% 0.971% 1.359% 1.863% 1.631%
17 0.000% 0.078% 0.388% 0.893% 1.281% 1.320% 2.291% 3.183%
18 0.000% 0.078% 0.466% 0.621% 1.398% 1.902% 2.485% 3.572% 8.619%
19 0.000% 0.116% 0.660% 1.320% 1.592% 2.485% 3.339% 4.309%
20 0.000% 0.155% 0.971% 2.058% 2.679% 3.222% 3.999% 5.047% 10.948%
21 0.000% 0.039% 0.233% 1.126% 2.213% 3.416% 3.999% 4.814% 6.250%
22 0.000% 0.039% 0.427% 1.747% 2.912% 3.999% 5.590% 5.862% 7.532%
23 0.000% 0.039% 0.776% 2.446% 3.999% 4.620% 6.289% 7.105% 8.153% 15.723%
24 0.000% 0.078% 1.398% 3.339% 5.047% 6.212% 8.386% 9.434% 11.103%
25 0.000% 0.349% 2.407% 4.620% 6.095% 7.454% 8.813% 9.977% 12.811% 19.023%
26 0.939% 1.747% 4.038% 5.823% 9.473% 10.870% 12.423% 11.530% 12.617%
27 4.821% 6.483% 8.696% 10.094% 11.491% 12.617% 13.976% 16.111% 24.458%
28 8.703% 8.852% 9.589% 11.336% 14.753% 15.141% 17.082% 16.111% 15.723%
29 12.586% 13.006% 13.006% 14.170% 17.470% 19.800% 17.664% 18.053%
30 16.468% 17.858% 17.470% 17.470% 18.829% 22.129% 23.488% 23.876% 31.835%
31 20.350% 22.517% 21.935% 21.935% 22.517% 27.331%
32 24.232% 26.982% 25.041% 25.235% 26.205% 30.631% 37.076%
33 28.115% 28.340% 31.058% 30.476% 32.417% 32.223% 30.670%
34 31.997% 34.746% 34.940% 35.329% 35.717%

(Continued )

721



EXHIBIT 36.2 (Continued)

Days to Maturity of Option Contract

In-the-Money Amount
Strike Price 0 1 23 58 86 114 140 177 233 541

35 35.879% 38.628% 36.843% 44.258%
36 39.761% 40.181% 42.899% 43.870%
37 43.644% 45.811% 46.393% 47.596% 50.314%
38 47.526% 50.314%
39 51.408% 52.061%
40 55.290% 55.710% 58.428% 61.806%
41 59.173% 59.787% 59.593%
42 63.055%
43 66.937%
44 70.819%
45 74.702% 77.140% 79.858%

Sources: Yahoo! Finance; Kamakura Corporation.
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If dynamic new Citigroup Chairman of the Board Michael O’Neill asked this
question: “Howmuch additional capital does Citigroup need to ensure that our stock
price is at least $25 in January 2013?” Exhibit 36.2 contains the answer. On July 25,
Citigroup’s stock was trading at $25.7582. A put option with a strike price of $25
and a maturity of January 18, 2013 (177 days from July 25, 2012), costs $2.57 per
share or 9.977 percent of the current Citigroup stock price. What trade would
Citigroup need to do to buy this insurance? We note that this trade cannot be done in
practice for legal reasons but it does give us the market price of total risk protection.
The hypothetical trade is this, assuming no change in Citigroup stock price if a new
equity issue is done:

1. Issue N new shares at $25.7582 per share, bringing the total number of shares
from the current number of X to X þ N

2. Buy put options with a total cost of $2.57 per share (9.977 percent of share
price) on X þ N shares for a total cost of $2.57 (X þ N)

3. On January 18, 2013, if Citigroup’s share price is below $25, exercise the puts

With the current number of shares outstanding at Citigroup at about 2.93 billion
shares, puts on those shares would be $2.57 (2.93 billion) ¼ $7.5 billion. We then
solve for the number of new shares N such that the amount of the new issue is $7.5
billion plus $2.57 N (since we need puts on the new shares too).

25:7582N ¼ 2:57ð2:93billionÞ � 2:57N

The number of shares that need to be issued to protect a stock price level of
$25 per share on January 18, 2013, is N ¼ 325 million. If Citigroup’s total risk
were lower, N would be a lot lower number and the put price of $2.57 would be
much lower.

Value-at-risk provides next to no information on this practical question.

A FOUR-QUESTION PASS–FAIL TEST FOR FINANCIAL INSTITUTIONS'
CEOs AND BOARDS OF DIRECTORS

Above and beyond the practical question posed above, the four most important risk
management questions that a financial institution’s CEO and Board should be able to
answer are easy to summarize in a pass–fail test.

Question 1: What happens to the market capitalization and net income of the
firm if any of these risk factors change: home prices, foreign exchange rates,
commercial real estate prices, stock index levels, interest rates, commodity
prices?

If the answer is “I don’t know,” the institution fails the test.
Question 2: Using an insider’s knowledge of the assets and liabilities of the firm,
both “on balance sheet” and “off balance sheet,” what is the best estimate,
monthly for the next 10 years, of the probability that the firm will fail in each of
these 120 monthly periods?
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If the answer is “I don’t know,” the institution fails the test.
Question 3: Using only information available to an outsider, what is the best
estimate of the probability of the failure of the firm in both the short run and the
long run?

If the answer is “I don’t know,” the institution fails the test.
Question 4: If the firm is able to answer Questions 1, 2, and 3, what hedging
position is necessary to insure that the macro factor sensitivity of the firm and
default probability of the firm reach the target levels set by the Board of
Directors?

If the answer is “I don’t know,” the institution fails the test.

Why Do These Four Questions Matter?

When one looks at the ex post analysis of why institutions like Merrill Lynch, UBS,
and Citigroup got into such trouble during the current crisis, the feedback from the
Board and CEO levels is amazingly consistent. We summarized key quotations in this
regard in Chapter 1. In short, management admitted that they could not answer these
questions and that is why the institutions failed. The purpose of this book is to
provide a framework that allows an automated fully integrated highly accurate
answer to these questions that is consistent with the observable Jarrow-Merton put
prices outlined previously.

But aren’t there more than four questions one should be able to answer? Here are
some other questions that financial executives using best practice risk management
can answer and should answer.

An Alphabet of 26 Extra-Credit Questions

A modern approach to risk management can provide answers to a longer list of
additional questions than these four key questions posed above. To illustrate the
power of a multiperiod credit adjusted approach to risk management, we pose
additional “extra credit” questions that a financial institution can answer with a high
degree of accuracy using a best practice approach.

A. What is the probability that the firm will have to increase its reserve for loan
losses by more than X per quarter, quarterly for the next 10 years?

B. Given that macroeconomic factors drive actual losses, what pattern for the
allowance for loan losses gives the most stable net income for the institution?

C. To what extent does lending in commercial real estate provide diversification
versus the bank’s mortgage lending businesses?

D. What interest rate risk posture provides the most effective offset of credit losses
given the links between interest rates and defaults?

E. Given cyclical credit losses, what timing of common stock offerings (1) meets
capital needs through the cycle and (2) results in the highest average common
stock price on new issues?

F. How do regulatory capital ratios like the Basel II risk measures vary over the
business cycle and to what extent are they correlated with the firm’s actual risk
of default?
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G. What 10 macro factors represent the highest threat to the safety and soundness
of the institution, from highest to lowest?

H. What risk limits should the firm have in place with respect to these 10 macro
factors?

I. What hedging instruments are available to mitigate the risk of these macro
factors if their impact on the institution’s default risk grows too high?

J. How should these macro factor risk exposures be displayed and reported in the
institution’s annual report and regulatory filings like the 10-k report of the U.S.
Securities and Exchange Commission?

K. How should compensation systems for senior management be modified in light
of the risk that the institution has from its macro factor exposure?

L. How should the institution replace external and internal ratings, which obscure
macro factor links to default risk, with a more transparent “credit risk CAT
scan” of risk?

M. Looking backward in time, which macro factors had the largest historical
impact on the firm’s market capitalization and default risk?

N. How do macro factor movements affect the supply of liabilities (alleged “core”
deposits, certificates of deposit, commercial paper, bonds, derivatives) to the
firm?

O. What percentage decline can be expected in the supply of liabilities to the firm if
there is an adverse movement of 10 percent, one by one, in the 10 most
important macro factors affecting the institution?

P. What strategies can be put in place to mitigate this macro factor–driven credit
risk and liquidity risk?

Q. Which class of business counterparties has the greatest sensitivity to each of
these macro factors, and how should pricing of credits to these counterparties
reflect the risk?

R. Is the institution as diversified as it could be with respect to this macro factor
risk? If not, how could diversification be improved?

S. How is operational risk linked to movements in the same top 10 macro factors?
T. To what extent do legacy silo risk systems and ratings systems obscure the

answers to the questions above?
U. Can the system’s infrastructure be improved so that an integrated risk assess-

ment of macro factor sensitivity is both more accurate and more efficiently
produced?

V. Can the management team and board be strengthened so there is an enhanced
understanding of macro factor–driven risk across the organization?

W. Has the firm worked closely with auditors to ensure that the auditors have a
clear understanding of macro factor–driven risk?

X. Is the firm’s self-assessment of its own risk level consistent with the pricing on
put options on its common stock and credit default swaps?

Y. If the answer is no, what is the reason for the inconsistencies?
Z. If the market prices of puts and CDS are overly pessimistic, what investor

education campaign is necessary to more effectively communicate the true risk
of the institution?

A firm whose management team can answer this alphabet of questions truly
represents best practice in risk management and shareholder value creation.
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IS YOUR VALUE-AT-RISK FROM VALUE-AT-RISK?

How does a firm’s ability to answer these critical 4 þ 26 risk management questions
differ if value-at-risk is the primary risk measure? We summarize the well-known
problems of value-at-risk in this section.

VaR has as many incarnations as there are risk managers. In the mid-1990s,
JPMorgan made the decision to publicize the technique and to spin off an affiliate
that would resell the VaR technology and related information. Hundreds of financial
institutions adopted the VaR technology as a supplement for or replacement of
traditional trading floor–based risk limits like PVBP (present value of a basis point
move in interest rates) or delta-type measures with respect to other risk factors, like
stock prices and foreign exchange rates. Philippe Jorion (2006) has done a masterful
job in his book at documenting various ways to implement the VaR concept. The
purpose of this section is much simpler—to answer the question “Does it work?”
Could a sophisticated user of the VaR concept have anticipated the 2006–2011 credit
crisis and taken action early on to mitigate the impact of the crisis? The answer
is . . . maybe. That’s not a sufficiently strong endorsement to justify the considerable
sums that many institutions have invested in legacy VaR technology. Why is the
answer so lukewarm? We turn now to the reasons.

First of all, there are three principal variations of VaR technology, and they have
different strengths and weaknesses:

1. Historical VaR, which estimates the nth percentile in potential losses based on
historical returns on the relevant traded assets.

2. Variance–covariance VaR, which takes the historical volatility and correlation
of returns on traded assets to calculate the nth percentile in potential losses

3. Monte Carlo VaR, which simulates the environment forward, rather than using
historical data like A and B.

Most of the initial publicity around the VaR concept focused on a 10-day time
horizon for the calculation, since it was advertised as an index of short-term trading
risk for assets traded in an active market. Most implementations assume that the
portfolio of assets and liabilities that one is analyzing stays constant over the one-
period horizon (with length 10 days).

How well did these techniques serve their users in the credit crisis? On January
28, 2008, a story on Bloomberg.com, “Death of VaR Evoked as Risk-Taking Vim
Meets Taleb’s Black Swan,” reported that Merrill Lynch’s historical VaR measure
was $92 million at a time that CDO losses had already reached $18 billion at Merrill.
With all due respect to Nassim Taleb, this was no “black swan.” The error in the
VaR measure at Merrill was due to simplifying assumptions in the calculation that
were simply not true, leading to incorrect risk assessment. With respect to historical
VaR, here are the major problems that would lead one to underestimate risk by a
factor of 200 like Merrill did:

Problem 1: Future returns almost never equal historical returns. Home prices
dropped, mortgage default rates skyrocketed, and the historical returns
(which are typically measured over a period of less than a year) did not
adequately reflect the possibility of these events.
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Problem 2: Much of the losses in the 2006-2011 crisis have stemmed from assets
that either always have been or are currently “nontraded:” subprime
mortgage loans, Alt-A loans, and structured products using them as refer-
ence collateral. They were simply left out of the calculation

Problem 3: The balance sheet you end with is not the balance sheet you start
with, even though that’s the assumption made by most VaR users. A veteran
risk manager at one of the largest life insurance firms in North America once
asked, “This VaR concept doesn’t make any sense. If we extend the time
horizon to a year, a huge percentage of our assets would have matured by
then. How could anyone assume a constant balance sheet for VaR?”

Most of these problems apply to variance-covariance VaR as well, with an
additional monkey wrench thrown into the gears:

Problem 4: Returns on most securities are not normally distributed. If one
assumed that the returns on Bear Stearns common stock were normally
distributed at their historical mean and variance, one would have implied a
probability of failure (a monthly return of �100 percent) of 0.000000. For
CDO tranches (see Chapter 20) with narrow bands of losses, the outcome
is almost exclusively “all or nothing,” since it becomes highly unlikely for
the tranche to suffer partial losses when the size of the tranche is a small
percentage of total notional principal of the collateral underlying the CDO.
The net impact of the normality assumption is a dramatic underestimation
of risk.

When one turns to Monte Carlo VaR, still another problem can be important:

Problem 5: Returns in period N are not independent of the returns in period
N � 1, even though this assumption of independence is very, very common
in financial theory and practice. Take the Case-Shiller home price index
from www.sandp.com and test the hypothesis that home price returns are
independent of returns on prior periods to see for yourself—the returns
are very, very highly cyclical and dependent on past returns.

Can VaR be saved? The answer is yes if the analyst is very careful and has a
powerful enterprise-wide software package available. Here are the steps that one
needs to take to get maximum accuracy from the VaR way of thinking:

Fix Number 1: Do the VaR calculation on a multiperiod basis that allows for a
dynamic balance sheet, with cash flow reinvested, new assets and liabilities
generated, and embedded options exercised.

Fix Number 2: Allow for defaults to occur, since they are the biggest source of
“non-normality” in the real world. Kamakura Risk Manager uses default
probabilities from the Kamakura Risk Information Services default service
(or any other source) for this purpose.

Fix Number 3: Recognize that the drivers of risk, typically macroeconomic
factors, can be cyclical with probability distributions in period N that
depend on prior periods.
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Fix Number 4: Look at the entire distribution of value, not just one percentile
level, at multiple points in time.

Fix Number 5: Stress test VaR and mark-to-market value with respect to all
relevant macro factors (like home prices) to avoid being lulled into com-
placency. This requires explicit links between the macro factors, default
probabilities, and credit spreads.

With these fixes, a multiperiod default-adjusted VaR calculation can add some
insight that creates incremental risk–adjusted shareholder value added. We now turn
to some additional important differences between VaR and the Jarrow-Merton put
option concept.

VaR VS. THE PUT OPTION FOR CAPITAL ALLOCATION

What are the real differences between using the VaR approach to capital allocation
and using the put option approach? This section answers that question.

A worked example shows the differences very clearly. Let’s assume that there are
only 100 scenarios that can impact our firm ABC Company. In best practice net
present value terms, in 93 scenarios there is no value destruction and capital is
unchanged. In seven scenarios, numbered 94 to 100, we have these losses:

Scenario Net Present Value of Losses

94 1
95 3
96 4
97 6
98 12
99 17
100 27

We can then easily determine that the average loss over all 100 scenarios is 0.70.
The ninety-ninth percentile VaR is 17, and the ninety-fifth percentile VaR is 3. We
need only $3 of capital to survive 95 percent of the time, but we need $17 to survive
99 percent of the time. This is simple enough. How does the put option approach
compare?

Let’s make it very clear that, when we are talking about a put option, we could
equivalently call it an insurance policy that reimburses us for any value destruction in
our current portfolio. Puts come at various strike prices and insurance policies come
with deductibles and caps. Exhibit 36.3 shows the payments that an insurance
company would make to us in each of the loss scenarios for four policies: three
policies where the losses are capped (at 5, 10, and 20) and one policy with no caps.

How much would each of these put options or insurance policies cost? Since
our losses are stated in net present value terms, in a competitive market with perfect
competition the put/policy should be priced at its expected value over the 100
scenarios. For the policy capped at a maximum loss of 5, the cost is 0.28 (the
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expected losses of 1 þ 3 þ 4 þ 5 þ 5 þ 5 þ 5 ¼ 28/100 trails). For the $10 cap,
the cost is 0.44. For the 20 loss cap, the cost is 0.63. For a policy that reimburses us
for all losses, the cost of the put is exactly the expected loss on the portfolio: 0.70.
How much capital would be needed if we were comfortable with insurance only up
to 20 in losses? We issue additional capital of 0.63, and we use the 0.63 to buy the
insurance policy.

WHY ARE THE VaR AND PUT APPROACHES SO DIFFERENT:
SELF-INSURANCE VS. THIRD-PARTY INSURANCE

How do we explain the fact that the ninety-ninth percentile VaR capital needed is 17
and the put option with a cap at 20, where the company also loses money in only 1 of
the 100 scenarios, costs only 0.63, not 17? The VaR capital calculation assumes that
you are “self-insuring” the company against losses. Even though 17 or more in losses
happens in only 2 of the 100 scenarios, you issue 17 in capital, which turns out to be
unnecessary 98 times out of 100.

The Jarrow-Merton put premium or insurance cost of protecting your portfolio
of losses up to $20 reflects not only the amount of the losses, but also their
probability of occurrence. The insurance provider can diversify, and a competitive
marketplace will ensure that the benefits of diversification are passed along to the
clients of the insurance provider. In a nutshell, the VaR approach assumes you are
self-insured and can’t diversify. The put option approach assumes you buy protection
from a third party who is diversified. It’s all very simple.

As we noted previously, when it comes to capital allocation using the put option
concept, we don’t even have to make the calculation for bank holding companies that
are listed on stock exchanges in the United States. Put options on their common stock
will be publically observable, and, for any “deductible” (strike price). There will be a
different amount of capital required for that level of protection as we saw in Exhibits
36.1 and 36.2 for Citigroup.

Another approach to protect one’s capital has tremendous moral hazard for your
counterparty—you can buy credit default swaps on yourself. Rumor has it that AIG
was “sophisticated” enough to be willing to do this. But what if Nassim Taleb is right
and the CDS market is the equivalent of buying marine insurance from another

EXHIBIT 36.3 Loss Scenarios for Four Policies

Scenario
Net Present Value

of Losses
Losses

Capped at 5
Losses

Capped at 10
Losses

Capped at 20
No Cap on

Losses

94 1 1 1 1 1
95 3 3 3 3 3
96 4 4 4 4 4
97 6 5 6 6 6
98 12 5 10 12 12
99 17 5 10 17 17
100 27 5 10 20 27
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passenger on the Titanic? The put/insurance policy can still be valued and purchased.
We do a credit risk “CAT scan” that looks through all the assets and liabilities of the
firm and all of the counterparties to see how they are affected by key macro factors
like interest rates, home prices, foreign exchange rates, and stock indices. This is
exactly what we describe below. We then buy the appropriate insurance protection
on these macro factors. Almost all of them have exchange traded futures and (in some
cases) options, so we don’t have a Titanic problem.

In short, the difference between a VaR approach to capital needs and a put
option or insurance approach to capital needs is the difference between self-insurance
or insurance in an efficient market that recognizes diversification. In most cases, the
latter assumption will be a much more accurate indicator of how much capital
protection is necessary.

As we explained previously, a put option or insurance policy that insures the firm
against the same loss profile is the probability-weighted present value of all scenarios.
Given identical loss projections, this normally means that the “true” VaR will be
much higher than the put price (unless the losses are the same in all scenarios) because
the put is probability weighted and the VaR is not. Then what about this quote from
Bloomberg.com on January 28, 2008?

Merrill’s highest one-day value-at-risk in the third quarter was $92 million,
indicating that the firm’s maximum expected cost during the 63-trading day
periodwould be$5.8 billion. In fact, the firmwrote down$8.4 billion from the
value of collateralized debt obligations, subprime mortgages and leveraged
finance commitments, 45 percent more than the worst-case scenario. (www.
bloomberg.com/apps/news?pid¼newsarchive&sid¼axo1oswvqx4s.)

How could that happen?
What was reported in the Bloomberg story was “false” VaR, a gross underes-

timate of risk that has a host of problems that we listed in the previous section
“Is Your Value-at-Risk from Value-at-Risk?” The Bloomberg story goes on to state
that most of the large U.S. securities firms were using “false” VaR based on one to
four years of historical data. Given the history of U.S. home prices, a four-year
historical false VaR would have predicted minimal losses (as it did) because over the
four-year period ending December 31, 2007, home prices were strongly up. Even
though home prices peaked in Los Angeles in September 2006, they did not begin to
have a powerful impact on mortgage defaults until the second half of 2007. False
VaR is based on an average of history. True VaR, which is what we assumed in our
previous example, is a complete and accurate listing of all possible future outcomes
and their probabilities, Nobel laureate Kenneth Arrow’s famous “state space.” If we
base true VaR on that complete listing of outcomes and probabilities, the put price or
cost of insuring risks via a third party that can diversify will almost always be less
than the high percentile (say ninety-ninth) true VaR number. That true VaR number
is the amount of self-insurance you need to survive with 99 percent probability.

Wasn’t the miss with respect to VaR just a black swan as Nassim Taleb argued?
No, it was just bad math. It was an assumption that the world was flat. As we
explained previously, historical VaR contains an implicit assumption that neither
Lehman nor Bear Stearns could fail, because (based on historical equity returns) the
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implied probability of �100 percent stock returns within a month for each of them
was 0.000000 percent. Similarly, if the monthly changes in home prices have been
strongly positive over the measurement period, the historical VaR approach will
implicitly assume away the probability of a decline. The “true” VaR calculation and
a rationally priced put will consider all possible future scenarios, not just those that
have actually come about in the past 12 or 48 months.

CALCULATING THE JARROW-MERTON PUT OPTION VALUE AND
ANSWERING THE KEY 4 þ 26 QUESTIONS

“What is the hedge?” In other chapters in this book, we posed this question as the
best single-sentence test of risk management technology. For that reason, the Jarrow-
Merton put option is a very powerful concept because the put option they propose, if
properly structured, is the hedge. What is the equivalent of the Merton and Jarrow
put option in the interest rate risk context? It is the value of an option to buy the
entire portfolio of the financial institution’s assets and liabilities at a fixed price at a
specific point in time.

Here are some examples of the Jarrow-Merton put option as a practical risk
management concept:

n Instead of the 10-day value-at-risk of a trading portfolio, what is the value of a
10-day put option on my current portfolio with an exercise price equal to the
portfolio’s current market value? The price of the put option will increase
sharply with the risk of my portfolio, and the put option’s price will reflect all
possible losses and their probability, not just the ninety-ninth percentile loss as is
traditional in value-at-risk analysis

n Instead of stress testing the 12-month net income of the financial institution to
see if net income will go below $100 million for the year, what is the price of a
put option in month 12, which will produce a gain in net income exactly equal to
the shortfall of net income versus the $100 million target? The more interest rate
risk in the balance sheet of the financial institution, the more expensive this put
option will be. The put option will reflect all levels of net income shortfall and
their probability, not just the shortfalls detected by specific stress tests

n Instead of the Basel II, Basel III, or Solvency II risk-weighted capital ratio for
the institution, what is the price of the put option that insures solvency of the insti-
tution in one year’s time? This put option measures all potential losses embedded in
the financial institution’s balance sheet and their probability of occurrence, including
both interest rate risk and credit risk, as we discuss at the end of this chapter.

n Instead of expected losses on a collateralized debt obligation tranche’s B tranche,
what is the price of a put option on the value of the tranche at par at maturity?
This put option reflects all losses on the tranche, not just the average loss, along
with their probability of occurrence.

n Instead of expected losses on the Bank Insurance Fund in the United States, the
Federal Deposit Insurance Corporation (FDIC) has valued the put option of
retail bank deposits at their par value as discussed in the FDIC’s loss distribution
model announced on December 10, 2003.
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The Jarrow-Merton put option concept helps to reconcile what many regard as
conflicting objectives to be managed from a risk management perspective:

n Net interest income (or net income), which is a multiperiod financial accounting-
based exhibit that includes the influence of both instruments that the financial
institution owns today and those that it will own in the future.

n Market value of portfolio equity, which is the market value of the assets a
financial institution owns today less the market value of its liabilities.

n Market-based equity ratio, which is the ratio of the mark-to-market value of
the equity of the portfolio (“market value of portfolio equity” in bank jargon)
divided by the market value of assets. This is most closely related to the capital
ratio formulas of the primary capital era, Basel I, Basel II, Basel III, and Solvency II.

n Default probability of the institution, which is another strong candidate as a
single measure of risk.

We next discuss how the valuation of these options can be done using the
technology in the first 38 chapters of this book.

VALUING AND SIMULATING THE JARROW-MERTON PUT OPTION

How do we value the Jarrow-Merton put option? In some of the cases mentioned
above, we already have known valuation approaches from Chapters 20 through 35
using an N-factor Heath, Jarrow, and Morton (HJM) interest rate model. In those
chapters, we used the three-factor HJM model from Chapter 9 for exposition pur-
poses. For the full on- and off-balance sheet portfolio of a financial institution, we
simply repeat the process with finer time granularity and more transactions. This is
what computers are for. We need to calculate the risk-neutral expected values of the
cash flows that would be paid on the Jarrow-Merton put option that we are
analyzing.

We outlined the steps in this simulation in Chapter 19 in the context of a
portfolio of risky bonds:

For the reduced form model, the steps are as follows:

1. Simulate the risk-free term structure using an N-factor HJM approach.
2. Choose a formula and the risk drivers for the liquidity component of credit

spread for all of the relevant asset classes as discussed in Chapter 17.
3. Choose a formula and the risk drivers for the default-intensity process in the

Jarrow model as discussed in Chapter 16 for all asset classes.
4. Simulate the random values of the drivers of liquidity risk and the default

intensity for M time periods over N scenarios, consistent with the risk-free term
structure.

5. Calculate the default intensity and the liquidity component at each of the M time
steps and N scenarios for each counterparty, from retail to small business to
corporate to sovereign. Note that these will be changing randomly over time
because interest rates and other key macro factors (like home prices) are
changing as well. This is essential to capturing cyclicality in traded asset prices
and defaults.
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6. Apply the Jarrow model as we have done in Chapters 16 and 17 to get the
zero-coupon bond prices for each maturity for each transaction for each
counterparty.

7. Calculate the dates and cash flow amounts for the Jarrow-Merton put option
structure that is most relevant.

8. Calculate the put option’s value by discounting by the appropriate risk-free zero-
coupon bond price for each of the M time steps and N scenarios.

This is a general valuation procedure that we can apply for all instruments
discussed in Chapters 20 through 26.

WHAT’S THE HEDGE?

Let’s say management has become comfortable with the Jarrow-Merton put option
as a comprehensive measure of risk. How do we address the key test of risk man-
agement technology: “What’s the hedge?”

If we have done a comprehensive job of fitting our default probability models
as in Chapters 16–17 and a thorough job of fitting our interest rate models as dis-
cussed in Chapters 5 through 10, we can stress test the put option value that
we derived in the previous section. We pick a macroeconomic risk factor to stress
test. If the financial institution is a lender in the United States, the S&P 500 is a
commonly used macro factor that can be proven to be a statistically significant driver
of default probabilities for a large range of counterparties. We can calculate what
position in S&P 500 futures is needed to control changes in the Jarrow-Merton put
option as a measure of risk in exactly the same way van Deventer and Imai (2003)
discuss macro hedging of a portfolio of risky credits:

1. Select the base case value X for the S&P 500 and all other macro factors.
2. Value the appropriate Jarrow-Merton put option using the approach of the

previous section.
3. Select the stress test value Y for the S&P 500 and use all of the same macro

factor values as in step 1. The same Monte Carlo “seed value” as step 1 also has
to be used.

4. Get the stress-tested value of the Jarrow-Merton put option.
5. The change in the Jarrow-Merton put option is the Value in Case 1 � Value in

Case 2.
6. The change in the S&P 500 is X – Y.
7. The proper hedge depends on what type of S&P 500 hedging instruments are

being used (futures contracts or not, maturity of futures contracts, etc.). The
number of contracts to be used for the hedge is the number such that the change
in the value of the futures contracts if the S&P 500 moves from X to Y will
exactly offset the change in the value of the Jarrow-Merton put option from its
Case 1 value to its Case 2 value.

Using this approach, we always know the proper integrated hedge of interest rate
risk and credit risk. Our objectives have been achieved.

Value-at-Risk and Risk Management Objectives Revisited at the Portfolio and Company Level 733



LIQUIDITY, PERFORMANCE, CAPITAL ALLOCATION, AND
OWN DEFAULT RISK

Using the Jarrow-Merton put option approach that we have built in this chapter on
the foundation of Chapters 1 through 35, we can now definitively address key risk
management issues like those in our previous 4 þ 26 questions:

What is the liquidity risk of my organization?

What amount of capital should I have in the institution as a whole?

What amount of capital should I have in each business unit?

What is the performance of each business unit?

We turn to that task in the next three chapters.

NOTE

1. www.bloomberg.com/apps/news?pid¼newsarchive&sid¼axo1oswvqx4s.
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CHAPTER 37
Liquidity Analysis and Management

Examples from the Credit Crisis

In Chapter 36, we applied the Jarrow-Merton put option concept as a comprehensive
measure of integrated interest rate, market risk, foreign exchange risk, and credit

risk. We listed four key questions and 26 supplementary questions that can be
answered as a result of the risk management process that are outlined in the first 36
chapters of this book. We reviewed the observable market data on the cost of the
Jarrow-Merton put option for Citigroup at various time horizons. Finally, we showed
the multiperiod simulation process that allows us to value the Jarrow-Merton put
option, giving us an alternative measure of the dollar amount of money that would be
necessary to eliminate the risk we face. We also noted in that chapter that the put
option concept can be applied to risk management defined as shortfalls in net income,
capital ratios, or provisions for loan losses.

In this chapter, we apply the same concept to shortfalls in cash—liquidity risk—
which is tightly linked with the credit risk of the institution. We take great care to
avoid the single greatest mistake in liquidity risk analysis—basing the analysis solely
on the cash flow history of a firm that has never had a “near death” experience from
liquidity risk. Indeed, our focus in this chapter is primarily on institutions that have
had such near death experiences. We start with a review of the five biggest liquidity
risk problems in North America during the 2006–2011 credit crisis.

LIQUIDITY RISK CASE STUDIES FROM THE CREDIT CRISIS

In the introduction to this book, we discussed the six biggest fallacies in risk man-
agement. As an introduction to five case studies of liquidity shortfalls, we survey each
of the risk fallacies that contributed to the 2006–2011 credit crisis, which, in turn,
caused the liquidity shortfalls that are outlined in this section:

n If it hasn’t happened to me yet, it won’t happen to me, even if it has happened to
someone else. Many market participants believed that home prices in the United
States would never go down, but they did.

n Silo risk management allows my firm to choose the “best of breed” risk model
for our silo. Risk management was so fragmented at the largest U.S. and
European institutions that the pervasive impact of home price falls on a wide
range of counterparty risks and security values was not modeled realistically.
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n I don’t care what’s wrong with the model. Everyone else is using it. The copula
approach to CDO valuation was hopelessly flawed and confined to a largely
desktop review of traded products. A macroeconomic factor–driven total bal-
ance sheet analysis of credit risk was rarely performed.

n I don’t care what’s wrong with the assumptions. Everyone else is using them.
The assumption that home prices and other macro factors had returns that were
independent from period to period was dramatically wrong. There is a strong
persistence in trends in returns, causing macro factor swings to be much larger
than what was modeled.

n Mathematical models are superior to computer simulations. Few banks had the
systems capability to realistically model the impact of a large number of random
macro factors. What analysis was done was dominated by closed form solutions
that could only be obtained by making unrealistic assumptions (like the inde-
pendence assumption above) about the nature of macro factor movements.

n Big North American and European banks are more sophisticated than other
banks around the world and we want to manage risk like they do. The evidence
in this section is proof positive that, sadly, their example is not one that should
be followed.

n Goldman says they do it this way and that must be right. Michael Lewis’ (2011)
instant classic, The Big Short: Inside the Doomsday Machine, thoroughly
documents how a few securities dealers were able to whipsaw smaller market
participants with contrarian (and more accurate) views for an extended period of
time with arbitrary mark-to-market positions imposed by those dealers. This
aggravated the crisis, delayed recognition of its magnitude, and triggered some of
the biggest flows of bailout funds.1

Wenow turn to five case studies in liquidity risk during the2006–2011 credit crisis.

CASE STUDIES IN LIQUIDITY RISK

Largest Funding Shortfalls

In this section, we review the data used in the Kamakura analysis of 21 cases studied
in liquidity risk and then review each of the top five funding shortfalls.2 Under the
Dodd-Frank Act of 2010, the Board of Governors of the Federal Reserve was
required to disclose the identities and relevant amounts for borrowers under various
credit facilities during the 2006–2011 financial crisis. These credit facilities provide,
perhaps, the best source of data about liquidity risk and funding shortfalls of the last
century. We use this data to determine to what extent there was a funding shortfall at
the largest institutions active in U.S. financial markets during the credit crisis.

The data used in the study consist of every transaction reported by the Federal
Reserve as constituting a “primary, secondary, or other extension of credit.”
Included in this definition are normal borrowings from the Fed, the primary dealer
credit facility, and the asset-backed commercial paper program. Capital injections
under the Troubled Asset Relief Program (TARP) and purchases of commercial paper
under the Commercial Paper Funding Facility are not included in this definition put
forth by the Federal Reserve. We analyze borrowings under the Commercial Paper
Funding Facility separately.3
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Kamakura took the following steps to consolidate the primary, secondary, and
other extensions of credit:

n From www.twitter.com/zerohedge, Kamakura downloaded the daily reports, in
PDF format, from the Federal Reserve on primary, secondary, and other exten-
sions of credit from February 8, 2008, until March 16, 2009, approximately 250
reports in total.

n Kamakura converted each report to spreadsheet form.
n These spreadsheets were aggregated into a single database giving the origination

date of the borrowing, the name of the borrower, the Federal Reserve District of
the borrower, the nature of the borrowing (ABCP, PDCF, or normal), the
maturity date of the borrowing, and (in the case of Primary Dealer Credit
Facility) the name of the institution holding the collateral.

n Consistency in naming conventions was imposed; that is, while the Fed listed two
firms as “Morgan Stanley” and “MSCo,”Kamakura recognized to themaximum
extent possible that they are the same institution and used a consistent name.

n To themaximumextent possible, the nameof the ultimate parentwas used in order
to best understand the consolidated extension of credit by the Fed to that firm.4

Kamakura calculated the daily borrowings of a large number of prominent
international financial institutions during the period covered by the Federal Reserve
data. For each of these selected institutions, Kamakura calculated these statistics:

n Maximum Outstanding Borrowing
n Average Outstanding Borrowing
n First Borrowing Date
n Average Borrowing on Nonzero Borrowing Days
n Number of Borrowing Days

Exhibit 37.1 ranks these selected institutions by maximum borrowings during
the period covered. AIG leads the list with a maximum borrowing of $208 billion
during this period.

Readers should be under no illusion that this was just a temporary facility and
that these institutions could have survived without government aid. Nothing could be
further from the truth, as nicely summarized by the report by the Office of the Special
Inspector General of the Troubled Asset Relief Program entitled “Emergency Capital
Injections Provided to Support the Viability of Bank of America, Other Major Banks,
and the U.S. Financial System,” October 5, 2009. For each of the top five borrowers
in Exhibit 37.1, we discuss their borrowings in detail below. Exhibit 37.2 ranks
the same institutions by the average amount of borrowing on those days during the
period when borrowings were outstanding.

We now turn to a name-by-name summary of the top five liquidity crises in
North America during the period covered by the Fed data.

American International Group (AIG)

Excellence in risk management and good corporate governance require that financial
institutions analyze their own probability of default. The proposed Basel III
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EXHIBIT 37.1 Kamakura Corporation, Analysis of Primary, Secondary, and Other Borrowings from the Federal Reserve Ranked by
Maximum Borrowing

Rank Institution
Maximum
Outstanding

Average
Outstanding

First
Borrowing

Date

Average Of Non-
Zero Borrowing

Days

Number of
Borrowing

Days

1 AIG 208,616,483,142 72,793,773,121 20080916 161,186,211,912 182
2 Consolidated JPMorgan, Bear Stearns,

and WaMu 101,125,000,000 17,728,196,729 20080306 23,666,720,690 290
3 State Street 77,802,450,046 9,000,920,496 20080220 19,821,699,234 183
4 Morgan Stanley 61,292,078,000 7,223,467,296 20080317 16,172,540,667 180
5 Dexia New York Branch 50,000,000,000 12,875,000,000 20080417 15,534,805,389 334
6 Consolidated BAC, Countrywide, and

Merrill Lynch 48,141,416,451 10,091,065,527 20080310 14,120,484,053 288
7 Barclays 47,942,000,000 2,452,411,911 20080317 6,177,012,500 160
8 Depfa Bank PLC New York Branch 47,800,000,000 9,716,203,474 20080930 24,022,269,939 163
9 BNY Mellon 41,588,201,426 2,495,094,570 20080922 5,880,252,114 171
10 Merrill Lynch 39,956,500,000 7,620,802,284 20080310 16,164,122,739 190
11 Wachovia Bank NA 36,000,000,000 5,962,593,052 20080416 23,791,336,634 101
12 Lehman Brothers 28,000,000,000 195,555,571 20080318 5,253,926,333 15
13 Citigroup 24,200,000,000 6,712,770,766 20080318 12,524,289,901 211
14 Goldman Sachs 24,200,000,000 2,155,973,945 20080318 11,584,766,667 75
15 Royal Bank of Scotland Group, including

CP* 20,460,500,000 5,531,579,799 20080229 9,604,281,409 364
16 Bank of America 13,000,000,000 1,895,449,347 20080619 4,106,806,919 186
17 Bank of Scotland PLC New York Branch 12,000,000,000 2,363,275,434 20080917 8,140,170,940 117
18 Royal Bank of Scotland PLC New York &

RBS Citizens 8,400,000,000 49,284,697 20080229 2,837,390,429 7
19 Societe Generale New York Branch 8,000,000,000 2,584,880,893 20080325 3,960,863,118 263
20 Countrywide Financial 6,295,000,000 574,813,896 20080317 2,271,078,431 102
21 HSH Nordbank AG New York Branch 5,250,000,000 1,662,622,829 20080327 3,004,650,224 223

*Average calculated through October 31, 2009.
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EXHIBIT 37.2 Kamakura Corporation, Analysis of Primary, Secondary, and Other Borrowings from the Federal Reserve Ranked by Average of
Non-Zero Borrowing Days

Rank Institution
Maximum
Outstanding

Average
Outstanding

First
Borrowing

Date

Average Of Non-
Zero Borrowing

Days

Number of
Borrowing

Days

1 AIG 208,616,483,142 72,793,773,121 20080916 161,186,211,912 182
2 Depfa Bank PLC New York Branch 47,800,000,000 9,716,203,474 20080930 24,022,269,939 163
3 Wachovia Bank NA 36,000,000,000 5,962,593,052 20080416 23,791,336,634 101
4 Consolidated JPMorgan, Bear Stearns,

and WaMu 101,125,000,000 17,728,196,729 20080306 23,666,720,690 290
5 State Street 77,802,450,046 9,000,920,496 20080220 19,821,699,234 183
6 Morgan Stanley 61,292,078,000 7,223,467,296 20080317 16,172,540,667 180
7 Merrill Lynch 39,956,500,000 7,620,802,284 20080310 16,164,122,739 190
8 Dexia New York Branch 50,000,000,000 12,875,000,000 20080417 15,534,805,389 334
9 Consolidated BAC, Countrywide, and

Merrill Lynch 48,141,416,451 10,091,065,527 20080310 14,120,484,053 288
10 Citigroup 24,200,000,000 6,712,770,766 20080318 12,524,289,901 211
11 Goldman Sachs 24,200,000,000 2,155,973,945 20080318 11,584,766,667 75
12 Royal Bank of Scotland Group,

including CP* 20,460,500,000 5,531,579,799 20080229 9,604,281,409 364
13 Bank of Scotland PLC New York

Branch 12,000,000,000 2,363,275,434 20080917 8,140,170,940 117
14 Barclays 47,942,000,000 2,452,411,911 20080317 6,177,012,500 160
15 BNY Mellon 41,588,201,426 2,495,094,570 20080922 5,880,252,114 171
16 Lehman Brothers 28,000,000,000 195,555,571 20080318 5,253,926,333 15
17 Bank of America 13,000,000,000 1,895,449,347 20080619 4,106,806,919 186
18 Societe Generale New York Branch 8,000,000,000 2,584,880,893 20080325 3,960,863,118 263
19 HSH Nordbank AG New York Branch 5,250,000,000 1,662,622,829 20080327 3,004,650,224 223
20 Royal Bank of Scotland PLC New York

& RBS Citizens 8,400,000,000 49,284,697 20080229 2,837,390,429 7
21 Countrywide Financial 6,295,000,000 574,813,896 20080317 2,271,078,431 102

*Average calculated through October 31, 2009.
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liquidity risk ratios are concrete symbols of the regulators’ focus on default risk.
Liquidity risk is the symptom that a firm has some other severe disease, be it credit
risk, market risk, interest rate risk, fraud, or something else. Default becomes inev-
itable when it becomes apparent that an institution cannot liquidate its assets
with sufficient speed or volume to meet cash needs from liabilities that have been
withdrawn (in the case of deposits) or that will not be rolled over (commercial paper,
bank lines, bonds, canceled insurance policies, and so on). For an institution that has
not failed, data from institutions that have failed or have had “near death experi-
ences” usually provide more insights on liquidity risk than the institution’s own
history of liability amounts and costs. This section features the funding shortfalls at
AIG during the credit crisis for exactly that reason.

The primary, secondary, or other extensions of credit by the Federal Reserve
to AIG during the period February 8, 2008 to March 16, 2009 can be summarized
as follows:

First borrowing date: Continuous from September 16, 2008
Average from 2/8/2008 to 3/16/2009 $72.8 billion
Average when drawn $161.2 billion
Maximum drawn $208.6 billion

Kamakura Risk Information Services (KRIS) version 5.0 Jarrow-Chava default
risk models showed a cumulative five-year default probability for AIG of 65.34 percent
on the date of its first Fed borrowing, September 16, 2008, as shown in Exhibit 37.3.

The pattern of total outstanding borrowings from the Federal Reserve shows a
steady increase from the first borrowing date on September 16, 2008, as shown in
Exhibit 37.4.

In addition to these borrowings (“primary, secondary, or other extensions of
credit”) from the Federal Reserve, AIG-related entities were substantial beneficiaries
of support from the Commercial Paper Funding Facility run by the Federal Reserve,
as shown in Exhibit 37.5.

EXHIBIT 37.3 American International Group
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EXHIBIT 37.4 AIG Primary, Secondary, and Other Extensions of Credit by the Federal
Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 37.6 Chronology: JPMorgan Chase, Bear Stearns, and Washington Mutual

September 2, 2004 Washington Mutual chief risk officer Jim Vanasek sends
internal Washington Mutual memo stating “At this point in the
mortgage cycle with prices having increased far beyond the rate
of increase in personal incomes, there clearly comes a time
when prices must slow down or perhaps even decline.” (Levin
Report, p. 66)

August 2006 InternalWashingtonMutualpresentationonOptionARMcredit
risk reported that from 1999 to 2006 Option ARM borrowers
selected theminimum payment more than 95 percent of the time.
(Levin Report, p. 59)

December 22, 2006 FDIC dedicated examiner at Washington Mutual Steve Funaro
raises questions of senior management about unexpected
increases in “early payment defaults” and demands from Wall
Street firms doing securitizations to repurchase the loans.
(Levin Report, p. 82)

December 31, 2006 Washington Mutual’s high risk loans begin incurring record
rates of delinquency and default. (Levin Report, p. 48)

January 31, 2007 Washington Mutual chief risk officer Ron Cathcart identifies
five top priority risk issues “in light of the slowdown and
decline in home prices in some areas.” (Levin Report, p. 82)

January 31, 2007 The OTS found that, as of January 31, 2007, Washington
Mutual had $62 billion in outstanding Option ARMS in its
investment portfolio, of which 80 percent were negatively
amortizing. (Levin Report, p. 220)

February 18, 2007 Washington Mutual chief risk officer for mortgage lending
notes in a memo “There is a meltdown in the subprime market”
and that “many submarkets within California actually have
declining home prices. . . .” (Levin Report, p. 128)

February 28, 2007 David Beck, Washington Mutual’s head of Wall Street
securitizations, writes that securitizing second lien loans is “not
a viable exit strategy” and that a Washington Mutual May
2006 securitization had already experienced 7 percent
foreclosures. (Levin Report, p. 83)

June 7, 2007 Bear Stearns suspends redemption rights for hedge fund heavily
invested in subprime debt market after losing 19 percent of
value in April alone. (BusinessWeek.com)

June 17, 2007 Two Bear Stearns subprime hedge funds collapse. (Levin
Report, p. 47)

June 2007 Washington Mutual shuts down Long Beach Mortgage
Corporation as a separate entity. (Levin Report, p. 55)

August 1, 2007 Bear Stearns’ two troubled funds file for bankruptcy
protection and the company freezes assets in a third fund.
(Investopedia.com)

September 30, 2007 Washington Mutual halts subprime lending completely. (Levin
Report, p. 55)
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EXHIBIT 37.6 (Continued)

December 20, 2007 Bear Stearns reports its first quarterly loss in 84 years, $854
million, after write downs of $1.9 billion on mortgage
holdings. (Financial Times)

December 31, 2007 At the end of 2007, 84 percent of the total value of Washington
Mutual Option ARMS were negatively amortizing, meaning
that the borrowers were going deeper into debt rather than
paying off their balances. (Levin Report, p. 59)

January 16, 2008 JPMorgan Chase says it has cut the value of its investments in
the U.S. subprime market by $1.3 billion. (BBC)

March 13, 2008 Bear Stearns reports a $15 billion loss in cash and cash
equivalents in two days. Liquid assets also dropped $2 billion
mainly as a result of the loss of investor confidence. (Wall Street
Journal)

March 14, 2008 Federal Reserve and JPMorgan Chase agree to provide
emergency funding for Bear Stearns. Under the agreement,
JPMorgan Chase would borrow from the Federal Reserve
discount window and funnel the borrowings to Bear Stearns.
(Forbes and DataCenterKnowledge.com)

March 16, 2008 JPMorgan Chase agrees to pay $2 per share for Bear Stearns on
Sunday, March 16, a 93 percent discount to the closing price
on Friday March 14. JPMorgan Chase agreed to guarantee the
trading liabilities of Bear Stearns, effective immediately. (New
York Times)

March 16, 2008 Federal Reserve agrees to provide up to $30 billion of financing
to support Bear Stearns’ “less liquid” assets. (New York Times)

March 24, 2008 JPMorgan Chase raises bid for Bear Stearns from $2 per share
to $10 per share. JPMorgan Chase also agreed to bear the first
$1 billion of losses on Bear Stearns assets, with the Federal
Reserve bearing the next $29 billion of losses. (The Times of
London)

March 24, 2008 Federal Reserve Bank of New York forms Maiden Lane I
to help JPMorgan Chase acquire Bear Stearns. (Levin Report,
p. 47)

April 8, 2008 Washington Mutual, the largest savings and loan association,
receives a $7 billion capital injection. (Reuters)

May 29, 2008 Bear Stearns shareholders approve sale, and the acquisition by
JPMorgan Chase is completed. (Levin Report, p. 47)

July 26, 2008 Washington Mutual borrows $10 billion from the Federal
Reserve’s discount window, the Federal Home Loan Banking
system, and open market operations to bolster on-hand
liquidity. (Financial Times)

July 31, 2008 Depositors withdraw $10 billion from Washington Mutual in
wake of IndyMac failure. (Levin Report, p. 57)

August 12, 2008 JPMorgan Chase reports $1.5 billion in write downs in July,
and bankers state July was the worst month for mortgage-
backed securities since the start of the crisis. (Financial Times)
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The AIG borrowings in the form of primary, secondary, and other extensions of
credit were extraordinary in both amount and in duration. The borrowings under the
Commercial Paper Funding Facility, while less dramatic, are further confirmation
that the liquidity risk and funding shortfall at AIG were very large. Every careful risk
manager whose institution participates in the credit markets and securitized asset
markets like AIG should have no illusions about the liquidity risk that can arise when
large losses are incurred on the asset side.

Consolidated JPMorgan Chase, Bear Stearns, and Washington Mutual

This section focuses on the U.S. dollar funding shortfall that took place at JPMorgan
Chase, Bear Stearns, and Washington Mutual during the period from February 8,
2008, to March 16, 2009. What happened surprised many: in combination with Bear
Stearns and Washington Mutual, JPMorgan Chase was the most significant bor-
rower from the Federal Reserve after AIG. JPMorgan Chase’s peak borrowings, on a
consolidated basis, were $101.1 billion, nearly four times the $28 billion that the
Federal Reserve was willing to lend to Lehman Brothers only after Lehman Brothers
declared bankruptcy on September 14, 2008.

The key dates in the chronology relevant to JPMorgan Chase and the two firms it
acquired are summarized in Exhibit 37.6. We call your attention to the references to
deposit runoff at Washington Mutual, which total $27 billion. Washington Mutual’s

EXHIBIT 37.6 (Continued)

September 8, 2008 WashingtonMutual oustsCEOKillinger. As a result of the credit
crisis, the company’s share price fell from $40 in the summer of
2007 to $3 in fall 2008. (Financial Times)

September 15–23,
2008

Depositors withdraw $17 billion from Washington Mutual.
(Levin Report, p. 57)

September 25, 2008 Washington Mutual fails, subsidiary bank is seized by the
FDIC and sold to JPMorgan Chase for $1.9 billion. JPMorgan
Chase immediately wrote off $31 billion in losses on the
Washington Mutual assets. (The Guardian and Levin Report,
p. 47).

September 26, 2008 JPMorgan Chase issues $8 billion in common stock in
conjunction with Washington Mutual takeover. (The
Guardian)

September 28, 2008 Washington Mutual Inc., the holding company left after
banking operations were seized, files for Chapter 11
bankruptcy. (Seattle Times)

October 28, 2008 United States uses TARP to buy $125 billion in preferred stock
at nine banks. The nine banks held over $11 trillion in banking
assets or roughly 75 percent of all assets owned by U.S. banks.
(Levin Report, p. 47; SIGTARP report, p. 1).
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borrowings from the Federal Reserve were only $2 billion for eight days, so deposit
runoffs were met largely via Federal Home Loan Bank borrowings and asset sales.

We now turn to primary, secondary, or other extensions of credit by the Federal
Reserve to JPMorgan Chase, Bear Stearns, and Washington Mutual during the
period February 8, 2008, to March 16, 2009. The three firms’ consolidated bor-
rowings from the Federal Reserve can be summarized as follows:

First borrowing date: $175 million on March 3, 2008
Average from 2/8/2008 to 3/16/2009 $17.7 billion
Average when drawn $23.7 billion
Maximum drawn $101.1 billion on April 3, 2008
Number of days with outstanding borrowings 290 days

Exhibit 37.7 shows the one-month and one-year default probabilities for
JPMorgan Chase from KRIS version 5.0 Jarrow-Chava reduced form credit model.
Default probabilities began rising in an erratic pattern two months after the bank-
ruptcy of Lehman Brothers on September 15, 2008, with the rise continuing through
March 16, 2009, the last data point provided by the Federal Reserve.

JPMorgan Chase’s first borrowing from the Federal Reserve was $175 million on
March 3, 2008, probably a “practice run” in anticipation of the Sunday March 16
announcement that JPMorgan Chase would absorb Bear Stearns in a Fed-supported
rescue. The following graph shows the dual peaks in the consolidated borrowings in
the names of JPMorgan Chase, Bear Stearns, and Washington Mutual. The first peak
borrowing for the combined firms from the Fed was $101.1 billion on April 3, 2008,
two weeks after the rescue of Bear Stearns. The second peak was $67.5 billion on
October 15, 2008, one month after the failure of Lehman Brothers and three weeks
after WashingtonMutual was absorbed. Part of the means of the pay down following
this second peak was a $25 billion capital injection in late October 2008 under

EXHIBIT 37.7 JPMorgan Chase and Co.
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TARP’s Capital Purchase Program, according to the October 5, 2009, report of the
Special Inspector General of the Troubled Asset Relief Program.

There were no borrowings from the commercial paper funding facility by
JPMorgan Chase, Bear Stearns, or Washington Mutual (see Exhibit 37.8).

JPMorganChase borrowed nearly four timesmoremoney, $101.1 billion onApril
3, 2008, than the $28 billion withheld from Lehman Brothers until after Lehman
Brothers declared bankruptcy. Sixth months later, JPMorgan Chase borrowed a
second peak of $67.5 billion onOctober 15, 2008,more than doublewhat was refused
to Lehman Brothers. Both before and after Lehman Brothers, JPMorgan Chase suf-
fered larger funding shortfalls than Lehman Brothers. Clearly, JPMorgan Chase was
too big to fail and Lehman Brothers was not.

State Street

This section focuses on the U.S. dollar funding shortfall that took place at State Street
during the period from February 8, 2008, to March 16, 2009. The analysis shows
that much of State Street’s funding needs came from an unexpected source: losses in
the firm’s investment management business, which normally would be borne by the
investors in the funds managed by State Street. We reach a conclusion that we have
reached often in this liquidity risk series: State Street borrowed nearly three times
more money from the Federal Reserve than Lehman Brothers was refused until after
its bankruptcy was announced September 14, 2008.

The key dates in the credit crisis chronology relevant to State Street are sum-
marized in Exhibit 37.9.
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EXHIBIT 37.8 JPMorgan Chase, Bear Stearns, and Washington Mutual Primary, Secondary
and Other Extensions of Credit by the Federal Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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State Street’s borrowings from the Federal Reserve can be summarized as follows:

Borrowing dates: First borrowing February 20, 2008, for $605,000,000,
with intermittent borrowings thereafter, followed by a
$3.3 billion borrowing on September 22, 2008.
Borrowings were continually outstanding thereafter until
the end of the Fed data series on March 16, 2009.

Average from 2/8/2008
to 3/16/2009

$9.0 billion

Average when drawn $19.8 billion
Maximum drawn $77.8 billion on October 1, 2008
Number of days with

outstanding
borrowings

183 days

Exhibit 37.10 shows the one-month and one-year default probabilities for State
Street from KRIS version 5.0 Jarrow-Chava reduced form credit model. Default
probabilities began rising sharply after the January 20, 2009, earnings announce-
ment that revealed $9 billion of previously undisclosed losses.

Exhibit 37.11 shows the dramatic spike in borrowings that began on September
22, 2008, and peaked at $77.8 billion on October 1, 2008. State Street received $2
billion in capital under TARP’s Capital Purchase Program on October 28, 2008,
according to the SIGTARP Report. Most important, State Street’s dramatic need for
funds in the wake of the failures of Lehman Brothers, Washington Mutual,

EXHIBIT 37.9 Chronology: State Street

November 1, 2007 State Street facing three lawsuits over bond fund losses.
(USAToday)

January 3, 2008 State Street ousts head of State Street Global Advisors after
losses. (Bloomberg)

January 4, 2008 State Street announces settlement of $618million on lawsuit tied
to losses in pension fundsmanaged byState Street due to declines
in prices on mortgage-backed securities. (New York Times)

April 10, 2008 State Street hires new chief risk officer after derivatives index
losses. (SeekingAlpha.com)

October 15, 2008 State Street may set aside as much as $450 million in losses
from propping up fixed income funds. (Bloomberg)

December 4, 2008 State Street announces plans to lay off 1,800 staff.
(Finextra.com)

January 20, 2009 State Street stock plunges 59 percent when firm announces
fourth quarter earnings and unrealized fixed income losses of
$6.3 billion. State Street also revealed it had spent $3 billion
more to prop up stable value funds. (Bloomberg).

January 21, 2009 State Street downgraded by Standard & Poor’s to Aþ from
AA–. (Standard & Poor’s).
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EXHIBIT 37.10 State Street Corp.
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EXHIBIT 37.11 State Street Primary, Secondary, and Other Extensions of Credit by the
Federal Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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Wachovia, FNMA (Fannie Mae), and FHLMC (Freddie Mac) should be remembered
by every serious analyst of liquidity risk at large financial institutions.

The Federal Reserve’s disclosure of borrowings under the Commercial Paper
Funding Facility lists 16 transactions in which State Street Bank & Trust is listed as
“parent/sponsor at time of purchase.”

We find once again, after reviewing State Street’s borrowings from the Federal
Reserve, that State Street borrowed $50 billion more, a maximum of $77.8 billion,
than the $28 billion that was refused to Lehman Brothers until that firm declared
bankruptcy. This is further confirmation that the definition of “too big to fail” was
dramatically revised immediately after Lehman Brothers’ demise, since State Street’s
peak borrowing was on October 1, 2008, only 17 days after Lehman Brothers’
September 14 bankruptcy announcement.

Morgan Stanley

This section focuses on the funding shortfall that took place at Morgan Stanley
during the period from February 8, 2008, to March 16, 2009. While the bank-
ruptcy of Lehman Brothers and the rescue of Merrill Lynch by Bank of America
are emphasized by many analysts of the credit crisis, the analysis below confirms
that Morgan Stanley, too, was in severe financial distress. The analysis confirms that
Lehman Brothers borrowed less than half as much from the Federal Reserve after its
bankruptcy than Morgan Stanley did when it was at the point of highest distress.

The key dates in the credit crisis chronology relevant to Morgan Stanley are
summarized in Exhibit 37.12.

EXHIBIT 37.12 Chronology: Morgan Stanley

October 3, 2007 Morgan Stanley cuts 600 jobs. (FoxNews.com)
October 17, 2007 Morgan Stanley cuts another 300 bankers in credit trading,

structured products, and leveraged lending areas.
(Marketwatch.com)

November 7,
2007

Morgan Stanley reports $3.7 billion in subprime losses.
(Bloomberg)

December 19,
2007

Morgan Stanley announces $9.4 billion in write downs from
subprime losses and a capital injection of $5 billion from a
Chinese sovereign wealth fund. (Financial Times)

September 21,
2008

Goldman Sachs and Morgan Stanley convert to bank holding
companies. (Levin Report, p. 47)

October 13, 2008 Morgan Stanley issued to Mitsubishi UFJ Financial Group
7,839,209 shares of Series B Non-Cumulative Non-Voting
Perpetual Convertible Preferred Stock for an aggregate
purchase price of $7.8 billion plus $1.2 billion in
nonconvertible preferred stock. (October 16, 2008, and
October 10, 2009, investor presentation by Morgan Stanley
CFO Colm Kelleher)

October 28, 2008 U.S. uses TARP to buy $125 billion in preferred stock at
9 banks. (Levin Report, p. 47)
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Morgan Stanley’s borrowings from the Federal Reserve can be summarized as
follows:

Borrowing dates: First borrowing $2 billion on March 17, 2008, with
borrowings continuously outstanding from
September 15, 2008 to February 12, 2009

Average from 2/8/2008 to
3/16/2009 $7.2 billion

Average when drawn $16.2 billion
Maximum drawn $61.3 billion on September 29, 2008
Number of days with

outstanding borrowings 180

Exhibit 37.13 shows the Morgan Stanley one-month (upper line) and one-year
default probabilities (lower line) for the KRIS Jarrow-Chava version 5.0 default
probability models. Note that the default probabilities for Morgan Stanley continued
to rise in November and December, after the September 14, 2008, bankruptcy filing
by Lehman Brothers. Ultimately, the one-month default probability for Morgan
Stanley peaked at over 14 percent.

Morgan Stanley’s first borrowing from the Federal Reserve was $2.0 billion on
March 17, 2008, which was one day earlier than Lehman Brothers’ first borrowing
and $400 million more than Lehman Brothers borrowed on March 18. Lehman
Brothers’ peak borrowing prior to filing for bankruptcy was $2.73 billion on March
24, 2008, but Morgan Stanley’s peak borrowing was $61.3 billion on September 29,
2008. The Federal Reserve reported that Lehman Brothers had outstanding bor-
rowings from the Federal Reserve on only 10 days prior to its bankruptcy filing on
September 14, 2008, but Morgan Stanley had borrowings outstanding for 180 days.

EXHIBIT 37.13 Morgan Stanley
Sources: Kamakura Corporation; Federal Reserve.
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Exhibit 37.14 shows the dramatic spike in Morgan Stanley’s borrowings from the
Federal Reserve.

After funding needs peaked at $61.3 billion on September 29, 2008, Morgan
Stanley received a capital injection of $10 billion under the Capital Purchase Program
on October 28, 2008. Morgan Stanley began borrowing under the Commercial
Paper Funding Facility in late October, as shown Exhibit 37.15. Finally, as noted in
the chronology in Exhibit 37.12, Morgan Stanley issued $7.8 billion in convertible
preferred stock and $1.2 billion in nonconvertible preferred stock to Mitsubishi UFJ
Financial Group on October 13, 2008.

Morgan Stanley began borrowing under the Commercial Paper Funding Facility on
October 27, 2008, and did a total of 22 transactions, which are listed in Exhibit 37.15.

Morgan Stanley’s peak funding shortfall of $61.3 billion was more than double
the $28 billion funding shortfall at Lehman Brothers on September 15, 2008, the day
after Lehman Brothers filed for bankruptcy. It is clear that the U.S. government
dramatically revised its decision making on which firms were too big to fail in the
aftermath of the Lehman Brothers bankruptcy. If the definition of “too big to fail”
that was in place on September 14, 2008, had remained unchanged, it is very likely
that Morgan Stanley would have failed as well.

Dexia Credit Local New York Branch

This section concentrates on a major European institution, specifically on the funding
shortfall that took place at Dexia SA during the period from February 8, 2008, to
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EXHIBIT 37.14 Morgan Stanley Primary, Secondary, and Other Extensions of Credit by the
Federal Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 37.15 Extensions of Credit by the Federal Reserve under the Commercial Paper Funding Facility

Trade and
Settlement
Date

Maturity
Date

Commercial
Paper Type

Amount (USD
Millions)

Discount
Rate

(Percent)

Credit
Enhancement
Surcharge
(Percent)

Total
Discount
Rate

(Percent) Issue Name
Parent/Sponsor at
Time of Purchase

10/27/2008 1/26/2009 CP 149.3 2.70 0.00 2.70 MORGAN
STANLEY

Morgan Stanley

10/28/2008 1/26/2009 CP 139.3 2.70 0.00 2.70 MORGAN
STANLEY

Morgan Stanley

11/4/2008 2/2/2009 CP 249.0 1.60 0.00 1.60 MORGAN
STANLEY

Morgan Stanley

11/5/2008 2/3/2009 CP 199.2 1.55 0.00 1.55 MORGAN
STANLEY

Morgan Stanley

11/6/2008 2/4/2009 CP 199.2 1.54 0.00 1.54 MORGAN
STANLEY

Morgan Stanley

11/7/2008 2/5/2009 CP 199.2 1.54 0.00 1.54 MORGAN
STANLEY

Morgan Stanley

11/10/2008 2/9/2009 CP 199.2 1.53 0.00 1.53 MORGAN
STANLEY

Morgan Stanley

11/12/2008 2/10/2009 CP 199.3 1.47 0.00 1.47 MORGAN
STANLEY

Morgan Stanley

11/13/2008 2/11/2009 CP 199.2 1.52 0.00 1.52 MORGAN
STANLEY

Morgan Stanley

11/14/2008 2/12/2009 CP 219.2 1.54 0.00 1.54 MORGAN
STANLEY

Morgan Stanley

11/17/2008 2/17/2009 CP 199.2 1.48 0.00 1.48 MORGAN
STANLEY

Morgan Stanley

11/18/2008 2/17/2009 CP 199.3 1.48 0.00 1.48 MORGAN
STANLEY

Morgan Stanley
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11/19/2008 2/17/2009 CP 149.4 1.48 0.00 1.48 MORGAN
STANLEY

Morgan Stanley

11/20/2008 2/18/2009 CP 149.5 1.42 0.00 1.42 MORGAN
STANLEY

Morgan Stanley

11/21/2008 2/19/2009 CP 124.5 1.49 0.00 1.49 MORGAN
STANLEY

Morgan Stanley

11/24/2008 2/23/2009 CP 249.1 1.49 0.00 1.49 MORGAN
STANLEY

Morgan Stanley

11/25/2008 2/23/2009 CP 199.3 1.49 0.00 1.49 MORGAN
STANLEY

Morgan Stanley

11/26/2008 2/24/2009 CP 199.3 1.42 0.00 1.42 MORGAN
STANLEY

Morgan Stanley

11/28/2008 2/26/2009 CP 159.4 1.41 0.00 1.41 MORGAN
STANLEY

Morgan Stanley

12/2/2008 3/2/2009 CP 199.3 1.39 0.00 1.39 MORGAN
STANLEY

Morgan Stanley

12/3/2008 3/3/2009 CP 179.4 1.37 0.00 1.37 MORGAN
STANLEY

Morgan Stanley

12/4/2008 3/4/2009 CP 368.8 1.33 0.00 1.33 MORGAN
STANLEY

Morgan Stanley
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March 16, 2009. The analysis confirms that Dexia, through the New York Branch of
Dexia Credit Local, was one of the largest borrowers from the Federal Reserve
during the credit crisis, a fact that hasn’t received as much attention as it should. At
its peak, Dexia was borrowing $50 billion from the Federal Reserve, almost double
the funding shortfall at Lehman Brothers on September 15, 2008, the day after its
bankruptcy filing. This amount of aid is four times the Dexia rescue amount that was
announced by the Netherlands, Belgium, and Luxembourg on September 30, 2008.

The key dates in the credit crisis chronology relevant to Dexia are summarized in
Exhibit 37.16.

Dexia’s losses have continued long after the September 30, 2008, bailout by
European governments. On May 27, 2011, Bloomberg reported that Dexia would
make a $5.1 billion provision for losses on accelerated asset sales.

Dexia’s borrowings from the Federal Reserve can be summarized as follows:

Borrowing dates: First borrowing $6 billion on April 17, 2008, with
borrowings continuously outstanding through
March 16, 2009, even after the September 30,
2008, bail-out by three European governments.

Average from 2/8/2008 to
3/16/2009 $12.9 billion

Average when drawn $15.5 billion
Maximum drawn $50.0 billion on March 12, 2009
Number of days with

outstanding borrowings 334

Exhibit 37.17 shows the Dexia one-month (lower line) and one-year default
probabilities (upper line) for the KRIS Jarrow-Chava version 5.0 default probability
models from February 8, 2008, through the effective nationalization of Dexia on
September 30, 2008.

EXHIBIT 37.16 Chronology: Dexia SA

October 31,
2007

Dexia’s subsidiary FSA reports $190 million in third quarter
mark-to-market losses. (Reuters)

August 6, 2008 Dexia injects $300 million in FSA. (Dexia.com)
August 7, 2008 Dexia’s FSA Faux Pas. (Forbes)
September 18,

2008
Dexia announces Lehman Brothers–related losses estimated to be

around h350 million. (Dexia press release)
September 30,

2008
European governments bail out Dexia in h6.4 billion rescue deal.
(London Telegraph)

October 1, 2008 Dexia chairman and president resign. (Associated Press)
November 14,

2008
Dexia sells Financial Security Assurance after h1.5 billion Third
Quarter Loss. (Financial Times)

March 9, 2009 Dexia posts h3.3 billion Euro losses for 2008. (Neurope.de)
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Dexia’s first borrowing from the Federal Reserve was $6 billion on April 17,
2008. Dexia Credit Local New York Branch borrowed from the Federal Reserve for
311 days. The peak borrowing was $50 billion on March 12, 2009, five months and
12 days after Belgium, the Netherlands, and Luxembourg announced their h6.4
billion rescue of Dexia SA (Exhibit 37.18).

Dexia began borrowing under the Commercial Paper Funding Facility onOctober
27, 2008, and did a total of 42 transactions, which are listed in Exhibit 37.19.

EXHIBIT 37.17 Dexia SA
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EXHIBIT 37.18 Dexia Primary, Secondary, and Other Extensions of Credit by the Federal
Reserve, 2008–2009
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 37.19 Kamakura Corporation, Extension of Credit by the Federal Reserve under the Commercial Paper Funding Facility

Trade and
Settlement
Date

Maturity
Date

Commercial
Paper Type

Amount
(USD

Millions)

Discount
Rate

(Percent)

Credit
Enhancement
Surcharge
(Percent)

Total Discount
Rate (Percent) Issue Name

Parent/Sponsor
at Time of
Purchase

10/27/2008 1/26/2009 CP 2,978.2 1.87 1.00 2.87 DEXIA DELAWARE LLC Dexia SA
10/29/2008 1/27/2009 CP 2,978.7 1.83 1.00 2.83 DEXIA DELAWARE LLC Dexia SA
10/30/2008 1/28/2009 CP 2,979.5 1.73 1.00 2.73 DEXIA DELAWARE LLC Dexia SA
10/31/2008 1/29/2009 CP 1,987.0 1.60 1.00 2.60 DEXIA DELAWARE LLC Dexia SA
11/4/2008 2/2/2009 CP 993.5 1.60 1.00 2.60 DEXIA DELAWARE LLC Dexia SA
11/5/2008 2/3/2009 CP 496.8 1.55 1.00 2.55 DEXIA DELAWARE LLC Dexia SA
11/6/2008 2/4/2009 CP 298.1 1.54 1.00 2.54 DEXIA DELAWARE LLC Dexia SA
11/7/2008 2/5/2009 CP 794.9 1.54 1.00 2.54 DEXIA DELAWARE LLC Dexia SA
11/10/2008 2/9/2009 CP 496.8 1.53 1.00 2.53 DEXIA DELAWARE LLC Dexia SA
11/12/2008 2/10/2009 CP 1,490.7 1.47 1.00 2.47 DEXIA DELAWARE LLC Dexia SA
11/14/2008 2/12/2009 CP 1,192.4 1.54 1.00 2.54 DEXIA DELAWARE LLC Dexia SA
11/17/2008 2/17/2009 CP 496.8 1.48 1.00 2.48 DEXIA DELAWARE LLC Dexia SA
11/18/2008 2/17/2009 CP 745.3 1.48 1.00 2.48 DEXIA DELAWARE LLC Dexia SA
11/19/2008 2/17/2009 CP 248.5 1.48 1.00 2.48 DEXIA DELAWARE LLC Dexia SA
11/20/2008 2/18/2009 CP 497.0 1.42 1.00 2.42 DEXIA DELAWARE LLC Dexia SA
11/24/2008 2/23/2009 CP 795.0 1.49 1.00 2.49 DEXIA DELAWARE LLC Dexia SA
11/28/2008 2/26/2009 CP 994.0 1.41 1.00 2.41 DEXIA DELAWARE LLC Dexia SA
12/1/2008 2/27/2009 CP 994.1 1.42 1.00 2.42 DEXIA DELAWARE LLC Dexia SA
1/27/2009 4/27/2009 CP 2,983.2 1.24 1.00 2.24 DEXIA DELAWARE LLC Dexia SA
1/28/2009 4/28/2009 CP 2,983.4 1.22 1.00 2.22 DEXIA DELAWARE LLC Dexia SA
1/29/2009 4/29/2009 CP 1,988.9 1.22 1.00 2.22 DEXIA DELAWARE LLC Dexia SA
2/2/2009 5/4/2009 CP 994.3 1.26 1.00 2.26 DEXIA DELAWARE LLC Dexia SA
2/3/2009 5/4/2009 CP 497.2 1.26 1.00 2.26 DEXIA DELAWARE LLC Dexia SA
2/5/2009 5/6/2009 CP 497.2 1.25 1.00 2.25 DEXIA DELAWARE LLC Dexia SA
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2/9/2009 5/11/2009 CP 497.1 1.27 1.00 2.27 DEXIA DELAWARE LLC Dexia SA
2/10/2009 5/11/2009 CP 994.3 1.27 1.00 2.27 DEXIA DELAWARE LLC Dexia SA
2/12/2009 5/13/2009 CP 696.0 1.27 1.00 2.27 DEXIA DELAWARE LLC Dexia SA
2/17/2009 5/18/2009 CP 1,093.8 1.27 1.00 2.27 DEXIA DELAWARE LLC Dexia SA
2/18/2009 5/19/2009 CP 497.2 1.27 1.00 2.27 DEXIA DELAWARE LLC Dexia SA
2/23/2009 5/26/2009 CP 795.4 1.23 1.00 2.23 DEXIA DELAWARE LLC Dexia SA
2/26/2009 5/27/2009 CP 994.4 1.25 1.00 2.25 DEXIA DELAWARE LLC Dexia SA
2/27/2009 5/28/2009 CP 994.4 1.25 1.00 2.25 DEXIA DELAWARE LLC Dexia SA
4/27/2009 7/27/2009 CP 2,981.3 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
4/29/2009 7/28/2009 CP 2,983.5 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
4/30/2009 7/29/2009 CP 1,989.0 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
5/4/2009 7/31/2009 CP 1,491.9 1.21 1.00 2.21 DEXIA DELAWARE LLC Dexia SA
5/6/2009 8/4/2009 CP 497.2 1.21 1.00 2.21 DEXIA DELAWARE LLC Dexia SA
5/27/2009 8/25/2009 CP 596.7 1.21 1.00 2.21 DEXIA DELAWARE LLC Dexia SA
5/28/2009 8/26/2009 CP 994.5 1.21 1.00 2.21 DEXIA DELAWARE LLC Dexia SA
7/29/2009 10/27/2009 CP 1,989.0 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
7/31/2009 10/29/2009 CP 1,491.8 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
8/4/2009 11/2/2009 CP 497.3 1.20 1.00 2.20 DEXIA DELAWARE LLC Dexia SA
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Dexia’s peak funding need of $50 billion on March 12, 2009, was almost
double the $28 billion funding shortfall at Lehman Brothers on September 15, 2008,
the day after Lehman Brothers filed for bankruptcy. Again, it is clear that the U.S.
government dramatically revised its decision making on which firms were too big
to fail in the aftermath of the Lehman Brothers bankruptcy. What is surprising is
the Fed’s willingness to provide double the aid that Lehman Brothers required to
a non-U.S. institution after a supposed rescue by three European governments.
In reality, obviously, the United States was an eager and active participant in the
September 30, 2008, rescue of Dexia SA. The Internet is silent on the “thank you” to
the United States from the shareholders of Dexia SA (who would otherwise have
been completely wiped out) and the three European nations whose September 30,
2008, bailout was only roughly one-fourth of the aid provided by the Federal Reserve
at its peak, excluding the other amounts extended through the Commercial Paper
Funding Facility.

IMPLICATIONS OF THE CREDIT CRISIS HISTORY FOR LIQUIDITY RISK
MANAGEMENT AND ANALYSIS

In the remainder of chapter, we emphasize the fact that the Jarrow-Merton put option
concept can be used tomeasure liquidity risk in dollar terms as well serving as an index
of total risk. In effect, we are going to use our knowledge of all of the financial
institution’s assets and liabilities to price the cost of an irrevocable line of credit to our
institution that would supply any random cash needs from now until the maturity of
the line of credit. In doing so, we will take advantage of our previous discussions from
Chapter 33 on pricing and valuing revolving credits and exposure at default.

We discuss liquidity risk in a step-by-step process, covering these topics:

n Types of liquidity events
n Liquidity risk and credit risk linkages
n Measuring liquidity risk as a“line of credit” in the Jarrow-Mertonput option sense
n Integrating managerial behavior and market funds supply in liquidity risk

measurement

Types of Liquidity Events

In spite of the previous examples, liquidity risk analysis often seems to have a lot in
common with the story about the group of blind men, each touching a different part
of the elephant, each of them believing the elephant to be a different type of animal
from the others’ perceptions. In order to clearly reveal the true nature of the elephant,
we want to clarify the types of liquidity conditions that can come about.

Liquidity risk crises tend to revolve around a combination of borrower credit
quality (risky or safe) and market conditions (troubled or normal). Besides the 2006–
2011 credit crisis events described in the previous sections, there are many examples
of liquidity crises. The Asia crisis in 1997 resulted in liquidity crises fromMalaysia to
Korea as a combination of very difficult market conditions in the foreign exchange
and money markets with a sharp rise in the credit risk of financial institutions. This
increase in credit risk was in large part directly attributable to the sharp changes in
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macro factors that drive default risk: foreign exchange rates and interest rates. This
kind of incident fits precisely in the analytical framework that we have been using
throughout this book because we have successfully linked credit risk to macroeco-
nomic conditions. This is the central theme of the reduced form modeling techniques
outlined in Chapter 16. Another related incident was the 1998 Long-Term Capital
Management incident, where one troubled institution’s holdings were so large that its
need to sell off its portfolio rapidly depressed a wide array of security prices and
raised the credit risk of a broad range of corporations and financial institutions.

The second type of crisis is a combination of normal market conditions and
credit quality problems of a single or small number of institutions. One example
is the 1992 forced acquisition of Security Pacific Corporation by Bank of America.
In this case, sharp increases in credit losses in real estate at Security Pacific National
Bank led regulators to cut off dividend payments to the parent company, Security
Pacific Corporation. Investors were no longer willing to buy commercial paper of
Security Pacific Corporation because its default risk had risen too high.

Another example of troubled institutions, in what were otherwise fairly normal
markets, was the savings and loan crisis of the 1980s and early 1990s in the United
States. A rise in interest rates caused a sharp decline in the market value of fixed rate
home mortgages on the books of the savings and loan associations. The market value
of their assets fell well below the principal amount of consumer deposits on their
books. In anticipation of their failure, consumers began withdrawing their deposits in
spite of the U.S. government guarantee of consumer deposits. Even if the savings and
loan associations had been able to sell their mortgage holdings, they would not have
had sufficient assets to meet deposit obligations. The institutions were taken over by
Federal regulators and liquidated.

A final example is that of Barings in 1995, where a rogue trader in Singapore
generated more than $1 billion in losses from unauthorized futures trading. The end
result, due to the impaired credit quality of Barings and the liquidity problems that it
generated, was the forced sale of Barings to the ING Group.

A third category of liquidity problems is a systemic market crisis that isn’t
directly related to a troubled financial institution. Besides the 2006–2011 credit
crisis, perhaps the best illustration was the impact of the September 11, 2001, attack
on the United States, which caused a serious disruption in operational cash flows in
the U.S. financial system. While insurance-related losses from September 11, 2001,
did have a concrete impact on the credit quality of many financial institutions, most
institutions did not suffer an impact on their credit quality. Nonetheless, they did
have a cash shortfall. Other examples are disruptions caused by power failures (for
example, New York and Toronto power failure of 2003), fires (First Interstate
Bancorp headquarters, in 1988), and other natural disasters.

The latter kind of crisis produces a very acute need for cash in the short term, but
the need comes from an institution that has fundamentally sound credit quality in the
long term. This is a very important distinction that we explore in the next section.

Liquidity Risk and Credit Risk Linkages

As we saw in the previous section and in the five examples from the 2006–2011
crisis, most liquidity crises occur when the financial institution itself is troubled. An
important related issue is in how much company the financial institution has in its
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troubles—it can be alone in its difficulties (Security Pacific, 1992), or it can have lots
of company (Korea, 1997–1998, 2006–2011 credit crisis). For that reason, we need
to be more precise about the impact of a decline in credit quality of a financial
institution on the willingness of other firms to lend it money. Is the decline in credit
quality due to a movement in macro factors that affect many firms, or is it a Barings-
type idiosyncratic risk that has gone wrong?

In either case, the market reaction to one or many firms in trouble is simple: the
market reduces its extension of credit to troubled firms, and a lender of last resort
(like the Federal Reserve in the preceding five examples) either steps in or stands aside
to let the firms fail (as in the savings and loan crisis in the United States in the late
1980s and early 1990s).

Measuring Liquidity Risk as a Line of Credit in the Jarrow-Merton
Put Option Sense

How do institutions buy time when they have a credit quality problem that they hope
will be rectified in time? That is the essence of liquidity risk management discipline.
The root cause of the problem is a credit quality problem that affects both the
financial institution itself (in the case of a company-specific problem in normal
market conditions like Security Pacific in 1992) and perhaps many other peer group
institutions as well (such as the 2006–2011 credit crisis, Mexico in 1995, or Korea in
1997). If the credit problems are driven by the credit cycle, as we discussed in Chapter
16, it is logical to think that if management can assure itself three to five years to fix
the problem, they are likely to be successful. If the liquidity posture of the bank is so
focused on short-term financing, the financial institution may face a cash flow need
that they can’t meet and fail before the credit problem can be solved. This would have
happened en masse in the 2006–2011 credit crisis if the Federal Reserve had not lent
to troubled firms so aggressively.

The best way to assure one has years, not days, to deal with a company-specific
or marketwide credit crisis is to secure protection against unforeseen funding needs
with (at least in concept) an irrevocable line of credit. What is the coherent measure
of the cost of liquidity risk protection for, say, 10 years?

Again, the answer is the Jarrow-Merton put option in the context of Chapter 19
(risky corporate credit risk assessment), Chapter 20 (credit default swaps), and
Chapter 33 (lines of credit) where we priced a revolving line of credit to a corporate
borrower. In this case, we want the price of a 10-year irrevocable line of credit for an
appropriate amount of borrowings with a 10-year life and a funds provider who is
not in the same market as the borrower. We remind readers of the cash needs from
retail deposits who fled Washington Mutual and Wachovia, triggering their failure,
in the 2006–2011 credit crisis. We specifically included cash needs from this source in
our example of nonmaturity deposit analysis in Chapter 30. We know this about an
irrevocable line of credit with a 10-year maturity:

n It solves the liquidity crisis for 10 years and buys up to 10 years of time to solve
the credit risk, market risk, foreign exchange risk and/or interest rate risk
problem permanently.

n If the general risk level of the financial institution is low and the funding profile
of the financial institution is very long term, this line of credit will be very cheap
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and it is confirmation that the liquidity risk of the institution is low. In an
extreme case of a financial institution where all liabilities are longer than 10
years in maturity and there are no random cash needs, the price of this line of
credit will be zero, because it will never be drawn down.

n If the general risk level of the financial institution is lowand the fundingprofile of the
financial institution is very short term, the lineof creditwill bemoderately expensive.

n If the general risk level of the financial institution is high and the funding
profile of the institution is very long (all liabilities longer than 10 years), then
again, the line of credit will be fairly cheap because it will not be drawn if cash
needs are not random.

n If the general risk level of the financial institution is high and the funding profile
of the institution is very short, then the line of credit will be very expensive
because the liquidity risk of the institution is very high.

n If the general risk level of the institution gets high enough, no lender will provide
quotations for the line of credit because of the same phenomenon we studied
previously—the supply of credit of all types falls as risk rises.

Integrating Managerial Behavior and Market Funds Supply in Liquidity
Risk Measurement

How can we price the cost of a 10-year irrevocable line of credit for our own
institution if we are not going to get actual market quotes to measure the degree of
liquidity risk that we face? We can use exactly the same valuation and simulation
techniques that we discussed in Chapter 36, but with a few important differences that
revolve around building in a logical market and managerial responses to the
changing interest rate risk and credit risk of the institution.

As the default probability of our financial institution rises, consumers will begin
to withdraw consumer deposits. We need to specify the formula by which this will
happen, exactly as we did in the nonmaturity deposit in Chapter 30.

As the default probability of the financial institution rises, our access to com-
mercial paper and bond markets will decrease or even dry up completely. We need to
specify how access decreases in response to the default probability. As the default
probability of the institution rises, management will begin to sell assets to meet cash
needs. As these sales increase in amount and urgency, the transactions cost of each
sale will get larger and larger as the percent of value of the assets sold. If the urgency
and volume of sales grows too high, there will be “no bid” in the market as was seen
for much of 2007 and 2008 in the credit crisis in the market for CDOs and mortgage-
backed securities.

We value the 10-year irrevocable line of credit as a measure of liquidity risk using
a process exactly like that used in Chapter 36, but we factor in a rational market and
managerial response to a change in our institution’s default probability:

1. Specify how our access to the commercial paper market varies with our default
probability as discussed in this chapter.

2. Specify how our access to the bond market varies with our default probability
as discussed in this chapter.

3. Specify how consumers will withdraw consumer deposits as our default
probability rises.
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4. Specify the order in which assets will be sold to meet cash needs and the
transactions cost of selling those assets as a function of the asset class and
the speed with which we have to sell it.

5. Simulate the risk-free term structure for N scenarios over M time steps.
6. Choose a formula and the risk-drivers for the liquidity component of credit

spread for all of the relevant asset classes we own as discussed in Chapter 17.
7. Choose a formula and the risk drivers for the default intensity process in the

Jarrow model as discussed in Chapter 17 for all asset classes that we own.
8. Simulate the random values of the drivers of liquidity premium and the default

intensity for all of our counterparties for M time periods over N scenarios,
consistent with the risk-free term structure.

9. Calculate the default intensity and the liquidity component at each of the M
time steps and N scenarios for each counterparty, from retail to small business
to corporate to sovereign. Note that these will be changing randomly over time
because interest rates and other factors impact each of them. This is essential to
capturing cyclicality in bond prices and defaults.

10. Apply the Jarrow model as we have done in Chapters 16 and 17 to get the zero-
coupon bond prices for each maturity for each transaction for each
counterparty.

11. Calculate the market value of portfolio equity for our financial institution in
scenario J and time period K.

12. Calculate the probability of default for our own financial institution in scenario
J and time period K (we can shortcut this by using the logistic regression
approach in Chapter 16 or we can be more fancy).

13. Calculate the amount of consumer deposits that we will have in scenario J and
time period K based on this default probability. Do the same for commercial
paper and our bond issuance capability.

14. Calculate the net needs for funds based on Steps 12 and 13.
15. Subtract from this need for funds liquid assets we can sell with no transactions

costs, based on the amount of those liquid assets still remaining in time period
K of scenario J.

16. The remaining funding need is X.
17. If the remaining availability on our irrevocable line if credit is more than X, we

assume we draw down an additional X on the line of credit.
18. We calculate the interest rate owed on the line of credit in time period K and

scenario J.
19. We simulate default/no default in period K of scenario J.
20. If we do not default, we proceed to time period K þ 1 in Scenario J.
21. If we do default, the lender on the line of credit receives our adjusted market

value of portfolio assets.
22. We do this for all periods and scenarios.
23. We take the present value of these risk-adjusted, risk-neutral cash flows by

discounting at the risk-free yield appropriate for time period K and scenario J.
24. We calculate the value of the line of credit to the lender and the fee they need to

charge us for the line of credit to be fairly priced.

This process is exactly the same process that we followed in Chapter 33 for a
revolving line of credit to a corporate borrower with one major exception. Since we
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are evaluating the cost of a line of credit to our own institution, we have full
information on every asset and every liability on the balance sheet. We know how to
value each one of them, as we have demonstrated in Chapters 19 to 35. Therefore,
we can be much more precise in our calculations as the previous simulation
process outlines.

DETERMINING THE OPTIMAL LIQUIDITY STRATEGY

What is the optimal maturity structure of our institution’s liabilities from a liquidity
risk perspective? This question is easy to answer since we now have an explicit
process for measuring our current liquidity risk—the cost of a 10-year irrevocable
line of credit using the Jarrow-Merton put option concept. The optimal liquidity
strategy is that which maximizes the risk-neutral value of the firm. This will not
necessarily be the liability maturity structure that minimizes the cost of eliminating
liquidity risk; that is, the liability maturity structure that produces the lowest cost
for the 10-year irrevocable line of credit.

SUMMING UP

In Chapter 36, we showed how to use the Jarrow-Merton put option as a compre-
hensive index of the level of integrated credit risk, market risk, foreign exchange risk,
and interest rate risk. This measure of risk is more than that—it tells us the dollar cost
of eliminating the risk.

We can do the same thing with liquidity risk by pricing an irrevocable line of
credit for any maturity. We used a 10-year maturity since 10 years is likely to get us
all the way through a full interest rate cycle and credit cycle, giving us time to recover
from interest rate or credit risk–related losses that would have produced a liquidity
crisis if we did not have (hypothetically) the irrevocable line of credit. In practice, the
cost of liquidity protection for any user-defined maturity can be calculated using the
same process.

Next, we take the discipline and insights of the Jarrow-Merton put option
measure of risk to performance measurement in order to improve on the conven-
tional wisdom of the early chapters in this book.

NOTES

1. For a less vivid but equally detailed account, see the Levin Report (2011), whose full title is
U.S. Senate, Senator Carl Levin, Chairman, Majority and Minority Staff Report, Perma-
nent Committee on Investigations, Wall Street and the Financial Crisis: Anatomy of a
Financial Collapse, April 13, 2011, www.hsgac.senate.gov//imo/media/doc/Financial_
Crisis/FinancialCrisisReport.pdf?attempt¼2.

2. For a reader interested in all 21 institutions, www.kamakuraco.com contains daily
liquidity needs of Bank of America, Countrywide Financial, Merrill Lynch, a consolidation
of the latter three firms, Lehman Brothers, Morgan Stanley, Citigroup, Dexia SA, Depfa
Bank plc, Barclays, Goldman Sachs, the combined JPMorgan Chase, Washington Mutual,
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and Bear Stearns, Wachovia, State Street, BNY Mellon, HSH Nordbank AG, Societe
Generale, and HBOS/Bank of Scotland.

3. A summary of the Federal Reserve programs that were put into place and summary sta-
tistics are available from the Federal Reserve at www.federalreserve.gov/newsevents/
reform_transaction.htm.

4. For information regarding the Kamakura Credit Crisis Liquidity Risk data base, contact
e-mail: info@kamakuraco.com.
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CHAPTER 38
Performance Measurement

Plus Alpha vs. Transfer Pricing

In Chapter 2, we introduced the common practice of performance measurement
in large financial institutions. There are a number of key points about the way in

which large financial institutions manage risk:

n Commercial blanks use a mix of financial accounting and market-oriented
performance measurements.

n Transfer pricing in commercial banks is a financial accounting–driven perfor-
mance measure that has the virtue of moving interest rate risk into one central
transfer pricing book. The system has a 40-year history, but it mistakenly implies
that each new transaction should be judged versus the average marginal risk of the
bank (via the bank’s marginal cost of funds) instead of the marginal risk of
the asset being considered. The fact that a traditional transfer pricing system
would reject the purchase of risk-free U.S. Treasuries shows this process is flawed
at the transaction level, since all banks in the United States own at least some U.S.
Treasuries.

n Insurance companies are moving to adopt the transfer pricing technology as a
way of finally integrating risk assessment of insurance assets and liabilities.

n Fund managers, pension funds, and insurance companies (on the asset side of the
balance sheet) almost all base performance measurement on a market price basis.
A good performer is one who can generate plus-alpha performance over and
above a predefined benchmark with equivalent risk. Banks (until recently) have
almost never used this approach outside of their own fund management busi-
ness, even in their own trading activities.

n Banks allocate capital to judge the performance of major business units, and
almost no other financial institutions do. The capital allocation is done so
that each business unit can be judged using the financial accounting measures that
would be applied to the business unit if it were a stand-alone financial institution.

Our purpose in this chapter is to talk about the implications of the Jarrow-
Merton put option as a potential guide to performance measurement. Matten (1996)
presents an excellent summary of current common practice in commercial bank
capital allocation that will be of interest to readers who would like to supplement the
material in Chapter 2 before plunging into the rest of this chapter.
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TRANSACTION-LEVEL PERFORMANCE MEASUREMENT VS.
PORTFOLIO-LEVEL PERFORMANCE MEASUREMENT

There is a central tenet of performance management that we need to keep in mind for
the rest of this chapter:

A performance measurement system which sends incorrect signals at the
transaction level will be inaccurate at the portfolio level as well, since the
portfolio is the sum of its individual transactions.

In Chapters 2 and in van Deventer and Imai (2003), buy low/sell high was
outlined as the ultimate transaction-level guide to asset and liability selection. If an
asset worth 102 can be purchased at a cost of 100, we should do it. If another asset
worth 101 can be purchased at a cost of 100, we should buy that, too. What could be
simpler than that? This basic performance measurement system has been at the heart
of capitalism for thousands of years, and our objective in this chapter is to strip back
some of the institutional baggage of financial institutions’ performance measurement
systems to reveal performance as clearly as these examples.

In Chapters 19 through 35, we showed that every single type of asset and liability
issued by major financial institutions can be valued precisely both before the asset or
liability is added to the balance sheet and every instant thereafter.Wenowknowenough
to do the simple assessment in the previous paragraph. Are there any real or imagined
complexities that may complicate the buy low/sell high transaction-level performance
assessment? There are only a few and we mention them briefly in this section:

n Costs of origination may have both a large fixed cost component and a marginal
cost component, which impact our assessment of buy low/sell high. A classic
example is the consumer deposit gathering franchise of a commercial bank. On
the transaction level, a 90-day consumer certificate of deposit may cost 25 basis
points less than a wholesale certificate of deposit (CD) with the identical
maturity. Based on this information alone, the first-pass buy low/sell high
decision is buy—originate the retail CD. The costs of origination and servicing
need to be included in the analysis for a complete answer. What if there was a $1
per month fixed cost of servicing the consumer CD that would not impact the
wholesale CD? We just need to add this to the effective cost of the retail CD to
have a more accurate answer. More realistically, the head of the retail banking
division should be constantly re-evaluating this calculation: I can sell the
building housing my River City branch for $500,000 today. Or I can keep it, pay
staff expenses of $450,000 per year, and issue a large number of consumer CDs.
Which is better? This is still a buy low/sell high calculation that requires no
capital allocation to do correctly. It is a question that should be continually
asked. A related question is whether the 25 basis point margin on the consumer
CD is the margin that produces maximum present value (that marginal revenue
equals marginal cost from basic economic theory is relevant here). There are
other calculations that come into play that we mention next.

n Future business may depend on doing current business, with an actuarially likely
arrival of good buy low/sell high business going forward. The example above is a
good example to illustrate another complexity in assessing performance of any
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business. The River City branch’s existence may give us the real option to do lots
of retail CD business going forward. This retail business depends both on our
pricing and our own default probability as we saw in Chapter 37 on liquidity
risk. The probability of a client rolling over one profitable retail CD has char-
acteristics that are very similar to that of the reduced form credit models we
discussed in Chapter 16, the credit default swaps we discussed in Chapter 20,
and the insurance policies we valued in Chapter 35. Doing a really good buy
low/sell high decision analysis depends on taking these facts into account in a
careful way. It has nothing to do with capital allocation—it’s a straightforward
net present value calculation using the analytics presented in Chapters 19 to 35.

n Some costs may be shared with other products. What if the River City branch
also makes profitable small business loans (valued correctly using the technology
of Chapter 19 and 20), and that there is a fixed cost of monitoring them that is in
part embedded in the $450,000 staff costs of the River City branch? Again,
assessing whether to close the branch or keep it and optimize pricing is a risk-
adjusted present value calculation like those in Chapters 19 through 35—shared
fixed costs simply broaden the boundaries of the calculation that has to be done
and the transactions that have to be included. Capital allocation is again irrel-
evant. What is relevant is the available market return that has the same risk as
keeping the River City branch open.

n Cash might be tight. Van Deventer and Imai (2003) discuss how the buy low/sell
high transaction-level performance measurement strategy has to be tempered by
the financial institution’s ability to buy low. Chapter 37 discusses how, as a
financial institution’s risk rises, the supply of funds to the financial institution can
fall or reach zero. At such a high level of risk, the financial institution has lost its
real option to buy low/sell high. This is one of the reasons why financial institutions
typically find that their optimal credit risk from a shareholder value-added per-
spective is consistent with default probabilities in a low range, a lesson they learned
the hard way in the 2006–2011 credit crisis. We deal with this issue in more detail
in the next chapter. This “own default risk” issue is why the buy low/sell high
performance measurement test outlined previously is necessary, but not sufficient,
to result in the origination of an asset or liability. The financial institution’s own
default risk impacts its ability to exercise its option to buy low/sell high.

The preceding examples show that, even at the transaction level, portfolio
considerations can be important. The decision to issue retail CDs depends on the
total volume that can be done (the portfolio of CDs), not just the pricing on one CD.
The decision on whether to keep or sell the branch depends on transaction level
benefits of the retail CD and small business loan portfolio transactions at the branch.
Finally, the decision to buy low/sell high can depend on the entire existing portfolio
of assets and liabilities, since they determine the current credit risk of the institution.

PLUS ALPHA BENCHMARK PERFORMANCE VS. TRANSFER PRICING

In Chapter 2, we discussed both the financial accounting–oriented transfer pricing
system used by commercial banks and the market value–based benchmark perfor-
mance system used by almost every other type of financial institution. The authors

Performance Measurement 767



believe that commercial banks would benefit from adopting the benchmark-based
performance measurement approach, while being careful to avoid the pitfalls of such
an approach as outlined in Chapter 2.

WHY DEFAULT RISK IS CRITICAL IN PERFORMANCE MEASUREMENT
OF EQUITY PORTFOLIOS

The risk management techniques in common use for equity portfolio management
include Nobel prize–winning concepts such as the capital asset–pricing model
(CAPM), arbitrage pricing theory (APT), and the efficient frontier concept. The list of
researchers behind these concepts reads like a who’s who of finance: William Sharpe,
Harry Markowitz, John V. Lintner, Jr., Jan Mossin, Steven Ross, and many other key
contributors. Like any theory, however, the CAPM, APT, and efficient portfolio
concept are based on the same flaw that has doomed simple implementations of
value-at-risk (VaR) and the copula approach for CDO valuation: a normal distri-
bution of equity returns is at the heart of CAPM, APT, and the efficient frontier.
Default risk is ignored. The current credit crisis makes a more sophisticated and
realistic assessment of risk in equity portfolios a mission critical function. We discuss
how to do that in this section.

In our discussion of value at risk in Chapter 36, we observed that the assumption
that equity returns are normally distributed with their historical mean and standard
deviation is so highly stylized that it makes default disappear like magic. In Bear
Stearns’ case, for example, the historical mean and variance of monthly returns from
January 1990 onward implied that the probability of a �100 percent return in a
given month was zero to six decimal places. The fact that this �100 percent return
did occur is not a “black Swan” á la Nassim Taleb; it is a very predictable result that
is a measurable probability for any public firm. The decision to ignore default in
measuring risk and return in equities is a simplification that has proven extraordi-
narily costly to many in the 2006–2011 credit crisis. Still we hear things like this all
the time from equity portfolio managers:

Why do I need default probabilities? I manage an equity portfolio, not a
fixed income portfolio.

On hearing this, John Y. Campbell of Harvard University laughingly responded,
“Don’t they know that equity is the most highly subordinated liability on the balance
sheet of a public firm?” He’s exactly right. A more subtle argument for ignoring
default in equity portfolio management is embedded in this comment:

I don’t need default probabilities to manage my equity portfolio. My
benchmark is the S&P 500 and no firm in the S&P 500 has ever defaulted.

It turns out, thanks to the Standard & Poor’s website, that this comment is
dramatically untrue. Remember Dana Corporation? Calpine? Delphi? Winn-Dixie?
All of these firms failed while they were a component of the S&P 500. There is a more
important phenomenon, however, that is very much credit driven that affects equity
managers. Consider firms like Washington Mutual, Wachovia, Merrill Lynch,
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General Growth Properties, and Lehman Brothers. All of them were thrown out of the
S&P 500 as their credit quality deteriorated. These changes in the composition in
the index happen “after hours.” The stock price of the firm dropped from the index
will be down 10 to 20 percent at the next day’s open, and the stock price of the firm
replacing them in the index will be up 10 to 15 percent on the open. Even if the equity
portfolio manager is running a perfect replica of the S&P 500, the manager will lose
the equivalent of 20 percent (best case) to 35 percent on one of the 500 elements of the
index because of this phenomenon. This is a serious “negative alpha” phenomenon.
Changes in index composition are similar to what the always insightful Michael Lewis
(2004) pointed out in his baseball bookMoney Ball: walking is a skill, not an accident.
Similarly, changes in index composition are not accidents either. They are highly
predictable, and the default probabilities of the companies in the index have a very
high degree of correlation with their probability of being dropped from the index.

Just as important to equity managers is the disconnect between the credit default
swap market and equity returns. The CDS market is focused on senior unsecured
debt. What if Citigroup is bailed out continuously but not nationalized? Most
observers expect that equity holders will lose everything (by being completely diluted)
and debt holders will lose nothing. Only default probabilities that predict the
probability of the company failing (i.e., the shareholders being wiped out) capture
this impact correctly. The CDS quotes for this example, Citi, would be much lower
than the correct default probabilities because they reflect anticipation of 100 percent
recovery like that which has accompanied the creeping nationalization of AIG.

“PLUS ALPHA” PERFORMANCE MEASUREMENT IN
INSURANCE AND BANKING

With the proper adjustments discussed in the prior section, the comparison of actual
mark-to-market performance relative to a naïve index of the same risk is a highly
useful and very simple concept. The only trick in implementing this approach in the
commercial banking and insurance arena is the need to create benchmarks. For
example, as van Deventer and Imai (2003) suggest, the head of retail banking who
owns the three-year auto loan portfolio should be judged by the market value of a
U.S. Treasury index that replicates the exact cash flow timing and amount of each
auto loan on a full option-adjusted basis. We show in Chapter 40 that this is a
modest computer science effort that is already commercially available and it is merely
a question of institutional will to move in this direction.

The manager of the three-year auto loan portfolio is a good performer if over
time the mark-to-market value of the auto loans, after expenses and after actual
credit losses, is a larger number than the mark-to-market value of the artificial
Treasury auto loan index.

Themanager of the auto loan portfoliowill use transaction-level analytics to decide
which loans to originate and which loans to pass on. An important part of this relates
directly to the reduced form modeling technology we discussed in Chapters 16 and 17:

n The default probability of each auto loan borrower has to be correctly assessed
using state-of-the-art logistic regression such as that discussed in the public firm
default probability context in Chapter 16.
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n The proper credit spread for the auto loan has to be assessed in light of expenses
of origination and monitoring and in conjunction with the macro factors driving
default. In addition, the probability of prepayment has to be taken into account
as discussed in Chapters 27 to 29.

n Once breakeven pricing is set for each borrower, the bank can accept or reject
the loan. Skillful loan selection creates plus alpha performance at the portfolio
level by creating value one loan at a time.

This is true buy low/sell high implementation, consistent with state-of-the-art
state of the art credit risk and interest rate risk management. A benchmark perfor-
mance that is plus alpha will show management exactly how much value has been
created by this business above and beyond what would have been achieved by a
matched maturity investment in U.S. Treasury securities with identical payment dates,
payment amounts, and options characteristics. Of course the more traditional transfer
pricing methodology used in commercial banking can be used to show this as well, but
the transfer pricing yield curve will be the U.S. Treasury yield curve, not the marginal
cost of funds yield curve of the bank. In addition, the transfer pricing rate will include
a premium that reflects the prepayment option held by the auto loan borrower.

DECOMPOSING THE REASONS FOR PLUS OR MINUS ALPHA IN A FIXED
INCOME PORTFOLIO

One of the most interesting set of cultural differences we have come across in finance
is the difference between investment managers and bankers. One could write 100
books and 2 million jokes about those differences, but this section has a more modest
ambition: to show how to improve fixed income performance attribution in both
investment management and in banking by combining best practice from both types
of institutions. This section is an introduction to that topic.

We can briefly summarize the key causes of the cultural differences between fixed
income investment managers and bankers in a few bullet points:

n Nature of assets managed: The overwhelming majority of the assets held by fixed
income fund managers is publicly traded. The overwhelming majority of assets
held by banks, at least by number of transactions, is not publicly traded.

n Nature of performance measurement: In fixed income fund management, per-
formance measurement is based on market valuation and both absolute returns
and returns versus a benchmark portfolio. In spite of more than 40 years of debate
in banking, that industry remains largely driven by financial accounting–based
performance measurement, not market value–based performance measurement.

n Granularity of performance measurement: The CFA Institute, formerly known
as the Association for Investment Management and Research, has long recom-
mended calculating performance using daily time periods. Outside of the trading
floor, banks are largely driven by monthly or quarterly time frames.

n Volume of transactions: Most investment managers would have no more than
5,000 or 10,000 positions, and many would have far less. One of the world’s
five largest banks has more than 700 million distinct assets and liabilities. This
creates a much bigger information technology footprint in banking by necessity.

770 PORTFOLIO STRATEGY AND RISK MANAGEMENT



n Staff count: Staffing in investment management is lean and mean, because very
little retail business is done, at least relative to banking. The largest banks in
North America, by contrast, have a staff count in the hundreds of thousands.

n Analytical rigor: There are brilliant people in both banking and fixed income
investment management who are well beyond best practice in their analysis.
That being said, it is much more tempting to manage risk with a spreadsheet or
risk analysis that is not much more powerful than a spreadsheet when the
portfolio has a relatively small transaction count, something very common in
the hedge fund industry in particular.

We recently came across a European paper on fixed income performance attri-
bution that relied heavily on standard yield-to-maturity calculations and duration as
the basis for improved fixed income performance attribution. The purpose of this
section, in an introductory way, is to explain why it is particularly important in fixed
income portfolio attribution to apply much more accurate and modern techniques
than the duration concept, because the errors embedded in the yield-to-maturity
concept and duration (as we discussed in Chapter 4) are large and can result in wildly
inaccurate assessments of fixed income performance attribution:

n Yield-to-maturity discounts cash flows at all payment dates at the same interest
rate

n If the same issuer has two bonds outstanding with different yields to maturity,
interest payments on the same dates will be discounted at different rates for each
bond

n Common spread calculations are usually the simple difference between the yields
to maturity on two bonds with similar but not identical maturity dates

Now we can see the benefits of cross-pollenization of risk management between
bankers and fixed income fund managers:

n We take the mark-to-market orientation of fund managers.
n We take the exact day count matched maturity transfer pricing concept from

banking.
n We take the yield curve smoothing concepts that are essential to transfer pricing

in banking.
n We take the macroeconomic factor–driven stress testing approach from banking

and bank regulators that has come out of the 2006–2011 credit crisis.
n We then use this technology to analyze the reasons for mark-to-market perfor-

mance changes in a way already familiar to fixed income fund managers but
with greater accuracy.

We know that changes in a large number of macroeconomic factors affect per-
formance of fixed income portfolios. A small sample of them is listed here:

n Level and shape of the risk-free yield curve
n Home prices
n Commercial real estate prices
n Oil prices
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n Other commodity prices
n Foreign exchange rates
n Market volatility
n Unemployment rates
n Changes in real gross domestic product
n Government surpluses or deficits

Best practice risk managers are increasingly measuring the impact of each of
these factors on mark-to-market performance by tracing their impact on credit
spreads, prepayment, and default risk of borrowers from retail to small business to
major corporations to sovereigns. In the example of this section, we keep it simple.

n We analyze the performance of one bond
n We assume that we only need to analyze three drivers of performance:

(1) changes in the risk-free yield curve and (2) the credit spread for the bond
issuer, along with (3) the passage of time.

n We look from the perspective of July 15, 2010, and ask the question, “How
much did these risk factor movements contribute to the gain or loss in the value
of our bond since April 15, 2010?” We could just as easily do the analysis for a
portfolio versus a benchmark. We keep it very simple here for expository
purposes.

A more complete analysis has a much longer list of drivers of performance that
includes all of the macro factors above plus many more.

A WORKED EXAMPLE OF MODERN FIXED INCOME
PERFORMANCE ATTRIBUTION

We now go through a worked example of a more modern approach to fixed income
performance attribution with one bond issued by ABC Company and three drivers of
performance: the risk-free yield curve, the spread, and the passage of time.

We assume the ABC bond has a par value of 1,000, a 10 percent coupon,
semiannual coupon payment dates of June 30 and December 31, and a maturity on
June 30, 2019. We observe in the marketplace these prices:

April 15, 2010: $1532.60 (net present value ¼ price plus accrued interest)

July 15, 2010: $1580.18

We ask this question: What factors have caused the net present value of the bond
to change from $1532.60 to $1580.18? How much was due to the passage of time,
how much to changes in the risk-free rate, and how much to spread changes?

We answer this question by using the maximum smoothness forward rate
approach to yield curve smoothing outlined in Chapter 5. We apply these techniques
to the risk-free yield curve and to the ABC bonds outstanding to derive a risk-free and
risky yield curve on April 15, 2010, and July 15, 2010. As a substitute for a risky
yield curve derived from all ABC bonds outstanding, we assume that, by coincidence,
the yield curve for ABC is identical to the U.S. dollar LIBOR-swap curve.
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For example, Exhibit 38.1 shows the zero-coupon bond yields for the risk-free
and risky (ABC curve or swap curve) on April 15, 2010, as reported in Kamakura’s
“Friday Forecast.”1

Note that, on this day, the risk-free yield curve’s zero-coupon yields were actu-
ally higher than the ABC Company/swap curve zero yields at the longer maturities.
This is an increasingly common phenomenon that recognizes that the risk-free or
sovereign yield curve is not, in fact, risk free.

In Exhibit 38.2, we also take the zero-coupon yields for the risk-free and risky
ABC/swap yield curve on July 15, 2010.

Over this three-month period, we can see that the risk-free, zero-coupon yield
curve has fallen substantially as shown in Exhibit 38.3.

Risky zero-coupon yields, with the exception of the short maturities, have also
moved downward, as this graph in Exhibit 38.4 shows.

The zero-coupon credit spread for ABC company/swap curve has moved as
shown in Exhibit 38.5.

Many researchers have found that it is common for credit spreads to rise when
risk-free yields fall, and that is consistent with yield curve movements between these
two dates. We extract the following zero-coupon bond prices from both yield curves
on both dates and apply it for performance attribution to the cash flows on the ABC
bond as shown in Exhibit 38.6.
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Smoothing, April 15, 2010
Sources: Kamakura Corporation; Federal Reserve.
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EXHIBIT 38.2 U.S. Treasury and USD Interest Rate Swap Zero-Coupon Yields Derived from
the Federal Reserve H15 Statistical Release Using Maximum Smoothness Forward Rate
Smoothing, July 15, 2010
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EXHIBIT 38.3 Risk-Free, Zero-Coupon Yields, April 15, 2010, and July 15, 2010
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EXHIBIT 38.4 Risky Zero-Coupon Yields, April 15, 2010, and July 15, 2010
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EXHIBIT 38.6 Actual Zero-Coupon Yields and Zero-Coupon Credit Spreads

Date

4/15/2010
Risk-Free,
Zero-

Coupon
Yield

4/15/2010
Risky
Zero-

Coupon
Yield

4/15/2010
Zero-

Coupon
Credit
Spread

7/15/2010
Risk-Free
Zero-

Coupon
Yield

7/15/2010
Risky
Zero-

Coupon
Yield

7/15/2010
Zero-

Coupon
Credit
Spread

Change
in Risk-
Free Zero
Yields

Change
in Risky
Zero
Yields

Change
in Zero
Spreads

20100430 0.163% 0.279% 0.116%
20100531 0.160% 0.358% 0.198%
20100630 0.159% 0.394% 0.235%
20101231 0.310% 0.488% 0.178% 0.193% 0.729% 0.535% �0.025% 0.280% 0.305%
20110630 0.537% 0.651% 0.114% 0.264% 0.631% 0.367% �0.147% 0.085% 0.232%
20111231 0.850% 0.974% 0.124% 0.394% 0.641% 0.247% �0.293% �0.159% 0.134%
20120630 1.171% 1.321% 0.149% 0.593% 0.850% 0.257% �0.420% �0.300% 0.120%
20121231 1.468% 1.633% 0.165% 0.787% 1.048% 0.261% �0.536% �0.434% 0.102%
20130630 1.737% 1.910% 0.174% 0.967% 1.217% 0.250% �0.637% �0.557% 0.080%
20131231 1.995% 2.175% 0.180% 1.155% 1.407% 0.252% �0.712% �0.637% 0.075%
20140630 2.239% 2.420% 0.180% 1.352% 1.611% 0.259% �0.766% �0.688% 0.078%
20141231 2.476% 2.648% 0.172% 1.560% 1.813% 0.253% �0.800% �0.724% 0.076%
20150630 2.697% 2.848% 0.150% 1.763% 1.995% 0.232% �0.825% �0.755% 0.070%
20151231 2.908% 3.025% 0.117% 1.963% 2.163% 0.200% �0.841% �0.776% 0.065%
20160630 3.099% 3.177% 0.079% 2.149% 2.312% 0.163% �0.856% �0.791% 0.065%
20161231 3.274% 3.312% 0.039% 2.321% 2.448% 0.127% �0.867% �0.799% 0.068%
20170630 3.427% 3.431% 0.004% 2.474% 2.568% 0.093% �0.878% �0.805% 0.073%
20171231 3.564% 3.539% �0.024% 2.613% 2.677% 0.065% �0.885% �0.809% 0.076%
20180630 3.682% 3.638% �0.044% 2.733% 2.775% 0.041% �0.891% �0.815% 0.077%
20181231 3.788% 3.731% �0.056% 2.842% 2.864% 0.023% �0.895% �0.821% 0.074%
20190630 3.879% 3.817% �0.062% 2.936% 2.945% 0.009% �0.898% �0.829% 0.069%
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We want to understand the drivers of changes in bond value so we analyze these
specific combinations of changes in the key macro factors that we have chosen to
analyze as shown in Exhibit 38.7.

The first two scenarios use the real inputs for April 15 and July 15, 2010. The
next three scenarios shift one of our three key drivers of returns, one at a time. The
“risk-free shift only” scenario can be explained as follows:

Assume we are at April 15, 2010, and the risk-free curve took July 15, 2010,
levels but the credit spread was the April 15 spread.

The “spread shift only” scenario means:

Assume we are at April 15, 2010, and risk-free curve is the April 15 curve,
but the spread is the July 15 spread.

In the final scenario, the “date shift only” scenario applies the April 15 risk-free
curve and spread on the July 15, 2010, value date, when all cash flows are three
months closer than they were on April 15.

In each case, the ABC bond’s present value is the sum of the relevant zero-coupon
bond times the cash flow on that particular date. Those zero-coupon bonds are
shown in Exhibit 38.8.

EXHIBIT 38.7 Scenarios for Fixed Income Performance Measurement

Scenario Description

Attribution
Driver

Actual
4/15/2010

Actual
7/15/2010

Risk-Free
Shift Only

Spread
Shift Only

Date
Shift Only

Risk-Free
Yields

4/15/2010
Risk-free

7/15/2010
Risk-free

7/15/2010
Risk-free

4/15/2010
Risk-free

4/15/2010
Risk-free

Risky Spreads 4/15/2010
Spreads

7/15/2010
Spreads

4/15/2010
Spreads

7/15/2010
Spreads

4/15/2010
Spreads

Cash Flow
Dates

4/15/2010
Dates

7/15/2010
Dates

4/15/2010
Dates

4/15/2010
Dates

7/15/2010
Dates

Gross Bond
Value 1532.60 1580.18 1623.37 1525.47 1499.56

Less Value
of 6/30/
Coupon �49.96 0.00 �49.96 �49.96 0.00

Net Bond
Value 1482.64 1580.18 1573.41 1475.51 1499.56

Dollar Change
in Bond
Value 97.55 90.78 �7.12 16.92

% Change vs.
Actual
4/15/2010

Not
Applicable 6.579% 6.123% �0.480% 1.141%
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When we apply these scenarios, we get the components of performance shown in
Exhibit 38.9.

Note that we first deduct from the actual April 15, 2010, gross bond value or net
present value the present value of the June 30, 2010, coupon payment of $50. This
adjustment is necessary to insure we are comparing the value of two securities (ABC
bond on April 15 and July 15) with the same attributes. This adjustment would not
be necessary if we were using the daily return intervals that the CFA Institute
recommends, since the coupon payment would just be an element of daily total
return. In this case, we deduct the present value of that first coupon rather than
speculate on reinvestment returns from June 30 to July 15.

The analysis shows that, after adjusting for the first coupon, our ABC bond
returned a total of 6.579 percent from April 15, 2010, to July 15, 2010. The
downward shift in the risk-free curve contributed 6.123 percent to this total return.
The widening of credit spreads by itself reduced return by 0.480 percent. The passage
of time, which moved all cash flows three months closer, contributed 1.141 percent
to total return. A final component, the impact of all factors moving together, reduced
total return by 0.204 percent.

EXHIBIT 38.8 Zero-Coupon Bonds

Discount
Factors Used

Date
Actual

4/15/2010
Actual

7/15/2010
Risk-Free
Shift Only

Spread
Shift Only

Date Shift
Only

4/30/10 0.999885 0.000000 0.999885 0.999858 0.000000
5/31/10 0.999549 0.000000 0.999551 0.999326 0.000000
6/30/10 0.999180 0.000000 0.999196 0.998725 0.000000
12/31/10 0.996530 0.996632 0.997060 0.994357 0.997924
6/30/11 0.992169 0.993972 0.994839 0.990181 0.994783
12/31/11 0.983462 0.990664 0.989529 0.981383 0.988359
6/30/12 0.971222 0.983458 0.981552 0.968789 0.977682
12/31/12 0.956632 0.974488 0.972106 0.954309 0.964121
6/30/13 0.940508 0.964612 0.961174 0.938243 0.948833
12/31/13 0.922381 0.952409 0.948210 0.919769 0.931598
6/30/14 0.903134 0.938171 0.933437 0.900173 0.912958
12/31/14 0.882634 0.922227 0.917207 0.879599 0.892903
6/30/15 0.862090 0.905735 0.900325 0.859106 0.872436
12/31/15 0.841234 0.888488 0.883094 0.838142 0.851572
6/30/16 0.820835 0.871166 0.865981 0.817459 0.830999
12/31/16 0.800504 0.853554 0.848926 0.796693 0.810561
6/30/17 0.780775 0.836253 0.832022 0.776583 0.790663
12/31/17 0.760962 0.818773 0.815034 0.756466 0.770766
6/30/18 0.741694 0.801735 0.798145 0.737103 0.751354
12/31/18 0.722329 0.784601 0.781114 0.717813 0.731909
6/30/19 0.703509 0.767940 0.764216 0.699266 0.712941
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EXHIBIT 38.9 Scenario Components

Scenario Description

Attribution Driver
Actual
4/15/2010

Actual
7/15/2010

Risk-Free
Shift Only

Spread Shift
Only

Date Shift
Only

Impact of All
Factors’ Joint
Movement Total

Risk-Free Yields 4/15/2010
Risk-free

7/15/2010
Risk-free

7/15/2010
Risk-free

4/15/2010
Risk-free

4/15/2010
Risk-free

Risky Spreads 4/15/2010
Spreads

7/15/2010
Spreads

4/15/2010
Spreads

7/15/2010
Spreads

4/15/2010
Spreads

Cash Flow Dates 4/15/2010
Dates

7/15/2010
Dates

4/15/2010
Dates

4/15/2010
Dates

7/15/2010
Dates

Gross Bond Value 1532.60 1580.18 1623.37 1525.47 1499.56
Less Value of

6/30/2010 Coupon �49.96 0.00 �49.96 �49.96 0.00
Net Bond Value 1482.64 1580.18 1573.41 1475.51 1499.56
Dollar Change in

Bond Value 97.55 90.78 �7.12 16.92
% Change vs. Actual

4/15/2010
Not

Applicable 6.579% 6.123% �0.480% 1.141% �0.204% 6.579%
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In this fashion, we have a complete and accurate understanding of the contri-
bution of the risk factors we have chosen to analyze to total absolute return. Return
relative to a benchmark index, or tracking error, is analyzed in the same way. We
have avoided the serious performance attribution errors that can arise from the
simplifying assumptions embedded in yield-to-maturity and simple credit spread
calculations by using modern yield curve and credit spread smoothing on an exact
day count basis. The process is simple and straightforward when using modern
enterprise risk management software.

THE JARROW-MERTON PUT OPTION AND CAPITAL

We now turn back to more traditional measures of performance, using financial
accounting as a basis, which have a long tradition in banking and (more recently)
in insurance. In Chapters 36 and 37, we discussed the practical calculation of the
Jarrow-Merton put option that is the comprehensive measure of integrated credit
risk, market risk, liquidity risk, and interest rate risk that we first discussed in
Chapter 2. In Chapters 19 through 35, we illustrated how we can value the assets and
liabilities of any financial institution using the simulation techniques of Chapter 36.
We can use this calculation as a basis for capital allocation to the various business
units in a financial institution just as we can for the institution as a whole.

USING THE JARROW-MERTON PUT OPTION FOR CAPITAL ALLOCATION

Introduction

As we noted in Chapter 2, most of the business units of major financial institutions
have either assets only or liabilities only. They rarely have both assets and liabilities at
the same time. When this is the case, there is no need to allocate capital because the
benchmark performance system we discuss above can be used. Nonetheless, many
financial institutions allocate capital to achieve multiple objectives:

n They want all business units, after the allocation of debt and equity, to have the
same relative degree of risk.

n They then feel comfortable, using either historical market returns or financial
accounting returns, in expressing performance as the ratio of historical return to
allocated capital.

As we noted in Chapter 2, this approach implicitly says that “good” business
units have good returns on risk-adjusted capital and should get more emphasis. This
portfolio measure of performance is thought of by many as a substitute for the buy
low/sell high approach discussed in the introduction to this chapter.

Using the Jarrow-Merton Put Option Concept for Capital Allocation

In this section, we show how to use the Jarrow-Merton put option technology for
capital allocation. We start with a one-period example and then generalize to a
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multiperiod example that is consistent with the Federal Deposit Insurance Corpo-
ration (FDIC) Loss Distribution Model of Jarrow and colleagues (2003).2

Capital Allocation for a Single Period In Chapter 36, we outlined a careful process for
simulating the impact of macroeconomic factors on the default probabilities and legal
payment obligations of all counterparties from retail borrowers to sovereigns. We
will use the identical process in this section. If we set a single time horizon as relevant
for capital allocation, the process works like this:

1. Choose the time horizon T (one year is a common choice).
2. Obtain from market sources the default probability for the institution. This

default probability can be derived in any method with which the institution is
comfortable, as discussed in Chapters 16 and 17. Obtain the business unit’s
complete transaction-level listing of assets and liabilities.

3. Simulate the macro factors over N scenarios as of time T.
4. Calculate the default probabilities for all counterparties.
5. Calculate N values for the value of business unit assets less the amount of

liabilities
6. Assume the default probability for the business unit with no Jarrow-Merton

put option is d*. We need to solve for the value of the Jarrow Merton put
option, which reduces d* to the institution’s own default probability d.

7. Examine the distribution of negative net worths from the simulation.
8. Determine the amount K of a digital put option payable on default such that

the percentage of negative net worth scenarios after payment of K is reduced
from d* to d. For example, if d is 1 percent, but 200 of the 10,000 scenarios
produce negative net worth on a mark-to-market basis (d* ¼ 2 percent), we
need to find K such that 100 of the negative scenarios would be erased. If the
one-hundredth largest loss is $72.27, then the digital option would pay $72.27
on default, reducing d* to 1 percent ¼ d.

9. Calculate the value of the Jarrow-Merton put option, which pays K ($72.27)
upon default (i.e., negative mark to market before K is paid). Let us call the
value of this put option X. This is the price of portfolio insurance for a default
probability of d.

10. Adjust the capital and the assets of the business unit for the value of the put
option. Before the put option, the capital of the business unit was V � B and its
capital ratio was (V � B)/V. After the put option, capital will be increased by X
and assets will be increased by X. Assets will be V þ X and capital will be
V � B þ X. The ratio of capital to assets will be (V � B þ X)/(V þ X).

11. This process equalizes the default probabilities of every business unit at the
institutional level and explicitly incorporates the risk of each individual asset or
liability on the books of the business unit.

There are other choices for the terms of the payoff on the Jarrow-Merton put
option. The most obvious is one that equalizes the expected loss of each business unit.
Even if default probabilities are equalized, the expected loss can differ and vice versa.
This is a matter for institutional strategy.

In any event, the technology for the Jarrow-Merton put option in the first 37
chapters of this book allows us to explicitly price the value of portfolio insurance (both
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credit risk and interest rate risk) on all assets and liabilities of each business unit so that
the total default risk of each business unit after portfolio insurance is equalized.

Extending the Jarrow-Merton Capital Allocation
to a Multiperiod Framework

While most financial institutions allocate capital with a one-year time horizon in
mind, the 2006–2011 credit crisis makes it clear that a longer time horizon may be
more appropriate. The fact that the credit default swap market has crystallized
around a five-year maturity is indirect confirmation that the market believes that a
longer time horizon has the most value from a credit insurance policy point of view.

For this reason, it may be appropriate to analyze the Jarrow-Merton put option
as a multiperiod payout option that insures the survival over a longer time horizon
just like the Loss Distribution Model of the FDIC does.

This changes the valuation of the Jarrow-Merton put option from the previous
section in only modest ways:

n Scenario simulation has to deal with reinvestment of cash flows over multiple
periods for correct assessment of the probability of business unit default.

n The default of a business unit can happen at multiple points in time, and multiple
payments to the business unit may be necessary to insure survival over the entire
time horizon. This is highly likely given the high correlation in defaults that
we have discussed throughout this book.

n This will raise the cost of the Jarrow-Merton put option for the business unit, all
other things being equal.

SUMMING UP

As noted in Chapter 2, backward looking measures of asset performance have
minimal use as predictors of future performance. For that reason, we prefer forward
looking measures of performance (buy low/sell high) for asset selection at both the
transaction level and the portfolio level. Nonetheless, the Jarrow-Merton put option
concept can be applied neatly for capital allocation for those institutions that have
the need to apply the capital allocation concept. We explicitly price the portfolio
insurance (integrating credit risk, market risk, liquidity risk, and interest rate risk) for
each business unit such that we equalize the (1) probability of default or (2) expected
loss for each business unit. The adjusted asset totals and capital totals for each
business unit reflect the incremental cost of this credit insurance, the value of the
Jarrow-Merton put option.

We turn next to a related topic, the safety and soundness of our own financial
institution.

NOTES

1. Kamakura’s Friday Forecasts are available on www.kamakuraco.com.
2. The Loss Distribution Model can be found at the FDIC’s website, www.fdic.gov.
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CHAPTER 39
Managing Institutional Default Risk

and Safety and Soundness

In 2003, the Basel Committee on Banking Supervision proposed the New Capital
Accords as a way to insure the safety and soundness of financial institutions around

the world. Since then, such a volume of documents has poured forth from the Basel
Committee that few risk managers known to the authors admit to having read every
page of even one Basel Committee document. Insiders at the Bank for International
Settlements (BIS) have revealed an indirect confirmation of why the Basel II and III
regulations have evoked such a yawn from real risk managers: inside the BIS, as of
this writing, there is not a single piece of evidence that the Basel ratios (in any
variation) are statistically significant in predicting financial institution failure. For
that reason, we focus on methods for controlling default risk in this chapter in which
both the statistical evidence and economic logic are strongly supportive of the risk
“levers” we discuss.

In Chapters 36 through 38, we showed how modern risk management tech-
nology allows a much different approach to ensuring the safety and soundness of
financial institutions. In this chapter, we discuss the implications of a more modern
approach to risk management for the safety and soundness of a given institution
from both a shareholder value perspective and from a regulatory perspective.

STEP 1: ADMITTING THE POSSIBILITY OF FAILURE

Step 1 in using a more modern approach to risk management is for management to
admit the unthinkable—that the institution they manage has a probability of failure
that is not zero. It is a rare management team that can make this admission, but a
failure to acknowledge this fact is to deny reality and doom the risk management
exercise at the institution to common practice at best. Even up through 1996, the
authors were often told in the Tokyo market that “no Japanese bank has failed since
the end of World War II,” a phrase intended to convey that the future was riskless as
well. Within a few years, seven of the top 21 banks in Japan had failed. Even after the
savings and loan crisis in the late 1980s and early 1990s in the United States, banking
CEOs were in denial about the risk of their own firms. One of the authors was
explicitly forbidden to discuss the bank’s own default risk by the CEO himself in the
mid-1980s. After the author left the bank, it failed because of an overexposure to
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commercial real estate loans. Prior to the credit crisis of 2006 to 2011, one major
bank with more than $500 billion in assets labeled its default database for the U.S.
securities industry a “low default portfolio” that was so hard to model they used
judgmental default probabilities of 2 to 3 basis points for U.S. securities firms, less
than three years prior to the failure of Lehman Brothers and Bear Stearns in 2008 and
the rescues of Merrill Lynch and Morgan Stanley by the U.S. government.

With the 2006–2011 credit crisis squarely in the rearview mirror, few objective
analysts have to be convinced that the probability of financial institutions’ failure is
not zero; even at the CEO level, those who proclaim their firms have zero risk are
often subjected to shareholder lawsuits for inaccurate disclosure. Exhibit 39.1,
provided by Kamakura Risk Information Services, shows that the one-year Kama-
kura Default Probabilities (KDP) for Bank of America (BAC) (lower line) and
Citigroup (C) (upper line) peaked at about 20 and 40 percent respectively in March
2009, five months after the U.S. government injected $45 billion into the merged
Merrill Lynch and Bank of America and $25 billion into Citigroup. Clearly, major
financial institution default risk is not zero.

Exhibit 39.2 shows one-year default probabilities over the same period for the
Royal Bank of Scotland Group (RBS) (upper line) and HBOS (lower line, until its
rescue/merger early in 2009). The evidence is similar: even the largest and most
prestigious financial institutions have not been too big to fail. In the recent crisis, they
have simply been “too big not to bail out when they fail.”

Both graphs make it clear that default probabilities in troubled times can show a
very high degree of correlation.
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MANAGING THE PROBABILITY OF FAILURE

Are Ratings a Useful Guide?

In this section, we ask the question “Can an institution’s own credit rating be a
proper risk index to be managed by the firm?” As we discussed at length in Chapter
18, one of the hardest aspects of using credit ratings for such a role is that ratings
have no specific maturity and no specific default probability associated with them.
Indeed, there has been a long debate in the risk management industry about whether
traditional credit ratings are intended to be “point-in-time” ratings or whether they
are intended to be “through-the-cycle” credit indicators. The reason that such a
debate occurs is the vagueness of the maturity and default probabilities associated
with a given rating for a specific company at any point in time. When viewed in the
context of a modern quantitative default probability model, the debate about point in
time versus through the cycle is a distinction without a difference.

We posed this question in Chapter 18: How does a modern quantitative default
model differ from ratings? The differences are very great and very attractive from a
practice use point of view:

n Each default probability has an explicit maturity.
n Each default probability has an obvious meaning. A default probability of 4.25

percent for a three-year maturity means what it says: there is a 4.25 percent
(annualized) probability of default by this company over the three-year period
starting today

n Each company has a full-term structure of default probabilities at maturities
from one month to 10 years, updated daily.

What does “point in time” mean in this context? All of the default probabilities
for Morgan Stanley, for example, prevailing on November 28, 2008 (about six weeks
after the failure of Lehman Brothers) are default probabilities at that are point in time
for Morgan Stanley.

Default probabilities at a different point in time, say January 25, 2009, will
change if the inputs to the default models are different on January 25 than they were
on November 28. What does “through the cycle” mean with respect to the default
probabilities for Morgan Stanley on November 28, 2008? Through the cycle implies
the longest default probability available on the term structure of default probabili-
ties because this maturity does the best job of extending through as much of the
business cycle as possible. For Morgan Stanley, the longest default probability
available is the 10-year default probability, 0.83 percent (annualized basis). This is
quite different from the high risk Morgan Stanley faced in the short run in the
aftermath of the Lehman failure, because Morgan Stanley’s annualized one-month
default probability at the same time was 8.96 percent. If the default probability for
Morgan Stanley on November 28 is 0.83 percent at 10 years, it means that the
through-the-cycle default probability for Morgan Stanley prevailing on November 28
is a 0.83 percent (annualized) default rate over the 10 years ending November 28,
2018. This is explicit and quite a contrast to the vagueness of the ratings concept.

To summarize, all of the default probabilities prevailing for Morgan Stanley on
November 28, 2008, are the point-in-time default probabilities for Morgan Stanley at
all maturities from one month to 10 years. The through-the-cycle default probability
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for Morgan Stanley on November 28 is the longest maturity default probability, the
10-year default probability. The 10-year default probability is also obviously a point-
in-time default probability because it prevails on November 28, 2008, the point in time
we care about. On the next business day, all of the point-in-time default probabilities
for Morgan Stanley will be updated, including the 10-year default probability, which
has a dual role as the through-the-cycle default probability.

There is no uncertainty about these concepts: All default probabilities that exist
today at all maturities are point-in-time default probabilities for Morgan Stanley, and
the longest maturity default probability is also the through-the-cycle default probability.

How can these default probabilities be mapped to ratings, and what rating
would be point in time and what rating would be through the cycle? An experienced
user of quantitative default probabilities would ask in return “Why would you want
to go from an explicit credit risk assessment with daily updates and with a known
maturity and 10,000 grades (from 0 basis points to 10,000 basis points) to a vague
credit assessment with no known maturity, only 20 grades, and updates that occur
randomly at about one-year intervals?”

For these reasons, ratings are not a best practice risk lever for managing an
institution’s own default risk.

Are CDS Spreads a Useful Guide?

As we discussed in Chapter 20, it was once thought that a competitive credit default
swap market with a strong depth of trading would emerge to provide new market-
based measures of the cost of default insurance, an alternative to the put option prices
we used for Citigroup in Chapter 36. Enthusiasm for the CDS market was so high, in
fact, that an academic, in the Financial Times of December 28, 2011, wrote, “How
can the FDIC determine the correct price for its insurance? The answer is to use the
large and active market in bank insurance via credit default swaps.”1

In Chapter 20, we summarized the reasons why the credit default swap market
cannot be used as suggested and why it is not a proper index of “own default risk”
that should be an objective of risk management.

1. There is no large and active market in bank credit default swaps. Using data
reported by Depository Trust & Clearing Corporation, during the 77 weeks
ending December 30, 2011, credit default swaps were traded on only 13 refer-
ence names among U.S. banking firms
n Ally Financial Inc.
n American Express Company
n Bank of America Corporation
n Capital One Bank (USA), National Association
n Capital One Financial Corporation
n Citigroup Inc.
n Citigroup Japan Holdings Corp.
n Istar Financial Inc.
n JPMorgan Chase & Co.
n Metlife, Inc.
n Morgan Stanley
n The Goldman Sachs Group, Inc.
n Wells Fargo & Company
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2. Even on the firms listed above, there was an average of only 2.3 nondealer credit
default swap trades per day during the 77 weeks ended December 30, 2011.

3. Six of the 11 firms listed are in a conflict of interest position as major dealers in
the credit default swap market: Bank of America, Citigroup, JPMorgan Chase,
Morgan Stanley, Goldman Sachs, and Wells Fargo. Dealer–dealer trades made
up 81.68 percent of live trades in the DTCC over the 77-week period studied.
The dealers would be setting deposit insurance rates for themselves if the
proposal in the Financial Times quoted previously was adopted.

4. Credit default swaps, to the extent they trade, represent supply, demand, proba-
bility of default, and the probability of rescue, not the probability of failure alone.

5. Because of the thinness of nondealer trading and the very small number of
dealing firms worldwide, there is high risk of collusion.

For these reasons, the proposal to use credit default swaps to price deposit insur-
ance would not work given current market conditions and the lack of competition in
the market for credit default swaps. For the same reasons, the CDS pricing on a given
financial institution is not a proper risk management index that should be a focus of
management. There are many superior tools available, and we turn to them now.

Using Quantitative Default Probabilities

Earlier in this book, we discussed the concept of the safety zone for interest rate risk,
those interest rate risk positions where the probability of failure is zero. When we
ignore credit risk, match funding all assets except those funded by equity leaves a
financial institution free to invest the equity in securities of any maturity without
leaving the safety zone. Once we allow for default of the financial institution’s
borrowers, there is no safety zone for any financial institution that borrows money to
make loans. That means management has to deal practically with a nonzero prob-
ability of failure. Just as importantly, we should note that the probability of failure
has a term structure just like interest rates, as we showed for Morgan Stanley (MS) in
Exhibit 39.3, which shows the default probabilities out to 10 years.

In Chapter 36, we listed four primary questions that management and Boards of
Directors should be able to answer in a simple and powerful “pass–fail test.”We also
listed a supplemental list of 26questions that addvalue to the riskmanagement process.
From that list of 30 questions, these questions very specifically focus on credit risk:

From the four-question pass/fail test:

Question 2: Using an insider’s knowledge of the assets and liabilities of the firm,
both “on balance sheet” and “off balance sheet,” what is the best estimate,
monthly for the next 10 years, of the probability that the firm will fail in
each of these 120 monthly periods?

Question 3: Using only information available to an outsider, what is the best
estimate of the probability of the failure of the firm in both the short run and
the long run?

Question 4: If the firm is able to answer Questions 1, 2, and 3, what hedging
position is necessary to insure that the macroeconomic factor sensitivity of
the firm and default probability of the firm reach the target levels set by the
Board of Directors?
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From the list of 26 supplemental risk management questions:

n How do regulatory capital ratios like the Basel II risk measures vary over the
business cycle and to what extent are they correlated with the firm’s actual risk
of default?

n What 10 macro factors represent the highest threat to the safety and soundness
of the institution, from highest to lowest?

n What risk limits should the firm have in place with respect to these 10 macro
factors?

n Looking backward in time, which macro factors had the largest historical impact
on the firm’s market capitalization and default risk?

n Is the firm’s self-assessment of its own risk level consistent with the pricing on
put options on its common stock and credit default swaps?

n If the answer is no, what is the reason for the inconsistencies?
n If the market prices of puts and CDS are overly pessimistic, what investor

education campaign is necessary to more effectively communicate the true risk of
the institution?

Note that, in the latter three questions, we have implicitly assumed that there is
actual trading in the credit default swaps of the firm in question. CDS prices based on
quotes, not traded prices, are unusable for all of the reasons listed in the previous
section, and even traded prices have severe problems as we discussed above.

Management needs to set a target for the amount of failure risk that creates the
maximum amount of shareholder value. For most financial institutions, this means
targeting a one-year default probability in the 10 to 35 basis point range, a range like
that of Goldman Sachs during the 2006 to 2011 credit crisis. This default probability
level will ensure that the firm has continuous access to capital markets and the
confidence of its policy holders (in insurance) and depositors (in banking). Unlike
ratings, as we see in Exhibit 39.3, default probabilities for all maturities rise and fall
during the course of the business cycle. Exhibit 39.4 shows the one-year (generally
the lower line) and five-year (upper line) default probabilities for Wells Fargo (WFC)
from January 1990 through December 2006, and Exhibit 39.5 shows the Wells
Fargo credit crisis experience from January 2007 through August 2012.

Both the five-year default probability and the one-year default probability rise
considerably during the worst part of the credit cycle, but the one-year default
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probability responds more sharply. This is identical to the behavior of one-year and
five-year interest rates during the business cycle, and the analogy is strong.

CONTROLLING THE PROBABILITY OF FAILURE THROUGH
THE CREDIT CYCLE

What do we do next once management recognizes that its own credit quality varies
over the credit cycle because of the cyclicality of the creditworthiness of its
borrowers? A parallel question is this: “What do we do next once management
recognizes that the cost of risk protection via the Jarrow-Merton put option
prices (see Chapter 36) varies over the credit cycle because of the cyclicality of the
creditworthiness of its borrowers?” The next step in best practice enterprise risk
management is to put a number of measurement and monitoring technologies to
work regarding the credit quality of the financial institution itself. There is no reason
for this not to be a daily discipline. A best practice report would include the following:

n Current reduced form default probabilities for the company, as discussed in
Chapter 16.

n Current put option prices, expressed as a percent of current stock price, at all
strike prices and maturities available, as discussed in Chapter 36.
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n Current credit default swap quotes on the company (if and only if the bank is
one of the rare institutions on which trading has occurred); quotes with no
trading volume are worthless.

n Current primary (new issue) bond credit spreads for the company.
n Current secondary market bond credit spreads for the company.

For the most technical layer of senior management, the reporting should
also include:

n The internally generated time series of monthly default probabilities that
stem from a macro factor–driven Monte Carlo simulation as discussed in
Chapter 36.

n The internally generated risk-neutral cost of the Jarrow-Merton put option that
would eliminate integrated credit risk, market risk, foreign exchange risk, and
interest rate risk, as discussed in Chapter 36.

n The internally generated risk-neutral cost of the line of credit that would elim-
inate liquidity risk, as discussed in Chapter 37.

n The “delta” of shareholder value and the Jarrow-Merton put option with respect
to changes in:
n Home prices
n Commercial real estate prices
n Stock price indices
n Interest rates
n Oil prices
n Commodity prices
n Foreign exchange rates
n Other relevant macro factors

This kind of reporting discipline provides a framework for the practical action
that is the ultimate measure of a risk management process—what’s the hedge?

HEDGING TOTAL RISK TO MAXIMIZE SHAREHOLDER VALUE

Once management has set a target range for the risk of failure and has measured the
financial institution’s sensitivities to the macro factors that cause risk, management
has three complementary choices for managing default risk/put option levels:

n Management can directly hedge the integrated risk caused by the macro factors
using exchange traded derivatives and selected over-the-counter derivatives.
Note: The disclosures of JPMorgan Chase hedging losses beginning in May 2012
are a classic example of what not to do. These revelations make it clear that the
JPMorgan Chase positions were speculation, not a hedge, and that their over-
whelming reliance on over-the-counter credit default index swaps left JPMorgan
Chase subject to the kind of market manipulation that we warned of in earlier
sections of this chapter and in Chapter 20.
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n Management can adopt a more conservative liability structure to reduce the risk
of failure.

n Management can issue (or buy back) common stock to change the risk of failure.

Since we know the deltas of default risk (see the logistic formula in Chapter 16),
shareholder value, and the Jarrow-Merton put option with respect to the key macro
factors driving risk, we can directly calculate how much hedging we need to do to put
the risk of failure in the target range. Using the technology outlined in Chapter 36, we
can show the high degree of correlation between the hedging instruments and the
cash instruments being hedged, as required by Financial Accounting Standard (FAS)
133 in the U.S. and by International Accounting Standard (IAS) 39.

Liability structure can also be managed as long as management takes action early
enough when credit quality starts to deteriorate. The safest incremental strategy is
to issue more equity and use it to pay down short-term liabilities. This buys time to
correct any problems the institution may have over the remainder of the business
cycle. If all liabilities were paid down, obviously, the financial institution would find
it almost impossible to fail.

In any event, management knows when it needs to take action and it knows
which actions to take because of the risk management analysis outlined in Chapters
36 and 37. This knowledge and action orientation is good for shareholders and good
for regulators.

IMPLICATIONS FOR BASEL II, BASEL III, AND SOLVENCY II

As van Deventer and Imai (2003) note, the New Basel Capital Accords were intended
to improve the safety and soundness of financial institutions. The 2006–2011 credit
crisis makes it clear that this objective was not achieved. These regulations were well
intentioned and constrained by the lowest common denominator–level risk analytics
that are typical of government regulations. The Basel II Accords, for example, do not
specifically provide for, or recommend, Monte Carlo simulation of risks in spite of the
fact that this can be done at minimal expense even in common spreadsheet software.

The Basel Accords suffer in another couple of dimensions when compared to the
procedures that we have outlined in the first 38 chapters of this book:

n Omitted variables. The Basel Accords capital ratios effectively are a credit model
that omits key explanatory variables that have been proven to be statistically
important in predicting default: accounting ratios, common stock prices, mac-
roeconomic factors, and so on.

n No valuation framework. The Basel Accords do not provide a consistent valu-
ation framework that is essential to marking-to-market our current position and
in simulating our potential default in the future.

n No hedge. The Basel Accords fail the most basic test of a risk management
approach—they do not tell us the hedge we need to solve the problem.

For these reasons, the Basel Accords have to be regarded as a modest supplement
to the tools of Chapters 1 through 38, not the core of a sophisticated risk manage-
ment effort.
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SIMULATING YOUR OWN PROBABILITY OF DEFAULT

The greatest advantage in analyzing the risk of an institution is a complete knowledge
of all assets and liabilities that it owns now and a very good knowledge of what kind
of assets and liabilities it is likely to own in the future. In that sense, you have an
information advantage that Jarrow and Protter (2004) have noted is one of the key
reasons why the reduced form modeling approach is most consistent with the
behavior of market participants who do not have the same information you do.

By better understanding your own risk (Chapter 36) and the timing of a credit-
related liquidity event (Chapter 37), which would reveal problems, you can take
action promptly. At worst, you can take action as the market comes to similar
realizations, and at best, you can avoid a problem and prevent it from becoming
a public issue.

If you do not do this, you risk the needless destruction of your financial insti-
tution’s franchise that has taken years or decades to build. The shareholders of
Northern Rock PLC, Lehman Brothers, Bear Stearns, FNMA (Fannie Mae), and
FHLMC (Freddie Mac) learned this lesson the hard way.

We turn back to this issue in Chapter 41, but first we turn to the information
technology practices that are most likely to result in a timely, efficient, and cost-
effective implementation of this risk management technology.

NOTE

1. www.ft.com/intl/cms/s/0/0a4cba22-1764-11e1-b00e-00144feabdc0.html#axzz296l46OQs.
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CHAPTER 40
Information Technology Considerations

In the first 39 chapters of this book, we reviewed the tools necessary to construct a
fully integrated measure of interest rate risk, market risk, liquidity risk, foreign

exchange risk, and credit risk. This measure, the Jarrow-Merton put option, pro-
duces an answer to the key question “What is the hedge?” Some of the tools we have
discussed were focused on risk management strategy, such as usage of the Jarrow-
Merton put option as a comprehensive measure of risk. Other tools have been more
mechanical, such as how to value an American call option embedded in a bond when
the default of the issuer is a possibility. In this chapter, we focus on another set of
issues that have to be faced when implementing a comprehensive risk management
system—the information technology aspects of an implementation.

The authors collectively have spent 105 years in the implementation of risk
systems in major financial institutions in 23 countries around the world, and our
comments below reflect the worldwide best practice in that regard.

COMMON PRACTICE IN RISK MANAGEMENT SYSTEMS:
DEALING WITH LEGACY SYSTEMS

Many of the world’s financial institutions face a common situation when preparing
to move forward in the risk management systems area. The move forward is usually
not motivated by changes in regulatory risk measures, like the Federal Reserve’s
Comprehensive Capital Analysis and Review 2012 and similar stress tests introduced
in Europe. Particularly in countries where there has been a recent financial crisis,
managers of the most sophisticated financial institutions now clearly realize that the
common situation described in the bullet points below has left the institution
unprepared for a crisis. These managers are rededicated to the comprehensive view of
risk that we have described in this book, because their previous failure to take this
approach nearly resulted in the failure of their institution. In a few cases, the insti-
tution did fail (as we saw in Chapter 37), but government capital injections preserved
its role in the financial markets.

A common situation that senior management often faces looks like this:

n The risk management function is fragmented. Market risk, credit risk, liquidity
risk, interest rate risk, and performance measurement are all handled by different
groups with no central coordination at either the working level or the senior
management level.
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n There is at best only a partially completed enterprise-wide data warehouse.
n Risk management systems have been implemented on a compartmentalized

basis:
n Vendor A provides third-party default probabilities.
n Vendor B provides credit risk loss simulation software that provides cumu-

lative losses over a long, single period but no valuation, multiperiod simula-
tion, or hedging.

n Vendor C provides interest rate risk management simulation and mark-
to-market calculations, generally ignoring default risk, and using primitive
one-factor interest rate models.

n Vendor D provides traditional value-at-risk calculations for market risk.
n Vendor E provides performance measurement for each business unit, either on

a benchmark basis or on a transfer-pricing basis, depending on the nature of
the financial institution.

n Vendor F (often an in-house solution) provides capital allocation as a sup-
plement to Vendor E’s performance measurement data.

n These systems use different graphic user interfaces, different input database
design, different financial mathematics, different reporting tools, different end-
user staffs and are totally irreconcilable.

This common situation is totally wasteful, as 95 percent of the lines of source
code in the six systems should be common. In effect, the user has bought the same
system six times and then completely scrambled the picture even more with incon-
sistent data architecture and reporting. As wasteful as this situation is, for many years
it was not the fault of software users. Legacy risk vendors as a group were incapable
of producing risk systems that could analyze multiple risk silos on an accurate,
consistent, and transparent basis. Over the past 15 years, however, that situation has
dramatically changed.

Even more than the wastefulness of this typical situation is its danger—the
systems infrastructure obscures the view of the organization’s risk and return and
defeats the very objectives of the risk management process that we outlined in
Chapter 1. Most importantly, there is no link at all between random movements
in macroeconomic factors, which drive defaults and valuation for every item on the
balance sheet of the financial institution. How can there be an integrated view of risk
when each system is looking at a different piece of the puzzle? This is perhaps the
biggest reason for the failures and near failures due to home price collapses of firms
like Bank of America, Citigroup, Royal Bank of Scotland, HBOS, Northern Rock
PLC, Wachovia, Lehman Brothers, Bear Stearns, Washington Mutual, Federal
National Mortgage Association (Fannie Mae), Federal Home Loan Mortgage Cor-
poration (Freddie Mac), and many others during the 2006�2011 credit crisis. A
similarly long list of failures stems from the macroeconomic factor influences on the
Japanese banking and life insurance system after the burst of the Japanese bubble
beginning in 1990.

With a typical siloed risk system infrastructure, the problems are too numerous
to list them all. Here is just one critical example. A rise in interest rates will never
increase default probabilities and change credit-adjusted valuation in an integrated
way in a fragmented risk architecture. The default probability vendor ignores the
impact of interest rates on default probabilities and does not take inputs from
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simulations in other systems. The interest rate risk system ignores default. The
financial institution is completely blind with respect to simulations and stress tests of
rising interest rates and their impact on default.

This architecture has extremely serious flaws that are of grave concern to many.
If senior management has ended up in this situation prior to the developments in risk
technology that we have outlined in this book, how can we escape this untenable
situation?

It is to that task that we now turn.

UPGRADING THE RISK INFRASTRUCTURE: THE REQUEST
FOR PROPOSAL PROCESS

The first step in the process of reforming the risk infrastructure starts with a request
for proposal process. In a perfect world, there would be a single risk management
staff group that manages market risk, credit risk, interest rate risk, liquidity risk, and
performance measurement on a fully integrated basis. There are many fine books on
the subject of the organization and execution of enterprise-wide risk management, so
we won’t detour in that direction here. We need to remain focused on the more micro
tasks of execution. Even if the staff of these groups remains separate with a different
managerial reporting hierarchy for each group, a joint project team should be
organized to design and implement the request for proposal process. If the team is not
a joint team, each group will fight to preserve its right to choose the vendor, rather
than fighting to choose the best integrated risk vendor. Senior management inter-
vention to fix this is often inevitable.

In order for the request for proposal process to clearly reveal the skills, strengths,
and liabilities of the potential vendors, it has to be both comprehensive and very
detailed. This means that the project team members have to be both relatively senior
and with considerable hands-on experience in each of the areas of risk, we want to
cover—market risk, credit risk, interest rate risk, liquidity risk, and performance
measurement. A typical best practice request for proposal covers all four areas with
equal emphasis, and has 200 to 1,000 very specific questions on the product func-
tionality along the lines of the approach outlined in this book.

Prior to 1995, it was uncommon to see such integrated risk requests for pro-
posals because, frankly, the technology was still in its early stages. Now it is obvious
to most market participants that the technology outlined in this book exists and has
been implemented by many of the world’s most successful financial institutions. For
that reason, the authors estimate that 80 percent of the requests for proposal for risk
management systems reflect this integrated approach to risk. The only area that
seems to be lagging is the large American banks where the legacy of many mergers
has left high walls between risk management groups of the merged banks. Even in the
United States, however, the trend toward integrated risk management is very strong
and distinct. Legacy risk groups, however, often resist being merged to improve risk
management with a tenacity that demonstrates how unfit they are for a senior role in
risk management.

One of the authors learned to his chagrin when he resigned from Lehman
Brothers that the only profession in the world with a lower perceived integrity than
investment bankers is that of software salesman. This is a sad testimony to the

Information Technology Considerations 795



industry and one issue that the Request for Proposal (RFP) process has to be
explicitly designed to deal with.

The level of detail in the question of the RFP should be high for two reasons. First
it will test the comprehensiveness of both the vendors’ knowledge and completeness
of the vendors’ solutions. Second it will allow for a detailed audit of the vendors’
solutions after the RFP responses have been gathered. There is a third benefit to the
RFP process. It is common for working-level risk staff to prefer a vendor who does
not have the best risk system. One reason is prior use of a legacy risk system, allowing
the risk analyst to avoid getting better. Another reason, candidly, is bribery in spite of
the increasing enforcement of the Foreign Corrupt Practices Act via fines and jail
terms. A detailed RFP and its response make it very clear when the inferior vendor
has been selected and will immediately trigger an investigation in a sophisticated
firm.

We believe that best practice in the RFP process is for short-listed vendors
(typically two or three firms) to do more than just demonstrate the product. Even a
half-day demonstration can be scripted by a vendor in such a way that deficiencies in
the product will remain out of view of the potential client. In addition to the dem-
onstration, the potential client should go through every response to every question
provided by the vendor and insure that the responses provided by the vendor are
accurate. Much to the authors’ surprise, one very large international bank that
followed this process (i.e., warning the vendors in advance) revealed that only one
vendor had been truthful in their responses to the RFP.

By following this process, risk managers will insure that they have a good
understanding of the competing products and will help to root out unethical practices
and unethical people from the software industry.

Most importantly, no product is perfect and no product has all features that all
potential clients might want. Working with a key vendor for many years on the best
future development path for the product is the very best way for a financial insti-
tution to achieve best practice in integrated risk management.

PAID PILOTS AS FINAL PROOF OF CONCEPT

The authors believe that once a vendor has been tentatively selected, best practice
leads to a paid pilot with that vendor’s system while the number two vendor waits
on the sidelines. This is essentially a “mini-installation” and insures, in as complete
a fashion as possible, that the vendor’s solution works as advertised. While a few
vendors resist the pilot concept, the authors would not recommend purchasing any
risk management system without one if there is any doubt about the vendor
selected. Paid pilots reveal the strengths and weaknesses of both the system and the
management team of the vendor in short order. Since everyone in the world would
be interested in a free pilot, potential clients should realize that vendors have to
ration their scarce resources by charging for the pilot. We strongly recommend that
the key team members on the pilot from the user’s perspective lead the user’s
installation team.

In the past few years, mergers and acquisitions have reduced the number of
significant risk vendors to a very small, single-digit number. By “risk vendor,” we
mean a vendor who can analyze all 700 million assets and liabilities on the balance
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sheet of one of the largest banks in the world, not just the 2,000 traded products with
a CUSIP or an ISIN number. Because the number of vendors is so small, it is very easy
to do detailed due diligence on each vendor by calling their existing clients on an
unsolicited basis. This will reveal, in the case of a few vendors, very high installation
costs, high failures rates, a lack of innovation, and antiquated product architecture.
By making these phone calls, one may be able to skip the costs of a paid pilot and
proceed immediately with a full installation of the right vendor.

KEYS TO SUCCESS IN SOFTWARE INSTALLATION

The success rate on software installations in general is surprisingly low. The word
“surprisingly” is the key word here. There should be only one reason that an
installation fails and that is the sad situation where the software does not work—this
should never happen if the preceding process is carefully followed. As a result, the
failure of an installation of software that works is truly a failure of the management
process and can be avoided 100 percent of the time if management is diligent at both
the user and the vendor level.

The key to success from the user perspective is to have a dedicated project team
100 percent committed to the installation as their full-time job. The installation
team should have a mix of business experts who represent the ultimate end user
internally, and IT experts who are experts at getting the necessary input data and
changing its format using standard industry tools. These tools include both data
mapping and reporting of database (both input files and output files) contents.

Turnover on this project team is the greatest risk to the success of the project,
because it is quite difficult for the vendor to replace the institution-specific knowledge
that is lost when someone on the user’s project team resigns. This knowledge nor-
mally can come only from within the user’s institution itself.

The vendor’s installation team normally has three types of experts. The first, the
project manager is a generalist whose expertise involves both clear and organized
planning and reporting. The second type of expert is the excellent business user of the
software from the vendor’s perspective. The third type of expert is the IT expert who
works closely with his peers on the user’s project team.

The vendor’s project team members typically come from three sources: from the
vendor’s staff itself, from a formal distributor of the software, or from a third-party
systems integrator. The authors believe that the success rate is highest if the project
team on the vendor side comes either from the vendor itself or from a long-term
distributor of the product. If the only relationship with the vendor is on a project basis,
a third-party systems integrator is in a complex position. The short-term revenue from
the project is maximized by dragging out the installation, and the systems integrator
suffers relatively little from the long-term reputational damage to the vendor from
projects where installation was too slow, too expensive, or failed. From an end-user’s
perspective, the user should want an installation team very focused on how important
a successful installation is to the reputation of the vendor.

When this long-term reputational perspective is properly in place, a project
should never fail unless the end user for some reason doesn’t staff the user side of the
installation correctly.
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VENDOR SIZE: LARGER VENDOR OR SMALL VENDOR?

From a conceptual point of view, every head of information technology wants a
software vendor with a 10-year default probability of 0.03 percent or less, a 50-year
history of innovation, and a project team of 25-year veterans that works for mini-
mum wage. Unfortunately, the nature of the risk management software industry
makes this dream highly unlikely to come about. As we look at the industry, a
number of trends are quite clear:

n The innovation in the risk management business has consistently come from
new, small firms.

n Many of these small firms have been able to accomplish only one major inno-
vation and end users are forced to switch vendors in order to purchase the next
innovation.

n As a result, small firms that can do multiple innovations and that allow changes
in risk management models in the software with just a mouse-click by the user
are very highly prized.

n This increases the size of the system that must be constructed by a new entrant,
“raising the bar” and discouraging new entrants to the business.

n Large software firms generally add to their risk management products by
acquisition of other firms.

n After an acquisition by a large firm, culture clashes between the large firm/small
firm mentality often lead to high turnover among the most valuable staff of the
acquired firm.

n In response, the large firm ceases innovation on the product and puts it into
“cash cow” mode until it dies.

n When a risk product does die because of lack of innovation, the large software
firm simply buys another vendor.

How does a sophisticated potential buyer of integrated risk management soft-
ware deal with these issues? The most intelligent IT experts at major financial
institutions look at the stability and ability of senior management of the vendor and
of the core development team. This measure of vendor risk is almost flawless in
indicating the chances of a successful installation and a long-term relationship,
because it says a lot about the skill of the management of the vendor at all levels. It is
a much better indicator of the probability of success than the size of the vendor,
because firms of all sizes can score well on this measure if the firm is well run. At a
large firm, compensation schemes designed to preserve the intellectual property of
a small firm that is acquired are simple to structure and execute and yet relatively few
large firms have been good at it.

A couple of incidents from the recent past illustrate how risky a large software
vendor can be from an end-user perspective if the low turnover strategy is not pursued:

n A major U.K. software house bought an innovative risk software firm with a
15-person development team based in Los Angeles. Shortly after the acquisition,
each member of the Los Angeles development team was ordered to move to
London. As attractive as London is as a place to live, 14 of the 15 team members
resigned rather than relocating. This essentially destroyed the product.
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n A major New York–listed software company purchased an innovative risk
management firm with substantial revenue and more than 300 employees.
Within a year, the CEO of the acquired firm had left, and revenue in the product
line fell by more than 50 percent.

n Another New York–listed firm acquired a company in the credit risk area with
revenues of more than $50 million a year and a staff of almost 200 people.
Within two years, 12 of the 13 most senior people in the acquired company
had resigned.

n A New York–listed firm in the credit risk area acquired a small but highly
innovative software firm with expertise in interest rate risk management. Within
one year, the CEO of the acquired firm had resigned and within two years, the
acquirer notified software clients of the acquired firm that the software product
of the acquired firm would no longer be supported.

From the end-user perspective, assessing the maturity, longevity, and commit-
ment of the management team of the vendor is the single best way to assess the long-
term risk of the vendor. As the examples above show, large size can increase risk if
the managerial compensation systems are not handled skillfully.

BEING A BEST PRACTICE USER

Once an installation is successfully accomplished, the vendor–user relationship is just
beginning. There are a number of best practices that we feel will enable end users to
get the maximum benefit from an enterprise-wide software installation:

n Build mutual knowledge with the vendor through a regular exchange of visits
and information. These relationships should span many levels of management,
not just be concentrated at the working level.

n Encourage continued innovation by the vendor by adopting new modules as they
emerge and by being an active participant in the design of expanded
functionality.

n Be an active participant in the user group.
n Invest in the vendor by sponsoring new functionality with financial support to

speed the degree of innovation.
n Establish a test database for regular testing of new versions from the vendor and

make this test database available to the vendor.
n Regularly send staff to the vendor for advanced training.

In addition to these steps, we see an increasing trend toward long-term con-
sulting contracts between the senior management team of the vendor and the most
senior end users at major financial institutions. This kind of relationship insures that,
above and beyond the day-to-day working-level relationship, senior management of
the financial institution is fully exploiting an enterprise-wide risk management
solution to achieve the objectives that we have outlined in this book.

We turn to that discussion in the next and final chapter in this book.
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CHAPTER 41
Shareholder Value Creation

and Destruction

Risk management is the discipline that clearly shows management the risks
and returns of every major strategic decision at both the institutional level
and the transaction level. Moreover, the risk management discipline shows
how to change strategy in order to bring the risk-return trade-off into line
with the best long- and short-term interests of the institution.

In Chapter 1, we began this book with the preceding definition of risk management.
In the 39 chapters after that, we showed, step-by-step, how to take advantage of

existing financial and information technology to achieve these objectives. The 2006–
2011 credit crisis has been the venue for the greatest mass destruction of shareholder
value in the financial services industry in North America and Europe since the Great
Depression. How can a serious and highly skilled risk manager help ensure that his
or her financial institution is back on track, pursuing best practice, risk-adjusted
shareholder valuation creation? That is the subject of this chapter. There are three
keys to success, which we cover in turn:

1. Do no harm.
2. Measure the need to change.
3. Master the politics and exposition of risk management.

DO NO HARM

In the introduction to this book, we related the biggest mistakes and fallacies in the
risk management discipline. The human tendency to repeat these mistakes is perva-
sive, and perhaps the biggest part of one’s career as a best practice risk manager is to
prevent these mistakes from happening. In other words, as a risk manager, ensure
that the risk managers of the firm “do no harm” like the shareholder value
destruction we have all witnessed during the 2006–2011 credit crisis. For that reason,
we reemphasize the importance of “outing” those who are about to make these
common mistakes:
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n If it hasn’t happened to me yet, it won’t happen to me, even if it’s happened to
someone else.

n Silo risk management allows my firm to choose the “best of breed” risk model
for our silo.

n I don’t care what’s wrong with the model. Everyone else is using it.
n I don’t care what’s wrong with the assumptions. Everyone else is using them.
n Mathematical models are superior to computer simulations.
n Big North American and European banks are more sophisticated than other

banks around the world and we want to manage risk like they do.
n Goldman says they do it this way and that must be right.

If none of the largest financial institutions in Europe and the United States had
made these mistakes, the 2006–2011 credit crisis would not have happened.

MEASURE THE NEED TO CHANGE

Having resolved to do no harm, for a risk manager at a financial services firm which
has survived the crisis (either as a public firm or as an institution that has been at least
temporarily nationalized), the next step is to measure the need to change. In other
words, we need to ask “How good or bad is the current risk infrastructure of the firm
and what do we need to do to fix it?” Surprisingly, risk managers at a number of
firms that survived only through the largesse of the taxpayers suffer from halluci-
nations that manifest themselves in statements like “no risk system could have pre-
vented what happened to my firm” or “all models failed in the credit crisis.” A
financial services firm CEO who hears such statements should immediately dis-
miss the speaker, who is an ignorant fool incapable of protecting the shareholders’
(and the CEO’s) interests.

In the wake of the 2006–2011 credit crisis, it is more obvious to the manage-
ment, boards, and shareholders of major financial institutions that the legacy silo
approach to risk management systems and risk management organization was simply
ineffective in preventing the failure of some of the world’s most prominent financial
institutions. A fully integrated enterprise risk management capability, which com-
bines credit risk, market risk, asset and liability management, liquidity risk, perfor-
mance management, and capital allocation, exists today. This integrated enterprise
risk management technology operates at the individual transaction level to assess risk
accurately from the bottom up for every organizational unit and for the firm as a
whole. This section presents a simple 10-point quiz that indicates whether the firm’s
existing primary risk system is capable of playing this role. In short, we are measuring
the need to change.

1. Is your primary risk system capable of simulating default/no default for every
reference name on the balance sheet at the transaction level for all types of
reference names (consumer, nonpublic firms, public firms, sub-sovereigns, and
sovereigns)?
n Yes
n No
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2. Is your primary risk system capable of simulating random movements in default
probabilities for every reference name as a function of time and any user-defined
macroeconomic factors, such as home prices, stock index levels, interest rates,
unemployment, growth in gross domestic product, foreign exchange rates, and
gasoline and oil prices?
n Yes
n No

3. Is your primary risk management system capable of calculating a default-
adjusted market value for every asset and liability, on balance sheet or off
balance sheet, at the transaction level, regardless of whether that transaction is
traded (i.e., has an ISIN or CUSIP number) or nontraded?
n Yes
n No

4. Is your primary risk system capable of calculating these market values at a large
(up to 99,999 for example) user-defined set of future dates in a random interest
rate environment where interest rates are driven by six or more risk factors (the
minimum number of interest rate risk factors required by the Basel market risk
rules)?
n Yes
n No

5. Is your primary risk system capable of calculating cash flows produced by
every transaction in every scenario for every one of the user-defined cash flow
periods for liquidity risk assessment?
n Yes
n No

6. Is your primary risk system capable of calculating GAAP interest income,
interest expense, and amortization (if any) for every transaction in every sce-
nario for every one of the user-defined accounting periods?
n Yes
n No

7. Is your primary risk system capable of a dynamic Monte Carlo simulation of
alternative value-at-risk measures, recognizing that the balance sheet is con-
stantly evolving instead of being static (the legacy VaR assumption)?
n Yes
n No

8. Is your primary risk system capable of aggregating these calculations to produce
(for every user-defined business unit, portfolio subset, and for the institution as a
whole) the mark-to-market value of the organization, its GAAP net income, its
GAAP balance sheet, its dynamic value at risk, and its aggregate net cash flow?
(Note: These calculations should be available in every scenario in every user-
defined period)
n Yes
n No

9. Is your primary risk system capable of predicting the probability that the
institution will fail to meet its target capital levels (whether on a regulatory or
mark-to-market basis) in every one of the user-defined calculation periods?
n Yes
n No
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10. Is your primary risk system capable of calculating the probability of default of
the institution in any one of the user-defined calculation periods?
n Yes
n No

RATING YOUR PRIMARY RISK SYSTEM

A firm’s primary risk system can be ranked by how many of the previous 10 ques-
tions were answered with yes. The ranks are as follows:

n 5 or Less: Unacceptable. The primary risk system is not capable of meeting even
a limited number of the objectives now demanded as part of regulatory capital
guidelines and stress tests, and it would not meet the basic corporate governance
standards at a sophisticated organization.

n 6–7: Good. The primary risk system being used is not bad, but substantial
improvements to the risk system are necessary and these improvements are likely
to be time consuming and costly with no guarantee of success.

n 8–9: Very good. The primary risk system being used is close to the state of the
art.

n 10: Congratulations. You are using a state-of-the-art risk management system.

This ranking of risk systems cuts to the heart of what distinguishes integrated
enterprise risk management best practice from legacy silo risk applications. There are
hundreds of other questions that can be added to this list.1

MASTER THE POLITICS AND EXPOSITION OF RISK MANAGEMENT:
SHAREHOLDER VALUE CREATION

Each of the authors works closely with major hedge funds and other institutional
investors on a daily basis. Their objectives from a risk management perspective are
ruthlessly simple: Given equivalent levels of risk, which bond should I go long and
which bond should I go short? Day after day, if they do this skillfully, their mark-
to-market returns versus their benchmark will be revealed to clients and potential
clients each month. All will be able to see clearly whether the hedge funds are
achieving their objectives.

Of all the financial institutions that the authors have worked with, hedge funds
have the greatest sense of urgency and the greatest link between their success in
achieving best practice in risk management and their personal compensation. Their
own shareholder value created is manifestly clear—the excess of their management
fees in excess of costs.

Among major traditional financial institutions, there are some very clear “stars”
and some rapid progress being made.

At a recent gathering of 20 senior risk managers (just prior to the 2006 to 2011
credit crisis), nineteen of the 20 members surveyed reported that their institution was
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regularly using mark-to-market technology to quantify their interest rate risk using
the techniques like those we outlined in Chapters 6 through 10. Thirty years ago,
perhaps only one or two of the institutions surveyed would have given the same
answer, with the others relying primarily on the simulation of financial accrual-based
net income as their primary focus for risk management effects. That focus, while
clearly of interest to the CEO and Wall Street analysts, was certainly not good
enough to prevent the $1 trillion collapse of the savings and loan industry from rising
rates in the 1980s and 1990s. In that sense, in the past 30 years, much progress has
been made.

At the same time, the survey of the risk managers gathered at that session was
striking in a “so close, but oh so far” sense. When the risk managers marked-to-
market the balance sheet of their organizations, much to our surprise, most of them
used only a single yield curve (usually the LIBOR curve, occasionally the risk-free
curve) to calculate the market value of every obligation on this balance sheet. The
choice of the LIBOR-swap curve is particularly ironic in the wake of the 2011–2012
LIBOR manipulation scandal. The institutions completely ignored credit risk in the
mark-to-market process, and that lack of preparation says a lot about the destruction
of shareholder value in the credit crisis. In most large financial institutions, the
interest rate risk system is the primary risk system because it alone holds information
on most of the assets and liabilities of the firm. In a sense, the risk managers were
universally admitting that their firms failed the 10-point quiz of the previous section.
Many of them are moving rapidly now to fix the problem.

Clearly, no hedge fund manager would last long by marking-to-market the
present value of an IBM bond with present value factors from the LIBOR curve. It
makes no sense in either theory or practice to use only one yield curve if your
mandate is to create shareholder value on a risk-adjusted basis.

The survey response indicates that almost all of the risk managers surveyed were
still “held prisoner” in a tightly compartmentalized “interest rate risk management”
box that falls far short of the risk management definition above. Their interest
was not in the mark-to-market calculation per se, but the sensitivity of the mark-
to-market calculation to changes in the level of interest rates as captured by the single
yield curve.

With a bit of fine-tuning of policies and procedures and with better risk man-
agement software, the institutions surveyed could have been achieving a lot more
value for their shareholders using the full complement of tools and techniques in this
book, not just the interest rate analytics of Chapters 6 through 10. We can see from
the examples of fund managers, hedge funds, insurance companies, banks, and
securities firms exactly what to do. From a senior management perspective, we need
to demand the same accuracy and insights from a total balance sheet perspective that
we do on the trading floor on a transaction-by-transaction basis.

Using modern integrated risk management technology in a daily production
environment, management can achieve this objective at a fraction of the cost of
running the disparate systems for compartmentalized risk management that we
outlined in Chapter 40. Many of the world’s best financial institutions have already
taken this approach, and they are very successfully exploiting their peers whose risk
management practices remain bogged down in the approaches used in the 1980s and
early 1990s. In the next section, we summarize what senior management of these
institutions can see on a daily basis that their peers cannot yet perceive.
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DAILY MANAGEMENT REPORTING OF TOTAL RISK

A state-of-the-art set of integrated risk management reports would contain the fol-
lowing information on the institution’s risk and shareholder value added:

n Default probabilities for the institution compared to target default probabilities:
n Derived from historical defaults
n Derived from bond prices
n Derived from credit derivatives prices (if and only if based on actual trades)

n Default probabilities for the five most important competitors of the institution.
n Default probabilities for the 10 largest mark-to-market credit exposures of the

institution.
n Sensitivity of all of these default probabilities to changes in:

n The economy via a stock price index like the S&P 500
n Home prices
n Commercial real estate prices
n Interest rates
n Foreign exchange rates
n Oil prices
n Other commodity prices

n Cost of the Jarrow-Merton put option that would eliminate all of the institution’s
n Interest rate risk
n Liquidity risk
n Credit risk
n Total risk

n Sensitivity of the Jarrow-Merton put option for each of the objectives above with
respect to changes in:
n The economy via a stock price index like the S&P 500
n Home prices
n Commercial real estate prices
n Interest rates
n Foreign exchange rates
n Oil prices
n Other commodity prices

n Year-to-date shareholder value creation for the institution’s
n 10 largest business units
n 10 most important product units
n 10 most important geographical units

On these bases:
n Daily mark to market of the relevant portfolio versus a risk-free benchmark

with identical interest rate characteristics.
n Financial accounting basis using matched maturity transfer pricing versus the

appropriate yield curve (risk-free yield curve for assets, the institution’s
marginal cost of funds for liabilities).

n Probability of not meeting net income targets for each of the next five years
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n Probability of needing “excessive” provisions for loan losses in each of the next
five years

n Probability of missing managerial target capital ratios in each of the next five
years.

n Probability of missing regulatory capital ratios in each of the next five years.

Among the readers of this book, there are probably many who would like to
have this information and do not have it. It is available today, and many of your
competitors already have access to it. Getting this information for your own
institution simply involves going through the IT process that we outlined in
Chapter 40. The Federal Deposit Insurance Corporation, through its Loss Distri-
bution Model, announced on December 10, 2003, that it is already going through
the process of generating information just like this for every financial institution
in the United States with deposit insurance. Similarly, the Office of the Comptroller
of the Currency has made it public that it is using the reduced form probability
approach of Chapter 16 to evaluate the risk of every publicly held banking firm in
the United States, the public firms they lend to, and 183 sovereign entities. If the
regulators already have information like this about your institution, how can you
not be looking at it as well?

MOVING FROM COMMON PRACTICE TO BEST PRACTICE

In Chapters 1 and 2, the authors related how long it took for commonly accepted
risk management tools of today to become accepted as conventional wisdom. In the
case of many management tools, this has taken two or three decades, but the pace of
innovation is increasing rapidly because competition in the financial services
industry is rapidly intensifying and the consequences of being wrong have been
devastating for many large financial services firms, their shareholders, and their
CEOs as we saw during the 2006–2011 credit crisis. Note that the first reduced
form credit model was introduced only in 1995 (by Jarrow-Turnbull), that it was
first offered commercially in 2002, and that the FDIC had already adopted the
technology on the largest portfolio of credit insurance in the world by 2003. Black
and Scholes would have been ecstatic if their options model was as widely adopted
in twice that time.

Financial institutions face many barriers to innovation. As a group, the employees
of financial institutions (including the authors in their prior lives) are a conservative
group. Of these conservative people, risk managers tend to be super conservative.
Within the group of risk managers, one risk expert likes to categorize the breed as
being either “place keepers” or “bomb throwers.” Place keepers maintain the risk
management discipline using existing technology with modest innovation. Bomb
throwers want to make great leaps forward.

For this reason, the people involved in risk management play a critical role in the
pace of innovation. For various levels of management, there are some simple ways of
moving from common practice to best practice, because the regulatory agencies are
moving in that direction rapidly, as the FDIC Loss Distribution Model shows. We
summarize each in turn.
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THE SENIOR MANAGEMENT PERSPECTIVE

Senior managers in major financial institutions should be able to readily access the
daily risk reports that we outlined previously—they should be demanded from staff.

For an institution with a traditional risk management structure and software
infrastructure, the cost of these reports is literally negative. By gradually eliminating
all of the six types of vendors discussed in Chapter 40, there will be cash left over
even after an enterprise-wide risk management solution has been put in place. The
shareholder value created from this process will be very large, but even from a short-
term dollars-and-cents perspective it simply reduces the direct and indirect cost of risk
management and provides much clearer strategic insights.

THE MIDDLE MANAGEMENT PERSPECTIVE

Middle managers are the key to success of every financial institution from a share-
holder value-added perspective. They have both the hands-on knowledge of the
working level and the strategic perspective of senior management.

What if senior management is pushing to move from common practice to best
practice, but the working level does not have the knowledge or skill set to get there?
The answer is simple—replace the working level with better people.2 More likely,
the working level will be interested if pushed, and a change in risk vendors will
provide a welcome challenge and a well-justified sense of contribution to the well-
being of the organization.

What if senior management is the barrier? It is so ironic that you need a license to
drive a car, but you don’t need a license to be president of a major financial insti-
tution. The personality of the CEO of a financial institution has a tremendous impact
on shareholder value creation and risk management best practice. How can a CEO
not want to know the risk that his own institution will default? Especially if the
regulators, shareholders, and rating agencies are all looking at those numbers? The
quotations in the Introduction showed how many of the world’s largest financial
institutions were run by CEOs who had little hands-on knowledge of their own
business. It’s not likely that CEOs of little knowledge will be occupying the CEO
chairs in the near future.

When, in spite of the CEO casualty rate of 2006 to 2011, the CEO has little or no
interest in risk management, there is still a way forward. With luck, a little pushing
will create the interest, at least somewhere on the senior risk management committee.
If not, just wait—your time will come in the senior spot and you will be able to
change things quickly. Worst case, you can use cost reduction as the rationale for
putting an enterprise-wide risk management infrastructure in place. If the cost-
reduction benefits are not apparent, you are not talking to the right vendors.

THE WORKING-LEVEL PERSPECTIVE

As the authors related early in this book, the working level has the longest wait before
they can make a major impact on how the institution looks at risk-adjusted share-
holder value creation and destruction. One of us tried to sell the mark-to-market risk
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management concept that is now standard at the major banks around the world for
three years at a major bank without success. When faced with that kind of barrier,
what should you do as a working-level staffer?

One of the most effective motivators for senior management is to prove to them
that they are at risk of no longer achieving common practice in risk management, let
alone best practice. Peer bank actions are the most effective of convincing people that
the financial institution is being left behind. Another opportunity to effect change
comes in the aftermath of a crisis in either the financial markets you operate in (like the
2006–2011 credit crisis or Korea after the 1997–1998 Asia crisis), or at the institution
where you work after a risk management incident. Being part of the solution is very
good for your career.

Many times, unfortunately, the messenger who conveys the message that a crisis
is coming is not welcomed before the fact and not thanked afterward when they
prove to be right. This is a situation to be avoided at all costs. When you find yourself
employed by a financial institution that lacks the institutional will to create risk-
adjusted shareholder value with the best tools available, quit! The firm is destined to
be acquired or to get into trouble, so why sit around and wait for it to happen,
ruining your own reputation as a risk manager? If you need any proof, the blog-a-
sphere is filled with tales of risk managers who raised the red flag of warning at their
firms but stuck around to be the fall guys.

GETTING HELP TO CREATE SHAREHOLDER VALUE

The tools and techniques in this book are fully implemented and in place at some of
the most sophisticated financial institutions around the world. The concepts are tried
and true, although in some cases they are being applied in different ways from the
ways they might have been used before.

Since the techniques are already at work, getting help to speed your own imple-
mentation of these ideas is as simple as sending us an e-mail.3We look forward to hearing
from you, and we thank you for making it all the way to the last sentence of this book.

POSTSCRIPT

This chapter was written during the Tanabata Festival in Sendai, Japan, in August
2012. We write in the memory of those whose lives were lost in the great earthquake
and tsunami of March 11, 2011, and in honor of those who celebrate the lives of
their lost loved ones. —Donald R. van Deventer, Kenji Imai, and Mark Messler

NOTES

1. For assistance in preparing a request for proposal that will clearly identify a state-of-the-art
risk system, contact our colleagues at e-mail: info@kamakuraco.com.

2. If you need some recommendations, contact us at e-mail: info@kamakuraco.com.
3. Donald R. van Deventer, Kenji Imai, and Mark Messler can be reached at e-mail:

info@kamakuraco.com.
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